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1. Introduction

The theory of bicomplex numbers was constructed by Segre [1] in which the elements
or idempotents play a significant role. These bicomplex numbers lengthen complex num-
bers accurately to quaternions. For a more in-depth analysis of bicomplex numbers, we
point out reference [2] to the readers. In 2007, Long-Guang et al. [3] presented the notion of
cone metric spaces (CMSs) as an expansion of traditional metric space (MS) and determined
fixed point results for contractive mappings. Later on, Azam et al. [4] introduced the con-
ception of a complex valued metric space (CVMS) as a particular case of a CMS. The idea
to initiate a CVMS was invented to construct rational expressions which cannot be given in
CMSs and consequently numerous results of this theory cannot be obtained in CMSs; thus,
CVMSs form a particular class of CMS. Indeed, the concept of a CMS starts to originate the
notion of Banach space that is not a division ring. However, we can investigate the exten-
sions of numerous theorems in the theory of fixed points including divisions in CVMSs.
Furthermore, this concept is also utilized to introduce the notion of complex-valued Banach
spaces [5], which provide a lot of areas for supplemental exploration.

Choi et al. [6] initiated the concept of bicomplex valued metric spaces (bi-CVMSs) by
combining the ideas of bicomplex numbers and CVMSs. They proved some common fixed
point theorems for weakly compatible mappings. Subsequently, Jebril et al. [7] used the
idea of this novel space and presented theorems for two self-mappings in the framework
of bi-CVMSs. In 2021, Beg et al. [8] reinforced the conception of bi-CVMSs and proved
extrapolated fixed point results. Afterwards, Gnanaprakasam et al. [9] presented results
for a contractive-type condition in the framework of bi-CVMSs and explored the solution
to linear equations. Recently, Asifa et al. [10] obtained common fixed point results in a
bi-CVMS for contractions containing control functions of two variables. For further details
in this direction, we refer the reader to [11-31].

In this research article, we develop some common fixed point results in the context of
bi-CVMSs for generalized contractions containing point-dependent control functions. We
explore the solution of the Fredholm integral equation as an application.
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2. Preliminaries

We represent Cy as a set of real numbers, C; as a set of complex numbers and C, as a
set of bicomplex numbers. Segre [1] defined a bicomplex number in the following way

¢ = ay + apiy + azip + agiqip

where ay,a3,a3,a4 € Cp, the independent units iy, ip are such that i% = i% = —1 and
i1ip = ipiy and C, is given as

Cy ={¢: ¢ =ay +axiy +aziy +agiriz 1 ay,az,a3,a4 € Co}

that is
Co={c:c=2z1+M0z:21,20 € C;}

where z1 = a1 +api1 € Ciand zp = az +agi; € Ci. If ¢ = z1 +ipzp and v = wq + irwy,
then the sum is

ctv= (21 + izZz) + ((Ul + iz(ﬂz) = (Zl + wl) + i2(22 + wz)
and the product is

G-V = (Z1 + izZz) . (a)1 + iz&)z) = (lel — Zz&)z) + iz(Z1a)z + 22601).
There are four idempotent members in C,, which are 0,1,¢1 = H# and e; = #,
out of which e; and e; are nontrivial such that e; + e, = 1 and ejep = 0. Every bicomplex
number z; + iz can uniquely be demonstrated as the mixture of e; and e, namely

¢ =21+ bz = (21 —i1z2)er + (21 + i122)es.

This description of ¢ is familiar, as the idempotent representation of ¢ and the complex
coefficients g1 = (z1 —i122) and ¢» = (21 + i12;) are called idempotent components of .

Anelement ¢ = z1 +ipzp € C; is called invertible if 3v € C, in such a way thatgv =1,
and v is said to be the multiplicative inverse of ¢. Hence, ¢ is said to be the multiplicative
inverse of v.

An element ¢ = z; +ipzp € C, is nonsingular if ’z% + z%’ # 0 and singular if
]z% + z%| = 0. The inverse of ¢ is defined as

cloy= Z1 — iz2o
— VT 2.2
21 +23

Zero is the only member in Cy which does not have an inverse (multiplicative) and
in Cq, 0 = 0+ 10 is the only member that does not have an inverse (multiplicative). We
represent the set of singular members of Cy and C; by Ny and Xy, respectively. In Cy, there
are many elements which do not possess a multiplicative inverse. Let us denote the set of
singular members of C, by X, and thus Ry = 81 C N,.

A bicomplex number ¢ = ay + aiy + azip + asi1ip € C; is said to be degenerated if

tlle II|at| .lX
2x2

is degenerated. Thus, ¢! exists and ||-|| : C; — Cj is given as
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Nl—

Il = llz1 +iszall = {Jz1 ) + |22}

1

Pardﬂﬁ2+um+annjz

2

N—

= (a%+a%+a§+aﬁ) ’

where ¢ = a1 + aziq + azip + agivip = z1 +irzp € Co.
The space C, with regard to the norm ||-|| : C; — C{. If ¢, v € C;, then

llsvll < v2Jigll|lv]

holds instead of
vl < llglfv]]-

Hence, C; is not Banach algebra. Let ¢ = z1 + ipzp, v = w1 + ipwy € Cy, then we give

¢ =i, vifand only if Re(z;) < Re(w;) and Im(z3) < Im(w>).

This implies
C =iV
if one of these assertions hold:
Dz1 = wi, 22 <wy;
(i) z1 < wy, 20 = wy;
(iii) z1 < wq, 220 < wy;
(iv)zy = w1, 20 = wy.

Specifically, ¢ 3;, v if and only if ¢ <;, vand ¢ # v, i.e., one of the conditions (i), (ii)
and (iii) are satisfied. Furthermore, ¢ <;, v if only condition (iii) holds. For ¢, v € C;, the
following conditions hold,

M) ¢ =i, v=[¢| < v[l;

(i) [ +vil < llgl +[lv];

(iii) ||ag|| < a||v||, where a is a non negative real number;

) llevll < valielv;

W 7= llell ™

i) [[§ = fit-

Azam et al. [4] defined the idea of a CVMS in this manner.

Definition 1 ([4]). Let Q # @, < be a partial order on C and T : Q x Q — Cy be a function
such that

(i)  0=1(gv)and t(g,v) = 0ifand only if ¢ = v;
(i) t(gv) =1(v,6);
(i) (g v) 2 7(6¢) +T(¢pv),
forallg,v,¢p € Q. Then, (Q,T) isa CVMS.
Choi et al. [6] gave the bi-CVMS in this way.

