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Abstract: This paper tackles the saturation and fault-tolerant attitude tracking problem without un-
winding for rigid spacecraft with external disturbances and partial loss of actuator effectiveness faults.
A hybrid saturation and fault-tolerant attitude control (HSFC) is proposed. The Lyapunov method is
employed to prove that the tracking errors of the spacecraft system tend to the equilibrium point
asymptotically with HSFC. The advantages of the HSFC are that it is fault-tolerant, anti-unwinding
and explicitly upper bounded a priori which means that both actuator saturation and the unwinding
phenomenon can be avoided. Simulations verify the effectiveness of the proposed approach.
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1. Introduction

In the last few decades, the attitude control of rigid spacecraft has attracted extensive
attention and several elegant attitude control strategies for rigid spacecraft have been pro-
posed. More specifically, the authors of [1] using the passivity theory develop an adaptive
control scheme for the attitude control of rigid spacecraft. In [2], an adaptive finite time non-
singular terminal sliding mode attitude tracking control (AFNTSMC) scheme is presented
for uncertain rigid spacecraft. In [3], the authors propose a simple non-singular terminal
sliding mode control (NTSMC) to obtain high precision and robust finite-time bounded
attitude tracking for rigid spacecraft with finite-time stability. In [4], a new integral sliding
mode control integrating the bi-limit homogeneous theory is explored to obtain fixed-time
stability for rigid spacecraft attitude tracking. Recently, the authors of [5] exploit the
predefined-time guaranteed performance takeover control for non-cooperative spacecraft.

But, these aforementioned controls are formulated with the assumption that the
actuators could supply any requested torque for the attitude control of spacecraft. In a
practical scenario, when the requested control torque exceeds the maximum value that
the actuator can supply, the performance of the spacecraft system cannot be guaranteed
and even leads to instability. Obviously, it is more unrealistic to design a robust control
strategy under the above assumption [6,7]. Recognizing this drawback, several approximate
solutions that take into account actuator constraints have been proposed. Particularly, the
authors of [8] propose a continuous globally robust attitude saturation control for spacecraft
in the presence of parametric uncertainty and external disturbances. In [9], a nonlinear
backstepping attitude saturation control integrating the inverse tangent-based tracking
function and a family of augmented Lyapunov functions is exploited to achieve attitude
maneuver of rigid spacecraft. In [10], an adaptive saturation attitude tracking control is
designed for rigid spacecraft with unknown system parameters and disturbance. In [11],
two very simple saturated PD (SPD) controllers are developed for rigid spacecraft to obtain
global asymptotic stabilization. Subsequently, velocity-free asymptotic attitude stabilization
control is introduced for rigid spacecraft in the presence of actuator constraints [12]. In [13],
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a unified formulation of simple but effective SPD control is proposed for asymptotic
stabilization of spacecraft in the presence of actuator constraints. In [14], a simple single
saturated PD (SSPD) control is proposed for spacecraft stabilization. In [15], a saturated
output feedback finite-time proportional–derivative control is developed for spacecraft
subject to actuator constraints and attitude measurements only.

In spite of the above-mentioned schemes addressing the attitude saturation problem of
the spacecraft, they do not consider the actuator faults. It should be pointed out that actuator
faults of spacecraft may dramatically degrade the attitude tracking performance [16,17].
To eliminate this weakness, a fault-tolerant technique is added to the spacecraft attitude
control scheme to improve the safety and accuracy of the attitude tracking. Recognizing this
benefit, several effective fault-tolerant control schemes for spacecraft attitude control have
been developed to compensate actuator failure. The authors of [18] develop an adaptive
robust fault-tolerant control to tackle the spacecraft attitude tracking problem. In [19],
an adaptive fault-tolerant control with fast transient is proposed to address spacecraft
attitude tracking. The authors of [20] introduce a fault-tolerant on-line control to solve
the spacecraft attitude tracking with actuator failure. In [21], a fixed-time fault-tolerant
attitude tracking control is explored for rigid spacecraft described by the unit quaternion
subject to model uncertainties, external disturbances and actuator faults. In [22], based
on the fixed-time disturbance observer, a quantized fixed-time control is introduced to
obtain attitude stabilization. In [23], an incremental nonlinear control technology is used to
simplify the attitude control system with a synthetic uncertainty or fault term.

