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Abstract: The notion of a golden structure was introduced 15 years ago by the present authors and
has been a constant interest of several geometers. Now, we propose a new generalization apart from
that called the metallic structure, which is also considered by the authors. By adding a compatible
Riemannian metric, we focus on the study of the structure induced on submanifolds in this setting
and its properties. Also, to illustrate our results, some suitable examples of this type of manifold
are presented.
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submanifold

MSC: 53B20; 53B25; 53C42; 53C15

1. Introduction

_ pHVPi4
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The real metallic number, denoted by oy, 5 := , is the positive solution of the
equation x? — px — g = 0, where p and g are positive integers and p? + 4g > 0 [1]. These
0p,q numbers are members of the metallic means family, defined by V.W. de Spinadel in [2,3],

which appear as a natural generalization of the golden number ¢ = % Moreover, A.P.
Stakhov gave some new generalizations of the golden section and Fibonacci numbers and
developed a scientific principle called the Generalized Principle of the Golden Section
in [4,5].

The golden and metallic structures are particular cases of polynomial structures on
a manifold which were generally defined by S. I. Goldberg, K. Yano and N. C. Petridis
in [6,7].

If M is a smooth manifold, then an endomorphism | of the tangent bundle TM is
called a metallic structure on M if it satisfies J?> = p] + qId, where Id stands for the identity
(or Kronecker) endomorphism and p and g are positive integers [1]. Moreover, the pair
(M, ]) is called an almost metallic manifold. In particular, for p = g = 1, the metallic structure
] becomes a golden structure as defined in [8].

The complex version of the above numbers (namely the complex metallic numbers),

p+\/p>—6

Opq = fq, appears as a solution to the equation x? — px + 3q = 0, where p and ¢
are now real numbers satisfying the conditions g > 0 and p? < 6. Moreover, an almost
complex metallic structure is defined as an endomorphism [ which satisfies the relation
J2 —pIm+ %ql d =0[9]. For p = g = 1, the almost complex metallic structure becomes a

complex golden structure.
F. Etayo et al. defined in [10] the a-metallic numbers of the form pryelp i) W, where
p and g are positive integers which satisfy p?> +4q > 0 and a € {1,—1}. Moreover,
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they introduced the a-metallic metric manifolds using the a-metallic structure, defined by
the identity

2
g = pp PO AR i) gy, (M

Some similar manifolds, such as holomorphic golden Norden-Hessian manifolds [11],
almost golden Riemannian manifolds [12,13] and a-golden metric manifolds [14], have
been studied.

The geometry of submanifolds in Riemannian manifolds was widely studied by many
geometers. The properties of the submanifolds in golden Riemannian manifolds were
studied in [15]. By generalizing the geometry of the golden Riemannian manifods, we
presented in [1,16] the properties of the submanifolds in metallic Riemannian manifolds.
The properties of the submanifolds in almost complex metallic manifolds were studied
in[17].

The aim of the present paper is to propose a new generalization of the golden structure
called the almost (x, p)-golden structure and to investigate the geometry of a Riemannian
manifold endowed by this structure. This manifold is a natural generalization of the golden
Riemannian manifold, presented in [8] and of almost Hermitian golden manifold, studied
in [18].

In Section 2, we consider several frameworks in which almost product and almost
complex structures are treated in our language of the («, p)-golden structure. These two
structures can be unified under the notion of the a-structure, denoted by J,, which was
defined and studied in [10,19].

In Section 3, we study the properties of a Riemannian manifold endowed by a @,
structure and a compatible Riemannian metric g, called an almost («, p)-golden Riemannian
manifold.

In Section 4, we obtain a characterization of the structure induced on a submanifold by
the almost («, p)-golden structure. Finally, we find the necessary and sufficient conditions
of a submanifold in an almost (&, p)-golden Riemannian manifold to be an invariant
submanifold.

2. The Almost («, p)-Golden Structure

In order to state the main results of this paper, we need some definitions and notations.
Let us consider the (&, p)-golden means family, which contains the («, p)-golden numbers
obtained as the solutions of the equation

2 pr- =, @

where « € {—1,1} and p is a real nonzero number. The (a, p)-golden numbers have the form

1++v5a  _ 1—+5a
?/ qoa,p = pT (3)

Pap =P

Using these numbers, we define a new structure on a smooth manifold M (of even
dimensions) which generalizes both the almost golden structure and the almost complex
golden structure.