Definition 2 ([6]). Let Q # @, <

=i, be a partial order on Cy and T : Q x Q — C, be a function
such that

(i) 0=y, ©(¢,v)and T(g,v) = 0ifand only if ¢ = v;
(i) (g v)=1(v¢);
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(i) 7(c,v) =i, (s, ¢) + (P V),
forallg,v,¢ € Q. Then, (Q,T) is a bi-CVMS.

Example 1 ([8]). Let Q@ = Cyand g,v € Q. Definet: Q x Q — C; by
T(6,v) = |21 — wi| + 12|22 — wy|
where ¢ = z1 + ipzp and v = wq + ipwy € Cy. Then, (Q, T) is a bi-CVMS.

Lemma 1 ([8]). Let (Q, T) be a bi-CVMS and let {Go} C Q. Then, {g,} converges to g if and
only if ||T(Go,¢)|| = 0aso — oo.

Lemma 2 ([8]). Let (Q, T) be a bi-CVMS and let {g,} C Q. Then, {g,} is a Cauchy sequence if
and only if ||T(Go, Gotm)|| = 0as o — oo, where m € N.

3. Main Result

Proposition 1. Let (Q, T) be a bi-CVMS and 31,32 : (Q,T) — (Q, 7). Let o € Q. Define the
sequence {G o1 by
G20+1 = J1620 AN G2042 = J2G20+1 @

forallo=0,1,2,...
Assume that there exists & : Qx Qx Q—[0, 1) satisfying
a(J2316,v,0) < a(g,v,0) and (g, J132v,0) < a(g,v,0)
for all ¢, v € Q and some fixed element 8 € Q. Then,
a(620,v,6) < a(go,v,0) and a(g, 620+1,0) < a(g, 61, 6)
forallg,v e Qando =0,1,2,...
Proof. Let¢g,v € Qand o =0,1,2,... Then, we obtain

#(620,v,0) = a(I2J1620-2,V,0) < &(G20-2,V,0)
= a(J231620-4,V,0) < a(G2o—4,v,0)
< - <a(go,v,0).

Similarly, we have

2(6,620+1,0) = a(c, J132620-1,0) < (g, 620-1,0)
- (Q J 3 920—3/ 9) S D‘(g/ g20—3/ 0)
S S lX(g, gl/e)

O

Theorem 1. Let (Q, T) be a complete bi-CVMS and J1, 3 : @ — Q. If the functions «, 77, %,®, 5
Q3—[0,1) satisfy the conditions
(a)
a(J2316,v,0) < a(g,v,0) and a(g, J1J2v,0) < a(c,v,0)
7(J2316,v,0) < (g, v,0) and (g, J132v,0) < 7(g,v,0)
©(Jod16,v,0) < x(g,v,0) and k(g, J132v,0) < x(g,v,0)
@(J2316,v,0) < @(g,v,0) and @(g, J132v,0) < @(g,v,0)
#(J2316,v,0) < 2(g,v,0) and s(g, J1J2v,0) < 2(g,v,0)
() a(g,v,0) +27(c,v,0) + V2x(g,v,0) + vV2@(g,v,0) + V25(g,v,0) < 1
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(c)
T(J16,32v) =i, (g, v,0)T(g,v) + 7(g, v, 0)(T(c, J16) + T(v, J2v))

(¢, J16)T(v, J2v)
1+7(gv)

(v,316)7(5,J2v)
1+7(gv)

+x(g,v,6)

+a(gv,0)

7(¢,316)T(g, J2v) + T(v, Jov) T(V, J16) o)
14+ 7(g, J2v) + (v, J16)

forall g,v € Q and for fixed element 8 € Q, then there exists a unique element ¢* € Q such that

J16* = Jog* =¢*.

+ (g, v,0)

Proof. Let¢,v € Q. From (2), we have
T(J16, J2316) =i, a(g, J16,0) (5, J16)

+ 71(6,316,0)(7(g, J16) + T(J16,J2316))

7(6,316)T(J16, J2316)
1+ 7(g,J16)

(J16,316)7(6, J2316)
1 + T(G/slg)

(g, 316)7(¢, J2J1¢) + T(J16, J2316) T(J16, J16)
14 1(¢g, J2316) + T(J16,J16)

+ K(gl Slgr 9)

. T
+ @(g,J16,0)

+ %(€/31€/ 9)

which implies

[T(316,32316) < ale, 316, 0)[IT(c, J16) |l
+71(6,316,0) (It (6, J16) || + 1T (J16, J2316) I|)

[T(g,J16) |l N
2 PR | XA 20 | B
+\[K(gr:‘1g/9> Hl ¥ T(Q,31Q)H ||T(\51€,32J1Q)H

H ”T(g/3231g)‘|
11+ (g, J2T16)

+v25¢(¢, 316, 0) || (¢, Ji¢)

. ~ ~ 3 o .
since [|7(g, J16)|l < 11+ (g, J16)|l, so % < 1. Similarly, ||t(g, J2316)| <

11+ (¢, J2316)]|, and thus % < 1. Hence, we have

T35, 32316)|l < alg 316, 0)[|T(c, J10) |l
+71(6, 316, 0) ([[T(5, J16) || + 1T (316, J2316)])
+V2x(g, 316, 0) || T(J16, 32316
+v25¢(¢, 316,0) || T(c, J16)||. 3)

Similarly,
T(J132v, Jov) =iy, a(Jov, v, 0)T(J2v, v) + 7(Jov, v, 0) (T(J2v, J1d2v) + T(v, Jov))

(J2v, 3132v) T(V, J2v)

N T
+x(3av, v, 0) 1+ 7(J2v,v)

(v, 3132v) T(J2v, J2v)
1+ 1(Jov,v)

+@(Jov,v,0)

(J2v, J132v) T(J2v, Jov) + T(v, Jov) T (v, J132v)

+ 2(Jov,v Q)T
2V, Vs 1+ 7(32v, J2v) + (v, 132v)
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which implies

IT(3132v, J2v) || < a(Jav,v)||T(J2v,v) ||
+7t(J2v, v, 0) ([ T(J2v, 3132v) || + | T(v, J2v) ||)

