
Citation: Ganguly, B.; Dey, B.K.;

Pareek, S.; Sarkar, B. Cost-Effective

Imperfect Production-Inventory

System under Variable Production

Rate and Remanufacturing.

Mathematics 2023, 11, 3417. https://

doi.org/10.3390/math11153417

Academic Editor: Ripon Kumar

Chakrabortty

Received: 29 May 2023

Revised: 18 June 2023

Accepted: 26 June 2023

Published: 5 August 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

mathematics

Article

Cost-Effective Imperfect Production-Inventory System
under Variable Production Rate and Remanufacturing
Baishakhi Ganguly 1 , Bikash Koli Dey 2 , Sarla Pareek 3 and Biswajit Sarkar 4,5,*

1 Department of Mathematics, Sheoraphuli Surendranath Vidyaniketan for Girls’ High School,
Hooghly 712223, West Bengal, India; bg.baishakhiganguly@gmail.com

2 Department of Industrial & Data Engineering, Hongik University, Wausan-ro 94, Mapo-gu,
Seoul 04066, Republic of Korea; bkdey@hongik.ac.kr

3 Department of Mathematics & Statistics, Banasthali Vidyapith, Banasthali 304022, Rajasthan, India;
psarla@banasthali.in

4 Department of Industrial Engineering, Yonsei University, 50 Yonsei-ro, Sinchon-dong, Seodaemun-gu,
Seoul 03722, Republic of Korea

5 Center for Transdisciplinary Research (CFTR), Saveetha Dental College, Saveetha Institute of Medical and
Technical Sciences, Saveetha University, Chennai 600077, Tamil Nadu, India

* Correspondence: bsarkar@yonsei.ac.kr; Tel.: +82-10-7498-1981

Abstract: Several industries are facing many challenges in their production systems due to increasing
customer demand. Customer demand is growing for products with innovative features that are
flexible, good quality, and appealing. This paper presents a flexible production-inventory system that
produces multiple parts of a product. Defective products may be produced during the production
process. Those defective products are remanufactured immediately after inspection. Limited budget
and space constraints are considered, along with product assembly. Based on different distribution
functions, non-linear equations are calculated using the Kuhn–Tucker optimization technique. Nu-
merical examples, a graphical representation, and sensitivity analysis are presented in this paper. The
solution procedure evaluates the minimization of the total investment based on the χ2 distribution.
This study examines electronic products those are more likely to be defective rather than perfect
during production.

Keywords: flexible manufacturing; remanufacturing; product assembling; random defective rate;
backorders; space and budget constraints

MSC: 90B05; 90C30

1. Introduction

Initially, commercial entities are obliged to decrease costs and enhance their standards
to ensure viability. In order to maintain their competitive position, they need to engage
in such actions. Industries endeavor to decrease expenses while enhancing quality by
directing their attention toward manufacturing activity (Taleizadeh et al. [1]). Hybrid
remanufacturing is investigated for defective items to reduce only carbon emission costs.
Taleizadeh et al. [1] enhanced quality improvement for a single-stage production. Several
papers pertaining to production systems and supply chains are analyzed based on environ-
mental issues. Collaboration between small and medium-sized industries was developed
as a strategy for better feedback in the production and supply chain, and this approach was
extended by the paper of Machado et al. [2]. They ignored possible extensions of assembly
products. Mishra et al. [3] allowed backorders within the production-inventory model
and ignored remanufacturing of defective products. They focused on controlling defective
products. However, industries are always concerned for fulfilling customers’ requirements
by maintaining the delivery of products to customers without disputes. Flexible production
systems aim to improve the production process and offer flexibility in machine production.
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Flexibility refers to the extent to which a system can be changed to create the assembled
product. This research aims to assist industries in progressing their businesses using the
proposed strategy. Defective products are created during production, which is a major
difficulty for industries. Remanufacturing defective products can be a solution to this.
Hence, the proposed model reduces the waste represented by defective items by reworking
the assembled product through flexible production.

The literature has the following research gaps:

• In the existing literature, several authors have focused on the issues of traditional
production policies, where single products/multiple products are manufactured. Still,
no strategies have been discussed to improve the economy of production systems.
Almost every industry focuses on enhancing the manufacturing systems for innovative
products, but the production economics must also be kept in mind.

• Previous models have focused on the effect of the total inventory cost when the defec-
tive rate is random for single-product manufacturing under single-stage production.
Increasing customer expectations and producing assembled products through assem-
bly processes are essential in competitive business markets. A research gap exists in
considering that a single-product, manufactured under a traditional business plan,
can increase the number of defective products returned by customers, which may
decrease the sales and profit of the production system. Thus, the production economy
may be hampered.

• Every industry may be concerned about making innovative, assembled products
through flexible production systems to improve their business and economic condi-
tions. The proposed model encompasses product assembly, finished item inspection,
remanufacturing, backorders, and reworking at multiple stages to prevent any efficiently
loss and improves the economic status of the production system.

1.1. Research Contribution

The research gaps filled herein are as follows:

• To fill the above-discussed research gap, the proposed model considers a flexible
production system. Increasing production flexibility is a vital strategy for efficiently
improving market responsibility under future demand uncertainty without any short-
ages. Production flexibility can allow the simultaneous building of different types of
products in the same production facility. This model is designed for the assembly of
products from multiple parts to fulfill customers’ distinct requirements. Customers’
expectations are always related to a variation of the product (this paper considers
a specific electronic product) according to their own preferences. Only a product
assembly technique based on a flexible production system can fulfill this requirement
and increase the system profit.

• To avoid a defective final product, an inspection strategy is applied in the proposed
model. This strategy ensures great monetary benefits for the production system.
The model reduces backorders from end-users after the sale of a product. The in-
spection strategy for defective assembled products is conducted after production but
before selling to the end-user, and defective products are sent to be remanufactured.
The remanufacturing policy can recover defective products before sale and reduce the
number of backorders from end-users. This research gap related to flexible production
system is not studied earlier in literature. The production-inventory model analyzes
numerical studies based on five separate probability distributions (uniform, triangular,
double-triangular, beta, and χ2 distribution), and finds the minimum cost with χ2

distribution. This strategy can improve economical benefit of the system.
• Meeting end-users’ demands and increasing sales are highly important for the eco-

nomic growth of a production system. By applying flexible production, an industry’s
ability of quickly respond to end-users will increase. Assembly production for a single
type of within a flexible production system is the contribution of this study.
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• Unwanted increases in cost for maintaining production systems are a problem in
almost every product (electronic products) as it indicates that works-in-process inven-
tory are under control. This is because the production of any product can be predicted,
although the product-supplying process depends on market demand. This study
considers an inspection policy for products assembly through a just-in-time produc-
tion policy. In this policy, all defective products are sent for remanufacturing, but not
before selling the finished products to the end-users, which is more fruitful than the
traditional approach of inspection. This can prevent unnecessary costs and aid in an
increase in sales and overall profit. This method provides benefits to industries by
reducing the costs of holding space, because defective items are sent to be remanu-
factured and then make them ready for sell. Thus, less waste is produced in the form
of defective products under flexible production and cost-effective production. The
remanufacturing of defective products under flexible production can be controlled to
increase the quality of the final assembled products. Further, increasing the production
flexibility will prevent shortages, arising under smart production. Another major
financial benefit for industries is the reduction in returned products, achieved by
remanufacturing products; otherwise, industries can be forced to invest substantial
maintenance costs for huge numbers of products returned by end-users.