An endomorphism J; of the tangent bundle TM, such as J? = Id, is called an almost
product structure, where Id is the identity or Kronecker endomorphism. Moreover, the pair
(M, J1) is called an almost product manifold.

An endomorphism | _; of the tangent bundle TM is called an almost complex structure
on M if it satisfies ]El = —Id, and (M, ]_1) is called an almost complex manifold. In this case,
the dimension of M is even (e.g., 2m).
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Definition 1. An endomorphism ], of the tangent bundle TM is called an a-structure on M if it
satisfies the equality
Ja = 1d, 4)

on the even dimensional manifold M, where & € {—1,1} [19].
Using the Equation (1), for g = p2, we obtain the following definition:

Definition 2. An endomorphism @y of the tangent bundle TM is called an almost («, p)-golden

structure on M if it satisfies the equality

S50 — 1
4

;= p*-1d, ®)

where p is a nonzero real number and « € {—1,1}. The pair (M, ®@yp) is called an almost (w,
p)-golden manifold.

In particular, the @, ; structure is named an a-golden structure, and it was studied
n [14].

Remark 1. The eigenvalues of the almost («, p)-golden structure &y, are @y, and Pup =
P — Qu,p, given in Equation (3).

In particular, for « = 1, we obtain ¢y, = p% = p¢ as a zero of the polynomial
X? — pX — p?, and we remark that ¢1,p is a member of the metallic numbers family, where

q = p? and ¢ is the golden number.

Fora = —1,weobtaing_1, = p1+l‘[ = p@. as a zero of the polynomial X? — pX + 3 Sp%,

and ¢_1,, is a member of the complex metallic numbers family, where g = p? and ¢, is the
complex golden number.

Moreover, if («,p) = (1,1), then one obtains the golden structure determined by an
endomorphism ¢ with ®? = ® + Id, as studied in [8]. The same structure was studied
in [12], using the name of the almost golden structure. In this case, (M, ®) is called the almost
golden manifold.

If (a,p) = (—1,1), then one obtains the almost complex golden structure determined by
an endomorphism dDC, which verifies d>2 P, + 3 51d. In this case, (M, d,) is called the
almost complex golden manifold, as studied in [11,18].

An important remark is that («, p)-golden structures appear in pairs. In particular, if
@, is an («, p)-golden structure, then @, , = pId — @, is also an («, p)-golden structure.
Thus is the case for the almost product structures (J; and —J;) and for the almost complex
structures (J_1 and —]_).

We point out that the almost (&, p)-golden structure @, , and the a-structure J, are
closely related. Thus, we obtain the correspondence ®, , «— J, and we have

aa,p = PId - ®a,p < ]_tx = —Ja,

where @, , =: O, " D, p =: Dy Ja = JFand ], =:J,.
Proposition 1. Every a-structure [, on M defines two almost (&, p)-golden structures, given by
the equality

i, = L1a= V51, ©)

Conversely, two a-structures can be associated to a given almost (a, p)-golden structure
as follows:

= f(oba,p Lid). 7)
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Proof. First of all, we seek the real numbers a and b such that Dy =al d +bJ,. Considering
<I>§,p, from the identities (4) and (5), we obtain a = % and b = ﬂ:@
(6). Moreover, CI>,§EP verifies the identity (5).

On the other hand, if CIDDjjp verifies identity (6), then we obtain that | * verifies identities

(4) and (7). Conversely, if ] verifies identity (7), then @ip verifies the identity (6). O

, which implies identity

Example 1. (i) An almost product structure [1 induces two almost (1, p)-golden structures:

Id + /5]
Of, =P ®
(ii) An almost complex structure ] _1 induces two almost (—1, p)-golden structures:
Id ++/5]_
oF,, = pra ot ©)

A straightforward computation using the Equations (5) and (6) gives us the following
property:

Proposition 2. An («, p)-golden structure &,y is an isomorphism on the tangent space of the
manifold TxM for every x € M. It follows that @y is invertible, and its inverse is a structure
given by the equality

4 4

Lemma 1. A fixed a-structure ], yields two complementary projectors P and Q, given by

-1 _
P} =

P= (a4 Val), Q= 5(1d—Val) ay
Then, we can easily see that
P+Q=1d, P> =P, Q*=Q, PQ=QP=0, (12)
and
Vajy =P Q. (13)

Taking into account the identities (11) and (12), one has the following remark:

Remark 2. The operators P and Q are orthogonal complementary projection operators and define
the complementary distributions Dy and Dy, where Dy contains the eigenvectors corresponding to
the eigenvalue \/a and D, contains the eigenvectors corresponding to the eigenvalue — /.

