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Abstract: New formulations are produced for problems associated with multiple cracks in the upper
part of thermoelectric-bonded materials subjected to remote stress using hypersingular integral
equations (HSIEs). The modified complex stress potential function method with the continuity
conditions of the resultant electric force and displacement electric function, and temperature and
resultant heat flux being continuous across the bonded materials” interface, is used to develop these
HSIEs. The unknown crack opening displacement function, electric current density, and energy
flux load are mapped into the square root singularity function using the curved length coordinate
method. The new HSIEs for multiple cracks in the upper part of thermoelectric-bonded materials can
be obtained by applying the superposition principle. The appropriate quadrature formulas are then
used to find stress intensity factors, with the traction along the crack as the right-hand term with the
help of the curved length coordinate method. The general solutions of HSIEs for crack problems in
thermoelectric-bonded materials are demonstrated with two substitutions and it is strictly confirmed
with rigorous proof that: (i) the general solutions of HSIEs reduce to infinite materials if G; = G,
Kj = Ky, and E; = Ej, and the values of the electric parts are a1 = ap = 0 and A} = Ay = 0; (ii) the
general solutions of HSIEs reduce to half-plane materials if Gy = 0, and the values of ;1 = ay =0,
A1 = Ay = 0and xp = 0. These substitutions also partially validate the general solution derived from
this study.

Keywords: multiple cracks; thermoelectric; bonded materials; hypersingular integral equations;
modified complex stress potential

MSC: 74A45; 74G70; 74570

1. Introduction

The stability and safety of materials represent critical issues in engineering structures,
where the presence of cracks may jeopardize the strength of materials. Many researchers
have been drawn to investigate the stability behavior of structures or materials subject
to remote stress by considering the types of materials such as infinite [1-3], finite [4,5],
half plane [6-8], and bonded materials [9-13]. These types of materials have several con-
ditions such as elasticity [14-16], thermoelasticity [17-19], magnetoelasticity [20-22], and
electricity [23-25]. One of the important structures in manufacturing are thermoelectric
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materials. When exposed to a temperature difference, these materials generate an elec-
trical voltage. Cracks in thermoelectric materials can have a significant impact on their
performance and durability, so it is critical to carefully control the manufacturing process
and minimize crack formation to optimize their thermoelectric properties. Previous works
utilized a variety of methods to investigate crack problems in thermoelectric materials
subjected to remote stress.

Wang et al. [23] investigated the transient response of an arbitrarily located inner
finite-size crack in thermoelectric materials using singularity integral equations based on
the Fourier and Laplace transforms. Their investigation revealed that when the crack is
positioned at the vertical center, there is an amplification of the field concentrations at the
crack tip. Additionally, they observed that the electrical permeability of the crack exerts
only a minor influence on the efficiency of energy conversion. By utilizing the complex
function method and conformal mapping theory, Jiang et al. [24] successfully addressed a
two-dimensional problem. Their study focused on the behavior of infinite thermoelectric
materials, specifically a circular hole with two unequal cracks. The investigation considered
the impact of uniform electric current and thermal flux on the system. It was determined
that the variable of thermoelectric and stress intensity factors (SIFs) depends on the circular
hole radius and lengths of cracks. According to Zheng and Gao [25], when the interior of the
crack is filled with the same gas as at infinity, the applied electric field does not bear an effect
on crack growth. They used the complex variable method to obtain explicit solutions for the
complex potentials of a circular arc crack in an infinite electrostrictive solid under remote
electric fields. Zhang and Wang [26] employed a complex variable method to solve the
problem of a straight crack within a medium experiencing coupled thermoelectric effects
under thermal-electric loads. Their investigation revealed that the electric flux intensity
factor is influenced by the far-field electric flux loads, while the thermal flux intensity
factor is determined by the applied total energy flux loads. Through the utilization of the
complex variable method, Song et al. [27] investigated the SIFs pertaining to a crack in
thermoelectric materials in a two-dimensional context. Their research revealed that the heat
flow, electric current, and stress fields all exhibit the typical square-root singularity at the
crack tip. Furthermore, they discovered that SIFs exhibit a linear relationship with the heat
flux but a non-linear relationship with the electric current. The two-dimensional problem of
an elliptic hole or a crack in a thermoelectric material subjected to uniform electric current
density and energy flux at infinity was generalized by Zhang and Wang [28]. They used
the complex variable method and the conformal mapping technique, and their results
showed that the concentration factors of electric current density and stress at the hole rim
increase as the value of the elliptic hole’s major-to-minor axis ratio increase. Yu et al. [29]
presented a rigorous solution to the Hilbert arc problem for a circular-arc crack problem
in an infinite thermoelectric material subjected to electrical and thermal loading using
the complex potentials function. They discovered that SIFs at crack tips are affected by
the loading direction, electric conductivity, thermal conductivity, crack central angle, and
thermoelastic isotropy. By employing the complex variable method and conformal mapping
technique, Zhang et al. [30] successfully solved two-dimensional problems concerning
a thermoelectric material containing either an elliptic hole or a rigid inclusion. These
systems were subjected to uniform electric current density and energy flux at infinity. The
researchers found that when an electric field is applied to the surface of a hole or rigid
inclusion, the energy flux does not vanish due to the combined influence of the Joule heat
and the Seebeck effect. Yu et al. [31] utilized complex potential functions and Cauchy
integrals to solve the problem of a circular inhomogeneity embedded in thermoelectric
materials subjected to uniform electric current density and energy flux. It was revealed
that electrically and thermally induced stress has a linear relationship with the energy flux
applied at infinity but a nonlinear relationship with the remote electric current density.
Liu et al. [32] used the electric field saturation model to investigate the energy flux intensity
factor, thermal flux intensity factor, and SIFs for a crack that is vertical to the applied
electric flux and energy flux loads in thermoelectric materials. They discovered that all of
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these intensity factors at the electrically yielded crack tips are independent of the strength
and size of electrical saturation. Song et al. [33] analyzed the thermal SIFs at the crack
tips of an interface crack subjected to a remote electric current in thermoelectric bonded
materials using complex variable functions. They obtain that the electric current may either
intensify fact neutralize the thermal SIFs depending on the bonded material parameters.
Sladek et al. [34] used the finite element method with a collocation approach for kinematic
constraints between strains and displacements to analyze the nano-sized crack problems in
thermoelectric materials. They obtain the influence of the size effect on the variation of crack
opening displacements to SIFs at crack tips. Cui et al. [35] proposed an analytical model to
assess fatigue cracking and its impact on the power of a hybrid photovoltaic thermoelectric
device. They discovered that combining a thermoelectric module and a photovoltaic
cell with a low temperature coefficient can increase in total electric power. According to
Jiang and Zhou [36], SIFs are affected by crack length, crack spacing, and the bi-elastic
constant ratio for dual collinear interface cracks on the electric potential and temperature
of thermoelectric-bonded materials subjected to electric and thermal loads. Moreover, they
solved SIFs using Laplace equations and the driving forces of electric current density and
energy flux. HSIEs are widely presented in different fields of physics and engineering such
as crack problems in fracture mechanics because this method offers several advantages
over other methods commonly used in crack analysis. These advantages include increased
efficiency, flexibility in handling different crack types, accurate representation of crack
tip behavior, and COD can be obtained from the solution of the equation directly [37-40].
Given these advantages, this method also has some limitations. It can be more complex
to formulate and solve compared to simpler methods like the boundary element method.
Additionally, they may require careful treatment of crack tip singularities and integration
techniques to ensure accurate solutions. However, overall, HSIEs are a valuable tool in
crack analysis and have contributed significantly to the understanding and prediction of
crack behavior in various engineering applications.