N o T(v, Jov

+\/§K(dzv,v)||T(d21/,d132v)||||1|+(T(322U)ﬂ)|
R T(V, 12V

+V252(320,v,6) || T(v, 32v)| |1H+(r 1/11]132)1U>||

Since || T(v, J2v)|| < HlH—l—(TEJ;V,) 1H/)||,so Azl < 1. Furthermore, |7(v, 3132v) | <
~ A T(V,J v
||1 + T(V,J]JQV) H, and so m < 1. Thus,

[T(3132v, 2v)|| < a(av,v) [ T(J2v,v)|]
+71(Jov, v, 0) (|| T(J2v, J1
+V2k(Fov, V) || T(32v, 31
v, 3oV

+V25(3ov,v,0) || T(v )||- @)

Let o € Q and the sequence {g,} be defined by (1). By inequalities (3) and (4), we have

[T(6204+1,620) I = [[T(J132620-1,J2620-1) |
2 (J2620-1,620-1,0) [ T(I2620-1, 620-1) |
+71(32620-1, 6201, 0) (|| T(32620 -1, J132620—1) || + [ T(620-1,F2620-1)]|)
+V2K(32620-1, 620-1,0) | T(32620-1, 31326201 |
+V25¢(32620-1, 620-1,0) [ T(620-1, 32620 1) |
= (620,620-1,0)[|T(620,620-1)l
+71(620,620-1,0) (IT(620, 620+1) | + [ T(620-1,620) ||
+v2K(620,620-1,0)[| T(620, G2041) |
+\[2%(§20/ €2071/9)”T(G2071/ QZO)”

IN

By Proposition 1, we have

[T(620+1,620) I < a(60,620-1,0)[IT(620, 6201l
+71(60,620-1,0) (|| T(620, 620+1) 1l + IT(620-1,620) )
+V2x(60,620-1,0) | T(620, G20+1)
+v/252(60, 620-1,0) [ (6201, 620) |

(60, 61,0) 1T(620, 620-1) |

+71(60,61,0) (1T(620, 620+1) | + | T(620-1,620)|)
+V2k(50,61,0) 1 T(620/ 62011)
+v25¢(50,61,0) | (6201, 620) |

IN

forallo =0,1,2,.... This implies that

0‘(90/ glrg) + H(QOI 91,6) + \/E%(QOI 91,6)
1- n(gO/ glle) - \/EK(Q(), (;1,9)

IT(620+1,620) | < IT(620,620-1)[-  (5)
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Similarly, we have

[T(620+2,620+1) | = [[T(I231620,31620) |

1T (31620, 3231620) ||

&(620, 31620, 0) [ T(620, J1620) |

+71(620, 31620, 0) ([ T(620, J1620) | + | T(J1620, J2T1620)|)

+V26(620, 31620, 0) | T(J1620, 3231620 |

+V/25¢(620, 31620, 0) | 7(620, 31620 |

= a(620,620+1,0) [ T(620, 620+1) |
+71(620,620+1,0) (1 T(620, 620+1) | + | T (62041, 620+2) [|)
+V2K(620, 62041, 0) | T(62041, 62042) |
+V254(620, 62041, 0) | T(620, G20+1) |

< a(60,61) 17620, 62041) | + V2560, 61) T (62041, G2042)

IN

By Proposition 1, we have

[T(20+2,620+1) [ < @(60,620+1,0)[IT(620,G20+1)
+71(60, 620+1,0) (| T(620, 620+1) | + 1 T(620-+1, 620+2) 1)
+V26(60,62041,0) [ T(620+1, G2042) |
+V25¢(60, 62041, )| (620, 62041 |
< a(60,61,0) [ T(620, G2041) ||

+7(60,61,0) ([ T(620, 620+1) | + I T(62041,620+2) |])
+V2x(60,61,0) | T(620+1, G2042) |
+V25¢(60,61,0) | T(620, G2041) |

which implies that

«(0,61,0) + 7(0,61,0) + vV25¢(G0,61,0)
1—7t(co,¢1,0) — vV2x(co,61,0)
«(0,61,0) + 7(0,61,0) + vV25¢(0,61,0)

= 1 T(62041,620) |- (6)
1 - 7(go,61,0) — v2x(5o,61,0) ° ’

IT(62042,G2041) || < | T(620/G20+1) ||

— “(gorglre)+n(€0r€1r9)+\/§%(€0/51/9)
LetA = e (ocrf)—var(cocnf) < 1. Then, from (5) and (6), we have

”T(QU-H/ Qo)” < )\”T(Gol Qo—l)”

for all o € N. Thus, deductively, we can set up a sequence {¢,} in Q such that

/\HT(QU/ go—l)”

IT(gos1,60)| <
< At(go-1,60-2)| -+ < AT (51, 60) |l = A°||T (g0, 61) |

for all o € N. Now, for m > 0, we obtain

N

[T(go, cm)ll < A%[T(c0,61)l
+A° |7 (go,61) |
A"t (go,¢1) |

0

A
——Jt(co ¢l

IN
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(™, 316" <

Now, by taking o, m — oo, we obtain

I7(So,Gm) |l = O.

Thus, the sequence {g, } is Cauchy by Lemma 2. Since Q is complete, then 3 ¢* € Q
such that¢, -+ ¢*aso — co. [

Now, from (2), we have

(6", 316") =i, T(6",J262041) + T(J2620+1,J167)

=i

=i

+5¢(¢*, 62041,0) *

+2(6%,62041,9)

= 7(¢",J2620+1) + T(J167, 32620 41)
T(6*,62042) + (6", 62041,0)T(¢", G20 41)

+71(6*, 62041, 0) (T(6*, J16¥) + T(62041, J2620+1))

* (6", 316%)7(62041,32620+1)
—HC(Q 762041, 9) 1+T(g*,r§20+1) °

* T(62041,9167)T(6* 32620 11)
+@(67, G201, 0) TR A

(6%,316")7(6", 32620 +1) +T (6204192620 +1) T(62041,316™)

1+7(6*,32620+1) +7(620+1,316%)

T(6%,62042) + (6", 620+1,0)T (6%, 620+1)
+7T(€*r G20+41s 9) (T(Q*/ 31€*) + T(€20+1r ’520+2))

(6", 316")T(620+1,620 42
+x(6*, 620+41,6) ( 1+T%g*,€2ﬂn++1) =2

T(62041,316°)T(6" 620+2)
+(D(G*/€20+lr9) ( nL—T(g*,)ngJrl) .