If the multiplicity of the eigenvalue \/u (or —/a) is a (or b), where a + b = dim(M) = 2m,
then the dimension of D1 is a, while the dimension of Dy is b.

Conversely, if there exist in M two complementary distributions Dy and D, of dimensions
a>1andb > 1, respectively, where a + b = dim(M) = 2m, then we can define an « structure J,
on M, which verifies identity (13).

A straightforward computation using the identities (7), (11) and (12) gives us the
following property:

Proposition 3. The projection operators Py and Qu,p on the almost (a, p)-golden manifold
(M, Dy p) have the form

Vba 5—+/ba V5 54 v5a
Pa,pzi‘q)a,p‘FTld/ Qa,p:_?' :x,p‘f‘T

5 Id (14)
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which verifies

Ptx,p + sz,p =1d, Po%,p = Pﬂc,p} Qi,p = th,p/ Puc,p : Qa,p = sz,p : sz,p =0 (15)

and

5
Dy p = P"‘Zﬂ(m,p — Qup) - gld. (16)

Remark 3. The operators Py, and Qu,p given in the identities (14) are orthogonal complementary
projection operators and define the complementary distributions Dy and D, on M, which contain
the eigenvectors of ®y,p, corresponding to the eigenvalues ¢u,p and ¢, , = p — @u,p, respectively.

3. Almost («, p)-Golden Riemannian Geometry

Let M be an even dimensional manifold endowed with an a-structure J,. We fix a
Riemannian metric § such that

?(]aX/ Y) = “E(X/ IBCY)/ (17)
which is equivalent to

8(JaX, JaY) = 2(X,Y), (18)
for any vector fields X, Y € I['(TM), where I['(TM) is the set of smooth sections of TM.
Definition 3. The Riemannian metric g, defined on an even dimensional manifold M and endowed

with an a-structure J, which verifies the equivalent identities (17) and (18), is called a metric
(«, Jo)-compatible.

Thus, by using the identities (7) and (17), we obtain that the Riemannian metric g
verifies the identity

8(PupX,Y) —ag(X, Py pY) = 5 (1 - #)3(X,Y), (19)

N

forany X,Y € T(TM).
Moreover, from identities (7) and (18), we remark that g and (®,,,) are related by

S( Py pX, Dy pY) = g (E(q),x,pX, Y)+35(X, CID,WY)) + ng(X, Y), (20)
forany X,Y € T(TM).
Definition 4. An almost (x, p)-golden Riemannian manifold is a triple (M, ®y,p, ), where M is
an even dimensional manifold, ® , is an almost («, p)-golden structure and g is a Riemannian
metric which verifies identities (19) and (20).
Remark 4. For o« = 1 in the identities (19) and (20), we obtain
8(@1,X,Y) =g(X, P1,Y)), (21)
which is equivalent to
Z(P1pX, P1,Y) = p7(P1,pX,Y) + pP2(X,Y), (22)

and the triple (M, ®1 p, g) is a particular case of an almost metallic Riemannian manifold, which
was studied in [1,16].
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Remark 5. For &« = —1 in the identities (19) and (20), we have
(D _1,X, Y) + §(X,q)_1,pY) =p3(X,Y), (23)
which is equivalent to
_ 3 5
(@1, X, ®1,Y) = 5p°R(X,Y), (24)

and the triple (M, ®_1,,,g) is a particular case of an almost complex metallic Riemannian manifold,
which was studied in [9].