To the best of the authors” knowledge, there is little information on the formulation of
the multiple cracks problem in thermoelectric-bonded materials subjected to remote stress
using HSIEs. The problem is formulated into HSIEs using the modified complex stress
potential function method, with the help of continuity conditions of the resultant electric
force and displacement electric function, and temperature and resultant heat flux are con-
tinuous across the bonded materials’ interface. In addition, the findings obtained from this
study can be valuable for engineers when investigating the stability behavior of bonded
structures or materials exposed to electrical forces. By utilizing the obtained values of SIFs,
engineers can gain insights into the stability of such structures or materials under these
conditions. It provides engineers with an enhanced ability to predict crack behavior, en-
hance structural integrity, and design safer and more reliable engineering components and
structures especially for thermoelectric-bonded materials. Furthermore, the formulation
and investigation of crack problems have yielded substantial insights and comprehension
in the field of fracture mechanics. This knowledge has played a pivotal role in predicting
failures, optimizing designs, developing new materials, monitoring structural health, and
conducting non-destructive evaluations. Consequently, these advancements have had a
profound impact on various industries, enhancing safety measures and facilitating the
creation of structures and materials that are more resilient and efficient.

2. Preliminary Knowledge
2.1. Thermoelectric Material

Bergman and Levy [41] have outlined that, in the absence of electric charges and
heat sources, the governing equations for a thermoelectric material can be mathematically
represented as:
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where V is electric potential, T is absolute temperature, A is electric conductivity, « is
thermal conductivity, € is Seebeck coefficient, J is electric current density vector and q is
heat flux vector. Since energy is transported by both electrons and heat, then the energy
flux vector U can be derived from the electric current density and heat flux as

U=q+]JV. (5)

According to Zhang and Wang [26], an analytic function F is defined as F = V + ¢T,
then we have

J=—-AVF (6)

U= —AFVF —«VT. (7)

Combining Equations (1), (2), (6) and (7), the constitutive equations become
V2F =0 8)
kV2T + A(VF)? = 0. )

For the two-dimensional thermoelectric problem considered here, the solutions of F
and T can be expressed as,

F = Relf(2) 10)
T = Relg(z)] - - f(2)F(2) a

where z = x + iy, f(z) and g(z) are unknown analytic functions for electric and thermal
fields, respectively, and “Re” stands for the real part of a complex number.

2.2. Complex Stress Potential Functions

According to Song et al. [33], the stresses (0, ay, (Txy), resultant electric force (X,Y)
and displacements electric functions (1, v) induced by the thermoelectric function can be
obtained as follows

ooy = 20/ (2) + P+ 2 f(2) () (12)

0y — 0% + iy = 2029 (2) + /()] + T f(2)F2) 13)
—Y +iX = ¢(z) + 2¢' () + P(z) + %F(Z)ﬁ (14)

U+ iv = %[Kgb( ) —2¢/(2) +zx/0 z)dz —ELAF( )fz)  (15)

where ¢(z) and ¢(z) are complex stress potential functions, G is shear modulus,
= (3—u)/(1+ ), u is Poisson’s ratio, E is Young's modulus, a is the coefficient
of thermal expansion, Q(z) = —(A/«x)f(z)? + (2/x)g(z), and F(z) = [ f(z)
The derivative in a specified direction of resultant force Functlon (14) w1th respect
to z yields the normal (N) and tangential (T) components of traction along the segment
z,z + dz, where dz /dz = —e =% and @ is the tangential angle to the crack as follows

)+ + 5 (WD +VE) ) + o (JETE+ FEFES, ) =N +IT. (6
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Note that the traction N + iT depends on the position of point z and the direction of
the segment dz/dz.

According to Nik Long and Eshkuvatov [1] and Song et al. [33], the complex stress
potential functions, and unknown analytic functions for electric and thermal fields in the
case of a crack in an infinite material can be expressed by

9(z) = 2171 L gt(—)z

1 g1 d it
¢@V—metz+znA?“%tz‘a_zy)
)= d e
(z) = 41_{\ (222 — a2 — a®In(z + V22 — a?))
o ="VE e
Q(z) = sz(zz—azw’%\/m

where 24 is the length of the crack and g(t) is the crack opening displacement (COD)
function defined as

(17)

) = ey | )+ () = )+ 0(0) |, (e s

(u(t) +iv(t))" and (u(t) +iv(t))~ denote the displacements at a point ¢ of the upper and
lower crack faces, respectively. Note that the COD function has the following properties

g(t)=0 {M] at the crack tip A,

where j =1,2.

3. Thermoelectric-Bonded Materials
3.1. Modified Complex Stress Potential Function

Consider two cracks that lie in both the upper and lower parts of thermoelectric-
bonded materials subjected to remote stress, as shown in Figure 1. The modified complex
stress potential functions were discussed by Chen and Hasebe [42]. The crack L, lies in the
upper part of thermoelectric-bonded materials and can be expressed by:

$1(2) = ¢1,(2) + P1c(2), P1(z) = P1p(2) + P1e(2) (19)

where ¢1,(z) and 91, (z) are the principal part of the complex stress potential functions
and the elementary solution for isotropic medium (infinite materials), whereas ¢1.(z) and
1.(z) are the complement part of the complex stress potential functions. The complex
stress potential functions for the crack L, lie in the lower part of thermoelectric-bonded
materials represented by ¢, (z) and ¢ (z). The continuity condition of the resultant electric
force (14) is defined as follows.

(Y +iX]" = [-Y +iX]",

Erxan Ay

.
#0)+ @0+ 0+ SRR ORD| = [ea(0) + 050 + 200 + S22 R0

Applying the modified complex stress potential Functions (19) then yields:
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Whereas the continuity condition of displacement electric Function (15) is defined
as follows:
[u+iv)]t = [u+iv]”,
1 E1 061)\1

N
{ZGl[Kl(Pl(t) — t (£) — 1 (8)] +0‘1/Ql(t)dt_ 1Gyry Fl(f)fl(t)}

_ Exaphy

— | 565 [Katalt) = 9508~ 7al0)) + a2 [ (o)t = EE2 R0 7E|

Applying the modified complex stress potential Functions (19) then yields:

Ga [Kigrp(t) + Kigne(t) — (171, (t) + $1p(t)) — (b1 (t) + 9rc(t)) +2G10¢1(/le(t)dt+/ﬂlc(t)dt)

4
_ E120¢K11/\1 <F1p(t)f1p(t)+ Flc(f)flc(t)>}

Fz(f)fz(f)} - @D

=G {qubz(t) — 195(t) — a(t) +2Gaar / Op(t)dt — 2220

Note thatt € L jr (j = 1,2) along the crack interface, and the 4+ and — signs represent
the upper and lower parts of thermoelectric-bonded materials, respectively.

o
ol = ©  _
n p A, O-lel_pT
tio
Ly
- t 2a, r—
o, =P L 1 o, =P
A
G, x, A4 Ly
G, x5, 4,
o, =P oy, =P
< —_—
l‘o-:z)’z:p
«—

Figure 1. Two cracks L and L, in thermoelectric-bonded materials subjected to remote stress.