1.2. Organization of the Paper

The paper is organized according to the following sections: Section 2 reviews the
literature. The problem definition, notation, and basic assumptions of this study are
presented in Section 3. Section 4 describes the mathematical model for the five distribution
functions. The methodology for obtaining the solution is discussed in Section 5. A few
numerical examples are discussed in Section 6, and the sensitivity analysis of the numerical
examples is presented in Section 7. The managerial insights are provided in Section 8.
Finally, the concluding remarks of this study are summarized in Section 9.

2. Literature Review
2.1. Production-Inventory System under Flexible Production

Cárdenas-Barrón [4] and Sarkar et al. [5] developed an imperfect production system
with fixed setup costs and manual inspections to identify defective product, which led to
larger total system costs and could deliver defective items to the market due to inspection
errors. The closed-loop supply chain are accounted for the product return rate for reman-
ufacturing, which was focused on the competition and coordination of manufacturers.
Similarly, Aydin et al. [6] considered new and remanufactured products. Hariga et al. [7]
minimized the total supply chain cost by optimizing newly manufactured and remanu-
factured batches. Consecutive remanufacturing batches were produced by following M
manufacturing batches. Heydari et al. [7] proposed the remanufacturing capacity as a
variable, and the uncertainty of remanufacturing was associated with a few unprocessed
inspected items. Qingdi et al. [8] analyzed a time-dependent decision making system in
manufacturing. Furthermore, predecisional remanufacturing through the timing-matching
method was explained in that model.

Taleizadeh et al. [1] investigated the remanufacturing technique using two channels:
A and B. The remanufacturing processes were introduced to reduce carbon emissions.
Sivashankari and Panayappan [9] proposed a production-inventory model for a single item
that considered reworking. They considered shortages for their model. However, the con-
cept of an assembled item, where each part of the item is manufactured and remanufactured
in the same generation cycle with a flexible production rate and different distributed defect
rates, was neglected by Sivashankari and Panayappan [9], which increased the system
cost tremendously. Similarly, Sanjai and Periyasamy [10] proposed a production-inventory
system with imperfect generation under different delivery policies. They neglected the
concepts of variable production rates and assembled products. Machado et al. [2] pro-
posed a production system considering environmental issues based on the collaboration
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of small and medium-sized companies. In their paper, Gao et al. [11] developed a green
supply chain policy to uphold environmental regulations. The impact of the eco-label
system was extended in this paper, as the production of some products was not always
effective. Sarkar et al. [12] proposed the concepts of a variable lead time and variance under
a smart supply chain system. This paper quantified the benefits but was not interested in
improving the quality of products for the industry. Lagoudakis [13] dealt with cross-price
elasticity-dependent demand. Mukherjee et al. [14] discussed carbon controlling policy for
a fashion industry without consideration of backorder and lost sale. In a similar direction,
Yang et al. [15] developed a smart manufacturing system under digital technologies for
small, medium, and micro enterprises.

Bazan et al. [16] proposed an inventory model considering manufacturing and re-
manufacturing. They developed their study in the context of carbon policies. However,
they considered a single product type and a constant production rate for their study. Bha-
tia and Elsayed [17] designed a smart manufacturing network using a robust, flexible
programming approach. They used a fuzzy TOPSIS method for multi-criteria decision
making problem. The effect of government subsidies on a remanufacturing model was
studied by Chai et al. [18]. They considered the environmental effect for their study.
However, the impact of flexible production was not considered in their study. Similarly,
a manufacturing–remanufacturing production inventory model considering quality con-
straints was developed by Assid et al. [19]. They developed integrated control policies
for the returns and replenishment of the inventory. Sarkar and Park [20] proposed a flex-
ible production system with the consideration of lead time reduction. They considered
a multi-stage complex production system but avoided budget and space constraints for
an assembled product. Zheng et al. [21] introduced smart technologies to solve unrelia-
bility issues in a supply chain using a robust distribution approach. To optimize the total
cost, they used two metaheuristic optimization techniques, genetic algorithms (GAs) and
particle swarm optimization (PSO). However, they did not consider the uncertainty of
the environment. Saxena and Sarkar [22] focused on randomly misplaced products and
constructed an production model with two-stage production for remanufacturing products
and overcame this issue. Taleizadeh et al. [23] developed a production inventory model
by considering reworking. This paper proposed subsidy and advertisement policies. The
authors showed that the demand depends on the product’s selling price and green level.
The model succeeded in maximizing the social impact and minimizing the environmental
impact. Kanishka and Acherjee [24] reviewed 448 manuscripts based on additive manu-
facturing and remanufacturing. Kanishka and Acherjee’s [24] study presented a flexible
imperfect production-inventory system for assembled products. But, imperfect items re-
manufacturing within the same production cycle subject to budget and space constraints
have not been studied in the literature previously. Thus, a pioneering attempt is made to
fill this research gap in this study.

On the other hand, Dey et al. [25] and Amrouche et al. [26] developed dual-channel
retailing systems for imperfect products. Some investments were incorporated into the
model to decrease the lead time and improve the service quality. Different services were
provided for the clients through the product’s life cycle to maintain the company’s brand
image. However, the remanufacturing of the defective products was not considered there.
Zhu et al. [27] developed a supply chain model under different carbon reduction policies.
Saxena and Sarkar [28] visualized a replenishment and production coordination policy via
mathematical modelling. They compared the traditional supply chain with misplacement
and a blockchain-based supply chain with radio frequency identification. The study proved
that RFID technology is highly profitable for the supply chain management. Since it
is challenging for industries to meet the increasing demand, remanufacturing defective
products can be significantly beneficial. They controlled the deterioration of products by
considering preservation techniques, but no remanufacturing concepts for a sustainable
production system were explored.
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Several production inventory models have been developed by considering the reman-
ufacturing of defective items. However, the existing literature has not yet considered a
production-inventory model for single-stage assembled items under a variable produc-
tion rate. In this study, a production-inventory system is considered for a single-stage
assembled item whose different parts are manufactured and remanufactured within the
same generation cycle. Defective items are generated randomly due to the imperfection of
the system.

2.2. Remanufacturing of Defective Assembled Items

Cárdenas-Barrón [4] developed a model with a cleaner production approach.
Wee et al. [29] extended Cárdenas-Barrón’s [4] model with an alternative solution ap-
proach. Polotski et al. [30] evaluated the manufacturing model for raw materials and
the remanufacturing model for returned products. The hypothesis of their model was
developed based on a hybrid production process. M-Haidar and Nasr [31] discussed the
reworking and screening processes at the end of production. Silva et al. [32] focused on the
delivery performance of the TKS, GKS, and POLCA production systems and achieved short
delivery times as well as on-time delivery. A make-to-stock strategy was adopted in the
TKS system, directly related to the make-to-order policy. Kugele and Sarkar [33] extended
Sarkar et al.’s [5] model by considering multi-item and multi-stage production processes.
However, they considered a fixed production rate for their study. Mridha et al. [34] dis-
cussed the defective rate for a multi-item production model. The model proposed by
Chen [35] implied that defective items affected supply chain performance. Thus, the impact
of pricing, replenishment, and rework decisions were explained. Mtibaa and Erray [36]
considered two types of non-defective products: first-rate products, which are high-quality
items, and second-rate products, which are products of substandard quality. Reworking
was provided for second-rate and non-conforming products, which improved the prod-
uct quality, making it possible to sell the products at the best price. A simulation study
of this model indicated that the performance of the POLCA system was inferior to that
of the GKS system. Hage [37] proposed a dual-network model and explained the vocal
flexibility that was observed. Chiu et al. [38] explored a multi-item stock by incorporating
reworking along with a multiple-shipment plan. Li et al. [39] developed a dynamic intel-
ligent manufacturing–remanufacturing system. After this, Polotski et al. [30] employed
hybrid systems for manufacturing and remanufacturing while extending the feasibility
conditions of deteriorating products. Their model yielded an optimal policy for mainte-
nance and a joint production process. Asadi et al. [40] investigated the implications of
realizing mix flexibility in an assembly system for the manufacturing of products. Their
major finding was the low level of product modularity in mixed-product assembly lines
(MPALs). Malik et al. [41] developed a multi-stage production system for defective items.
The reworking process was designed according to a random defective rate in production,
thereby reducing the waste generated by imperfect items. The purpose of their study was
to retain the requisite standard quality and to reduce production costs.

