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Abstract: Harvesting is one of the ways for humans to realize economic interests, while unrestricted
harvesting will lead to the extinction of populations. This paper proposes a predator—prey model with
impulsive diffusion and transient/nontransient impulsive harvesting. In this model, we consider
both impulsive harvesting and impulsive diffusion; additionally, predator and prey are harvested
simultaneously. First, we obtain the subsystems of the system in prey extinction and predator
extinction. We obtain the fixed points of the subsystems by the stroboscopic map theories of impulsive
differential equations and analyze their stabilities. Further, we establish the globally asymptotically
stable conditions for the prey/predator-extinction periodic solution and the trivial solution of the
system, and then the sufficient conditions for the permanence of the system are given. We also
perform several numerical simulations to substantiate our results. It is shown that the transient and
nontransient impulsive harvesting have strong impacts on the persistence of the predator—prey model.

Keywords: impulsive diffusion; transient and non-transient impulsive harvesting; predator-prey
model; permanence

MSC: 34A37; 34D05; 34D23; 34E05; 37M05

1. Introduction

In nature, species cannot exist alone; they always interact with other species, such as in
competition, predator—prey, or reciprocity. As one of them, the predator—prey relationship
is widespread and very important. It is also a main research topic in population dynamics.
In the 1940s, Lotka and Volterra proposed the classic predator—prey system. Afterward,
the classic predator—prey model has been followed and developed in much literature [1-8],
and the study of the dynamics of the predator—prey model has been observed widely in
applied mathematics. There are many factors, for example, weather, food supply, mating
habits or harvesting, by which the dynamics of the predator—prey population are affected.
In [1], Brauer studied the following system:

{ x'=xf(x,y)—F,

(1)
¥ =ys(xy),

where prey population x(t) is harvested at a constant time rate F, and f(x,y) and g(x,y)
denote the per capita growth rates of prey population x(¢) and predator population y(t),
respectively. Similar to reference [1], the activities of harvesting are usually assumed
to be continuous in formerly published results. Kumar and Kharbanda [2] studied a
predator-prey model with nonlinear harvesting. Lv et al. [3] investigated a prey—predator
model with continuous harvesting, and the stability of the model is discussed from both
local and global perspectives. Although it is preferable from the point of view of both
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maximizing harvest and sustainability, continuous harvesting is not always realistic, be-
cause the harvesting is seasonal or occurs in regular pulses for most species. In [4], a
logistic system with impulsive perturbations was investigated. The specific form of the
model is as follows:

X (1) = x(H)(r(t) —a(B)x(t)),t # ty,
{ (t) ()(()t_t()()) # tr 2

Ax(t) = bx(t), £ = ty,
when b, < 0, the perturbation means harvesting, Ax(t;) = x(#;) — x(t). Recently,
predator—prey models with impulsive harvesting have been intensively researched. Tian
and Gao [5] discussed an instantaneous harvest fishery model. Liu et al. [6] considered
a predator—prey model in which predator and prey species are harvested independently
with proportion. Wei et al. [7] proposed a ratio-dependent prey—predator model with
state-dependent impulsive harvesting. Especially, Jiao [8] mentioned that transient and
nontransient pulse harvesting constitute the whole harvesting process in the reality of
biological resource management and presented the following model with impulsive effects:

dxilt) _ —(ec1+d1)xi(t),
ddtt t e (nt, (n+1)7),
x;i’( ) = clxl(t) - d2x2(t)/
oo
Axy(t) = s (8), ' ©
dx;lt(t) = —(ca +d3)x1(t) — Eyx1(t),
o te((n+Dt, (n+1)7],
;t = c2x1(t) — d4X2(t) — EzXz(f),
Ax1(t) = xp(t)(a — bxa(t)),
}t = (n+1)7,
Axa(f) = 0,

where the transient impulsive harvesting rate is denoted by u;(i = 1,2) and the nontransient
impulsive harvesting coefficient is denoted by E;(i = 1,2). The biological significance
of other parameters refer to [5]. In [5-8], and scholars have studied the persistence and
extinction of the investigated predator—prey models. All results show that through proper
pulse control, the population will coexist, and then, the purpose of maintaining the balance
of the ecosystem can be achieved.

The diffusion of populations is very common in nature and affects the dynamics
of the system and the ecological balance. Modern biologists believe that dispersion and
migration become necessary for populations due to seasonal changes, lack of food, breeding,
or avoidance of predators [9-12]. Paying attention to species living in patches of the
environment, Takeuchi [13] considered the following general single-population system
with diffusion:

n

X = x,'gi(x,») + Z Dl']'(x]' —x;),x(0)>0,i=1,2,...n, 4)
=1

where x; is the population density in patch i, g;(x;) is the natural growth rate, and D;;
is the dispersal rate. Initially, researchers assumed that diffusion between patches was
continuous or discrete; however, many species only diffuse over a single period of time in
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practice. In [14], a model describing the dynamics of single species with impulsive diffusion
was given by

dx;t(t) = x1(t)(a1 — bix1(t)), [
nT,
dx;t(t) = x2(t) (a2 — boxa(t)), )
Axy(t) = di(x2(t) —x1(t)), }t -
Axo(t) = da(x1(t) — x2(t)), ,

where d; (i = 1,2) is the dispersal rate in the i-th patch, and the dispersal behavior of
species occurs every T period. Other examples specific to diffusion models can be seen
in [15-17]. Cui [15] studied a time-varying logistic population growth model with diffusion.
Zhong et al. [16] proposed a fishery model with impulsive diffusion; they assumed that the
system consists of two paths connected by diffusion and that the inshore subpopulation is
harvested at fixed moments in time. In [17], a predator—prey model assuming diffusion and
harvesting occurring at different fixed times was studied by Jiao et al. They considered the
case of harvesting both prey and predator populations and performed a dynamic analysis
of the model.

Most of the previous research focused only on impulsive harvesting or impulsive
diffusion and carried out unilateral harvesting of predators or prey. There still has been no
investigation of the predator—prey model with transient/nontransient impulsive harvest-
ing considering both pulse harvesting and diffusion in the literature. In addition, pulse
harvesting consists of transient and nontransient impulsive harvesting; predator and prey
may also be harvested at the same time. The transient impulsive harvesting process is
extremely short, which will cause sudden changes in the population. The nontransient
pulse harvesting depends on the current state and will last for a while, which is crucial to
the entire process of system development and cannot be ignored in both theoretical analysis
and practical application.