For problems involving steady-state electric conduction in two dimensions, the temper-
ature functions associated with bonded materials can be derived by utilizing two complex
potentials, namely f1(z) and f(z). These potentials satisfy the Laplace equation in the
respective upper and lower parts. To establish the boundary conditions, the complex
potentials are employed to express the resultant heat flux Q; and temperature T; for each
medium. The formulations for these quantities are provided as follows
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fi(z) = Ti(xy) +iQ;(x,y)
Q) = [ @ydy — gydx) = ~AjIm[f(2) 2)
T; = Re[f;(z)] (23)
In the given context, the quantities ¢,; and g,; represent the heat flux components
in the x and y directions, respectively. Additionally, A; denotes the electric conductivity,
where j = 1 for the upper part and j = 2 for the lower part.

If there exists a crack L in the upper part of the thermoelectric-bonded materials, it is
convenient to express the electric complex potential f;(z) as

f1<z) = flp(z) +flc(z) (24)

where f1, and f. are the principal and complementary parts of the electric complex
function, respectively. Since the temperature and resultant heat flux are continuous across
the crack bonded materials interface, it implies:

LA + AW =[fa(t) + ()]t €L (25)

MIfi(t) = AT =ralfa(t) = ()]t €L (26)

where a bar is used to indicate a conjugate complex quantity, while superscripts 4+ and —
are used for the boundary values of the temperature potentials for the upper and lower

parts, respectively. Substituting Equation (24) into Equations (25) and (26), then it is satisfied
by the following complex potentials:

[fip(t) + fre(8) + frp(t) + fre(D]T =[fa(t) + fa (1)) (27)
Mfip(8) + fic(t) = fip(F) — frc (D] =A2lfa(t) — fa(B)] (28)

Applying analytical continuation to Equations (27) and (28), the following expressions
are obtainable:

A

fie(z) = A1+A fip(z), z€S1+Ly (29)
fale) = T f@) z€Sat L, 0)

Once the principle part of the complex potentials, f1,(z), is determined, the electric
functions associated with the thermoelectric-bonded materials’ problem can be obtained.
Similar to the thermal complex potentials function, it yields:

- K1 —Ky____

S1c(z) = K1+ K281p<z)r z€851+ L (31)
- 2K1

0(z) = Pa—— Kzglp(z), z € So + Ly. (32)

Note that L; is the boundary of thermoelectric-bonded materials, S; and S; are the
upper and lower parts of thermoelectric bonded materials, respectively. Applying analytical
continuation to Equations (20) and (21), and substituted with Equations (29)-(32) the
following expressions are obtainable:
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91c(2) = T1 (297, (2) + P1(2)) +TaFip(2) fip(2) + T3 / Fip (2)dz—Ty / T(2)dz (33)
P1e(2) = Tsp (2) — 294 (2) + TeFip (2) f1p(2) + T7 / O1p(2)dz + Ty / iy’ (2)dz — T /E(z)dz (34)
92(2) = T10¢1(2) + T11Fip (2) iy (2) + T1aFrp (2) iy (2) + Tz / O (2)dz + T / 2, (2)dz

T, / g1,(2)dz (35)
¥2(2) = Tia (21, (2) + ¥1,(2)) = 204(2) + TuaFip () fip(2) + Ts [ 7, (2)dz = T [ gup(z)dz (36)

where ¢1,(z) = ¢1,(2), and T are bi-elastic constants ratio defined as

r_ GG o _(2G-1EmMh (/\1 —A2>2 261Gy </\1 —A2)2
TGt GK P (Gt Gk \ Mt A2) T T (Gt Gom) \ AT A2 )
I, — 4G1Goaq (K1 — Kz) I — GyK1 — G1Ky I — (Ezﬂéz/\z(ZGle + Gle)) ( 2M )2
T K1 (Gl + GzKl) K1+x2)  GiIK+ Gy 6 4Gxp(G1Ky + Gy) M+A )7
r_ 261G _2G1Gamphy ( 2 )2 B 8G1Gonky
7 (G]KZ"’GZ), 8 KZ(G1K2+G2) M+Ay) 7 K2(K1 +K2)(G1K2+ Gz)’

_ (K46 L Bupdp(2G — 1)< 2\ )2 _ GEimAy (1-2Gy)
10 Gi1Ky + Gy’ 1 413(G1Ko + Gp) \ A1+ Ay ! 12 4G1x1(G1Ky + Gy) !
Gy (1+K7) . _ (Ki+2G)GEimA </\1 —/\2)2 1 2G1Goo Mg ()\1 —A2>2

BTG+ 6K ™7 4G (Gl + GaKy) \ A1+ As A+ Ay

Tae — 4G1 Gzle <K1 - K2>
16 K1 (Gl + GzKl) K1+ K2

> Kl(Gl + GZKl)

3.2. HSIEs for a Crack in the Upper Part of Thermoelectric-Bonded Materials

Consider a crack L with length 24 that lies in the upper part of thermoelectric-bonded
materials subjected to remote stress, as shown in Figure 2.

" _—
oy =P

GX1Y1 =p T

l“Zyz:P la;;:p
€

Figure 2. A crack L in the upper part of thermoelectric-bonded materials subjected to remote stress.
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In order to formulate the HSIEs for a crack in the upper part of thermoelectric-bonded
materials, we need to define two traction components which are [N(fo) + iT(tp)]1, and
[N(to) +iT(tp)]1c for the principle and complementary parts, respectively. These traction
components are obtained when the observation point is placed at the point, f (tp € L),
caused by COD function g(t) att € L, which gives:

[N(to) +iT(to)l1 = [N(to) +iT(to)]1p + [N(to) + iT (fo)1c- (37)

To obtain the principal part [N (to) +iT (tg)]1p, substitute Equation (17) into Equation (16),
then let point z approach fy on the crack and change dz/dz into dfy/dtg. Meanwhile, to
obtain the complementary part [N(fy) + iT(to)]1., substitute Equations (33) and (34) into
Equation (16), and then apply Equation (17). The sum between these two parts then
represents the HSIEs as follows:

1
[N(tg) +iT(tg)]1 = 74 (t_to /M1 (t,t0)g dt+—/M2 (t,t0)g(t)dt + Ms(a, to) (38)
where
_ 1 1 didf 1 2(f — ) 1 1 df
M) =~ e T R R (R )

(2(2t0—3fo—|—f)6(?0—1?)(50—1%0)(( 1 2(Eo—t0))df 1)%}

(f*fo)3 (t—f0)4 t*fo)z (t*fo)a dr (f*fo)z dty
r 1 df
- (t—To)2dty
1 df 1 (ty — t) dF\ dF 1 1
Mah,fo) G—bVﬂ+<G e Gomﬁﬂ)£+T46—mﬂ+G—mV
to— )\ df  (2(to — o) 1 \df
: 3>df ((fo—fo)03 (f—f0)2>dfg]

—az—a In( to—l—\/j)))
<+<r2+(r rgj?)ﬂ%<%—ﬂ2+ v[——ﬂlnfv+w/—”5>)

2 — a2

JZ 7 2 5 - t()—ﬂ) dfy
—|—l"z4)\%(to—to)<3to+( 0\/B—a2 —a*In(Fy + /B2 \/7 it

JZ ) ~ fo iU 2 5 ) Zt toto—ll dfg
+ Doy (202 = — B+ (37 — 2tofo - )d (V- - B2 ST m dt