Proposition 4. If (M, @, p, 3) is an almost (w, p)-golden Riemannian manifold of dimmension
2m, then the trace of the ®y,, structure satisfies

1 mpz. (25)

trace(@ﬁ,p) = p - trace(®y,p) +

Proof. If we denote a local orthonormal basis of TM by {Ei, Ep, ..., Eop }, then from the
identity (5), we obtain

_ _ 56 —1 ,_
3(®3 pEi Ei) = p3(®PupEi, Ei) + ——p*3(E;, E),

and by summing this equality fori € {1,...2m}, we obtain the claimed relation. [

Example 2. Using ¢a,p and ¢, ,,, defined in Equation (3), let us consider the endomorphism
D, : R2™ — R¥™, given by

D (X, Y) = (PupX's oo, @up X" 0, Y G ) Y™), (26)

where (X', Y) .= (X1,..., X", Y,...,Y") andi € {1,...,m}.
Using identities (2) and (26), a straightforward computation yields

- L CoB5a—1 5. . Ba—1 , .
@7 (X, Y7) = ((pi,le,goier’) = (ppapX + szX',pgoa,le + T;921/1).
Thus, we obtain

7 (X, Y) = p(PapX', 9, ,Y') + sz(XZ,YI) = p®y (X, Y') + p?(X, Y7

and hence @y, verifies Equation (5).
Let us consider the structure |, associated with ®,,, by identities (6) and (7):

Ju(XE YD) = (XY, .., X" aY?Y, L aY™).
Using the identity (17), we remark that the Euclidean metric g := (, ) on R?" verifies
$UaZ,Z') = oSy (XX 4 YY) = ag(Z, 1u2"),

forany Z .= (X',..., X", Y, ..., Y"),Z = (XY, ..., X", Y, .., Y'"™) € T(R®"). Thus, it
is («, J)-compatible. Using the identity (7), we obtain

8(PupZ, q’tx,pzl) = g(?(q)zx,pzf z") +3(z, chx,pZ/)) +p73(2,7)).

Therefore, g verifies the identity (20), which implies that (R>", Dy p, g) is an almost («, p)-golden
Riemannian manifold.
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Definition 5. If V is the Levi-Civita connection on (M, g), then the covariant derivative V], is a
tensor field of the type (1,2), defined by

(VxJo)Y := Vx Y = [« VxY, (27)
forany X,Y € T(TM).
Hence, from the identity (6), we obtain

_pV5

(qu)a,p)Y — T

(V xJa ) Y. (28)
Let us consider now the Nijenhuis tensor field of ;. Using a similar approach to that
in [19] (Definition 2.8 and Proposition 2.9), we obtain

Nj (X, Y) = JRX YT+ (X, Ja Y] = JulJaX, Y] = JulX, JaY], (29)
for any X, Y € T'(TM), which is equivalent to

N],x (X/ Y) = (V],XXLJ)Y - (v]aY]uc>X + (VX]zx)]aY - (VY]a)]txX' (30)

The Nijenhuis tensor field corresponding to the (&, p)-golden structure ® := ®, , is
given by the equality

No(X,Y) := ®*[X, Y] + [®X, DY] — O[PX, Y] — D[X, DY]. (31)
Thus, from the identity (31), we obtain
No(X,Y) = (Vox®)Y — (VoyP)X — &(VxP)Y + &(VyD)X, (32)

forany X, Y € T(TM). Moreover, from identities (28), (30) and (32), we obtain

5p?
No(X,Y) = TNM(X' Y). (33)

Recall that a structure | on a differentiable manifold is infegrable if the Nijenhuis tensor
field Nj corresponding to the structure | vanishes identically (i.e., Ny = 0). We point out
that necessary and sufficient conditions for the integrability of a polynomial structure
whose characteristic polynomial has only simple roots were given in [20].

For an integrable almost (a, p)-golden structure (i.e., Ng,, = 0), we drop the adjective
“almost” and then simply call it an (a, p)-golden structure. From Equation (6), it is found
that ®, , is integrable if and only if the associated almost a structure ], is integrable. The
distribution D is integrable if Qu , [Pa,p X, Px,pY| = 0 and also analogous, the distribution
D, is integrable if Py [Qa,pX, QupY] = 0, forany X, Y € T(TM).