Centobelli et al. [42] developed a model to explore the capabilities of green economic
incentives and circular economy in maximizing the profitability of a production system.
By remanufacturing, waste can be minimized along with costs. This paper applied confir-
matory factor analysis (CFA) and structural equation modeling (SEM) to test the model.
The findings showed the model’s positive effect on the supply chain’s economy. By con-
sidering remanufacturing and partial outsourcing, a smart manufacturing model was
constructed by Li et al. [43]. Cifone et al. [44] developed a qualitative study based on a
focus group design to explore how manufacturing and supply chain management pro-
fessionals perceived the potential of digital technologies for increasing trade. The results
showed that digital technologies could effectively improve the economy of production.
Aslam et al. [45] examined the buyer–supplier relationship under a psychological contract
breach. The inter-organizational and interpersonal impacts were examined in this paper to
raise profits and enhance the economy of the production system. The findings of that study
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showed that the initial interpersonal and inter-organizational relationships influenced the
buyer’s response. That was one of the most important factors for improving the economic
conditions of a production system or supply chain. Chaudhari et al. [46] discussed the
effect of carbon ejection in a smart production system.

Since the circumstances of production are uncertain, authors such as Sarkar and
Guchhait [47] have discussed the effect of asymmetric information sharing under a random
demand process. Zhang et al. [48] developed a dual channel with the blockchain within
a supply chain. Profits were optimized for various cases by an analytic investigation
of different parameters. Promotional efforts and cost efficiency were discussed in the
model. Shortages and backorders may occur in a supply chain due to defective products.
Therefore, Bachar et al. [49] developed a model for reworking and outsourcing defective
products to prevent backlogging. They showed that a random percentage of the defective
products were reworkable and could be remanufactured to increase the efficiency of the
production system. Various decision-making strategies were applied to increase the model’s
profitability, and classical optimization techniques achieved the optimal solutions.

Several manufacturing models have been developed by considering remanufacturing.
Some have been developed by considering manufacturing and remanufacturing in the same
production cycle. However, existing studies did not consider any single-stage production-
inventory system for a single assembled item with a flexible production rate. Therefore,
a pioneering attempt is made in this study to fill these gaps.

2.3. Minimum Backorders

The model proposed by Huang and Wu [50] considered the impact of backordering
and batch demand on wholesalers. The paper minimized the total cost by deciding ordering
and backordering quantities. Mittal et al. [51] presented an unreliable supply chain model,
which indicated that inflation may influence the ordering policy. Xu et al. [52] proposed
a stock inventory system with partial backlogging wherein the stochastic demand was
utilized. In a similar direction, a cross-dock inventory system was proposed by Mukher-
jee et al. [53]. Bao et al. [54] studied an inventory model for single items with multiple
demands and backorders. The corresponding demand classes were divided based on their
unit backlogging costs. Kilic and Tunc [55] addressed the economic lot-sizing problem,
and the total expected cost was optimized using the fixed production cost, holding cost,
and backordering cost. Guo et al. [56] discussed a process for replenishing spare compo-
nents by allowing dependent backorders. The isolated system of the model comprised
backorders of distinct types of components. The dependent backorder Markov model was
used for repairable isolated systems.

Bertazzi et al. [57] used a vendor-managed inventory (VMI) approach to design a
periodic shipping policy that minimized the sum of transportation costs and inventory
costs for a significant improvement in economy. Air freight shipments led to significant
cost savings, both in the worst case and on average. Optimality was achieved using
mixed-integer linear programming. Bi et al. [58] investigated the trade credit strategy and
ordering policy for retailers. This paper aimed to find the optimal retailer decisions for
the credit period, order quantity, and replenishment cycle to maximize the retailer’s profit.
Charpin et al. [59] identified the facilitators and barriers of mobile procurement platforms.
The findings exhibited a decrease in cost and an increase in supply chain collaboration.

Bouzekri et al. [60] introduced a decision support system (DSS) for planning actions
to achieve maximum economic benefits from the supply chain. They designed a new
storage model to obtain optimal solutions for production and port models. Buisman and
Rohmer [61] studied inventory decisions for stochastic problems in a production system
for ameliorating products. The outcomes showed the influence of profit margins on the
optimal strategy and the economic growth of the producer.

Ashraf et al. [62] developed a study based on third-party logistics and explored how
production systems could effectively achieve the maximum benefits for their economy.
The outcomes ensured a significant improvement in production economy. A crisp model
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was developed and extended to a fuzzy model to incorporate the imprecise nature of
demand, which significantly minimized backorders. The optimal solution for the model was
obtained using three newly developed algorithms. Zhou et al. [63] proposed game-theoretic
policies and different business strategies based on the production rate, variable demand,
and revenue-sharing contracts. Two models were developed based on coordination, non-
coordination, and revenue-sharing contracts, each with three sub-cases. The models showed
demand dependency on the green degree, average selling price, and product quality in a
contemporary socio-economic situation. Balter et al. [64] investigated the implications of a
finite lifetime for optimal firm investments considering investment decisions dependent on
the timing and size of investments. Moreover, they considered strategic implications by
implementing the finite product-life assumption in a duopoly framework. Astvansh and
Jindal [65] proposed suitable policies for trade-credit financing. A multiple-shipment policy
was utilized to deliver inventory and minimize backorders. Recently, Shajalal et al. [66]
developed an algorithm through a deep neural network to predict backorders of a product
for imbalanced data.

Several studies have focused on minimizing backorders. However, linear and average
backorders in an imperfect production inventory model for assembled products with flexi-
ble production rates have rarely been addressed in the literature. Therefore, a pioneering
attempt is made in this study to express the effect of backorders in a production-inventory
model under a flexible production system. Please refer to Table 1 for the contributions of
previous studies.

Table 1. Contributions of previous authors.

Author(s) Production System Production Rate Remanufacturing Backorders Demand Type

Taleizadeh et al. [1] SCM Constant NA NA Returned products
Machado et al. [2] Single-stage Constant NA NA NA
Cárdenas-Barrón [4] Single-stage Constant Single item Planned Constant
Sarkar et al. [5] Single-stage Constant Single item Planned Constant
Aydin et al. [6] Multi-stage Constant NA NA NA
Hariga et al. [7] SCM NA NA NA NA
Qingdi et al. [8] NA NA NA NA Predecisional
Gao et al. [11] Traditional Constant NA NA NA
Alexopoulos
et al. [12] SCM Constant NA NA Selling-price-

dependent
Wee et al. [29] Single-stage Constant Single item Planned Constant
Polotski et al. [30] Single-stage Constant NA NA NA
M-Haidar and
Nasr [31] NA Constant Fixed NA NA

Silva et al. [32] Single-stage Constant NA NA NA

Chen [35] NA Imperfect
deteriorating items Constant NA NA

Mtibaa and
Erray [36] NA Constant Preventive

maintenance NA NA

Hage [37] Single-stage Constnat NA NA NA
Chiu et al. [38] NA Constant Fixed NA NA
Asadi et al. [40] Multi-stage NA NA NA
Malik et al. [41] Multi-stage Constant Defective items NA NA
Huang and Wu [50] NA Constant NA Planned backorder NA

Mittal et al. [51] NA Constant NA Influenced by
inflation NA

Xu et al. [52] NA Constant NA Partial NA
Bao et al. [54] NA Constant NA Partial NA
Kilic and Tunc [55] NA Constant NA Fixed Fixed
Guo et al. [56] NA Constant NA Dependent NA
Heydari et al. [67] NA Constant NA NA Stocastic

This paper
Single-stage

manufacturing and
remanufacturing

Variable Defective assembled
items Minimum Constant

NA denotes ’not applicable’.