1

T T\ o o, (T Do\ o ,]dh
+KK1 M)Ml(t )+ Ko 2 ZUW dto

7 dt
) e [ (o= - i+ ) ﬁidto]

and

2
o E]Dé])\l Tie — E1061/\1 K1 — Kz
4Gy’ 18 4Gk \x1+%x2 )

Note that the first integral with the equal sign in Equation (38) represents the hyper-
singular integral and must be defined as a finite part integral. If G; = Gy, K1 = Ky, and
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E; = Ep, and the values of a1 = ap = 0 and Ay = A, = 0, then Equation (38) reduces to
HSIEs for a crack in an infinite material as follows [1,9]:

1 (t — to)? dE dFy
[N(to) +iT(t)] *74 t— /(t—to) ((f—fo)zdtdto 1)g(t)dt
t_to E—fo(df  dh) ,dbdRy)—=
+27T/L(t—ifo) (t—t0<dt+dt0> dtdt0> t)dt (39)

If G, = 0, and the values of 1 = ap =0, Ay = A = 0 and xp = 0, then Equation (38)
reduces to HSIEs for a crack in half-plane materials as follows [6,43]

1 1 2f-0 1 didi
/L[_ (t—t)2  (t—H)? (t—k)>  (F—)2dtdt
1 d7f 2(3tg —2tg—F)  6(Fg—E)(Fg — to) \ dbo

(7 +(f—t0))dt < i )

[N(to) +iT(to)] —7( t_

(t— 50)3 (t —fo)*
1 2({'0 — to) dt dtg 1
+<(t—fo)2jL (t—Fo)> ) dtdhy st o / t—fo - (t—h)?
1 B 1 B 2(tg—t)\ dF n 1 n 2(ty — tp)
(F—R)?> (F—t)?> (F—t)3/)dt  \(F- fo)2 (t—H)?  (t—1F)?
2(tg — t) df\ dt
+ (t() ) O}g(t)dt (40)
Therefore, if G = Gy, K; = Ky, and E; = Ej, and the values of a1 = ap, A1 = Ay

and x1 = «ky, then Equation (38) reduces to HSIEs for a crack in an infinite thermoelectric
material as follows:

[N(to) +iT(to)] —74 5 + %/LDl(t, to)g(t)dt + %/LDz(t, to)g(t)dt + Ds(a, to) (41)

tf
where
11 didh
(t—1t9)2  (F—1y)2dtdt
1 dj 1 2(t0—t)dj dio
(f—fg)zdt ({—fo)z (f—fo):;dt dty
]zElﬁcl)\l (2G1 + Kl) ( 2 fo - 0 2 - ) dfo
D3(a,t 3 ——(fo\/B— a2 —a®In(fg + /B —a?)) | ——
30 10) = G2k, +1) \ 0T T %az(o oo —anlo+ =) Ja
2G10£1 2G10(1)t1 ) ]2 ) ) ( 2G1D€1 2G1D€1 ) 73 ]dfo
+ - — (5 —a®) + - iUy/fa — a2 | —
{<K1(K1+G1) kA1 (K +1) ) 4\ (fo ) k1(Ki+Gi)  xy(Ky +1) 0 dto

Eiaq A F
{6G11X1)\12 [\/ —a?\ /B —a? + ( (tm/t%aZazln(toJr\/t%az)))Z:O]
1%1 / 0

Whereas, if G = 0 and the values of ap = 0, A = 0, and x, = 0, then Equation (38)
reduces to HSIEs for a crack in half-plane thermoelectric materials as follows:

Di(t ) = —

Dy(t, tg) =

[N(to) + T (to)] —74 s to o [ Wiltto)g(0de+ 5 [ Walt, t0)g(0dt + Waa, o) (42)

where



Mathematics 2023, 11, 3248 11 of 20

1 1 2(fg — F 1 dt dt, 1 1 dt
Wit to) — 1) o ( )

(t—t)2 (t—10)2 (t—1p)3 fo)2dtdty \ (t—F)? + (F—

+(2@%2mﬂ a%%x%nQSIO (( 1 mt0>wdm
(

(t—1p)3 (t—1fp)* t—1fp)? t—1f)3 ) dtdt
1 1 1 dt 1 2(tg —t) dt) dty

e N (e S T S N (R ER T

((1 +4ma)ﬁ+((1_ +M%_@)ﬂo

F—to)? t—t)*  (t—1F) Jdt

JPEimiA to 2 2 )

Wa(a, o) = 1&%%hh 2¢%ﬂﬂ%/%_ﬂ_am%+Vg_ﬂ»
_(f%—a2+tO(fm/fg—az_azln(fo+\/fg—7))>(?;°—1)

2/{%_112 0
S _ 2 —ty—a®)\ df,
+ (to — o) (3t0 + (Fo\/B — a% — a®In(Fy + \/{%_7));(0?202);) dTg

\/O—Q
L o _ o2 [a_» fo 2_ 2 2 2 o ) 4o
_E\/tojvto—” - 4ﬂ(f0\/fo—ﬂ —“ln(t0+\/toj)) dt

3.3. HSIEs for Multiple Cracks in the Upper Part of Thermoelectric-Bonded Materials

Consider two cracks, L1 and Ly, in the upper part of thermoelectric-bonded materials
subjected to remote stress as shown in Figure 3.

oo 5
o, =P

S p—
O = p T

dty

lo;zyz:p la;z:p

Figure 3. Two cracks L and L, in the upper part of thermoelectric-bonded materials subjected to
remote stress.

In order to formulate the HSIEs for two cracks in the upper part of thermoelectric-
bonded materials, we need to define two groups of N + iT which consist of four traction
components [N(t19) + iT(t10)]11, [N(t10) + iT(t10)]12, [N(t20) + iT(t20)]22 and [N(t20)+
iT(tp0)]21 by using Equation (16). By then using the superposition principle, we can obtain
the HSIEs for two cracks in the upper part of thermoelectric-bonded materials as follows.
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[N(t0) +iT(t10)]11 = —

[N(t20) +iT(t20)]2 = —

[N(t10) +iT(t10)]1
[N(tzo) + iT(t20)}2

[N(t10) +iT(t10)]11 + [N(t10) +iT(t10)]12 (43)
[N(tzo) + iT(tzo)]zz + [N(tzo) + iT(tzo)]zl. (44)

First, we need to find the equation of the first crack L; that lies in the upper part of
thermoelectric-bonded materials as shown in Figure 4.

G, x, 4 Ly
G, x5, 4,
g:;:p o'xzzp
laiyz:p lO';;:p

«—

Figure 4. First crack L; in the upper part of thermoelectric-bonded materials subjected to
remote stress.

By applying Equation (38), the first crack L, is obtained when the observation point is
placed at the point z = t;9 and dz = dt;, caused by COD function (g;(#;)) along the crack
Ly gives:

1 g1(t1)dty

1 1
7+—/Mt,t tdt—i-f/Mt,t t1)dt
7l (h—to)? 27 )i, 1(t1,t0)g1(H)dh 27 )i, 2(t1,t10)81(t1)dt
+ Ms(ay, tip). (45)
Second, we need to find the equation of the second crack L, that lies in the upper part
of thermoelectric-bonded materials, as shown in Figure 5.