2. The Model

Higher-order predators such as tigers are able to create territories. They will not
interfere with other areas and only prey in their own territories [18-20]. In this paper, we
assume predator species are restricted to a single patch, and prey species diffuse between
two patches at a fixed moment of time for foraging, breeding, or avoiding predators. From
the above point of view and considering transient and nontransient impulsive harvesting
exist in populations of both prey and predator, we propose a new predator-prey model
with pulse effects, defined as

dx;t(t) = —dixa(t) — Brxa()y(t), te (no, (n+¢)al,
W) _ y(8) a2 — by 1) + b ra()y ),
Axy(t) = —myxi(t),
Axp(t) = —mpxp(t), ot = (n+¢)o,
Ay(t) = —mzy(t),
Y (6)
d cllt(t) = x1(t) (a3 — b3xq (t)) — hyxq (t),
dX2(t) = —dzJCz(t) — hzxz(t) - ﬁZxZ(t)y(t)’ te ((1’[ + C)U’ (11 + 1)0—},
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where x1 (t) is the population density of prey in patch 1. x»(¢) and y(t) are the population
densities of prey and predator in patch 2, respectively. The parameters a1, b; denote
the intrinsic growth rate and intraspecific competition coefficient of x1, respectively, on
(no, (n+ ¢)o]. dq is the natural death rate of xp, B is the prey captured rate by y, and kj is
the rate of conversion of nutrients into the reproduction rate of y, on (no, (n + &)c]. az, by
denote the intrinsic growth rate and intraspecific competition coefficient of y, respectively,
on (no, (n + &)o]. my, my, and m3 represent the transient impulsive harvesting rate of
x1, X2, and y at time t = (n + )0, respectively. a3, b3 are the intrinsic growth rate and
intraspecific competition coefficient of x1, respectively, on ((n + §)o, (n + 1)0]. hy, hp, and
h3 represent the nontransient impulsive harvesting rate of x1, xp, and y, respectively, on
((n+¢)o, (n+1)0]. dy is the natural death rate of x;, B, is the prey captured rate by
y, and k; represents the rate of conversion of nutrients into the reproduction rate of y

n ((n+¢)o, (n+ 1)0]. ag, by are the intrinsic growth rate and intraspecific competition
coefficients of y, respectively, on ((n + §)o, (n +1)c]. 0 < d < 1 denotes the dispersal
rate of the prey between two patches. ((n 4 ¢)o, (n+ 1)0] is the nontransient impulsive
harvesting interval. The pulse diffusion and impulsive harvesting occur every o period.
All the parameters are assumed to be positive for biological considerations.

3. Some Lemmas

Denote U(t) = (x1(t), x2(t),y(t))" as the solution of system (6). It is a piecewise con-
tinuous function U : Ry — R} and continuous on (no,(n + ¢)o] x R3 and
((n+¢)o, (n+ 1)o] x R%, respectively, where Ry = [0,00), R3 = {(x1,x2,y) : x1 >
0,x20 >0,y > O}. The global existence and uniqueness of solutions of system (6) is guaran-
teed by the smoothness properties of f = (fi, f2, f3), which denotes the mapping defined
by the right side of system (6) [21].

Lemma 1. There exists a constant My > 0 such that x1(t) < My, x2(t) < Mo, y(t) < My for
each solution (x1(t), x2(t),y(t)) of system (6) with a t large enough.

Proof. Define V() = x1(t) + kxo(t) +y(t), and choose k = max{ky, ko }, d, = min{d;,d, +
hy}. Then, we have

DYV (t) +dLV(t) = (ay +dp)x1 (t) — bixy® () — (k — k1) Brxa(D)y(t) — k(dq — dp)xa(t)
+(ag +dp)y(t) — bay*(t) < 1.t € (no, (n+ &)o],

) SV, t=(n+8)o,

DHYV(E) +diV(#) = [(a5 — 1) + dulxr () — baxi2(F) — (k — ko) Baxa(B)y () + kdpxa () @)
—k(dy + hp)xa(t) + [(as — h3) +dp]y(t) — bay*(t) < 7ot € (n+&)o, (n+1)a],

)< (1—d+kd+ %)V(t),t — (n+1)0,
_(a+dp)? | (ap+dp)? s —h) +di)* | [(as—h3) +d)?
here, 1 = =T T, 72T 4b, + 4b, + Take

v = max{y1, 72}, when t # (n+ &)o, t # (n+ 1)o, we obtain

DYV(t) +dpV(t) <9,
d ®)
V)< (1 —d+kd+ E)V(t),t =n+1)rt.
With reference to [11], we obtain
+ _ g —dit Vg g _p—dit
V() <V(0M)(1 d+kd+k)e +d (1 d+kd+k)(1 e Lty 9)
L
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—>l(1—d+kd+é)ast—>oo.
dp k

Hence, V(t) is uniformly ultimately bounded. By the definition of V (¢), there exists a
constant My > 0 such that x; () < My, x2(t) < My, y(t) < M for a t large enough. [

Considering the subsystem of system (6) with y(#)=0, we have:

B0 — a0~ b (o),
p dtt te (no,(n+¢)ol,
20—t
Axy(t) = — :
x1(t) myx1 (t) }t _(n+8),
AxZ(t> = _mzxz(t)’ (10)
dxall(t) = x1(t)(as — b3x1(t)) — hyx1(t),
; ?t) te ((n+¢&)o, (n+1)0],
x;t = —doxz(t) — hoxo(t),
Axy(t) = d(xp(t) — x1(t)),
Mao(t) = da(t) o), (10T
By calculation, we obtain the analytic solution of system (7) between pluses:
y
alem(tfmr)xl (na*)
a + bl(eal(t—”‘f) — 1)x1(m7+)lt € (no, (n+E)el
x1(t) = (a3 — hy)e(@3 =) (t=(+0)0) x) (1 4 F)o )
(a3 — h1) 4 by (e(@m—m)(t=(1+8)0) — 1)xy ((n + &)ot)’ (11)
te((n+¢)o, (n+1)0],
- { e*d1(f*”‘7)x2(mr+),t € (no, (n+¢&)ol,
t) =
T e =005, (0 4-2)0) € (n-+ D)o, (n 4+ 1)),
and the stroboscopic map of system (10):
_ (1—d)ABx;(no™)
x1((n+1)ot) = Bt Crr (faﬂ +dDxp(no™), W)
x((n+1)ot) = dABx (no”) + (1 —d)Dxa(no™),

~ B+ Cxq(not)

here, A = (1 — my)e60+(@-m)A=8)0 ~ 0 B = gy(a3 — hy),C = by(az — hy)(eM87 — 1) +
a1b3(1 — my)em87 (e80T _ 1) 0 < D = (1 — my)e~hé0—(d2+h)(1-0)7 < 1 Ttis easy
to see that system (12) has two fixed points (0,0) and (xj, x} ), where

. B{(1—d)(A+D)—[1+ (1—2d)AD]}
te C[1—(1—-d)D] ’
. dB{(1—-d)(A+D)—[1+ (1-2d)AD]}
2T e - (1-d)D|[(1—d)— (1—2d)D]

=

(13)

with condition (1 —d)(A+ D) > [1+4 (1 —2d)AD].

Lemma2. (i) If (1—d)(A+ D) < [1+ (1 —2d)AD] and (1 —2d)AD < 1, the fixed point
(0,0) is locally stable,

(i) If(1—d)(A+ D) > [1+ (1 —2d)AD] and (1 — 2d) AD < 1, the positive fixed point
(x1%, x2%) is locally stable.