T(6*316)7(6* 62042) +T(62041,62012) T(G2041,316")

1+7(¢* 620-+2) +T(620+1,316%)

This implies that

+\/§%(g*/ G20+1s 9) HT(Q*Jlg*)

1T(6* G2042) || + (6", 62041, 0) | T(6™/ G2041) ||

+71(6%, 62041, 0) (1 T(6%, 316) || + |7 (620+1, 620+2) )

* lIT(c" 316" IIT(620+1,620+2) I
V(6 62041, 0) T e

. I (2orn 36 T 205
+V20(6%, 62041, 0) TR U

IT(6™ 620+2) 111 7(620 41,620 +2) | T(620+1,316") |

IT+7(6*620+2) +T(620+1,J16%) |

Letting 0 — oo, we have

Since

n(g*/€20+119
is a fixed point of J,. By (2), we have

1
————||It(¢", J167) || <0.
7T(€*,€20+1,9) ” (G 16 )H
1 ) # 0, then || T(¢*, J16*)|| = 0. Thus, ¢* = J16*. Now, we show that ¢*

T(6",326%) =i, (T(6%,J1620) + T(J1620,3267))

T(Q*,31€20) + [x(gZOI g*/ G)T(gZUI g*)

+7T(€20/ g*/ 6) (T(QZO/ 31€20) + T(g*/32€*))
T(620,31620) (¢, J26™)

—12

=, +x(620,6%,0) 14+7(c20,6")

7(6*,31620)T(620,J26*)
+@(620,6",0) T+7(c20,")

% 0 T(620,31620)T(620,326%)+7(6*,J26")T(6* J1620)
+22(620,6",6) 1+7(620,326%)+7(6*,J1620)

(6", 62041) +&(620,6™,0) (620, %)
+K(920/ Q*, 9) T(g2”f€20+1 )T(G*/SZQ*)

PN

1+7(620,6%)
+71(620,6%,0)(T(620, J1620) + T(¢*, J26™))

el )

* 1) T(620,62041)T(620,J26" ) +7(6* J26*)T(6* 62011)
P4 0
+32(620,6%,6) 1+7(620,326%)+T(6*620+1)
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This implies that

IIT(G*,gzaH)II + 2(620,6%,0)[|T(620, ™)l
+71(620,6%,0) (|| T(620,J1620) || + [ T(6*, J26¥)1I)

V2 (G20, 6", 0) IMEmzsi Tl Hng Bl

)
+\[w(€20 ¢*,0) I(c” €H21j_1r)|||\f( 20,926 ||

[17(620,620 4 DI T(620 F26") I+ 11T(6" F26)INT(6* 620+ 1) I
+\@%(g20 ¢"0) - T4+7(620,326") +7(c* 6204 1)l :

IT(c™, 326" <

* A~k

. . 1

Letting 0 — oo, we have WHT(Q 26|l < 0 since "~ 5 0. Hence,
¢* = Jo6*. Thus, ¢* is a common fixed point of J; and Jp. We assume that there exists
another common fixed point of J; and Jp, that is,

/ /

¢/ =3¢/ =g

but ¢* # ¢/. Now, from (2), we have
w(s7e) = (e 2ae’) s (st el ) (s e)
+7(c%¢%,0) ((cm3e") +7(¢/ 36”) )

)

(6", 3¢
#e(ene0) 1+T(g( ¢/)
L3167 ) T( 6% g’
+@<g*’g/’9) T(g 1 —lfr)(;(gg/) : )

T(g*,ﬁlg*)T(g*,ﬁzg/) + T(g/,?szc;/) T(g/,31g*)

+%(g*'g/'9) 1+ 7(¢*, J26/) + (¢, J16")
which implies that
T(g*,g/) =i w(g*,g/,f))f(g*,g/)
t(¢/,¢")t(c* ¢
rofsd o) (1 + T)(g*(,g/) ) '
This yields that

[=(s"<)]

IN

a(g*,g//(’) HT(Q*’Q/) H
/ <g*,g/>
+fa>(g s 9)” (9 9)” 1+7(¢*¢’)

(e )e(e!) |+ Vio(e ') ()|
- (efee) +va(e ) e(e)|

IN

that is,

1 *
a(g*,¢/,0) + V2@ (c*,¢/,0) Hr(g ,g/)H <0

1
As (e ) e (e ) # 0, we have
[=(<")]| =o.
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Thus, ¢* = ¢/.
Note: From now onwards, we consider (Q, T) as a complete bi-CVMS.

Corollary 1. Let J1,32 : (Q,7) —
03— [0,1) satisfy the conditions
(a)
a(J2316,v,0) < a(g,v,0) and a(g, J132v,0) < a(g,v,0)
t(J2316,v,0) < 1t(g,v,0) and 1t(g, J132v,0) < n(g,v 0)
1(J2J16,v,0) < x(g,v,0) and x(g, J132v,0) < x(g,v,0)
@(J2316,v,0) < w(g,v,0) and @(g, J132v,0) < @(g,v,0);

(b) a(g,v,0) +2m(c,v,0) +V2x(g,v,0) + V2@(g,v,0) < 1;
(c)

(9, 1) be self-mappings. If the functions w, 77,%,@ :

T(J16,32v) =i, a(g, v, 0)T(g,v) + 7t(c, v, 0)(T(g, J16) + T(v, J2v))

7(g,J16)T(V, J2v)
+K(g,1/,9) ( 1_'_.2.(5 1/)

(v, 316)T(5, J2v)
AT e )

forall g,v € Q and for fixed element 8 € Q, then there exists a unique element ¢* € Q such that
J16* = Jog* =¢*.

Proof. Take s : OxQxQ—[0,1) by @(g,v,0) = 0in Theorem 1. [
Corollary 2. Let J1,32 : (Q,T) —
Q3—(0,1) satisfy the conditions

(a)

a(J2J16,v,0) < a(g,v,0) and a(g, J132v,0) < a(g,v,0)

T(J2316,v,0) < 1t(g,v,0) and 1t(g, 3132v,0) < 7(g,v,0)

©(J2J16,v,0) < x(g,v,0) and k(g, J132v,0) < x(g,v,0)

2(J2316,v,0) < 2(g,v,0) and (g, J1J32v,0) < 2(g,v,0);

(b) a(g,v,0) +2m1(g,v,0) + \@K(g,v,ﬂ) + \/E%(Q,V,Q) <1
(c)

(Q, 1) be self-mappings. If the functions w, 7,x, 3¢ :

T(J16,J2v) =i, alg,v,0)7(g,v) + 7(g,v,0)(T(5,J16) + T(v,J2v))

T(6,J16)T(V, J2v
+K(gfv/9) ( 1_'_1)-,(5 1/) )

+ %(g v 9) T(QzﬁlQ)T(Qrszv) + T(UrTJZV)T(V,:jlg)
'V 1+T(Q,JZV) —|—T(1/,Jlg) ’

forall g,v € Q and for fixed element 6 € Q, then there exists a unique element ¢* € Q such that
316" = Jag* =¢".