Then, the second crack L, is obtained when the observation point is placed at the point
z = typ and dz = dty, caused by COD function (g2(t2)) along the crack L, gives:

1L [ &(t)dt 1/ 1 L
(=t " ax Jy, Mttt fdf+f/Mt,t ty)dt
7, (lh—t0)? 27 )1, 1(t2 t20)82(k2)dt2 + 5 L 2(t2, 120)82(t2)dts

+ M3(a, ty). (46)

By considering both cracks that lie in the upper part of thermoelectric-bonded ma-
terials as shown in Figure 4, the equation of the crack L; that is influenced by the COD
function (g»(#2)) along the crack L, gives:

1 gz(tz)dtz 1

. 1 —_—
[N(t10) +iT(t10) ]2 = = | T———5 + */ Eq(tp, t10)g2(t2)dty + */ Es(tp, t10)g2(t2)dtr
Ly 21t Ji,

7 )L, (b —t)? 27
+ Ms(az, i) (47)



Mathematics 2023, 11, 3248

13 of 20

[N(t0) +iT(t10)]1 = —

[N(tz()) + iT(i’zo)]z = —

lGZVz:p lofz:p

Figure 5. Second crack L, in the upper part of thermoelectric-bonded materials subjected to
remote stress.

By using superposition principle of the COD function g; (1) along the crack L (45)
and COD function g,(tp) along the crack Ly (47), the HSIEs for crack L, are obtained
as follows.

1 g1(tr)dty

1 1
7 b (6= )2 5 /L1 Mi(t, to)g1(h)dt + 5 /L1 Ma(t1, t10)81(t)dty

1 gz(tz)dtz 1
M ,t 7/ —_— 7/ M (o, t ty)dt
+ Ms(ar, to) + — L bt Tl 1(t2, t10)82(t2)dt>

1
+ 7/ My (to, t10)g2(t2)dts + M3(az, tho). (48)
/L,

Then, similar to the HSIEs for the crack L, is obtained as follows.

1 gz(tz)di’z 1 /‘ 1 /. L
(y — 2 T2 ), Mtz t)g2(t)dtr + 50 | Motz to)g2(t2)dt
T Ji, (t2_t20)2+27r L 1(t2, t20)82(t2) 2+2n L 2(t2, t20) g2 (t2)dtn

1 gl(tl)dtl 1
M ,t 7/ —_— 7/ My (tq,t t1)dt
+ Ms(az, tao) + — L b=t T2 1(t1, t20)81(t)dty

1 -
t 5 / M (ty,t20)g1(t1)dty + Msz(ay, ta). (49)
L,

Note that the first integral with the equal sign in Equations (48) and (49) represents
the hypersingular integral and must be defined as a finite part integral.

4. Solutions for Crack Problems in Thermoelectric-Bonded Materials
4.1. Quadrature Formulas
In order to solve the HSIEs, the curved length coordinate method is used and defined
as follows. o1
H(s) = \/ﬁ' (50)
Therefore, the HSIEs (38) for a crack in the upper part of thermoelectric-bonded
materials give:
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[N(to) +iT (o)1 74 2 —s*H(s /M1tt0 )V a2 —s2H(s

i’—t()

+ by /L Mz(t, to) Va2 — SZ%dt + Mg(&l, to) (51)

By applying the following quadrature formulas, [44—47]

>~ Z W SO (52)
(a2 —s5)H(s)), (53)

Equation (51) then yields:

M+1 o 2 d 1 M+1 d
[N(to) +iT(to))1 = ; wj(so)H(sj)Eiiggz ot SN ]; (a2 = ) H(s)) M (1, o) 3
1 M+1 - dt
+—— Y (a* —s§)H(s;)) Ma(t, to)% + M3(a, ty) (54)

2M +4

where H(s;) is a given function, M € Z™ is subdivision numbers of the cracks,

§j = acos (M]:T_2>, ji=12,.,M+1,

and y
2 (g N (i S0
W](so)— M+2n_0(n+1)sm<M+2>sm< M2 u, . )

and the observation points
k
S0 = Sk = 4C0S (MZZ) k=1,2,..,M+1.

Here, Uy, (t) is a Chebyshev polynomial of the second kind, defined by

sin((n+1)0)
sin @

U,(t) = ,where t = cos 0. (55)

Similar to the HSIEs (48) and (49) two cracks in the upper part of thermoelectric-
bonded materials give:

N(o) +T(h0)]s = 3 Wilsno)Hi(s) S50 80y 1 SR o ()M (11, 1) 20
j=1 : Pty —tp)?ds1  2M +4 = 1710 j 10) 5,
1 M+1 5 dt
T M+ 4 ; (a7 — s79)Hi (s )Mz(fllho)df + M3(aq, fo)
1 M+1 2 2 1 dtz 1 M+1 2 2 dtz
_ . 22 _ . by F1n) —2
+ M+2 ]; (02 le)HZ(S]) (tZ — f1o)2 d52 + M+ 4 ]; (ﬂz SlO)HZ(S])Ml( 2, 1O)d52
1 M+1 - dt
+ a3 — $30)Ha (5;) Ma (2, to) 5— + Ma(aa, to). (56)

dSz
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IN(t0) + iT(t0)]2 = 3" Wy(sa0) Halsy) S2=52002 812 L NN 2 (o (1, ) 22
20 20 2—]':1 (520 Ha5) = V7 s, M+ & 2~ 520) Ha(sj) Ma (2, £20) 52
1 M+1 ) R dty
- 2M +4 Z (aZ - SZO)HZ(Sj)MZ(tZ/ tZO)dis2 + M3(ﬂ2, tZO)
=1
+ 4M+2 = (ﬂl - SZO)Hl(S]') (tl — t20)2 Tﬁ + oM+ 4 ]; ({11 — SZO)Hl(Sj)Ml(tl,tzo)d—Sl
1 M+1 ) ) dt,
+ 2M + 4 Z (a1 — s30) Ha (Sj)Mz(tlltzo)E + M;3(aq, o). (57)

j=1

4.2. Stress Intensity Factors

In order to investigate the behavior of non-dimensional SIFs for crack problems in
thermoelectric-bonded materials subjected to remote stress, we define the SIFs at the crack
tips A; and B; as follows:

_ . _ . ! .

Ky, = (Kl—le)Aj = \/27rt111t1;j,/\t—tAj|g1(t1), i=12, (58)
_ _ . _ . _ / .

Kp, = (K1 — iKp)p, = \/27rt111};j VIt telga(t),  i=12, (59)

where ¢/ (t1) and g5(t2) are defined as follows:

—sHi(sr) —if4.
g]/((tk>|tk:tk(sk) = ( )e A]/ H]’{(sk) = 0/ (60)
ag —s?

and k = 1,2. Therefore, the non-dimensional SIFs at crack tips Aj and B; are defined

as follows.
B ) - . —s1Hq (51) =04, |
KA]. = (K1_1K2)Aj = VZHSLH;}]-MB_SAA[QZ_SZE ]:| —\/{Illﬂ.'FAj, (61)
1 1

. . *Ssz(Sz) —ifp.
KBj = (Kl — le)Bj =V Zﬂs]irsléj |S — Sle |:a2526 B]jl = \/QZNFBjr (62)
2772

where

—iby, .

Fp; = Hi(—ay)e T = Fia; +iba;,
—i6g, .

Fg; = Hy(—az)e 7 = Fip; +iFap;.

At crack tips A; and B}, F A and [ B; Tepresent the Mode I non-dimensional SIFs,
which characterize the intensity of the normal stress singularity. In contrast, F, ; and
F,p; represent the Mode II non-dimensional SIFs at the same crack tips, describing the
magnitude of the shear stress singularity.