Proof. Denote (x1",x,") = (x1(no™t), xp(no™)).
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(i) The linearized equation of (12) around (0,0) is

n+1 n
< iin—i—l ) = Ml( i;n )r (14)
where
< (1-d)A dD )
M; = . (15)
dA (1-d)D

Apparently, the near dynamics of the fixed point (0,0) are determined by linear
system (14). The stability of the fixed point (0,0) is determined by the eigenvalues of M;
less than 1. This is true only if M; satisfies the three Jury conditions [22]:

1—detM; >0,
1+ trM; +detM; >0, (16)
1—trMy +detM; > 0.

By (15) and Conditions for (i) in Lemma 2, itis clear that trM; = (1—d)A+ (1 —d)D >
0. Hence, 1 + trM; + det M; > 0 holds, if 1 — trM; + det My > 0 is true. Calculating
1—detM; =1—[(1—d)?AD —d?AD] =1— (1 —2d)AD > 0.
1—trMy +detMy =1—[(1—d)A+ (1—d)D] +[(1—d)?AD —d*AD] . (17)
=1+ (1-2d)AD) - (1—-d)(A+ D) > 0.
Therefore, the fixed point (0, 0) is locally stable.
(ii) Similarly, we can study the local stability of positive fixed point (x1%, x,*) by

Jury conditions. In the neighborhood of (x1*,x2*), system (12) is controlled by the
linearization of

(T )= mmn, 18)
where (1 d)AB?
— dD
M= | (B 19)
@reap TP
(1—d)AB?

Obviously, trM, = +(1—-d)D > 0. Hence, 1+ trM, + detM, > 0

(B+ Cx1*)?
holds, if 1 — trpM + det My > 0 is true. Calculating
(1-d°AB’D  dAB?D

(B4 Cx1*)? (213 + Cx1*)?

B
=1-(1-2d)AD——= > 0.
( ) (B+CX1*)2 >
_ 2 _ 4\2AR2 2 AR2
1 trMj + detMy = 1 — [(L—DAB (1-d)"AB D __&AFD (20)
(B+CX1*) (B+CX1*)

(BrCn)? +(1—d)D]+ |
_AB*[(1-d)+ (2d —1)D]
\2

=1-(1-d)D e

B
_ [1-@1-4)Dl{(1 —d)((A—:— D)—[14(1—-2d)AD]} >0
- A[(1—d) — (1—2d4)D] '

1—d€tM2:1—[

Therefore, the positive fixed point (x1*, xp*) is locally stable. [
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—~

x1(t)

—_~

xo(t)

Lemma 3. (i) If (1-d)(A+ D) < [1+ (1 —2d)AD] and (1 —2d)AD < 1, the fixed point
(0,0) is globally asymptotically stable,

(i) If (1 —d)(A+ D) > [1+ (1 —2d)AD] and (1 — 2d) AD < 1, the positive fixed point
(x1%, x2*) is globally asymptotically stable.

Proof. Inlemma 2, we proved that the two fixed point are locally stable under the corre-
sponding conditions, respectively. Next, we only need to prove the global attractiveness.
According to Theorem 2.2 in reference [23], we rewrite system (12) asamap T : R3 — R3:

1—-d)AB
Tl(xll x2) = u + deZ/
B + Cx1 (21)
dABx1
To(x1,%2) = B+ Cry + (1 —d)Dx,.

For any (x1,x7) > 0, itis obvious that T : RZ — R? is continuous, and C! in int(R?)
and T(0,0) = 0. Since

of 9Ty (1-d)a>
ax1 8x2 (B + Cx1)2

DT(x1,x2) = T, 9T, = AR , (22)
 om Bicnmy 174D

then DT(0,0) = M and lim, gy, ~o(i=1,2) DT (x1,x2) = DT(0,0). Moreover,

(a) DT (x1,x2) > 0 for (x1,x2) >0,

(D) If 0 < (x1,x2) < (¥, 42), then DT (xy, ¥2) < DT(x1,x2)(# DT (x1,x2)).

Let A* = p(DT(0,0)); due to DT(0,0) = M; ,we have A* < 1for (1—-d)(A+D) <
[1+4 (1 —2d)AD], while A* > 1 for (1—d)(A+ D) > [1+ (1 —2d)AD]. According
to theorem 2.2 in reference [23] and boundedness of solutions, we can see that for any
(xl,xz) > 0, if (1 — d)(A + D) < [1 + (1 — Zd)AD], then lim;, T”(xl,xz) = (0, 0),
and there is a unique nonzero fixed point 4 = (q1,42) of T(x1,x2); if (1 —d)(A+ D) >
[1+ (1 —2d)AD], then limy, e T"(x1, x2) = (q1,42).

From the above discussion, we know that ¢ = (x1*, x2*). Hence, for (1—d)(A+ D) >
[1+4 (1 —-2d)AD] and (1 — 2d)AD < 1, system (12) has a unique positive fixed point
(x1*, x2*) and it is globally asymptotically stable. [

Similarly to Refs. [8,17], we can obtain the next lemma.

Lemma4. ()If(1—d)(A+ D) < [1+ (1 —2d)AD] and (1 —2d)AD < 1, the trivial periodic
solution (0,0) of system (10) is globally asymptotically stable,

(i) If (1 —d)(A+ D) > [1+ (1 —2d)AD] and (1 — 2d)AD < 1, the periodic solution
(x1(t), x2(t)) of system (10) is globally asymptotically stable, where

alxl*eal(tfmr)
/t S 7 7
a1 + byxy*(em(t=n0) — 1) (e (n+)e]
(a3 — hy )y el =) (t=(1+8)0)
(a3 — hy) + baxy** (el@a=m)(t=(n+)o) _ 1)
{ x*e~0(1) e (no, (n+¢)o],

xy e~ (atm)(t=(n+8)0) t ¢ ((n + &)o, (n+1)0],

e ((n+g)o, (n+1)a], (23)