3. Problem Definition, Notation, and Assumptions

The problem definition, notation, and assumptions of the model are discussed in
this section.
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3.1. Problem Definition

This study analyzes a single assembled product that is produced using different
parts with a flexible production process. An imperfect manufacturing system often fea-
tures variability in the production processes, equipment breakdowns, and quality issues.
The proposed system allocates resources effectively to address these imperfections by
implementing a variable production rate. Defective items are reworked in the same pro-
duction cycle. To manage waste and provide a cost-effective production inventory model,
the remanufacturing of the defective items is performed in the same production cycle. Im-
perfect items are generated randomly, following certain distribution patterns. The process
starts with backorders and produces perfect and imperfect items simultaneously. Imperfect
items are identified through human inspection and remanufactured within time T3. Due to
the imperfection of production systems, shortages arise which are fully backlogged. In an
imperfect manufacturing system, backorders can have several effects. A backorder occurs
when a customer orders a product that is temporarily out of stock or not immediately
available for delivery. Backorders in an imperfect manufacturing system can disrupt the
customer experience, reduce sales, increase costs, and highlight underlying operational
issues. Backorders can complicate inventory management. Manufacturers must balance the
costs associated with carrying extra inventories to avoid backorders with the costs of lost
sales of dissatisfied customers. Addressing the root causes of backorders and implementing
strategies to minimize their occurrence are crucial for improving customer satisfaction and
the overall efficiency of the manufacturing system. This study considers two backordering
costs: the linear backordering cost and average backordering cost.

Budget and space constraints are common challenges when designing and implement-
ing a production system. When working with a limited budget, focusing on cost-effective
solutions is important. This may involve evaluating different equipment options, consider-
ing used or refurbished machinery, or exploring leasing or other financing arrangements.
In this study, remanufacturing helped to minimize the wasting of material. One should
optimize the production system layout to make the best use of the available space; consider
factors such as workflow, material flow, and accessibility; and use techniques such as lean
manufacturing principles to eliminate waste and improve space utilization. By considering
budget and space constraints productively, engaging in thorough planning, and continu-
ously monitoring and improving the production system, overcoming these challenges and
achieving an effective and efficient production setup is possible. Our model is accounted
for the restrictions of budget and space capacity. The total production-inventory cost is
minimized by optimizing the production rate, the batch size of the item j used for assembly,
and the quantity of backorders. A graphical diagram is presented in Figure 1.

Figure 1. Diagram of the research problem.
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3.2. Notation

Here, the notation used to explain the formulation of the model are described below.
Index

j Number of parts required to manufacture a single assembled product, j = 1, 2, 3, . . . , m

Decision variables

Pj Production rate of item j (units/time)
Qj Production batch size of item j (units/cycle)
Bj Quantity of backorders of item j (units)

Parameters

Dj Demand rate of item j (units/time)
Sj Setup cost of item j (USD/setup)
Mj Manufacturing cost of product j (USD/unit)
Hj Holding cost of item j per unit per unit time (USD/unit/time)
Blj

Linear backorder cost of item j per unit backorder per unit time (USD/unit/time)
m Number of batches (integer)
Bcj Fixed backorder cost of item j per unit backorder (USD/backorder)
ξ j Backorder average of item j (units)
T Cycle length (time units)
TC Total cost per unit of time (units)
Drj Cost of remanufacturing defective item j (USD/item)
Vj Budget of item j (units)
f Space capacity (units)
g Total budget (USD)
Īj Average inventory of item j (units)
Imaxj Maximum inventory, calculated as Imaxj = I1j + I2j (units)
β j Random proportion rate of defective products j in each cycle, following a probability

distribution (uniform, triangular, double-triangular, beta, and χ2)
E[β j] Expected proportion of defective products j per cycle

3.3. Assumptions

The following assumptions for the model configuration are adopted in this study.

1. The model considers the manufacture of a single type of assembled product under a
flexible production system, where the assembled product (specifically, an electronic
product) is produced from several electronic parts j according to the customer’s pref-
erence. The multiple parts j are sold separately from another warehouse. This study
focuses on the effects of assembling products in a competitive market. Even though the
demand remains fixed, a fixed demand under flexible production can be quickly ful-
filled without any customer dissatisfaction.

2. In this model, the production rate is variable, and it is always greater than the demand.
The whole inventory system of the model is assumed based on an infinite planning
horizon under a flexible production, and it is possible to find the minimum production-
inventory cost under an infinite time horizon (Alexopoulos et al. [12]).

3. Each assembled product is inspected after production, and defective products are
quickly sent for remanufacturing within the same production cycle. The inspection
cost for each product is fixed, even though this cost is adjusted according to the setup
cost as it is significantly lower than the other costs. The rate of defective products
under flexible production was allowed to be random (Dey et al. [25]). Thus, the
optimum cost is evaluated separately based on five different distribution functions
(uniform, triangular, double-triangular, beta, and χ2).

4. The model initially faces shortages after selling the finished assembled products,
but all shortages are fully backlogged. There is no lost sales. In this model, there are
two types of backorder costs, i.e., the linear backorder cost (the backorder cost applies
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to average backorders) and the fixed backorder cost (the backorder cost applies to the
maximum backorder level). We proposes that the inventory holding costs are based on
the average inventory and provided space and budget limitations as constraint types.
The production rate is taken as a variable. Thus, a huge inventory during production,
unexpected investment costs, and a large holding space will arise without space and
budget constraints on the inventory (Sarkar et al. [5]).

4. Mathematical Model for the Innovative Production System

This paper considers the production of a single product assembled using different
items. Under a flexible production system, the goal of this model is to minimize the damage
to the assembled product and the inventory cost of the entire system while considering
the restrictions of the space capacity and budget. The model is extended from the bench-
mark model of Cárdenas-Barrón [4] involving multi-item clean production and random
defective rates.

Remark 1. The present model will converge to Cárdenas-Barrón’s [4] model if it considers only a
single type of product with constant defective and production rates and without inspection.

Remark 2. If this model considers a random defective rate, a single type of item, a constant
production rate without inspection, an assembled product, and budget & space constraints, then it
will converge to the model of Sarkar et al. [5]

Flexible production is achieved with initial backorders in the interval [0, T1] to reach
the zero-inventory level, and inventory is acquired at the rate Pj(1− β j)− Dj. After time
t = T2, the imperfect products start to remanufactured at the rate (Pj − Dj) in the interval
[T2, T3]. Furthermore, the inventory reaches its maximum capacity Imax at time T3. After
that, it begins to decrease in the interval [T3, T4] at the rate Dj to the zero level. In the
interval [T4, T5], the backorder rate is Bj, and the demand is Dj. Thus, total cycle length T =
production time + remanufacturing time + non-production time, i.e, T = TP + TRM + TNP,
where TP = T1 + T2, TRM = T3, and TNP = T4 + T5. Here, T1 and T5 are the times at
which the system includes backorders, T2 is the pure production time, T3 is the pure
remanufacturing time, and T4 is the pure consumption time.