Table 1 displays convergence test results on the Mode I (F;) dimensionless SIFs versus
h/a at the crack tips A1 and A; for an inclined crack in the upper part of thermoelectric-
bonded materials for « = 90°, J] = 20, and U = 0 as illustrated in Figure 2 using material
parameters in Table 2.
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Table 1. Convergence test result on dimensionless SIFs at the crack tips A; and A; for an inclined
crack as illustrated in Figure 2.

hla
Ga2/Gq M SIFs
1.2 14 1.6 1.8 2.0
10 Fia, 1.2241 1.1302 1.0888 1.0659 1.0517
Fia, 1.0835 1.0622 1.0498 1.0418 1.0365
15 F1A1 1.2254 1.1316 1.0904 1.0677 1.0538
0.95 Fi4, 1.0862 1.0651 1.0531 1.0456 1.0408
' 20 Fia, 1.2267 1.1330 1.0920 1.0695 1.0559
Fi4, 1.0888 1.0680 1.0564 1.0493 1.0451
” Fia, 1.2267 1.1330 1.0920 1.0695 1.0559
Fia, 1.0888 1.0680 1.0564 1.0493 1.0451
10 Fia, 0.9102 0.9499 0.9704 0.9835 0.9933
Fia, 0.9844 0.9966 1.0063 1.0148 1.0226
15 Fia, 0.9139 0.9545 0.9761 0.9906 1.0019
500 Fia, 0.9939 1.0082 1.0201 1.0310 1.0415
. 20 Fia, 0.9175 0.9592 0.9819 0.9978 1.0108
Fia, 1.0036 1.0199 1.0342 1.0476 1.0609
» Fia, 0.9175 0.9592 0.9819 0.9978 1.0108
Fi4, 1.0036 1.0199 1.0342 1.0476 1.0609
Table 2. Parameters for the thermoelectric-bonded materials.
A=A K1 = K2 E1=E; ay =0y p1 =2
4 x 10* 10 196 52 x 10 0.283

The accuracy of the numerical results relies on the level of subdivision for the cracks,
denoted as M. To assess result convergence, we systematically increase the value of M,
starting from M = 10 and progressing to M = 15, 20. Eventually, we halt at M = 22 as
the dimensionless SIFs values align with the previous M as presented in Table 1. Notably,
it is observed that smaller values of M yield convergent numerical results. In addition to
the HSIEs approach discussed in this study, the dimensionless SIFs with ] = U = 0 are
validated using the body force method approach introduced by Isida and Noguchi [48].
These results, along with the SIFs from the HSIEs approach, are listed in Table 3. It is
noteworthy that the disparity between the results obtained from these two approaches is
minimal. It is found that the maximum percentage error (%e) is 0.0809% which is a very
minimal percentage of error between the results of the current study and previous study.

Table 3. Validation test result and percentage error (%e) on dimensionless SIFs at the crack tips A;
and Ay compared with Isida and Noguchi [48].

hila
G2/Gq M SIFs and %e¢
1.2 14 1.6 1.8 2.0

Fia * 1.2213 1.1274 1.0857 1.0623 1.0476

Fia, * 1.2220 1.1280 1.0860 1.0630 1.0480

095 0 %€ Fi4, 0.0573 0.0532 0.0276 0.0659 0.0362

' Fia, * 1.0783 1.0563 1.0432 1.0344 1.0281
Fia,* 1.0790 1.0570 1.0430 1.0350 1.0280

%e Fi 4, 0.0649 0.0662 0.0192 0.0580 0.0097
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Table 3. Cont.

hla
G2/Gq M SIFs and %e¢
1.2 14 1.6 1.8 2.0
Fia * 1.1111 1.0653 1.0444 1.0324 1.0249
Fia, * 1.1120 1.0660 1.0450 1.0330 1.0250
0.50 20 %e Fi 4, 0.0809 0.0657 0.0574 0.0581 0.0097
' Fia,* 1.0394 1.0289 1.0223 1.0179 1.0147
Fig, ** 1.0400 1.0290 1.0220 1.0180 1.0150
%e Fy 4, 0.0577 0.0097 0.0294 0.0097 0.0296
Fia * 0.9032 0.9410 0.9592 0.9699 0.9767
Fia, ** 0.9030 0.9410 0.9590 0.9700 0.9770
500 20 %e Fi4, 0.0221 0.0000 0.0209 0.0103 0.0307
' Fia, * 0.9656 0.9740 0.9795 0.9834 0.9863
Fia,* 0.9660 0.9740 0.9790 0.9830 0.9860
%e Fi 4, 0.0414 0.0000 0.0511 0.0407 0.0304
Fia * 0.8291 0.8944 0.9266 0.9455 0.9579
Fia, ** 0.8290 0.8940 0.9270 0.9450 0.9580
200 20 %€ Fia, 0.0121 0.0447 0.0431 0.0529 0.0104
' Fig* 0.9393 0.9535 0.9631 0.9701 0.9752
Fia, ** 0.9390 0.9540 0.9630 0.9700 0.9750
%€ Fia, 0.0319 0.0524 0.0104 0.0103 0.0205

* Current study, ** Isida and Noguchi [48].

5. Concluding Remarks

In this study, we have dealt with crack problems in the upper part of thermoelectric-
bonded materials subjected to remote stress. Although the problem is an ancient one, we
insist on several novelties in this study. First, even though the modified complex potential
method used in this work is a traditional technique for solving crack problems in bonded
materials, it is, however, new for cases that involve crack problems in thermoelectric
materials. The present approach leads to HSIEs in which the COD function, electric current
density, and energy flux load between the crack tips are taken as the main unknown. The
general solution of HSIEs for the single- and two-crack problems have been obtained. The
validation of the HSIEs has been proved by reducing them to infinite materials where
G1 = Gy, Ky = Ky, and E; = Ej, and the valuesof a1 = ap = 0and Ay = A, = 0.
Meanwhile, HSIEs reduce to half-plane materials if G, = 0, and the values of a1 = ap =0,
A = Ay = 0and x; = 0. In the context of the test problems, our numerical findings
demonstrate faster convergence, and the results obtained from our analysis align with
those from the previous study with a very minimal percentage of error. On the basis of this
study, we believe that several extensions are possible, such as cohesive models, cracks at
the interface-bonded materials, cracks issued by inclusions, problems of three-dimensional
cracks in thermoelectric-bonded materials, and so on. Based on the current study, a detailed
formulation with numerical analysis will be published elsewhere. More research is being
conducted to broaden the application field of the developed concept.
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Abbreviations

The following abbreviations are used in this manuscript:

COD Crack Opening Displacement

HSIEs Hypersingular Integral Equations

SIFs Stress Intensity Factors

¢(2), ¥(z), f(z), g(2) Complex stress potential functions

$1(2), ¥1(2), f1(2), g1(2) Upper part of complex potential functions

$1p(2), Y15(2), f1p(z), g1p(z)  Principal part of complex potential functions

«(z)  Complementary part of complex potential functions
$2(2), Y2(2), f2(2), §2(2) Lower part of complex potential functions

Ox, Oy, Oxy Stress components

G Shear modulus

U Poisson’s ratio

E Young’s modulus

g(#) Crack opening displacement function

r; Elastic constant

Stress Intensity Factors at crack tip A;
Dimensionless Stress Intensity Factors at crack tip A;

References

1.