here, x1*, x2* (see (13)) and x1**, x,** are determined as

{ o — (1—m1)a1e“1§‘7x1*

ap + bixg* (e”lff" - 1) ’ (24)
Xp** = (1 — M2)€7d1§0x2*.
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Considering another subsystem of system (6) with x;(t) = 0(i = 1,2), we have
dy(t
= oz g0 o0+
t
%T () (as b4y<t ) - h3y< )t € ((n+8)o, (n+1)d],
Ay(t) =0,t = (n+1)c.
By calculation, we obtain the analytic solution of system (25) between pluses:
aze”Z(t*”‘T)z(mT*)
,t e , y
a2 + by (2019 —1)z(not) (no, (n + ¢)o]
}/(t) = (g4 _ h3)e(‘z4_h3)(t_(”+§)‘7)z((n + g)g"") (26)
(ag — h3) 4 by(elas=h3)(t=(n+8)0) — 1)z((n 4 &)ot)’
€((n+¢)o, (n+1)0],
and the stroboscopic map of system (25):
ay(ag — h3)Azy(not)
n+1ot) = , 27
(1)) = 2B @)
where
A =(1- m3)eﬂzfﬁ7+(ﬂ4—h3)(1—§)(f >0,
(28)
B, = by(ay — 3) ("7 — 1) + azby(1 — m3)e287 (g0~ 1) =00 — 1),
Two fixed points of system (27) are obtained as y° and y*, where
. —h3)(A; -1
Y= a2(ﬂ4 ;)( Z ) (29)
z
with condition A, > 1.
Lemma 5. (i) If A; < 1, the fixed point y° is globally asymptotically stable.
(ii) If A, > 1, the positive fixed point y* is globally asymptotically stable.
Proof. Denote i, = y(no™), then (27) can be written as
ay(ay — h3)Azyn
F = , 30
(yl’l) ﬂz(ﬂ4*h3) +Bzyn ( )
then
dF(yn) o ﬂzz(u4 - h3)2AZ (31)
= 5
d]/n (QZ (a4 - hB) + Bzyn)
(i) If A, < 1,1 is the unique fixed point of (27),
dF(yy) 1% (ay — h3)?A;
T TR ) .
Therefore, if y° is locally stable, then it is globally asymptotically stable.
1) IfA;, > 1, yo is unstable, y* exists, and
2040 — ha)2 200, — 1a)2
dF(yn)| - an (Ll4 ]’lg) A, 5= QZZ(LM h3)2AZ — i < 1. (33)
dy, =Y (ax(as —h3)) + Bzy*)*  ar*(as — h3) Az
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Therefore, if y* is locally stable, then it is globally asymptotically stable. [

Similarly to Ref. [24], we can obtain the next lemma.

Lemma 6. (i) If A, < 1, the trivial periodic solution of system (25) is globally asymptotically
stable.
(ii) If A, > 1, the periodic solution y(t) of system (25) is globally asymptotically stable, where

azy*eaz(tfmf)
,t€ (no, (n+¢&)o],
o boy* (ef2(t—no) _q
TOTR SR ) (4

(a4 — h3)y**g(a4*h3)(t7(”+€)g)
€ (00, -+ 1)

and :
1 _ A2 G0 4 %
s _ (L= m3)age™%y" (35)
ap + by (em257 — 1)y*

4. The Dynamics
Firstly, we study the global asymptotic stability of the boundary periodic solutions

(x/l\(t/),xz(t),O), (0,0,y(t)) and the trivial solution (0,0, 0) of system (6).

Theorem 1. If

(1-d)(A+D) > [1+(1-2d)AD], (36)
and
and
(1 — d)(AE + D) <1, (38)
and e
I > gy + (a5 — h3)(1 = &)o + sz*
b o (39)
kzﬁz(l — ef(d2+h2)(1*‘:)‘7) .
" (d2 +hy) ¥2

hold, the predator-extinction periodic solution (;;(t/), ;;(?), 0) of system (6) is globally asymptoti-

éo A o TN
cally stable, where E = e~ Jo xS fgy 2o (S)ds. x2™ and x,** see (13) and (24).

Proof. Firstly, define zq(t) = x1(t) — x/1\(t/), zp(t) = x(t) — xfz\(t/), z3(t) = y(t), we obtain
the following linearly similar system for system (6):

dZ1(t) .

J d%t) ap —2byxi(t) 0 0o 21 (t)

% = 0 —dq —,lez(i)v ( zo(t) ),t € (no, (n+&)o), (40)

dz3(t) 0 0 ap+kiBixa(t) z3(t)

dt
and

le(t) ( ) /_\(_/)

dt az —hy) — 2bsxq (t 0 0 0
dzﬁift) - 0 —(d2 +h2) —axa(t) ( z(t) ) (41)
dZ3(t) 0 0 (a4 _h3) +k2‘32;;(_f/) Zg(t)
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te((n+go, (n+1)0].

Fort € (no,(n+¢)oland t € ((n+¢)o, (n+1)0], it is easy to obtain the fundamental
solution matrixes:

Ejlrfaalfzhl;l\(;)ds 0 0
pu(t) = 0 e~h(t=n0) 1 , (42)
0 0 eﬁfg”ffklﬁlxz(s)ds
and
ef(tn+§)[7 (“S*hl)*%a;lx(s/)ds 0 0
a(t) = 0 o (dath) (= (n+)0) t . 43)
0 0 ef(f)H»é)a (ag—"h3)+kaBrx2(s)ds

As 11,1, are not required for the following analysis, its exact form is not necessary to
obtain. The linearization of the fourth, fifth and sixth equations of system (6) is

(Zl((n+é)0+) ) ( l—m 0 0 ) ( z1((n +¢)o) )
n((n+go") | = 0 1-m O n((n+g)o) . 44
z3((n+¢)o™) 0 0 1-ms z3((n+¢)o)
The linearization of the tenth, eleventh and twelfth equations of system (6) is
z1(n+1)0™) 1-d d 0 z1((n+1)0)
( za((n+1)0™) ) = ( d 1—-d 0 ) ( z((n+1)0) ) (45)
z3((n+1)0™) 0 0 1 z3((n+1)0)

—_—~ —~—

The stability of (x1(t), x2(t),0) is determined by the eigenvalues of
1—m 0 0 1-d d 0
L= 0 1—mp 0 ¢1(&o) d 1—d 0 |¢(0), (46)
0 0  1—m 0 0 1
which are

Al _ (1 N m3>€f§”u2+k1ﬁ1x/2?s/)ds+f§7 (u4—h3)+k252%ds

. (1—-d)(AE+ D) — /(1 —d)2(AE + D)2 — 4(1 — 2d)ADE
- 2
(1—d)(AE+ D) — /(1 —d)2(AE — D)2 + 4d2ADE
(1—d)(AE+D)—(1— dz)(AE - D)

< 2

=(1-4d)D, (47)

A= (1—-d)(AE+ D) ++/(1 —d)2(AE + D)2 — 4(1 — 2d)ADE
- 2
(1—d)(AE+ D) + \/d>(AE + D)2 + (1 — 2d)(AE — D)?
2
_ (1-d)(AE+ D) + VA2(AE + D)2 + (1 —2d)(AE + D)2
2

= (1—d)(AE + D).
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Lo A T A
Here 0 < E = ¢~ Jo 2m1()ds= [z 2s11(5)ds 9 1f conditions (38) and (39) hold, we
can deduce that |A;| < 1(i = 1,2, 3) Accordmg to the Floquet theory [25], the predator-

extinction periodic solution (xl (1), xz(t) 0) of system (6) is locally stable.
Next, we prove the global attraction. If (38) holds, that is

/\l — (1 _ m3) % efo El2+k1‘81X2 dS"!‘ng (ﬂ4 h3)+k2ﬂ2x2(s) < 1,
then we can take an ¢ > 0 small enough such that
é_l _ (1 _ m3)ej6§‘7 a2+k1,31(x2( )+e d5+j(1'0. as— h3)+k2ﬁ2(3{2( )+E)d < 1 (48)