Proof. Take @ : QxQxQ—[0,1) by @(g,v,0) = 0in Theorem 1. O
Corollary 3. Let 31,32 @ (Q,T) —

(Q,T) be self-mappings. If the functions a, 7, @, > :
Q3 [0,1) satisfy the conditions

(a)

0‘(32315/1/16) S IX(Q,V, 9) and “(931321// 0) S 0‘( )
(2316, v,0) < 1t(g,v,0) and t(g, J132v,0) < 7 g,v 6)
(D(JZ\AHQI v, 6) S (D(g, v, 0) and (D(g,31321/, 6) S (D(g,l/ 0)
7#(J0316,v,0) < 5(g,v,0) and (g, J1J32v,0) < 3(g,v,0);

() a(g,v,0) +2m1(g,v,0) + \/Ex(g, v,0)+ ﬁa)(g,v, )+ \f%(g, v,0)<1;
(c)

T(J16,J2v) =i, alg,v,0)7(g,v) + 7 (g, v,0)(T(5,J16) + T(v,J2v))
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(v, J16)T(6, J2v
ta(cv,0) ( ligi(g(gv)z )

+ oy G)T(g,ﬁlg)f(g,fszV) +1(v, Jov) T (v, J16)
T 14 1(g, J2v) + (v, J16)

forall g,v € Q and for fixed element 6 € Q, then there exists a unique element ¢* € Q such that
316" = Jag* ="

Proof. Take x : Qx QxQ—[0,1) by x(g,v,0) = 0in Theorem 1. [J

Corollary 4. Let 31,32 : (Q,7) — (Q,T) be self~mappings. If the functions a,x,®, s :
Q3 [0,1) satisfy the conditions

(a)
a(J2316,v,0) < a(g,v,0) and a(g, J132v,0) < a(g,v,0)
k(J2d16,v,0) < (g, v,0) and k(g, J132v,0) < x(g,v,0)
0(323191 v, 6) S (27((;, v, 6) and (D(g/:leZVr 6) S (i)((;, v, 6)
#(J2316,v,0) < 5(g,v,0) and (g, J132v,0) < 3(g,v,0);
(b) a(g,v,0) +V2x(g,v,0) + V20(g,v,0) + V25¢(g,v,0) < 1;
(c)

(316, 32v) =i a(g,v,0)T(g,v)

T g/Jlg T V/C‘ZV
+x(g v, o) HEHETL2)

T(v,J16)T(g, J2v

o G)T(g,ﬁlg)r(g,fszV) +7(v, J2v)T(v, J16)
T 1+ 7(¢, Jov) + (v, J16)

forall g,v € Q and for fixed element 6 € Q, then there exists a unique element ¢* € Q such that
316" = Jag* =¢".

Proof. Take 7 : OxQxQ—[0,1) by 7(g,v,0) = 0in Theorem 1. [J

Corollary 5. Let J1,32 @ (Q,7) — (Q,7) be self-mappings. If the functions 1, %, @, :
Q3 [0,1) satisfy the conditions

(a)

T(J2J16,v,0) < 7t(g,v,0) and 1t(g, 132v,0) < m(g,v,0)
®(J2d16,v,0) < x(g,v,0) and k(g, J132v,0) < x(g,v,0)
@(J2316,v,0) < @(g,v,0) and @(g, J132v,0) < @(g,v,0)
%(32319 v, 9) < %(Q,U, 9) and %(9,31321/, 9) < %(Q, v, 9)}
(b) 2mt(g,v,0) + \@K(g,v,e) + \/ia)(g,v,e) + \/E%(g, v,0) <1;
(c)
T(J16,32v) =i, 7lg, v, 0)(T(s, J16) + T(v, J2v))

T g/Jlg T U/SZU
(g v, o) EUETLR

T(V,J16)T(6, J2v

(e 1,0) (¢, 316)7T(¢, Jov) + (v, Jov) T(V, J16)
T 1+ (g, Jov) + (v, J16) '

forall g,v € Q and for fixed element 0 € Q, then there exists a unique element ¢* € Q such that
J16" = Jo6* =¢*.

Proof. Take a : 9xQxQ—[0,1) by a(¢,v,0) = 0in Theorem 1. [
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Example 2. Let Q = [0,1] and T : Q x Q — C, be defined by
(g v) = (1+iz)lg —v|
forall g,v € Q. Then, (Q, 1) is a complete bi-CVMS. Define 31,32 : Q — Q by

Jig = % and Ja26 = %
Consider

a7, K, @, QX Qx Q—0,1)

by
a(g,v,@):i+g+9,
ni(g,v,0) = %4—%
k(g v,0) = 1292,
@(g,v,0) = g—#?ﬁz
#(g,v,0) = %—I—%—Fg

forall g,v € Q and for fixed element § € Q. Then, evidently,

a(g,v,0) +2r(g,v,0)+ ﬁx(g, v,0) + \@(D(g, v,0) + \/E%(g, v,0) <1

Now,
a(Jod16,v,0) = oc( 2(%),1/,9) = a(%,v,@) = % + g +6< §+% 6 =u(g,v,0)
a6, 31320,0) = (6, 31(3),6) = (6, 75,0) = 3+ 5 +0 < T+ = +0=u(cv,0)
e .0) = n((§)00) = 7(55.00) = gz + 15 = G+ 135 = 760
(6 J1d2v, 6) = "(9’31(%)’9) - ”(g’ %’6) - QZZS + 212300 = QZT 1235 lev.6)
“(aadng 1) = (1) = (f5,0.) = g < g = x6.0)
c(6,3130,0) = x(6,31(2),0) = (6, 13,6) = ot < S (g v,0)

1
@(J2316,v,0) = ‘0(32(2)’”9) = ‘”(12’”’9) 196" 16 = 9 T 15 ~“lov0)
)