10.

11.

12.

13.

14.

15.

Nik Long, N.M.A; Eshkuvatov, Z K. Hypersingular integral equation for multiple curved cracks problem in plane elasticity. Int.
J. Solids Struct. 2009, 46, 2611-2617. [CrossRef]

Liu, Z.X.; Xu, W; Yu, Y.; Wu, X.R. Weight Functions and Stress Intensity Factors for Two Unequal-Length Collinear Cracks in an
Infinite Sheet. Eng. Fract. Mech. 2019, 209, 173-186. [CrossRef]

Ghajar, R.; Hajimohamadi, M. Analytical calculation of stress intensity factors for cracks emanating from a quasi-square hole in
an infinite plane. Theor. Appl. Fract. Mech. 2019, 99, 71-78. [CrossRef]

Ghorbanpoor, R.; Nik Long, N.M.A.; Eshkuvatov, Z.K. Formulation for multiple curved crack problem in a finite plate. Malays. ].
Math. Sci. 2016, 10, 253-263.

Zhang, J.; Qu, Z.; Liu, W,; Wang, L. Automated numerical simulation of the propagation of multiple cracks in a finite plane using
the distributed dislocation method. Comptes Rendus Mec. 2019, 347, 191-206. [CrossRef]

Chen, Y.Z,; Lin, X.Y,; Wang, X.Z. Numerical solution for curved crack problem in elastic half-plane using hypersingular integral
equation. Philos. Mag. 2009, 89, 2239-2253. [CrossRef]

Elfakhakhre, N.R.F,; Nik Long, N.M.A.; Eshkuvatov, Z.K. Stress intensity factor for an elastic half plane weakened by multiple
curved cracks. Appl. Math. Model. 2018, 60, 540-551. [CrossRef]

Kebli, B.; Baka, Z. Annular crack in an elastic half-space. Int. J. Eng. Sci. 2019, 134, 117-147. [CrossRef]

Hamzah, K.B.; Nik Long, N.M.A.; Senu, N.; Eshkuvatov, Z.K; Ilias, M.R. Stress intensity factors for a crack in bonded dissimilar
materials subjected to various stresses. Univers. ]. Mech. Eng. 2019, 7, 179-189. [CrossRef]

Chai, H.; Ly, ].; Bao, Y. Numerical solutions of hypersingular integral equations for stress intensity factors of planar embedded
interface cracks and their correlations with bimaterial parameters. Int. J. Solids Struct. 2020, 202, 184-194. [CrossRef]

Hamzah, K.B.; Nik Long, N.M.A_; Senu, N.; Eshkuvatov, Z.K. Stress intensity factor for bonded dissimilar materials weakened by
multiple cracks. Appl. Math. Model. 2020, 77, 585-601. [CrossRef]

Long, G.; Liu, Y.; Xu, W,; Zhou, P; Zhou, J.; Xu, G.; Xiao, B. Analysis of crack problems in multilayered elastic medium by a
consecutive stiffness method. Mathematics 2022, 10, 4403. [CrossRef]

Salha, L.; Bleyer, J.; Sab, K.; Bodgi, J. A hybridized mixed approach for efficient stress prediction in a layerwise plate model.
Mathematics 2022, 10, 1711. [CrossRef]

Elfakhakhre, N.R.F,; Nik Long, N.M.A.; Eshkuvatov, Z.K. Numerical solutions for cracks in an elastic half-plane. Acta Mech. Sin.
2019, 35, 212-227. [CrossRef]

Hamzah, K.B.; Nik Long, N.M.A; Senu, N.; Eshkuvatov, Z.K. Numerical solution for crack phenomenon in dissimilar materials
under various mechanical loadings. Symmetry 2021, 13, 235. [CrossRef]


http://doi.org/10.1016/j.ijsolstr.2009.02.008
http://dx.doi.org/10.1016/j.engfracmech.2019.01.025
http://dx.doi.org/10.1016/j.tafmec.2018.11.009
http://dx.doi.org/10.1016/j.crme.2019.01.004
http://dx.doi.org/10.1080/14786430903032555
http://dx.doi.org/10.1016/j.apm.2018.03.039
http://dx.doi.org/10.1016/j.ijengsci.2018.10.007
http://dx.doi.org/10.13189/ujme.2019.070405
http://dx.doi.org/10.1016/j.ijsolstr.2020.06.014
http://dx.doi.org/10.1016/j.apm.2019.07.063
http://dx.doi.org/10.3390/math10234403
http://dx.doi.org/10.3390/math10101711
http://dx.doi.org/10.1007/s10409-018-0803-y
http://dx.doi.org/10.3390/sym13020235

Mathematics 2023, 11, 3248 19 of 20

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.
42.

43.

44.

45.
46.

Aguirre-Mesa, A.M.; Restrepo-Velasquez, S.; Ramirez-Tamayo, D.; Montoya, A.; Millwater, H. Computation of two dimensional
mixed-mode stress intensity factor rates using a complex-variable interaction integral. Eng. Fract. Mech. 2023, 277, 108981.
[CrossRef]

Zhang, X.Y.; Xie, Y.J.; Li, X.F. Transient thermoelastic response in a cracked strip of functionally graded materials via generalized
fractional heat conduction. Appl. Math. Model. 2019, 70, 328-349. [CrossRef]

Hamzah, K.B.; Nik Long, N.M.A; Senu, N.; Eshkuvatov, Z.K. Numerical solution for the thermally insulated cracks in bonded
dissimilar materials using hypersingular integral equations. Appl. Math. Model. 2021, 91, 358-373. [CrossRef]

Hobiny, A.; Abbas, I.A. A study on the thermoelastic interaction in two-dimension orthotropic materials under the fractional
derivative model. Alex. Eng. J. 2023, 64, 615-625. [CrossRef]

Lin, C.B.; Chen, S.C.; Lee, ].L. Explicit solutions of magnetoelastic fields in a soft ferromagnetic solid with curvilinear cracks. Eng.
Fract. Mech. 2009, 76, 1846-1865. [CrossRef]

Xiao, J.; Feng, G.; Su, M.; Xu, Y.; Zhang, F. Fracture analysis on periodic radial cracks emanating from a nano-hole with surface
effects in magnetoelectroelastic materials. Eng. Fract. Mech. 2021, 258, 108115. [CrossRef]

Mouley, J.; Sarkar, N.; De, S. Griffith crack analysis in nonlocal magneto-elastic strip using Daubechies wavelets. Waves Random
Complex Media 2023, 1-19. [CrossRef]

Wang, P.; Wang, B.L.; Wang, K.F. Dynamic response of cracked thermoelectric materials. Int. . Mech. Sci. 2019, 160, 298-306.
[CrossRef]

Jiang, D.; Luo, Q.H.; Liu, W.; Zhou, Y.T. Thermoelectric field disturbed by two unequal cracks adjacent to a hole in thermoelectric
materials. Eng. Fract. Mech. 2020, 235, 107163. [CrossRef]

Zheng, M.; Gao, C.F. An arc-shaped crack in an electrostrictive material. Int. |. Eng. Sci. 2010, 48, 771-782. [CrossRef]

Zhang, A.B.; Wang, B.L. Crack tip field in thermoelectric media. Theor. Appl. Fract. Mech. 2013, 66, 33-36. [CrossRef]

Song, H.P; Gao, C.F,; Li, ]. Two-dimensional problem of a crack in thermoelectric materials. J. Therm. Stress. 2015, 38, 325-337.
[CrossRef]