Let us consider now the second fundamental form ), which is a 2-form on (M, ., 3),
where J, is an a structure defined in Equation (4) and the metric g is («, J)-compatible.
The 2-form () is defined as follows:

Q(X/ Y) = g(]ﬂ(X/ Y)/ (34)
forany X,Y € I'(TM). From Equaitons (17) and (34), we obtain the following property:

Proposition 5. If M is a Riemannian manifold endowed by an « structure J, and the metric g,
which is (a, Jo )-compatible, then for any X,Y € T(TM), we have

Q(X,Y) = aQ(Y, X). (35)
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By using the correspondence between @, , and ], given in the identities (6) and (7),
we obtain the following Lemma:

Lemma 2. If (M, ®,p,3) is an almost («, p)-golden Riemannian manifold, then

Q(X,Y) = £ [5(®e,p X, Y) = 53(X, V)], (36)

pf

) 7)

(P, X, Y) = gn(x, Y) +
forany X,Y € T(TM).
Hence, by inverting X <+ Y in Equation (37), we obtain

pay/5_
2

(P, Y, X) = gQ(Y, X) + (X, Y). (38)

Using the identity (35) in the equality (38) and multiplying by & = £1, we obtain

p\f,

Q(X, @,y Y) = 0X,Y) + B2g(X,v). (39)

Proposition 6. Let (M, ®q,p, ) be an almost («, p)-golden Riemannian manifold. Then, we have

pla —1)v5_

Q(PppX,Y) — QX, Dy pY) = > (X, Y), (40)

pa+1)v5_

Q(PupX, Y) + Q(X, Dy pY) = pQX,Y) + 5 8(X,Y), (41)

forany X,Y € T(TM).
Remark 6. Let (M, ®y,p,g) be an almost («, p)-golden Riemannian manifold. In particular, for

any X,Y € T(TM), we have the following:
(1) For « = 1, we have

V5_
Q(@1,X,Y) = O(X, ®1,Y) = Lo(x,v) + B2%(x,v) (42)
(2) For « = —1, we have
QP_1,X,Y) + X, _1,Y) = pQ(Y, X). 43)

Lemma 3. Let M be a Riemannian manifold endowed with an a structure [, and the metric g,
which is (a, Jo)-compatible. Then, for any X,Y,Z € T(TM), we obtain

8((VxJa)Y,Z) = ag(Y, (VxJa)Z). (44)
Also, from Equations (28) and (44), we obtain the following:

Proposition 7. If (M, @y p,3) is an almost («, p)-golden Riemannian manifold, then for any
X,Y,Z € T(TM), the structure @y , satisfies

S(VxPup)Y,Z) = ag(Y, (VxPup)Z). (45)
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4. Submanifolds in the Almost (&, p)-Golden Riemannian Manifold

In this section, we assume that M is a 2n-dimensional submanifold isometrically
immersed in a 2m-dimensional almost («, p)-golden Riemannian manifold (M, @, 3)-
We study some properties of the submanifold M in the almost («, p)-golden Riemannian
geometry regarding the structure induced by the given ®, ,, structure.

We shall denote with T'(TM) the set of smooth sections of TM. Let us denote with
TyM (and with T M) the tangent space (and the normal space) of M in a given point
x € M. For any x € M, we have the direct sum decomposition:

TeM = T.M @ T} M.

If g is the induced Riemannian metric on M, then it is given by ¢(X,Y) = g(ix X, i+Y)
forany X,Y € T(TM), where i, is the differential of the immersion i : M — M. We shall
assume that all of the immersions are injective. In the rest of the paper, we shall denote
with X the vector field i, X for any X € I'(TM) in order to simplify the notations.

From Equations (17) and (18), we remark that the induced metric on the submanifold
M verifies the following equalities:

(1) §(JaX, Y) = ag(X, oY), (ii) g(JuX, JaY) = g(X,Y), (46)

forany X,Y € I'(TM).
The decomposition into the tangential and normal parts of &, , X and &, ,V for any
X € T(TM) and U € T(T+M) is given by

(i) @upX = TX + NX, (i) Dy pU = tU + nl, (47)

where 7 : T(TM) — T(TM), N : T(TM) — T(T*M), t : T(T+*M) — T(TM) and
n:I[(T+M) = T(T+M).

In the next considerations, we denote with V and V the Levi-Civita connections on
(M, g) and on the submanifold (M, g), respectively.