From the second and eighth equations of system (6), we have

22l) < e, (49)
and (1
xét( ) —(d2 + h2)x2(t). (50)
Considering the following comparison equation:
dH;<t> = Hyi(t)(a; — biHyi(t)),
dHy (8) t € (no, (n+ ¢&)o]
T —dyHy (t),
AHll(i') = —mlHll(t), f (n +€)0.
AHy () = —myHn (1), | '
dHyy () D
Tt Hyi(t)[(as — h1) — bsHya ()]
dHy () €((n+¢&)o, (n+1)0],
pr (da + ho)Hy (1)
AHy1(t) = d(Hp (t) — Hi1(t)), }t — (nt1)o
AHy (t) = d(Hyi(t) — Hai(t)), I

from Lemma 3 and the comparison theorem of impulsive differential equations [25], we
have xq(t) < Hy1(t), x2(t) < Hp (), and Hyq(t) — xl( ), Ho1 () = x2(t) as t — co. Then,

{ x1(8) < Hi(t) < :(0) +e, (52)
xa(t) < Hy (1) < (b +e,

for a t large enough. For convenience, we assume (52) holds for all + > 0. From system (6)
and (52), we have

W < aay(1) + b (1al) + )y (), £ € (n0, (1 + E)o],

A1) = ()¢ = (0 +2)e, )
W) < (0~ a)y(e) + koo alD) + €y (8), 1 € (0 +E)e (4 )0,

Ay(t) =0,t = (n+1)o,

and

o) a2+k1ﬁ1(x2(s)+s ds+fn”++§1 (ag— h3)+k2ﬁ2(J:;(s/)+e)ds (54)

y((n+1)0) < (1 — my)y(no+)eh’ ,

hence, y(no) < y(07){1", so y(no) — 0 as n — co. Therefore, y(t) — 0as t — oo.
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Then, we prove that x;1(t) — x1(¢), x2(t) — x2(t), as t — oo. For an € > 0 small
enough, there exists ty > 0, such that 0 < y(t) < ¢; for all t > t;. Without loss of generality,
we assume that 0 < y(t) < €1 for all t > 0, so we have

—dx2(t) — Bre1xa(t) < dx;t(t) < —dyxa(t), (55)
and ool
~(da+ m)a(t) — Paera(t) < P2 <ty 4 ), (56)

—~—

a/l’_l\C_l/le(t) S xl(t) S H13(t), sz(t) S xz(t) S H23(t) and le(t) — le(t), H13(t) —

x1(t), Hop(t) — Hap(t), Hp3(t) — x2(t) ast — oo; here, (Hyp(t), Hpo(t)) and (Hpo(t), Hps(t))
are the solutions of

deii(t) — Hip(t) (a1 — b Ha(1)),
ey t e (no,(n+¢)o],
jli( ) — 4y (1) — Bre1 Halt),
Ale(t) = *m1H12(t)f }i’ _ (n—O—(f)(T
AHp(t) = —myHa (1), ’ (57)
dH;li(t) = Hip(t)[(a3 — ) — bsHi2(t))],
i te((n+&o,(n+1)0],
jli = —(d2+ h2) Ha(t) — oe1Hn(t),
AHyy(t) = d(Hy(t) — Hyp(t)), }t (i1
Asz(t) = d(le(f) - H22(t))' /
and
dH;(f) = Hi(t) (a1 — by Hia(1)),
o t(t) t € (no, (n+¢)ol,
2? —dy Hps(t)
Ang(t) = _mlHl3(t)’ }i’ _ (7’1 —|—€)(T
AHy(t) = —moHps(t), , 8
dH;i(t) = Hiz(t)[(as — h1) — bsHi3(t))],
il te((n+&o,(n+1)0],
62; = —(dy + hy) Has(t),
AHy3(t) = d(Has(t) — Hia(t)), }t =(n+1)c
AHp3(t) = d(Hy3(t) — Has(t)), /

respectively. Similarly to Lemma 4, the periodic solution of (57) is globally asymptotically
stable, and it can be expressed as

* al(tfmT)
ajHyp"e Jte (no, (n+¢)o],

— al + blle*(Eal(t_nU) — 1)
Hip(t) = (a3 — hy)Hyp**ela3 =) (t=(n4¢)0)
(a3 — h1) 4 b3Hyp** (e(@s—h)(i=(n+0)o) 1)’ (59)

te ((n+¢)o, (n+1)0],
— { Hyy*e~(ditprer)(t=no) 4 ¢ (no, (n+&)o],

Hx(t) =
2(t) Hpy** e~ (athatpoer)(t=(n+8)0) t ¢ ((n + &)o, (n+1)0],
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ere b o BLO—@)(Dy +A) ~ [1+(1-24)AD,])
s Cli—(1-d)Dy] ’
dB{(1—d)(Dy + A) — [1+(1—24)AD,]}

Cl—-QA-d)Dy][(1—d) - (1-2d)Ds] ~

(60)
Hy* =

with condition (1 —d)(Dy + A) > [1+4 (1 —2d)ADq],

D1 — (1 _ mz)ef(d1+ﬁ1€])607(d2+h2+ﬁ28])(17§)0 <1

and

N a + b (6’11‘:‘7 — 1)H12* ’ (61)

TR G my)are1$? Hyp*
Hyp™ = (1 — my)e (d1HPren)io gy,

Therefore, we obtain the following results. For any € > 0, there existsa t; > 0, > t;
such that o o
{ Hip(t) ¢ < x1(t) < Hig(t) 6

sz(t) —e< x2(t) < Hps(t) +e.

Lete; — 0, so we have

A — (63)

x/l\(f/)—€<x1(f) <x/1\(t/)+€,
xo(t) —e < xp(t) < xp(t) + ¢,

P —_—

for a t large enough, then xq(f) — x1(t) and xp(t) — x(t) ast — co. [
Theorem 2. If
A, > 1, (64)

and
(1-d)(A+DE;) <1, (65)

and
o+ by (e"267 — 1)y~

In > aplo 4 (ag — h3)(1 = &)o
— m3 an (66)
_g4 _ h3 + b4(e(a4_h3)(1_‘:)‘7 _ 1)y**
ag — h3

hold, the prey-extinction periodic solution (0,0, y(t)) of system (6) is globally asymptotically stable,
go A o T
where Ey = elo —PYE)dstJog =Pay(s)ds. y* and y** see (29) and (35).
Theorem 3. If
A <1, (67)

and
(1-d)(A+D) <1 (68)

hold, the trivial solution (0,0,0) of system (6) is globally asymptotically stable.

Because the proofs of Theorems 2 and 3 are similar to Theorem 1, we omit it here. In
the last part of this section, we study the permanence of system (6).
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Theorem 4. If (36), (37) and

kiB1(1 — e~héo
- 1B1(1—e )

In < aylo + ([l4 — hg)(l — é) —_—  Ixy"
— ms3 d1 (69)
kZIBZ(l — e_(d2+h2)(1_é)a) *%
X
(da + hy) z

hold, the system (6) is permanent, where xy* and x,** see (13) and (24).