Therefore, as shown in Figure 2, the production time can be calculated as

T1 + T2 =
(I1j + Bj)

(Pj(1− E[β j])− Dj)
=

Qj

Pj
,

which gives,

I1j = Qj

(
(1− E[β j])−

Dj

Pj

)
− Bj. (1)

Additionally, from Figure 2, the remanufacturing time can be determined as

T3 =
I2j

(Pj − Dj)
,

as T3 =
E[β j]Qj

Pj
.

Therefore
E[β j]Qj

Pj
=

I2j

(Pj − Dj)
,

I2j = E[β j]Qj

(
1−

Dj

Pj

)
. (2)
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The maximum inventory can be determined by solving the following equation:

Imaxj = I1j + I2j = Qj

[
1−

Dj

Pj
(1 + E[β j])

]
− Bj. (3)

To determine the average inventory, it is necessary to calculate the entire inventory for
the cycle time T and divide it by the cycle time. Thus, the average inventory is expressed as

IAVGj =
1
T

[
1
2

T2 I1j +
1
2

T3 I1j +
1
2

T3 Imaxj +
1
2

T4 Imaxj

]
(4)

(for the values of T1, T2, T3, T4, and T5, see Appendix A). Thus,

IAVGj =
1

2Qj

[
(1− E[β j])−

Dj
Pj

][(Q2
j + B2

j )(1− E[β j]) +
Q2

j D2
j

P2
j

(1 + E[β j] + (E[β j])
2) +

Q2
j Dj

Pj
((E[β j])

3 − 2)

+ 2BjQj

(
Dj

Pj
+ E[β j]− 1

)]
. (5)

The average backorder inventory is determined as

IBAVGj =
1
T

[
1
2

BjT1 +
1
2

B2
j

Dj

]
=

B2
j (1− E[β j])

2Qj

[
(1− E[β j])−

Dj
Pj

] . (6)

Figure 2. Inventory position of final products (see Sarkar et al. [5]).
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All costs related to this single-stage manufacturing–remanufacturing production-
inventory system are tabulated in Table 2. Detailed explanations of each cost are provided
under the Table.

Table 2. Different cost components for this single-stage production-inventory model.

Cost Reason for the Cost Time Period Expression

Setup with
inspection cost

To set up the production and
inspection processes 0

SjDj

Qj
.

Manufacturing
cost

To manufacture the parts of the
assembled products in a single-stage

within the time interval
T1 + T2

MjPj(1 + E[β j])
Pj
Dj

.

Remanufacturing
cost

To remanufacture the imperfect items
within the time interval T3 Drj PjE[β j]

Dj

Qj
.

Holding cost To hold the parts of the assembled
product for the entire cycle T Hj IAVGj

Backorder cost
To account for backorders due to

imperfect manufacture through the
entire cycle

T
BcjBjDj

Qj
+ Bl j

B2
j (1− E[β j])

2Qj

[
(1− E[β j])−

Dj
Pj

] .

4.1. Setup with Inspection Cost

After the production of a single type of assembled product by making j parts, the fixed
setup cost is Sj. The inspection strategy is applied just after production to separate out any
defective products. Therefore, the model includes the inspection cost in the setup cost, as

this inspection cost is much lower than any other cost. The cycle time is T =
Qj
Dj

. Thus, the
per-cycle setup cost is calculated using the following formula:

SjDj

Qj
. (7)

4.2. Manufacturing Cost

Throughout the production time, the manufacturing cost is evaluated as the per-unit
manufacturing cost Mj multiplied by the production rate Pj at the early inventory level.
In this inventory model, the expected value of defective products E[β j] is considered
separately. Therefore, the per-cycle manufacturing cost is calculated as follows:

MjPj(1 + E[β j])
Pj
Dj

. (8)

4.3. Inventory Holding Cost

The model calculates the inventory holding cost based on the average inventory level,
which is previously described. Thus, the per-cycle holding cost is determined as follows:

=
Hj

T

[{
Qj

[
(1− E[β j])−

Dj
Pj

]
− Bj

}2

2[Pj(1− E[β j])− Dj]
+

E[β j]Qj

{
Qj

[
1− E[β j ]

2 − (1 + E[β j ]
2 )

Dj
Pj

]
− Bj

}
Pj

+

{
Qj

[
1− (1 + E[β j])

Dj
Pj

]
− B2

j

}
2Dj

]
. (9)
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4.4. Backorder Cost

To determine the average backorder, we calculate the linear backorder cost as the per-
unit linear backorder cost Bl j multiplied by the average backorder inventory IBAVGj . Thus,
the linear backorder cost is expressed as Bl j IBAVGj . On the other hand, at the maximum
backorder level, the fixed backorder cost BcjBj is calculated based on the backorder quantity
Bj. Therefore, the total backorder cost is expressed as

=
BcjBjDj

Qj
+ Bl j IBAVGj =

BcjBjDj

Qj
+ Bl j

B2
j (1− E[β j])

2Qj

[
(1− E[β j])−

Dj
Pj

] . (10)

4.5. Remanufacturing Cost

Defective products occur randomly in a flexible production system. Thus, to re-
manufacture these products, the model includes some additional cost for just-in-time
remanufacturing. Hence, the average remanufacturing cost for the defective products is
expressed as

Drj PjE[β j]
Dj

Qj
. (11)

Therefore, the total cost of the production-inventory system consists of the setup with
inspection cost, inventory holding cost, backorder cost, manufacturing cost, and remanu-
facturing cost. This can be expressed as

TC =
m

∑
j=1

[
SjDj

Qj
+ Hj IAVGj +

BcjBjDj

Qj
+ Bl j IBAVGj + MjDj(1 + E[β j]) + PjE[β j]Drj

Dj

Qj

]
. (12)

Substituting the values of IAVGj , Bcj, Bl j, and IBAVGj into the total cost function, the re-
sulting equation takes the form

TC(Pj, Qj, Bj) =
m

∑
j=1

[
SjDj

Qj
+ Hj

[
1

2Qj

[
(1− E[β j])−

Dj
Pj

][(Q2
j + B2

j )(1− E[β j]) +
Q2

j D2
j

P2
j

(
1 + E[β j] + (E[β j])

2

)

+
Q2

j Dj

Pj

(
(E[β j])

3 − 2
)
+ 2BjQj

(
Dj

Pj
+ E[β j]− 1

)]]
+

BcjBjDj

Qj
+ Bl j

[
B2

j (1− E[β j])

2Qj

[
(1− E[β j])−

Dj
Pj

]] (13)

+ MjDj(1 + E[β j]) + PjE[β j]Drj

Dj

Qj

]
.

4.6. Budget and Space Constraints

Under flexible production, the production rate is not fixed. Therefore, to impose
limitations on the inventory and to reduce the investments, budget and space capacity are
proposed as boundary conditions. These are obtained as follows:

m

∑
j=1

QjVj ≤ g (14)

m

∑
j=1

QjScj ≤ f . (15)

Equation (13) represents the total cost of the model, which is minimized based on
three decision variables: Pj, Qj, and Bj.
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5. Solution Methodology

There are three unknown variables Pj, Qj, and Bj in the cost function, and these
variables needed to be optimized. The cost equation including the constraints presented
in (13)–(15) is as follows:

Min TC(Pj, Qj, Bj) = ∑m
j=1

[
Sj Dj
Qj

+ Hj

[
1

2Qj

[
(1−E[β j ])−

Dj
Pj

]
[
(Q2

j + B2
j )(1− E[β j]) +

Q2
j D2

j

P2
j

(
1 + E[β j] + (E[β j])

2

)

+
Q2

j Dj

Pj

(
(E[β j])

3 − 2
)
+ 2BjQj

(
Dj
Pj

+ E[β j]− 1
)]]

+
Bcj Bj Dj

Qj
+ Bl j

[
B2

j (1−E[β j ])

2Qj

[
(1−E[β j ])−

Dj
Pj

]
]

+ MjDj(1 + E[β j]) + PjE[β j]Drj

Dj
Qj

]
subject to
∑m

j=1 QjVj ≤ g
∑m

j=1 QjScj ≤ f

(16)

and Pj, Qj, Bj > 0, j = 1, 2, . . . , m.
This equation is a non-linear expression. To solve this non-linear expression, the Kuhn–

Tucker condition is applied by determining the Lagrange multiplier equation for this
expression. Two constraints are added to this expression by considering two Lagrange
multiplier coefficients: λ1 and λ2.