Zhang, A.B.; Wang, B.L. Explicit solutions of an elliptic hole or a crack problem in thermoelectric materials. Eng. Fract. Mech.
2016, 151, 11-21. [CrossRef]

Yu, C.; Zou, D.; Li, YH.,; Yang, H.B.; Gao, C.FE. An arc-shaped crack in nonlinear fully coupled thermoelectric materials. Acta Mech.
2018, 229, 1989-2008. [CrossRef]

Zhang, A.B.; Wang, B.L.; Wang, J.; Du, J.K. Two-dimensional problem of thermoelectric materials with an elliptic hole or a rigid
inclusion. Int. J. Therm. Sci. 2017, 117, 184-195. [CrossRef]

Yu, C.B.; Yang, H.B.; Li, Y.H.; Song, K.; Gao, C.F. Closed-form solutions for a circular inhomogeneity in nonlinearly coupled
thermoelectric materials. Zamm-J. Appl. Math. Mech. Angew. Math. Mech. 2019, 99, €201800240. [CrossRef]

Liu, Y.; Wang, B.L.; Li, ].E.; Wang, K.F. Thermoelectric and stress fields for a cracked thermoelectric media based on the electric
field saturation model. Mech. Res. Commun. 2020, 104, 103479. [CrossRef]

Song, K.; Song, H.P,; Schiavone, P.; Gao, C.E. Electric current induced thermal stress around a bi-material interface crack. Eng.
Fract. Mech. 2019, 208, 1-12. [CrossRef]

Sladek, J.; Sladek, V.; Repka, M.; Schmauder, S. Crack analysis of nano-sized thermoelectric material structures. Eng. Fract. Mech.
2020, 234, 107078. [CrossRef]

Cui, Y.J.; Wang, B.L.; Wang, K.F,; Wang, G.G.; Zhang, A.B. An analytical model to evaluate the fatigue crack effects on the hybrid
photovoltaic-thermoelectric device. Renew. Energy 2022, 182, 923-933. [CrossRef]

Jiang, D.; Zhou, Y.T. Role of crack length, crack spacing and layer thickness ratio in the electric potential and temperature of
thermoelectric bi-materials systems. Eng. Fract. Mech. 2022, 259, 108170. [CrossRef]

Chan, Y.S.; Fannjiang, A.C.; Paulino, G.H. Integral equations with hypersingular kernels—Theory and applications to fracture
mechanics. Int. ]. Eng. Sci. 2003, 41, 683-720. [CrossRef]

Dutta, B.; Banerjea, S. Solution of a hypersingular integral equation in two disjoint intervals. Appl. Math. Lett. 2009, 22, 1281-1285.
[CrossRef]

Ghorbanpoor, R.; Jafar, S.N.; Nik Long, N.M.A.; Majid, E. Stress intensity factor for multiple cracks in an infinite plate using
hypersingular integral equations. Comput. Methods Differ. Equ. 2020, 8, 69-84.

Elahi, M.R.; Mahmoudi, Y.; Salimi Shamloo, A.; Jahangiri Rad, M. A novel collocation method for numerical solution of
hypersingular integral equation with singular right-hand function. Adv. Math. Physics 2023, 2023, 5845263. [CrossRef]
Bergman, D.J.; Levy, O. Thermoelectric properties of a composite medium. J. Appl. Phys. 1991, 70, 6821-6833. [CrossRef]

Chen, Y.Z.; Hasebe, N. Stress-intensity factors for curved circular crack in bonded dissimilar materials. Theor. Appl. Fract. Mech.
1992, 17, 189-196. [CrossRef]

Hamzah, K.B.; Nik Long, N.M.A_; Senu, N.; Eshkuvatov, Z.K. Stress intensity factor for multiple cracks in bonded dissimilar
materials using hypersingular integral equations. Appl. Math. Model. 2019, 73, 95-108. [CrossRef]

Mayrhofer, K.; Fischer, F.D. Derivation of a new analytical solution for a general two-dimensional finite-part integral applicable
in fracture mechanics. Int. J. Numer. Method Eng. 1992, 33, 1027-1047. [CrossRef]

Mason, T.C.; Handscomb, D.C. Chebyshev Polynomials; Chapman and Hall/CRC: Boca Raton, FL, USA, 2003.

Kythe, PK.; Schaferkotter, M.R. Handbook of Computational Methods for Integration; Chapman and Hall/CRC: Boca Raton, FL,
USA, 2004.


http://dx.doi.org/10.1016/j.engfracmech.2022.108981
http://dx.doi.org/10.1016/j.apm.2019.01.026
http://dx.doi.org/10.1016/j.apm.2020.09.054
http://dx.doi.org/10.1016/j.aej.2022.08.047
http://dx.doi.org/10.1016/j.engfracmech.2009.04.017
http://dx.doi.org/10.1016/j.engfracmech.2021.108115
http://dx.doi.org/10.1080/17455030.2022.2163060
http://dx.doi.org/10.1016/j.ijmecsci.2019.06.047
http://dx.doi.org/10.1016/j.engfracmech.2020.107163
http://dx.doi.org/10.1016/j.ijengsci.2010.04.004
http://dx.doi.org/10.1016/j.tafmec.2013.11.006
http://dx.doi.org/10.1080/01495739.2015.1015369
http://dx.doi.org/10.1016/j.engfracmech.2015.11.013
http://dx.doi.org/10.1007/s00707-017-2099-6
http://dx.doi.org/10.1016/j.ijthermalsci.2017.03.020
http://dx.doi.org/10.1002/zamm.201800240
http://dx.doi.org/10.1016/j.mechrescom.2020.103479
http://dx.doi.org/10.1016/j.engfracmech.2019.01.004
http://dx.doi.org/10.1016/j.engfracmech.2020.107078
http://dx.doi.org/10.1016/j.renene.2021.10.076
http://dx.doi.org/10.1016/j.engfracmech.2021.108170
http://dx.doi.org/10.1016/S0020-7225(02)00134-9
http://dx.doi.org/10.1016/j.aml.2009.01.043
http://dx.doi.org/10.1155/2023/5845263
http://dx.doi.org/10.1063/1.349830
http://dx.doi.org/10.1016/0167-8442(92)90027-U
http://dx.doi.org/10.1016/j.apm.2019.04.002
http://dx.doi.org/10.1002/nme.1620330509

Mathematics 2023, 11, 3248 20 of 20

47. Monegato, G. Numerical evaluation of hypersingular integrals. J. Comput. Appl. Math. 1994, 50, 9-31. [CrossRef]
48. Isida, M.; Noguchi, H. Arbitrary array of cracks in bonded half planes subjected to various loadings. Eng. Fract. Mech. 1993, 46,
365-380. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1016/0377-0427(94)90287-9
http://dx.doi.org/10.1016/0013-7944(93)90230-P

	Introduction
	Preliminary Knowledge
	Thermoelectric Material
	Complex Stress Potential Functions

	Thermoelectric-Bonded Materials
	Modified Complex Stress Potential Function
	HSIEs for a Crack in the Upper Part of Thermoelectric-Bonded Materials
	HSIEs for Multiple Cracks in the Upper Part of Thermoelectric-Bonded Materials

	Solutions for Crack Problems in Thermoelectric-Bonded Materials
	Quadrature Formulas
	Stress Intensity Factors

	Concluding Remarks
	References