Proof. By Lemma 1, x1(t) < My, x2(t) < My, y(t) < M for all ts large enough. We
assume that x1(t) < Mo, x2(t) < My, y(t) < My for t > 0. Therefore,

D) 5 dya(t) - frMona(t), 7w
and
D2 >t + h)ra(t) — paMoxa(s), 7

and x1(£) > Hua(t), x2(t) > Hau(t), and Hiy(t) — Hra(t), Hoa(t) — Has(t) as t — oo; here,
(Hi4(t), Hp4(t)) is the solution of the following comparison equation:

dHy4(t) = Hy4(t) (a1 — by Hya(t)),
det(t) t € (no, (n+¢)o),
;‘; = —d1Hy(t) — BiMoHou(t),
AHy4(t) = —m1Hya(t), }t _ (48
AHau(1) = ~maHa () ' 72)
H;;(t) = Hys()[(a3 — ) — bsHa (1)),
JH (D te((n+¢)o, (n+1)o],
;‘; = —(d2 + ha)Ha4(t) — B2MoHaa(t),
AHy(t) = d(Hoa(t) — Hia(t)), }t — (it 1)
AHp(t) = d(Hia(t) — Hou(t)), ’
with
ulHM*eul(t—na)
R by Flyg (e E10) 1),t € (no, (n+¢)ol,
(13 — b))
(a3 — hn) + b3 Hyy ™ (el =) (= (148)0) — 1) / ,
ﬁ_\_/ B Hyy*e~ (@1tP1Mo)(t—n0) ¢ ¢ (no, (n+¢)o],
u(t) = { Hyy** e~ (d2thatpaMo)(t=(n+8)0) 4 (n+¢&)o, (n+1)0],
(73)
h
o e BUIL=d)(Da+4) — [1+ (1-2) AD, ]}
1 C[1—(1—d)D,] i (74)
Hyt — dB{(1—d)(Dy+ A) — [1+ (1 —2d)AD,]}

Cl— (1 —d)Dy][(1—d) - (1-2d)Dy] *
with condition (1 —d)(Dy + A) > [1+4 (1 —2d)AD»],

Dy = (1 —my)e~ (hthiMo)er—(dathatpMy)(1-0)o ¢ (75)
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and
(1 —mq)are™$7 Hyy*

Hl4** _ -,
ay + bl (eﬂ1§‘7 — 1)H14 (76)
Hpy** = (1 — mz)e_(dl""ﬁlMO)éUHzAl*.

Therefore, for any e, > 0, we have

——

{ x1(£) > Hyg(t) — e, 77)
xp(t) > Hpu(t) — g3,

for a t large enough. So,

1180 F. ¥ — (a3—m)(1-0)o f, ¥+
n(t) > a1e" Hyy i (a3 —hy)e Hyy e = M,
a; + bl (6”1@7 - 1)H14 ({13 - hl) + b3(€(“3*h1)(17€)‘7 — 1)H14** (78)
xo(t) > e~ ditPiM)eop, 4 o= (d2thatp2Mo))(1-8)o pp, 4 _ gy — M.
We only need to find m, > 0, such that y(t) > m, for a t large enough. We select
mz, > 0, e3 > 0 small enough, such that

gz _ (1 . I’}’l3)€fn<;+§)[f ﬂz—bzmzl +k1lBl(Hy(f)—£3)d5 f((nnrél)); (H4—h3)_b4mzl +k2/52(Hy(t)—53)d5 > 1. (79)

Next, we prove that y(t) < m, cannot hold for all t > 0, otherwise

dx(t) _ x1(t) (a1 — bixi(t)),
] dtt te (no, (n+¢)ol,
x;t( ) > —dy2p(t) = Prmz x3(t),
Axq(t) = —myxq(t), }t — (&)
Axa(f) = —myxa(t), ' (80)
dx;t(t) — x1()[(a3 — 1) — bsxa ()],
o te ((n+¢)o, (n+1)0],
;t > —(da + ho)xa(t) — Bamz x2(t),
Axi(t) = d(x2(t) — x1(t)), }t — (it 1)
Axy(t) = d(x1(t) — x2(1)), '

By Lemma 3, we have x;(t) > Hx(t), x2(t) > Hy(t) and Hy(t) — Hx(t), H,(t) —
Hy(t) as t — oo; here, (Hx(t), Hy(t)) is the solution of the following comparison equation:

) _ b (1) (a0 — HL (1),
d}?t(t) t € (no, (n+¢)o],
dyt = —ley(t) - ,Blmley(t)'
AHAE) = —mH (D), } =+
AHy(t) = —myHy(t), , (81)
dH;t(t) = Hx(t)[(a3 — 1) — b3Hx(t))],
dH,(t) L am e bel
dyt = —(da + ha)Hy(t) — Bamz Hy(t),
AHy(t) = d(Hy(t) — Hx(1)), }t =(n+1)o
AHy(t) = d(Hx(t) — Hy(t)), ,
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with
ale*eal(t—nJ)
a1 + by Hy* (em(t—n0) — 1)'t € (no, (n+&)al,
H.(t) = (a3 — hl)Hx**e(usfh)(t*(ﬂ%‘)ff)
(a3 — hy) + b3 Hy ™ (els—m)(t=(n+8)0) 1) (82)
te((n+¢)o,(n+1)0],
=l " e b1 € (na, (n+8)o],
t =
Y Hy**ef(dfrhfrﬁzmzl)(tf(nJrC)O')’t c ((Tl + g)U’, (Tl + 1)0]’
here
Ho* = Bl[(1-A+4+dA)(D3;—1)—dD3(1— A)]
g C[1— (1 —4d)Ds] ’ (83)
H* dB[(1— A+dA)(Ds—1) —dD3(1— A)]
Y Cl—-(1—d)D3][(1—d) + (2d —1)Ds]
with (1— A+ dA)(D; —1) > dD3(1— A),

D3 = (1 — my)e~ (Brthrmz )oo=(dathatfomz )(1-0)o (84)

and
o (1= my)a;e™ee Hy*
T a4 by (em&T —1)H, (85)
Hy™ = (1 —my)e thims)ioy,
There exists a Ty > 0 such that for t > Ty,
xo(t) > Hy(t) > Hy(t) — €3,

and

w(t) agy(t) — bamsz,y(t) + k11 (Hy (£) — e3)y (1), t € (no, (n+&)o],

)): —mzy(t),t = (n+¢&)o, (87)

Aygt
WA > (ay o)y (6) — bumeyy(6) + koo (Fy(8) — e5)y(0), £ € (n+ ), (n -+ 1)),
Ay(t) =0,t = (n+1)o.

Let N; € N and Nyt > T, integrating system (87) on (nc, (n + 1)0], n > Np, and we
have

y((n + 1)0.) > (1 o m3)y(n,[,)ef;1(¢+é)ﬂ ”Z*bzmzl +k1/31(Hy(t)*ES)d5+f'<(,::r;))(;7 (”4*h3)*h4mz1 +k2/32(Hy(t)*53)d5

=y(no)sa,

then z((N; + k)or) > z(N;0) " — o0 as k — oo, which is in contradiction to the bounded-
ness of y(t). Hence, there exists a t; > 0 such that y(t1) > m;,. If y(t) > m;,, which holds
for all t > t;, then we are done. Otherwise, y(t) < m;, for some t > t; .