L(Pj, Qj, Bj, λ1, λ2) =
m

∑
j=1

[
SjDj

Qj
+ Hj

[
1

2Qj

[
(1− E[β j])−

Dj
Pj

] [(Q2
j + B2

j )(1− E[β j]) +
Q2

j D2
j

P2
j

(
1 + E[β j] + (E[β j])

2

)

+
Q2

j Dj

Pj

(
(E[β j])

3 − 2
)
+ 2BjQj

(
Dj

Pj
+ E[β j]− 1

)]]
+

BcjBjDj

Qj
+ Bl j

[
B2

j (1− E[β j])

2Qj

[
(1− E[β j])−

Dj
Pj

] ]

+ MjDj(1 + E[β j]) + PjE[β j]Drj

Dj

Qj

]
+ λ1

(
m

∑
j=1

QjVj − g

)
+ λ2

(
m

∑
j=1

QjScj − f

)
. (17)

After determining the Lagrange equation, four cases are considered along with
this equation. For the case λ1 = 0, λ2 = 0, Qj has different values; therefore, this case is
neglected. The value of Qj is differed for the other three cases: λ1 6= 0, λ2 = 0; λ2 6= 0,
λ1 = 0; and λ1 6= 0, λ2 6= 0. We differentiate L(Pj, Qj, Bj, λ1, λ2) with respect to Pj, Qj, Bj,
λ1, and λ2.

∂L(Pj, Qj, Bj, λ1, λ2)

∂Pj
= E[β j]Drj

Dj

Qj
−

Hj

2Qj

[
R1

Dj

R2∗P2
j
+ R2

( 2
R∗P3

j
+

Dj

R2∗P4
j

)
+ R3

( 1
R∗P2

j
+

Dj

R2∗P3
j

)]
(18)

∂L(Pj, Qj, Bj, λ1, λ2)

∂Bj
=

2Bj Hj(1− E[β j])

2QjR∗
− Hj +

BcjDj

Qj
+

BjBl j(1− E[β j])

2QjR∗
. (19)

Equating
∂L(Pj ,Qj ,Bj ,λ1,λ2)

∂Pj
and

∂L(Pj ,Qj ,Bj ,λ1,λ2)

∂Bj
to zero,

Pj =

(
R2E[β j]− R2

)
+
√(

R2E[β j]− R2
)2

+ R2Dj
(

R3 − E[β j]R3 + R1
)(

R3 − E[β j]R3 + R1
) (20)

Bj =

[
Hj −

BcjDj

Qj

]
Qj

[
1− E[β j]−

Dj
Pj

]
(
1− E[β j]

)
[Hj + Bl j]

. (21)
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Case I: λ1 6= 0, λ2 = 0

∂L(Pj, Qj, Bj, λ1, λ2)

∂Qj
= − R4

Q2
j
+ HjR5 + λ1Vj ⇒ Qj =

[
R4

HjR5 + λ1Vj

] 1
2

(22)

∂L(Pj, Qj, Bj, λ1, λ2)

∂λ1
=

(
m

∑
j=1

QjVj − g

)
⇒ λ1 =

R4V2
j − HjR5g2

Vjg2 . (23)

Case II: λ2 6= 0, λ1 = 0

∂L(Pj, Qj, Bj, λ1, λ2)

∂Qj
= − R4

Q2
j
+ HjR5 + λ2Scj ⇒ Qj =

[
R4

HjR5 + λ2Scj

] 1
2

(24)

∂L(Pj, Qj, Bj, λ1, λ2)

∂λ2
=

(
m

∑
j=1

QjScj − f

)
⇒ λ2 =

R4S2
cj
− HjR5 f 2

Scj f 2 . (25)

Case III: λ1 6= 0, λ2 6= 0

∂L(Pj, Qj, Bj, λ1, λ2)

∂Qj
= − R4

Q2
j
+ HjR5 + λ1Vj + λ2Scj ;⇒ Qj =

[
R4

HjR5 + λ1Vj + λ2Scj

] 1
2

. (26)

Sufficient condition: The analytical solution is verified as the global solution by applying
the Hessian matrix method, and it is observed that all minors of the Hessian matrix are
positive. See Appendix B for this calculation.

6. Numerical Example

In this section, based on the model formulation, all the constant parameters for assem-
bling items j = 2 and j = 3 are summarized in Tables 3 and 4, respectively. Next, Table 5
presents the different formulas of the distribution functions. In each row, the expected
values of the constant coefficients are provided for each distribution pattern in Table 6, and
the last row of Table 6 presents the values of the coefficients that are applied to calculate
the numerical solution along with these distribution functions.

Table 3. Parametric values for assembled products with two spare parts.

Parameters
(j = 2) Values Parameters Values

m 2 Dj (units/time) 300, 350

λ2 18 Bl j (USD/unit/
unit time)

10, 11

λ2 18 Bl j (USD/unit/
unit time)

10, 11

Hj (USD/unit time) 50, 55 Bcj (USD/unit) 1, 2
Sj (USD/setup) 50.22, 55.22 Mj (USD/unit) 7, 8
Vj (USD/unit) 55, 65 Scj (square meters) 3, 4

Drj (USD/item) 5, 7 g (USD) 33, 000
f 400 λ1 15
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Table 4. Parametric values.

Parameters
(j = 3) Values Parameters Values

m 3 Dj (USD/unit/
unit time)

350, 320, 300

λ2 0.008 Bl j (USD/unit/
unit time)

10, 10, 10

Hj (USD/unit time) 50, 50, 50 Bcj (USD/unit) 1, 1, 1
Sj (USD/setup) 50.22, 50.22, 50.22 Mj (USD/unit) 7, 7, 7
Vj (USD/unit) 60, 60, 60 Scj (square meters) 2, 2, 2

Drj (USD/item) 6, 6, 6 g (USD) 58,000
f 400 λ1 0.009

Table 5. Formulas for determining the expected value with different distribution patterns.

Distribution Formula for Calculating the Expected
Value E[βj]

Uniform distribution aj+bj
2

Triangular distribution aj+bj+cj
3

Double-triangular distribution aj+4bj+cj
6

Beta (β) distribution αj
αj+β j

χ2 distribution κj

In these formulas, aj, bj, cj, αj, β j, and κj are the scaling parameters of different distri-
bution patterns.

Table 6. Formulas for determining the expected value with different distribution patterns.