202 202 202 202
s _ ~ v _ v _¢0 <0 c°0 <0
@(g, J132v,0) = w<g,d1(3),9) —co<g, —12,9 =73 +2304 <5 + 16 @(g,v,0)
Furthermore,

~ G G G v 6 _¢ v 0
p— — —_— = — — — < —_— — —

(32316, v, 6) %(3 2(3), ue) <12,v,9) R RS A R i )
~ o~ ~ Y v s v 0 c v 0
p— — p— — = — —_— —_— < — — —

2#(¢, J132v,0) %(g,m(s),G) %(g, 12,9) 5 + o + 7 <5 =+ 36 + > (¢,v,0)
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Now, we prove the contractive condition in this way

Sc X v . v
T@edy) = TGy =(rbl-3
i .| 3¢ —4v
= (1 + 12) 1
.| 3¢ —3v
fiz (1 + 12) B

1
= {(+i)lg—v]

jiz tX(g, v, B)T(GI U)
+ 7T(g, v, 9) (T(grjlg) + T(VISZV))
T(G/slg)T(VIJZV)
1 + T(g/ V)
(v, 316)71(6, J2v)
1+7(gv)
T(g/ 31Q)T(€/ 321/) + T(U, GZV)T(V/ Glg)
14 7(c, J2v) + (v, J16)
Hence, all the conditions of Theorem 1 are satisfied and 0 = F10 = J»0.

+x(c,v,0)

+ w(g,v,0)

+ (g, v,0)

Remark 1. If we replace «, 71, %, @, > : Qx Qx Q—1[0,1) with a, 71, %, @, 3¢ : Qx Q—[0,1) by

a(g,v, 9) = “(Q; v),

n(g,v,0) = (g v),
(g, v,0) =x(g,v),
@(g,v,0) = @(c,v),
#(c,v,0) = x(c,v),

then we have following result.

Corollary 6. Let J1,32 : (Q,7) — (9, 7) be self-mappings. If the functions w, 7, k, @, 3¢ :
Q2—[0,1) satisfy the conditions
(@  a(J2di6,v) < a(gv) and a(g, J132v) < a(g,v)
1(32316,v) < 7(g,v) and 71(g, J132v) < 7(g, V)
K(32316,v) < k(g v) and x(g,J132v) < x(g,v)
@(J2d16,v) < @(g,v) and @(g, 132v) < @(g,v)
#(J2316,v) < 5(g,v) and (¢, 3132v) < 5(g,v);
(b) a(g,v) +27(g,v) + V2k(g,v) + V2@ (g, v) + V25 (g,v) < 1;
(c)
(316, 32v) Zip algv)T(g,v) + 71(g, v) (T(6,Jng) + (v, J2v))

T(g,:‘]g)T(V,ﬁzl/)
1+ (g, v)
T(V/Jlg)T(€/JZV)
1 + T(g/ 1/)
(¢, 316)7(¢, Jov) + T(v, Jov) T(V, J16)
1+ 1(g, J2v) + (v, J16)

+x(g,v)

+@(g,v)

+ (g, v)
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forall g,v € Q, then there exists a unique element ¢* € Q such that J1¢* = Jog* = ¢*

If we define 71, 3¢ : 9xQ—[0,1) by 7t(g,v) = »(g,v) = 0, then we achieve the key
result presented by Tassaddiq et al. [10].

Corollary 7 ([10]). Let 31,32 : (Q,7)
Q2—[0,1) satisfy the conditions
(a) a(J2316,v) < a(g,v) and a(g, J132v) < a(g,v)
K(32316,v) < k(g v) and x(g, J132v) < k(g v)
@ (J2316,v) < @(g,v) and @(¢, J132v) < @(6,v);

(b) a(g,v) + V2 (g, v) + V20(g,v) < 1
(c)

— (Q, 1) be self-mappings. If the functions w,x,® :

T(J16,J2v) =i, (g, v) (6, v)

T(Q,Jlg)T(V,32V)
ev) =T, (g, v)

(v, 316)1(5, J2v)
@(c,v
) T )
forall g,v € Q, then there exists a unique ¢* € Q such that J1¢* = Jo¢* = ¢*

Remark 2. By defining o, 7t,x,@, > : Qx Q—[0,1) as 0 in all possible combinations, one can
obtain all the corollaries presented by Tassaddiq et al. [10] and a host of corollaries including

the Banach contraction principle and Kannan's fixed point theorem in the setting of a complete
bi-CVMS.

Corollary 8. Let 31,32 : (Q,7) —

(Q, T) be self-mappings. If the functions w, 7T, %, @, 5 :
Q—>(0,1) satisfy the conditions

(@  a(J16) < a(g) and a(Jag) < a(g)

mt(J16) < 7(g) and 7(Jag) < 7(g)

k(J16) < x(¢) and k(J26) < x(g)

@(J16) < @(g) and @(Jag) < @(g)

#(J16) < #(g) and »(Jag) < x(g);
() a(¢) +27(g) + V2x(g) + V2@ (g) + V2x(g) < 1;
(©)

T(J16,32v) =i, a(6) (6, v) + 71(6) (T(6, J16) + (v, Jov))

()

ral0 T

() 7(6,316)7(g, Jav) + T(v, J2v) T(v, J16)
1+ 7(g,32v) + (v, 316) '
forall g,v € Q, then there exists a unique element ¢* € Q such that J16* = Jog* = ¢*

Proof. Define o, 71, x, @, > : Qx Qx Q—[0,1) by

a(g,v,0) = a(g),

(g v,0) = m(g),
k(g v,0) =x(c),
@(g,v,0) = @(c),
#(g,v,0) = 5(g).
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Then, for all ¢, v € Q and for a fixed element 8 € Q, we have

(a)

a(J2J16,v,0) = a(J2d1g) < a(J1g) < a(g) = a(g,v,0) and a(g, J1J2v,0) = a(g) =
x(¢,v,0)

(32316, v,0) = m(J2J16) < 11(J1g) < 1(g) = n(g,v,0) and 71(g, J1J2v,0) = 7(g) =
(g, v,0)