Let t* = tigtfl {y(t) < my, }; there are two possible cases for t*.

(88)

Casel t* = (11 +)o, ny € Zy, wehavey(t) > my, fort € [t1,*]. Since y(t) is continuous,
we can obtain y(t*) = m,. Select ny, n3 € Z., such that

(1 o m3)nzen2p‘7€2n3 > (1 o m3)n26(n2+1)p0€2n3 >1, (89)
here p = min{ay — bym;,, a5 — bym;, — h3} < 0. By setting T' = (np + n3)0, it can be

claimed that there exists t, € (t*,t* + T’] such that y(t;) > m,,. Otherwise, y(t) < m;,,
t € (t*,t* 4+ T']. Consider (4.46) with initial value Hy(t*") = x1(¢1), Hy (") = x2(¢T);
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we have x5(t) > Hy(t) > Hy(t) — e3 for t* + nyo < t < t* 4 T’. And this implies that (87)
will hold for t € [t* + npo, t* 4 T'], then

y(t" +T') > y(t* +na0) 5™, (90)

From system (6), we have

{ d%t) > oy(t),t £ (n+&)o, 91)
Ay(t) = —mzy(t),t = (n +)o.

Integrating (91) on [t*, t* + ny0], we have
y(t* +np0) > (1 —m3z)"2m, e"2P7. (92)
Then, by (90) and (92), we have
Yy +T) > (1= m3)"2mz, "™ > my,, (93)

which contradicts the priori condition of y(t) < m,.
Lett = tintf {y(t) > my}, then y(t) = m;,. Since (87) holds for t € (t*,] and to
> *

integrate in (+*, ] , we obtain
Y 2 () ) 2 (1 gt et ler & g (o1

Since y(t) > m for t € (t*,t], and the same argument can be continued for ¢ > f,
y(t) > mforall t > t;.
Case2 t* # (n1+¢)o,n € Z4, then y(t) > my, for t € [t1,t*) and y(t*) = my,. Sup-
pose t* € ((m' +¢&)o, (nm' + & +1)0),n;’ € Z, then there are two possible cases for
te (t,(nm'+¢+1)0).
Case2a y(t) < my, forallt € (t*, (n;" + &+ 1)0). Similar to Case 1, we can prove that there
mustbeaty’ € [(n' +¢+1)o, (n' + ¢+ 1)o + T'], such that y(t2') > m,.

Lett = tigf*{y(t) > my, }, then y(t) < my, fort € (+*,f) and y(f) = m,,. Note that (66)
holds for
t € (t*,f), so we have

y(t) > 1) > (1 = mg)"2t M, et R 2 gl < g (95)

And the same argument can be continued for ¢ > t, since y(?) > Mz, .
Case2b Thereis a t* € (t*,(n;' + & + 1)), such that y(t) > my,. Let f = tintf {y(t) > m},
>t

then y(t) < m;, fort € [t*,}) and y(f) = m,,. (91) holds for t € [t*,f), and integrating it
on [t*,f), we have

y(t) > y(t*)ep(t*t*) > mzlep(t*t*) > iy, e > . (96)
Because y(f) > m;,, the same arguments can be continued for ¢ > f. Hence, y(t) > m
forallt > t;. O

5. Numerical Simulations and Discussion

This section is devoted to confirming the theoretical results obtained in the above
sections through numerical simulations. Since the theoretical results depend on harvesting,
the simulations are implemented by considering different values of transient impulsive
harvesting rate m;(i = 1,2,3) and nontransient impulsive harvesting rate h;(i = 1,2,3).
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Example 1. For biological considerations, all the parameters are assumed to be positive. And
referring to references [26,27], the model parameters are set to ay = 0.7,b; = 0.65, d; = 0.3,
ﬁl = 0.3, a; = 0.4, bz = 0.35,](1 = 04, m = 0.2, my = 0.2, ms = 0.4,&3 = 0.8, hl =0.1,
b3 = 05,dy, = 03,hp = 0.1,8, = 0.6,a4 = 0.6,h3 = 0.1,by = 04,k; = 0.5, d = 0.55,
I = 056,0 = 2. Then, (1-d)(A+ D) = 1.6408 > 0.8696 = 1+ (1 —2d)AD, (1 —

24)AD = —0.1304 < 1, In{ = 05108 < 09966 = 2o + (ag — h3)(1 — )0 +
_p—d160 (dy+h )(1 & .. . e
klﬁl(lde " 2+ kafo (1~ ed +2h+ 2 )xz**, the conditions of Theorem 4, are satisfied with ini-

tial value xl(O) =1,x(0) = 1,y(0) = 0.5, and system (6) is permanent (see Figure 1). That is,

the prey and predator populations will coexist.

(a)

(c)

0.9

0.8

0.7

0.6 [

Thm

0.3

0.2

0.1

(b)

A

10 20 30 40 50
t

(d)

0 10 20 30 40 50 60 70 80 X,(t) 01 03 x,(0)
t

Figure 1. Dynamical behavior of the permanence of system (6): (a—c) time series of populations x, y,
and z; (d) phase portrait of system (6).

5.1. The Effect of the Transient Impulsive Harvesting on Populations

Example 2. Let m3 = 0.7 and keep fixed the values of other parameters, as in Figure 1. Then,
(1—d)(A+ D) = 1.6408 > 0.8696 = 1+ (1 —2d)AD, (1—2d)AD = —0.1304 < 1,
(1—d)(AE+ D) = 05682 < 1, In {1~ = 12040 > 0.9966 = a0 + (a3 — h3)(1 — &)o +

e _p—(dy+hy) (1)
klﬁl(ldle )x2* 4 kpo( gd2+h2) ) 2", and c
the predator-extinction periodic solution (x1(t), x2(t),0) of system (6) is globally asymptotically
stable (see Figure 2).

x2™*, and conditions (36)—(39) hold. From Theorem 2,
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Figure 2. Dynamical behavior of system (6) on predator-extinction periodic solution with

mz = 0.7: (a—c) time series of populations x, y, and z; (d) phase portrait of system (6).

Example 3. Let m; = 0.6,my = 0.5, and keep fixed the values of other parameters, as in
Figure 1. Then, A, = 14582 > 1, (1 —d)(A+ DE;) = 0.7991 < 1, lnﬁ = 0.5108 >

—1.8039 = ay¢c + (ag — h3)(1— &)o —

ap+by (e —1)y*

ay—h3+by(el%a713)(1-0)7 1) %

a

=" , and con-

ditions (64)—(66) hold. From Theorem 2, the prey-extinction periodic solution (0,0,y(t)) of sys-
tem (6) is globally asymptotically stable (see Figure 3).
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Figure 3. Dynamical behavior of system (6) on prey-extinction periodic solution with m; = 0.6,
my = 0.5: (a—c) time series of populations x, y, and z; (d) phase portrait of system (6).