Distribution Uniform Triangular Double-
Triangular Beta χ2

(aj, bj) (aj, bj, cj) (aj, bj, cj) (αj, β j) (κj)

(0.03, 0.07) (0.03, 0.04, 0.07) (0.03, 0.04, 0.07) (0.03, 0.07) 0.03
(0.03, 0.07) (0.03, 0.04, 0.07) (0.03, 0.04, 0.07) (0.03, 0.07) 0.03
(0.04, 0.08) (0.04, 0.04, 0.07) (0.04, 0.04, 0.08) (0.04, 0.08) 0.04

0.03, 0.04, 0.05 0.047, 0.047, 0.05 0.043, 0.043, 0.047 0.3, 0.3, 0.33 0.03, 0.03, 0.04

A comparison between the optimal solutions for both j = 2 and j = 3 is presented
in Tables 7 and 8, respectively. Each row of both tables considers variable parameters
Pj, Qj, and Bj and their optimal values along with each distribution function. Further,
we separately obtain the total inventory costs for these five distribution functions. In the
following tables, it can be seen that the total cost is minimized under χ2 distribution for
both assembled items j = 2 and j = 3.

In this model, budget and space are assumed to be limited, meaning that the setup cost
is increased. Therefore, the production batch size tends to increase with the larger setup
cost. Further, the increased production batch size causes an increase in the production rate
per production run. Thus, the analysis of these graphics determines that when both the
production rate and production batch size increase, the total inventory cost minimizes.
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Table 7. Optimal results for an assembled item with two spare parts.

Distribution Production Rate (Pj)
(Units/Time)

Production Batch
Size Qj (Units/Year)

Backorder Quantity
Bj (Units/Year)

Total Cost
(USD/Year)

Uniform distribution 90, 23 770, 678 68, 57 236,309
Triangular distribution 91, 43 800, 178 80, 108 32,652
Double-triangular distribution 92, 199 449, 319 60.81, 30.62 27,180
Beta distribution 90.31, 43.9 650, 418 89, 112 335,531
χ2-distribution 39.28, 23.3 164.44, 117.48 55.62, 43.03 22,641

Table 8. Optimal results for an assembled item with three spare parts.

Distribution Production Rate (Pj)
(Units/Time)

Production Batch
Size Qj (Units/Year)

Backorder Quantity
Bj (Units/Year)

Total Cost
(USD/Year)

Uniform distribution 517.57, 572.91, 445.39 36.105, 51.32, 68.57 8.74, 22.32, 26.98 28,435
Triangular distribution 663.76, 343.29, 373.39 56.32, 61.95, 128.16 18.32, 2.01, 27.63 27,300
Double-triangular distribution 685.7, 612.44, 628.6 43.48, 70.83, 68.17 14.16, 21.46, 28.10 30,377
Beta distribution 545.12, 700.2, 708 25.23, 91, 82 98, 99, 99 45,306
χ2-distribution 485.99, 386.43, 404.34 51.03, 26.44, 51.73 24.06, 20.65, 21.93 26,938

Comparison with Existing Literature

In this section, a numerical and theoretical comparison with the existing literature
is conducted. A detailed comparison is presented in Table 9. Due to the use of a flexible
production system, an assembled product, and single-stage manufacturing and remanufac-
turing, the present study reduces costs more than twenty times compared to the models
of Sivashankari and Panayappan [9] and Sanjai and Periyasamy [10]. On the other hand,
the cost of this study is more than seven times higher than that of Cárdenas-Barrón’s [4] and
Sarkar et al.’s [5] models. However, Cárdenas-Barrón’s [4] and Sarkar et al.’s [5] models con-
sidered only a single type of item, whereas the present study considers an assembled item
with different parts. It is obvious that the setups of these models are different. However, the
present study provides more realistic results due to the use of variable production rates in
a single-stage manufacturing–remanufacturing process with budget and space constraints.

Table 9. Numerical and theoretical comparison with previous studies.

Existing Literature Production Rate Product Type Defective Rate Total Cost
(USD/Year)

Cárdenas-Barrón [4] Fixed Single Fixed rate 3430
Sarkar et al. [5] Fixed Single Random 2629
Sivashankari and Panayappan [9] Fixed Single Shortages 455,185
Sanjai and Periyasamy [10] Fixed Single Not considered 450,915
This study Variable Single assembled Random 22,641

7. Sensitivity Analysis

A sensitivity analysis is performed for all parameters, including the two constraints,
as shown in Table 10. The sensitivity values corresponding to the five different distribution
patterns are calculated separately.
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Table 10. Sensitivity analysis.

Parameter Changes BD TD DTD UD CD

aj

−50 −35.77 −47.35 −45.87 −47.15 −50.72
−25 −17.88 −23.68 −22.94 −23.57 −25.36
+25 17.88 23.68 22.94 23.57 25.36
+50 35.77 47.35 45.87 47.15 50.72

bj

−50 −14.85 −2.52 −1.11 −3.76 −10.33
−25 −6.10 −1.25 −0.55 −1.85 −4.90
+25 4.53 1.22 0.55 1.79 4.50
+50 − 2.41 1.09 3.54 8.69

cj

−50 −8.65 −5.48 −10.21 −8.30 −8.55
−25 −4.71 −2.68 −4.87 −3.99 −0.99
+25 5.80 2.56 4.51 3.74 1.87
+50 − 5.02 8.71 7.28 −1.34

κj

−50 −0.08 −0.66 −0.61 − −
−25 − −0.068 −0.80 − −
+25 − 0.075 0.79 − −
+50 − 0.045 0.050 − 0.004

f
−50 +13.72 +29.31 +27.88 +22.25 +24.75
−25 +6.86 +14.66 +13.94 +10.96 +12.38
+25 −6.86 −14.66 −13.94 −10.96 −12.38
+50 −13.72 +29.31 −27.88 −22.25 −24.75

g
−50 +0.21 +0.41 +0.39 +0.35 +0.38
−25 +0.10 +0.21 +0.20 +0.17 +0.19
+25 −0.10 −0.21 −0.20 −0.17 −0.38
+50 −0.21 −0.41 −0.39 −0.35 −0.19

Mj *
−50 −11.45 − −22.33 − −
−25 − −21.28 −31.41 −11.65 −15.77
+25 14.34 90.55 60.02 39.63 18.50
+50 17.80 27.45 68.33 57.59 65.48

Sj

−50 −10.64 −10.74 −12.21 −12.96 −13.85
−25 −10.33 −11.35 −12.20 −12.32 −11.74
+25 10.31 10.32 11.17 12.29 10.67
+50 20.63 12.58 12.30 13.55 33.30

Hj

−50 −7.51 −1.73 −2.70 − −
−25 −2.74 −3.34 −3.37 −3.34 −
+25 2.58 3.04 3.08 3.05 2.92
+50 5.03 5.88 5.96 − 5.64

Bcj

−50 −0.034 −0.32 −0.25 −1.30 −1.44
−25 −0.17 −0.064 −0.61 −0.64 −0.70
+25 0.16 0.061 0.59 0.61 0.66
+50 0.33 0.09 1.14 0.18 0.27

Bl j

−50 −0.49 −0.62 −0.65 −0.63 −0.55
−25 −0.24 −0.29 −0.31 −0.30 −0.26
+25 0.21 0.27 0.28 0.27 0.24
+50 0.41 0.51 0.54 0.51 0.46

BD: β distribution, TD: triangular distribution, DTD: double-triangular distribution,
UD: uniform distribution, CD: χ2 distribution, “−” means ’not feasible’.

• The values of each column for the parameter aj are equal but present opposite signs for
each distribution pattern. This indicates that the total cost is proportionally affected
by the change in the parameter aj. The total cost is slightly affected by the change in
the value of parameter bj. cj is more effective under β and χ2 distribution. Moreover,
κj has a smaller impact on the total cost than the other parameters.