5#(32316,v,0) = #(J2T16) < #(J1g) < (g) = (g, v,0) and (g, J1J2v,0) = 5(g) =
#(¢,v,0);
(b)
a(c,v,0) +27(c,v,0) + V2x(c,v,0) + V2a(c,v,0) + V2x(c,v,0)
= a(g) +27(g) + V2x(g) + V2@(g) + V2x(c) < 1;
(o)
T(J16,J2v) =i, a(g)T(6,v) + 7(g)(T(6, J16) + T(v, Jav))
(6, J16)T(v, Jav)
+x(¢) T+ 7(c,v)
(v, 316)T(6, J2v)
+a(c) 1+ 7(g,v)
+ 5(c) (g, 316) (g, J2v) + T(v, J2v) T(V, J16)
1+ 7(g,32v) + (v, J16) '
= a(gv,0)t(gv)
+7(g,v,0)(t(c,J16) + (v, Jov))
(g, J16)T (v, Jav)
(g, v,0) 1+ 1(g,v)
(v, 316)T(6, J2v)
+w(g,v,0) T+ (¢, 1)
(v G)T(€,319)7(€/32V) + (v, 32v) (v, 316)

1+ 7(g,J2v) + (v, J16)
Then, by Theorem 1, there exists ¢* € Q such that J1¢* = Jo¢* =¢*. O
Corollary 9. Let J1,32 : (Q,T) — (Q, T) be self-mappings. If there exist constants w, 71, k, @, > €

[0,1) such that
a4 27T+ 2k + V20 + V23 < 1 and

(316, 92v) 24y at(g,v) + (75, J16) + (v, 32v))
(6, 316)T(v,J2v)

1+ T(g/ U)
(v, 316)7(¢, J2v)

1+17(c,v)
7(5,316)T(g, J2v) + T(v, Jov) T (v, J16)

1+ 17(g,J2v) + 7(v, J16)

forall g,v € Q, then there exists a unique ¢* € Q such that J1¢* = Jog* = ¢*.

+k

+@

+

4
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Proof. Define a, 77, k, @, : Q—[0,1) by a(-) = a, 71(+) = 7, x(-) = k,@(-) and »(-) = »
in Corollary 8. O

If we consider 7t = 3 = 0in Corollary 9, then we obtain the key result of Gnanaprakasam
et al. [9] in this manner.

Corollary 10 ([9]). Let 31,32 : (Q,T) — (Q, T) be self-mappings. If there exist a, x, @ € [0,1)
such that « + /2x + /2@ < 1and

~ ~ T(glﬁlg)T(V/:jZV) T(Vlﬁlg)T(QrJZV)
7 _< 7 a) 7
T(\Slg dzl/) —ip tXT(g V) +x 1+ T(g, U) 1+ T(G, 1/)

forall g,v € Q, then there exists a unique element ¢* € Q such that J1¢* = Jo¢* = ¢*.

Corollary 11. Let § : (Q,7) — (Q,7T) be a self-mapping. If the functions w, 7, %, @, > :
Q—[0,1) satisfy the conditions

(a) a(Jg) < a(g),

T(J6,Jv) =4, alg)t(c,v) + 7(g)(t(g,Ig) + (v, Jv))
7(g,J¢)T (v, Jv)

1+71(gv)
7(v,36) (g, Iv)

1+1(g,v)
(g, J¢)T(c, Jv) + (v, Iv) T (v, Jg)

1+ 7(g,Jv) + 7(v,3¢) ’

forall g,v € Q, then there exists a unique element ¢* € Q such that Jg* = ¢*.

+x(¢)
+@(¢)

+ 5(¢)

Proof. Take J; = Jp = Jin Corollary 8. O

Corollary 12. Let § : (Q,T) — (Q, T) be a self-mapping. If there exist a, 7, k, @, > € [0,1) such
that o + 271 + V2K + V2@ + V2 < 1 and

(36, 3v) =i, at(g,v) + 7(T(6,I¢) + (v, IJv))
(6, 36)T(v,Iv)

1+7(c,v)
T(v,3¢)T(6,Iv)

1+1(cv)
(6, 39)T(g, Iv) + (v, Jv)T(v, 30

1+ 7(c,3v) + (v, J¢) '

forall g,v € Q, then there exists a unique element ¢* € Q such that Jg* = ¢*.

+x

+w

+

Proof. Define a, 77,%, @, : Q — [0,1) by a(-) = a, 71(-) = 7, () = «,@(-) and »(-) = 2
in Corollary 11. O

Corollary 13. Let J: (Q,7) — (Q, T) be a self-mapping. If there exist «, 77, k, @, > € [0,1) such
that o + 271 + /2K + V2@ + /23 < 1 and
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¢ 3")

(6v)

¢ 3") + (v, 3"v) (v, 3")
1+T@A”)+T@J%) '

forall g,v € Q, then there exists a unique element ¢* € Q such that Jg* = ¢*.

)T
1+T
"o)T(

+%

Proof. By Corollary 12, we can obtain ¢ € Q such that J"¢ = ¢. Now,
T(Js,6) = T(II6,J
= T(J"3¢,J
=i, at(Jg,6) + 7 (7(Ig, 3"Ig) + (6, 3"6))
7(Jg,3"3J5)t(5,3")
14+ 1(J¢,¢)
7(5,3"36)T(J5,3"¢)
14+ 1(J¢, ¢)
T(J6,3"3¢)T(36,3"¢) + 1(6, 3"¢) (6, 3"Jg)
1+ 7(36,3") + 1(5,3"Jg)
m(7(36,Jg) +7(5,6))

,6)+
T36,39)7(5,6)
1+7(Jg,6)

(6, 36)T(J6,6)
1+7(3¢,¢)

7(J¢,36)T(J6,6) + (5, 6)7(5,J6)
1+7(J6,¢) +7(5, Jg)

ayf(g,ﬁg)f(3g,G)
1+7(J¢,¢)

+x

+w

+

=i, «7T(Jg

which implies that

N N 3¢, ¢
(3, < allt(3c o)l + V2o T(c,
IT@s ol < aft(3s 9l [T ( W1+ng H

IN

a||T(3¢, ) || + V2@l T(c, Ic)||
— <a+\fw>||T(§,J(;)||

which is possible only whenever || 7(Jg,¢)|| = 0. Thus, g =¢. O

Corollary 14 ([8]). Let J : (Q,T) — (Q, T) be a self-mapping. If there exist o, x € [0,1) such
that o + 2k < 1 and forall g,v € Q,

(¢, J5) (v, Jv)

~ o~ <.
T(dg/dv) —12 OCT(g,V) + K 1 + T(Q,V)

then there exists a unique element ¢* € Q such that Jg* = ¢*.
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Proof. Take m = @ = s = 0 in Corollary 12. [

Remark 3. It is notable that (a) and (b) of Theorem 1 above can be weakened by the condition

forallg € Q.