The Gauss and Weingarten formulas are given by the respective equalities

(i) VxY = VxY +h(X,Y), (ii)VxU=—-AyX+VzU, (48)

for any tangent vector fields X,Y € T(TM) and any normal vector field U € T'(T+M),
where 1 is the second fundamental form and Ay; is the shape operator of M with respect
to U, while V+ is the normal connection to the normal bundle T'(T+M). Furthermore, the
second fundamental form / and the shape operator Ay are related as follows:

forany X,Y € T(TM) and U € T(T+M).
For the a structure J,, the decompositions into tangential and normal parts of J, X and
JoU for any X € T(TM) and U € T(T+M) are given by the respective formulas

(i) JuoX = fX+wX, (i) U= BU+CU, (50)
where f : T(TM) — T(TM), fX = (JuX)T, w : T(TM) — T(T*M), wX = (JX)*,
B:T(T+*M) — T(TM), BU := (J,U)T and C : T(T+*M) — I(T+M), CU := (V)Jat,

Direct calculus shows that the maps f, w, B and C satisfy the following identity:

(1) 3(fX,Y) = ag(X, fY), (ii)g(CU,V) =ag(U,CV) (51)

3(wX, V) =ag(X,BV), (52)
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forany X,Y € T(TM) and U, V € T(T+M). Using Equation (47), we obtain the following
lemma:

Lemma 4. Let (M, 3) be a Riemannian manifold endowed with an « structure J, and let @y, be
the almost («, p)-golden structure related by ], through the relationships in Equation (6). Thus,
we obtain

(i) TX = gx + @fx, (i) N'X = i@wx (53)
(i) tV = i@BV, (if) nV = gv + @cv, (54)

forany X € T(TM) and V € T(T+M).

Now, by using Equations (53) and (54) in the Equations (51) and (52), respectively, we
obtain the following property:

Proposition 8. Let (M,3) be a Riemannian manifold endowed with an almost (a, p)-golden
structure. Thus, for any X,Y € T(TM), the maps T and n satisfy

27X, v) = ag(x,7v) + Pk, )

P w). 56

Moreover, for any U,V € T(T+M), N and t satisfy

3(nll, V) = ag(U,nv) + 2

SWVX, U) = ag(X,tU). (57)

Definition 6. The covariant derivatives of the tangential and normal parts of @y, p X (and Dy, V)
are given by

(i) (VxT)Y = VxTY = T(VxY), (i) (VxN)Y = VxNY - N (VxY),  (58)

(i) (Vx)U = Vxtld — t(VxU), (i) (Vxn)U = Vgl —n(VxU), (59)
forany X, Y € T(TM) and U € T(T+M).

Remark 7. Let M be an isometrically immersed submanifold of a Riemannian manifold (M, g)
endowed by a ] structure and a ®, ,\-golden structure. Then, for any X,Y,Z € T'(TM),
we obtain

D 8(Vxf)Y,2) = ag(Y,(Vxf)Z), (i)g((VxT)Y,Z) =ag(Y,(VxT)Z).  (60)

The identities (60) result from Equations (51)(i) and (53)(i).

Let M a submanifold of co-dimension 2r in M. We fix a local orthonormal basis
{Ny, ..., N, } of the normal space T M for any x € M. Hereafter, we assume that the
indices i, j and k run over the range {1, ..., 2r}.

Let @, , := ® be the almost («, p)-golden structure. Then, we obtain the decomposi-

tion
2r

2r

(i) ®X = TX + 21 u;(X)N;, (ii) ®N; = & + Z; AjjNj, (61)
i= j=

for any X € TyM, where ¢; represents the vector fields on M, u; represents the 1-forms on

M and A := (A;jj)2r is a 2r x 2r matrix of smooth real functions on M.
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Moreover, from Equations (47) and (61), we remark that

2r
NX =Y u(X)N;, (62)

i=1

for any X € T, M and
2r

(i) tN; = &;, (i) nN; = ) AyNj. (63)

k=1

Therefore, we find the structure ¥ = (7, g, u;, {;, A) on the submanifold M through
®,,p, and we shall obtain a characterization of the structure induced on a submanifold M
by the almost (&, p)-golden structure in a similar manner to that in Theorem 3.1. from [15].