• The space and budget constraints with equivalent changes are more sensitive in this
model. Based on Table 10, both constraints have a consistent effect on the total cost.
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• The changes in the two parameters, i.e., manufacturing cost and holding cost, are
substantial for both negative and positive changes. Furthermore, a negative sign exists
for each distribution, which implies that the total cost is not substantially affected by
the changes in the two parameters.

• In the −50% to +50% range, minor changes in the setup cost, linear backorder cost,
and fixed backorder cost parameters occurs at every stage of the distributions. Thus,
these minor changes affects the total cost, indicating that the total costs changes with
distributions.

8. Managerial Implications

This paper focuses on assembling products under variable production rates. Through
the flexible production, production rates increases, and the number of products increases
too. As a result, organizations need to manage large setup costs. A variable production rate
can provide several benefits for an imperfect manufacturing system. An imperfect manu-
facturing system may experience unexpected disruptions. With a variable production rate,
the system can quickly adapt to changes in demand by increasing or decreasing production
levels accordingly. This flexibility helps to avoid overproduction or underproduction and
optimizes the utilization of resources. Variable production rates allow a system to align
the production level with demand by reducing inventory costs. By producing at a rate that
matches demand, a system can minimize excess inventory holding costs, obsolescence risks,
and storage expenses. This cost efficiency contributes to a better financial performance and
profitability. Variable production rates can minimize wastes in an imperfect manufacturing
system. By producing smaller batches or adjusting production levels based on the demand,
a system can reduce defective or obsolete inventory accumulation. This leads to less waste
generation, lower reworking costs, and improved overall process efficiency. A variable
production rate can enhance the performance and resilience of an imperfect manufacturing
system. Based on this study, managers can make the right decisions regarding production
rates by making their systems cost-effective.

If a system consists of various components or sub-systems those are not well-integrated
or coordinated, it can result in inefficiencies, misalignment, and operational challenges. A
lack of synchronization between different parts of the manufacturing process can lead to
delays, errors, and wasted resources. In this study, the manufacturing process of electronic
goods such as mobile phone is considered, which involves less maintenance complexity.
However, for a complex system such as car production assembly, some maintenance costs is
needed to be included within the total cost functions. Thus, it is important for organizations
to identify and address the imperfections in their manufacturing systems to improve the
overall performance, productivity, and product quality. This may involve conducting a
thorough analysis of the system, identifying the root causes of the issues, implementing cor-
rective measures, and continuously monitoring & optimizing the manufacturing processes.

Many manufacturing organizations tend to increase production batch sizes to avoid
unnecessary shortages. This means that the total investment increases. This model mini-
mizes the total investment cost by introducing space and budget constraints. Numerical
experiments are proposed to optimize the batch size of the assembled items that the man-
ufacturing organization can store for future stock. The total cost is minimized separately
under χ2 distribution for two assembled items, j = 2 and j = 3. By calculating a proper
backorder size, managers can control shortages and earn more revenue. This study focuses
on a planned backorder system, wherein linear and fixed backorders are considered for
cost-effectiveness.

For an imperfect production inventory system, the generation of defective items is cru-
cial, as these items cannot be sold on the market in order to preserve the company’s brand
image. The number of defective items produced in a single stage is unpredictable. Therefore,
in this study, five different types of distribution are considered and compared to determine
the most cost-effective defect rate. The findings clearly shows that a χ2 -distributed defec-
tive rate is more cost-effective for a single-stage manufacturing–remanufacturing system,
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whereas triangular distribution provides fruitful results for three-part items. Therefore, this
study can be used to make several major decisions regarding single-stage manufacturing–
remanufacturing production inventory systems with a single assembled item.

9. Conclusions

An inventory model for innovative production was proposed in this paper. In contin-
uously changing business environments, flexible production must be sufficiently capable
of meeting customer requirements. In the production process, defective items might be
produced randomly, and this model considered a reworking strategy to be implemented
after surveying such defective items. Thus, the assembled product could be remanufac-
tured without any shortages. To reduce the manufacturing cost, the productivity variation
was increased to improve the quality of the assembled products. The budget and space
capacity were considered as constraints. The total inventory cost was calculated based on
five different distribution functions, using the defined variable parameters of production
rate, production batch size, and backorder quantity. A numerical study proved that χ2

distribution yielded the global minimum total cost compared to all other distribution func-
tions. Flexible production systems are becoming more and more essential to customers due
to their innovative product requirements. Because these flexible production systems can
handle variations in the assembled product, process sequence, and production volume, they
provide several advantages for an industry by reworking defective items to reduce the size
of the part inventory and the lead time. Indeed, this approach improves product quality
and system reliability, leading to a more competitive business than under a traditional
production system. On the other hand, there are some limitations to flexible production sys-
tems. As the model focused on reworking defective items, it mainly considered electronic
parts as the assembled items, which could accurately be identified as defective during
the production process. Since space and budget were limited, difficulties could arise due
to increasing customer demand, even though flexible production systems should fulfill
customers’ requirements.

In this study, some electronic goods like mobile phones were considered as assembled
products. However, the system may change if one considers another complex production
system like car production. For a car production system’s reliability, maintenance is
essential. Future researcher may consider this type of complex system to extend this
study. Human inspection of defective items is one of the limitations of this study, and
autonomation policies can be adopted within the multiple-stage production process for the
inspection. This study considered a single-stage production for all parts of the assembled
items, which is another limitation of this study. This model can be considered for the
multi-assembly production system, wherein the autonomation policy can be adopted
for the trade-off between autonomation and inspection error costs. Different intelligent
technology can make the manufacturing system smart. This model can be further extended
by considering the random breakdowns within each production system. By considering
deteriorating items, one can extend this study in the future (Mishra et al. [68]).
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Appendix A. Values of T1, T2, T3, T4, and T5

The values of the time T1 − T5 are provided as follows:

T1 =
Bj

(Pj(1− E[β j])− Dj)
; T2 =

Qj

Pj
−

Bj

(Pj(1− E[β j])− Dj)
; T3 =

Qj

Pj
E[β j]; T4 =

Qj

[
1− (1 + E[β j])

Dj
Pj

]
− Bj

Dj
; T5 =

Bj

Dj

Appendix B. Different Values for Optimality Calculation

R∗ =
m

∑
j=1

[
(1− E[β j])−

Dj

Pj

]
; R1 =

m

∑
j=1

[
(Q2

j + B2
j )(1− E[β j])

]
; R2 =

m

∑
j=1

Q2
j D2

j

(
1 + E[β j] + E[β j]

2
)

;

R3 =
m

∑
j=1

Q2
j Dj

(
E[β j]

3 − 2
)

; R4 =
m

∑
j=1

[
SjDj + BcjBjDj + PjE[β j]Drj Dj + Bl j

(
B2

j (1− E[β j])

2R∗

)
+

B2
j (1− E[β j])Hj

2R∗

]

R5 =
m

∑
j=1

[
1

2R∗

[
(1− E[β j]) +

D2
j

P2
j

(
1 + E[β j] + (E[β j])

2

)
+
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(
(E[β j])

3 − 2
)]]
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2
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3 − 2
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2R1D2

j

P3
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+
2R1Dj

P3
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2R2Dj

P4
j R2∗

+
6R2

P4
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4R2Dj
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R3Dj

P3
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j
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[
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Dj

2R2∗P2
j

]
R6;

R10 =
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P2
j

(
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3
)
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2D2
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P3
j
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∂P2
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HjR7
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> 0

According to the calculation, the first term is greater than the square term; thus, it is the
positive part. The third-order principal minor of |H| is
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[L(·) = L(Pj, Qj, Bj, λ1, λ2)]. Similarly, using these values, the third-order is greater
than zero.

Hence, the optimum solutions of the decision variables are global solutions.
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