Corollary 15. Let J1,32 : (Q,T) — (Q,7) be self-mappings. If there exist w, T, %, @, > :
Q—[0,1) such that forall g,v € Q,
(@) a(J2316) < a(c),
(J2316) < 7(6),
K(32316) < x(¢),
@(J2316) < @(g),
#(J2d16) < #(g);
(b) a(g) +27(¢) + V2x(g) + V20(g) + v25(¢) < 1;
(c)
T(J16,32v) =i, a(6) (6, v) + 71(6) (T(6, 316) + (v, J2v))

T(g/ 3lg)T(V/ 321/)
14+ 1(gv)

T(v,316)7(¢, J2v)
1+ 1(gv)

(6, J16)7(g, J2v) + T(v, J2v) T(V, J16)
1+ 7(g, J2v) + (v, J16)

then there exists a unique element ¢* € Q such that J1¢* = Jo¢™ = ¢*.

+x(g)

+@(g)

+ 5(¢)

Proof. Define o, 71, x, @, > : Qx Qx Q—[0,1) by

a(g,v,0) = a(g),

(g, v,0) = 7(c),
x(g,v,0) = x(g),
@(g,v,0) = (),
#(g,v,0) = ().

Then, for all ¢, v € Q, we have

(a)

a(J2316,v,0) = a(J2316) < a(J16) < alg) = a(g,v,0) and a(g, J132v,0) = a(g) =
a(g,v,0)

(32316, v,0) = m(J2J16) < 11(J1g) < 7(g) = n(g,v,0) and 71(g, J1J2v,0) = 7(g) =
ni(g,v,0)

K(32316,v,0) = x(J2316) < x(J1g) < x(g) = x(g,v,0) and x(g, N1 Jov,0) = x(¢) =
x(g,v,0

@(J2d16,v,0) = @(J2dig) < @(Tig) < @(g) = @(gv,0) and @(g,J1J2v,0) =
@(g) = @(g,v,0)

~—
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#(J2316,v,0) = 5#(J2J16) < #(J16) < #(g) = (g, v,0) and (g, J1J2v,0) = 3(g) =
#(¢g,v,0);
(b)
a(c,v,0) +27(c,v,0) + V2x(c,v,0) + V2@(c,v,0) + V2x(c,v,0)
= a(g) +27(g) + V2x(g) + V20(g) + V2(g) < 1;
(o)
T(J16,J2v) =i, a(g)T(6,v) + 7(g)(T(6, J16) + T(v, Jav))
(6, 316)T(v, J2v)
1+ 1(g,v)
7(v,316)T(g, J2v)
1+ (g, v)

(g,31g)7(§,321/) + T(l/,szl/)’f(l/,ﬁlg)
1+ 7(g, Jov) + (v, J16)

+x(g)

+@(g)

+3e(g)

= a(gv,0)t(5v)

+7T(€f v, 9) (T(gr 31Q) + T(V/ 321/))
(6, 316)T(v, J2v)

1+1(g,v)
(v, 316) (6, J2v)

1+ (g, v)
(6, 316)7(6, Jov) + T(v, Jov)T(v, J16)
1+1(6,J2v) + (v, J16)

+x(g,v,0)

+w(g,v,0)

+3e(g,v,0) =

Then, by Theorem 1, there exists a unique ¢* € Q such that J1¢* = Jo¢* =¢*. O

4. Applications

Let Cl[a, b] represent the class of all real continuous functions defined on [4,b] and 7 :
C([a,b]) x C([a,b]) — C; be defined as follows

T(gv) = fél[?,’yf]“ +1)(lg(t) —v(B)])

forallg,v € C([a,b]) and t € [a,b]. Then, (C([a, b],R), 7) is a complete bi-CVMS. Take the
integral equations

) = [ Kt s (5))ws + 510), ?

) = [ Kalhs,c(s))s + (1), ®

a

where ¢ : [a,b] - Rand K3, K; : [a,b] x [a,b] x R — R are continuous for ¢ € [a,b]. In Cy,
we define =;, in this way
G(t) =, v(t) &= ¢ <.

Theorem 2. Suppose there exists some fixed element 6 € Q such that the following condition

[Ki(t,s,6(s)) — Ka(t,s,v(s))| < alg,v,0)[g(s) —v(s)|

holds for all g,v € Q with ¢ # vand o : Qx QxQ—[0,1). Then, (7) and (8) have a unique
common solution.
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Proof. Define Ji,J2: Q@ = Q by

1
—a

b
Seh) = 5= [ Kaltsc(s)Ts +5(0),

<

B6lt) = o [ Kalt s gls)Ts +510),

for all t € [a,b]. Consider

(316, Hv) = tg}%](l-“zﬂﬁg(t)—th(t)|
) 1 b b ’
= tg}ua,z](l—kzz)(lﬂz/a Kl(t,s,g(s))rs—/a Ky(t,s, (s))rs)

) 1 b
<o max (1) (7 [ Ka(t3,6(6)) = Kat, s, ) s

o (alc,v,0) [P
< max (1) (4 [Mle(s) —vio)es ).
Thus,

T(J16,J2v) =i, (6, v,0)T(g,v).

Now, with 77, k, @, 3¢ : Qx Qx Q—[0,1) defined by
(g, v,0) =x(g,v,0) =@(gv,0)=x(v,0) =0

for every ¢,v € Q, all the hypotheses of Theorem 1 are fulfilled and the integral
Equations (7) and (8) have a unique common solution. O

5. Conclusions

Complex-valued metric spaces and their several generalizations allow us to consider
the distances between points in a set, either classically or non-classically. In this draft,
we have obtained common fixed-point results for rational contractions involving point-
dependent control functions in bi-CVMSs. In this way, we have derived the key results of
Beg et al. [8], Gnanaprakasam et al. [9] and Tassaddiq et al. [10] from our results. We apply
our result to solve the Fredholm integral equation as an application.

For future work, one can expand the notion of bi-CVMSs to hypercomplex-valued
metric spaces. Moreover, the results established in this paper can be lengthened to set-
valued mappings. Some integral and differential inclusions can be explored to apply
fixed-point theorems for set-valued mappings in the framework of bi-CVMSs.
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