Theorem 1. The structure ¥ = | (T,8 uj,&i, A) induced on the submanifold M by the almost
(a, p)-golden structure @, on M satisfies the following equalities:

T’X=p X - Zu )2 (64
p(1—a)
-Aij = DCA]'i + Téijr (65)
ui(X) = ag(X, &), (66)
2r
T =pdi— ) Aidj (67)
=1
50 — 1 2r
ui(gi) = a4 p*oij + pAi — Y AwAyj, (68)
k=1

forany X € T(TM), where T is a (1,1)-tensor field on M, &; represents the tangent vector fields on
M, u; represents the 1-form M and the matrix A is determined by its entries A;j, which are real
functions on M (for any i,j € {1,...,2r}).

Proof. Using @, := @ in the identity (47)(i) and (5), we obtain p®X + %pz - X =
®T X + ®N X. Moreover, using identities (47)(i) and (61)(i), we obtain

2r 2r
5a —1
pTX+p ) ui(X)N; + p* X =T*X+NTX+ Y u;(X)®N; (69)
i=1 i=1

By using the identity (62) and equalizing the tangential part of the identity (69), we
obtain equality (64).
Now, using the identity (56), we obtain

F(oN, N)) = ag (N n)) + =D g )
and from the equality (63)(ii), we obtain the identity (65).
From the identity (57), we obtain g(N'X, Nj) = ag(X, tN;) and by using identities (62)
and (63)(i), we obtain the equality (66).
From the Equation (5), we obtain ®*N; = p®N; + 5”‘4—_1}72 - Nj and from the identity
(61)(ii), we obtain

50 —1
Cz"’ZAz] j gl_'_ZAl] j TPZ'Ni/
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Moreover, using identities (61)(i) and (61)(ii), we obtain

5¢x -1
]_
When comparing the tangential and normal parts of both sides of this last equality,
respectively, we infer the identities (67) and (68). O

By using identities (61)(i) and (61)(ii), we obtain the following remark:

Remark 8. If (M, ®,3) is an almost (a, p)-golden Riemannian manifold and X,Y € T(TM),
then forany i,j € {1,...,2r}, we obtain

2r
(PX,Y) =g(TX,TY)+ Y u(X)u;(Y), (70)
i—1
2r
Z(®N;, ®N;) = g(&i, &) + ) AiwAx, (71)
k=1

If M is an invariant submanifold of M (i.e., ®(TyM) C TyM and ®(T-M) C T M for
all x € M), then from identities (61), we obtain ®X = 7 X, which implies #;(X) = 0 and
¢i=0foranyi € {1,2,...,2r}. Therefore, using the identities (64) and (68), we obtain the
following property:

Proposition 9. Let M be an invariant submanifold of co-dimension 2r of the almost (a, p)-golden
Riemannian manifold (M, ®,g), and let ¥ = (T, g,u; = 0,; = 0, .A) be the structure induced
on the submanifold M. Then, T is an («, p)-golden structure on M; in other words, we have

50— 1
T2X = pTX + szx, (72)

forany X € T(TM), where p is a real nonzero number and « € {—1,1}. Moreover, the quadratic
matrix A satisfies the equality

A2 =pA + p212r, (73)

where its entries A;j are real functions on M (i,j € {1,...,2r}) and I, is an identical matrix of
the order 2r.

Theorem 2. A necessary and sufficient condition for the invariance of a submanifold M of co-
dimension 2r in a 2m-dimensional Riemannian manifold (M, g) endowed with an almost («, p)-
golden structure @ is that the structure T on (M, g) is also an almost (, p)-golden structure.

Proof. If 7 is an almost («, p)-golden structure, then from Equation (64), we obtain

2r
,Z ui(X)gi =0, (74)

for any X € I'(TM). By taking the ¢ product with X in Equation (74), we infer that

2r

Y ui(X)g(X, &) = Y (ui(X))* =0,

i=1 i

which is equivalent to u;(X) = 0 for every i € {1,...,2r}, and this fact implies that M
is invariant.
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Conversely, if M is an invariant submanifold, then from Equation (72), we obtain that
the structure 7 on (M, g) is also an almost (&, p)-golden structure. []

5. Conclusions

The world of quadratic endomorphisms of a given manifold is enriched now with a
new class. If a Riemmanian metric is added through a compatibility condition, then a new
geometry is developed. Its submanifolds also carry remarkable structures, and new studies
are expected to enrich this domain of differential geometry.
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