Example 4. Let my = 0.6,my = 0.5, m3 = 0.7, and keep fixed the values of other parameters, in
as Figure 1. Then, A; = 0.7291 <1, (1 —d)(A+ D) = 0.8430 < 1, and conditions (67) and
(68) hold. From Theorem 3, the trivial solution (0,0,0) of system (6) is globally asymptotically
stable (see Figure 4).
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Figure 4. Dynamical behavior of system (6) on trivial solution with m; = 0.6,m; = 0.5,

ms = 0.7 : (a—c) time series of populations x, y, and z; (d) phase portrait of system (6).

Comparing Figures 1 and 2, we can know that when m3 = 0.4, the prey and predator
populations coexist, while when m3 = 0.7, the predator population goes extinct. Comparing
Figures 1 and 3, we can know that when m; = 0.2,m; = 0.2, the prey and predator
populations coexist, while when m; = 0.6, mp = 0.5, the prey populations go extinct. From
Figure 4, we can see that all the populations go extinct as my = 0.6,my = 0.5,m3 = 0.7.
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5.2. The Effect of Nontransient Impulsive Harvesting on Populations

Example 5. Let hs = 0.9, and keep fixed the values of other parameters, as in Figure 1. Then,

(1-d)(A+ D) = 1.6408 > 0.8696 = 1+ (1 —2d)AD, (1 —2d)AD = —0.1304 < 1,

(1-d)(AE+ D) = 05682 < 1, In = = 0.5108 > 0.2926 = ay{0 + (a4 — h3)(1 — &)o +
_e—dq80 (d &)

klﬁl(ldle ) xp* 4 Rabell= fdﬁz:)z)(l i L™, and conditions (36)—(39) hold. Erom Theorem 2,

the predator-extinction periodic solution (x1(t), x2(t),0) of system (6) is globally asymptotically
stable (see Figure 5).

(a) (b)
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M e w0 s Og W0 02 T %L

t

Figure 5. Dynamical behavior of system (6) on predator-extinction periodic solution with
h3 = 0.9: (a—c) time series of populations X, y, and z; (d) phase portrait of system (6).

Example 6. Let hy = 0.9,hy = 0.9, and keep fixed the values of other parameters, as in

Figure 1. Then A; = 14582 > 1, (1 —d)(A + DE;) = 0.7768 < 1, In =~ = 0.5108 >
ay50 1)/ _ ay—h3)(1=8)0 _1)%*

—1.8039 = ax¢o + (ag — h3)(1 — &)o — “ZH’Z(eaf Dy _ o h3+b4(e<ai_,i3l "0 and con-

ditions (64)—(66) hold. From Theorem 2, the prey-extinction periodic solution (0, O,y’(vt)) of

system (6) is globally asymptotically stable (see Figure 6).

Example 7. Let hy = 0.9,hy = 0.9, h3 = 0.9, and keep fixed the values of other parameters, as in
Figure 1. Then, A, = 0.7212 < 1, (1 —d)(A+ D) = 0.8115 < 1, and conditions (67) and (68)
hold. From Theorem 3, the trivial solution (0,0,0) of system (2.1) is globally asymptotically stable
(see Figure 7).
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Figure 6. Dynamical behavior of system (6) on prey-extinction periodic solution with ; = 0.9,
hy = 0.9: (a—c) time series of populations X, y, and z; (d) phase portrait of system (6).

Comparing Figures 1 and 4, we can know that when h3 = 0.1, the prey and predator
populations coexist, while when h3 = 0.9, the predator population go extinct. Comparing
Figures 1 and 5, we can know that when h; = 0.1,h; = 0.1, the prey and predator
populations coexist, while when h; = 0.9, h; = 0.9, the prey populations go extinct. From
Figure 7, we can see that all the populations go extinct as i1 = 0.9, = 0.9, h3 = 0.9.

Figures 1-7 show the global asymptotic stability of the boundary periodic solutions
and the permanent extinction of system (6) under the control of the transient/nontransient
impulse harvesting rate, respectively. It is clear that with increasing transient/ nontransient
impulsive harvesting rate, predator or prey populations cannot survive due to higher
harvesting rate. The values of mj3, h3, will not only directly affect the survival of the
predator but also have an indirect effect on the prey. When mj3 or h3 keeps increasing and
exceeding the threshold, the predator population goes extinct and the population density of
the prey populations increase accordingly. Similarly, The decrease in the density of predator
population is observed as the prey populations go extinct, which is biologically reasonable.
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Figure 7. Dynamical behavior of system (6) on trivial solution with iy = 0.9,h, = 0.9,

h3 = 0.9: (a—c) time series of populations X, y, and z; (d) phase portrait of system (6).

6. Conclusions

In this paper, we propose a new predator-prey model to study the effects of tran-
sient/nontransient harvesting and pulse diffusion between prey on the prey and predator’s
survival. Here, the predators live in their territory, which is patch 2, but the prey can impul-
sively diffuse between two patches. We focus on analyzing the dynamics of the investigated
system generated by transient and nontransient impulsive harvesting to understand how
predator and prey populations change when the system has an effect of harvesting. The
main results of the present study are provided below:

1. All solutions of system (6) are uniformly ultimately bounded.

2. If (36)—(39) hold, the solution (x/\(t/), x2(t),0) of system (6) is globally asymptotically
stable.

3. If (64)—-(66) hold, the solution (0,0, y(t)) of system (6) is globally asymptotically stable.

If (67)—(68) hold, the trivial solution of system (6) is globally asymptotically stable.

5. The permanent conditions of system (6) have also been established, that is

b

(1—d)(A+D) > [1+ (1—2d)AD], (1 —2d)AD < 1,

and .
k 1 —e %10
In < az60 + (ag — h3) (1 — §)o + 1pr(1—e )Xz*
1-— ms dl
_ o= (da+hy)(1=¢)c
+k2‘82(1 e )xz**
(d2 +hy)

In addition, from numerical simulations and theorems, we can deduce that there exist
a predator transient impulsive harvesting threshold m3* and a nontransient impulsive
harvesting threshold h3*. When m3 > m3* or h3 > h3*, the predator population z goes
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extinct. When m3 < m3* or h3 < h3*, system (6) is permanent. In addition, there must exist
thresholds m*, my* and hy*, hy*. When my > my* and my > my*, or by > h1* and hy > hy¥,
the prey populations x and y go extinct. When m; < my* and my < my*, or hy < h* and
hy < hy*, system (6) is permanent. Therefore, we must choose a suitable harvesting rate
smaller than the value of the harvesting threshold when hunting both prey and predator for
economic interest. Reducing the amount of transient or nontransient impulsive harvesting
is significant for preventing population extinction so as to maintain ecological balance.

In future work, we can continue to study the optimal harvest strategy of system (6) to ex-
plore the maximum sustainable yield and the corresponding harvest effort of system (6) [28,29].
We can also consider impulsive delayed harvesting or stage structure of prey/predator
populations, which will lead to richer dynamics [30]. In addition, trying to solve system
(6) using an intelligent computational solver, or different numerical methods such as the
Galerkin method or Legendre wavelet algorithm will also be interesting work [31-33].
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