For the unit-quaternion representation, although it is a global nonsingularity, it has
the weakness of the unwinding phenomenon [24]. In comparison with the almost ‘global’
stability in the above quaternion-based controls, the hysteresis-based hybrid attitude control
can ensure that the global stability of the spacecraft system is obtained. Recognizing these
advantages, several hysteresis-based hybrid attitude control schemes have been exploited.
The authors of [25] propose a quaternion-based hybrid feedback scheme to address global
attitude stabilization without the angular velocity measurement. The authors of [26] present
a smooth control system, which can provide almost semi-global exponential stability. The
authors of [27] introduce a hybrid certainty equivalence controller scheme with a hybrid
observer for the rigid spacecraft with only quaternion measurement. More recently, in [28],
a global finite-time attitude control based on the hybrid control technique is designed
to solve the attitude tracking of a rigid body using a quaternion description. In [29], a
saturated hybrid output feedback PD plus (SHOPD+) scheme with attitude measurements
only is developed to achieve global stability for rigid spacecraft subject to the actuator limit.
Furthermore, a velocity-free saturated hybrid proportional–derivative (PD) plus (PD+)
control is constructed to achieve global finite-time attitude tracking for spacecraft [30]. The
authors of [31] present a novel anti-unwinding finite-time attitude tracking control law
with a designed control signal which works within a known actuator-magnitude constraint
using a continuous nonsingular fast terminal sliding mode (NFTSM) concept.

In this paper, a simple hybrid attitude saturation and fault-tolerant control is proposed
to address the spacecraft attitude tracking problem subject to external disturbances and
partial loss of actuator effectiveness faults. An adaptive hybrid robust saturation control is
developed to obtain global stability which means the tracking errors tend to the equilibrium
point asymptotically without the unwinding phenomenon. In comparison with the existing
saturation attitude controls of spacecraft in [29,30], the proposed control can tackle actuator
faults. Compared with the available fault-tolerant control schemes for spacecraft in [31],
the proposed control can remove the possibility of degraded or unpredictable motion
and actuator failure due to excessive torque input levels by selecting control gains a
priori. Advantages of the proposed control include anti-unwinding, global stability, control
constraint, fault-tolerance and robustness. Simulations are performed on the spacecraft to
verify the effectiveness performance of the developed HSFC.

Throughout this paper, notations λm(K) and λM(K) are utilized to denote the smallest
and largest eigenvalues, respectively, of a symmetric positive-definite bounded matrix K.
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We use ‖x‖ =
√

xTx to define the norm of a vector x ∈ Rn and the corresponding induced
norm ‖K‖ =

√
λM(KTK) is used to define the norm of a matrix K, and I3 denotes an R3×3

identity matrix.
The framework of this paper is organized as follows. The preliminaries are given

in Section 2. The control design including hybrid system and controller formulation is
presented in Section 3. In Section 4, asymptotic stability analysis is given. In Section 5,
numerical simulations are illustrated to verify the effectiveness performance of the proposed
approach. Finally, the conclusion is presented in Section 6.

2. Preliminaries
2.1. Spacecraft Model and Properties

The attitude kinematics and dynamics of a rigid spacecraft are formulated as [2,32]:
q̇v = 1

2 (q4 I3 + q×v )ω,

q̇4 = − 1
2 qT

v ω.
(1)

Jω̇ = −ω× Jω + u + d. (2)

where a unit quaternion q ∈ S̄3 =
{

x ∈ R4 : xTx = 1
}

is used to describe the attitude
orientation of the spacecraft in the body frame with respect to an inertial frame, and S̄3

denotes the three-dimensional sphere embedded in R4, q = (qv, q4) includes vector qv ∈ R3

and scalar q4 ∈ R and satisfies the constraint qT
v qv + q2

4 = 1, ω ∈ R3 represents the angular
velocity, J ∈ R3×3 denotes the constant symmetric positive-definite inertia matrix of the
spacecraft, u = [uτ1, uτ2, uτ3]

T ∈ R3 denotes the control torque, d ∈ R3 represents the
external disturbances, and the operation (·)× ∈ R3×3 denotes a skew-symmetric matrix,
that is

z× =

 0 −z3 z2
z3 0 −z1
−z2 z1 0

, ∀z = [z1, z2, z3] ∈ R3. (3)

Assumption 1 ([21,23]). The desired angular velocity ωd and its first derivative are bounded by
‖ωd‖ ≤ c1 and ‖ω̇d‖ ≤ c2, respectively, where c1 and c2 are known positive constants.

Assumption 2 ([8,33]). Assume that the disturbance d is bounded by ‖d‖ ≤ lg where lg is a
known positive constant.

Assumption 3 ([29]). The inertia matrix J is bounded by ‖J‖ ≤ JM, where JM is a known positive
constant.

Property 1 ([29]). The following properties hold for the skew-symmetric matrices a× and b× with
a, b ∈ R3

a×b× = baT − aTbI3. (4)

a×b = −b×a. (5)

∥∥a×
∥∥ = ‖a‖. (6)

Property 2 ([29]). The matrix (Cωd)
× J + J(Cωd)

× is skew-symmetric matrix and C is the
rotation matrix.
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2.2. Problem Statement

The desired attitude qd = (qT
dv, qd4)

T ∈ R3 × R is defined by [8,32]
q̇dv = 1

2
(
qd4 I3 + q×dv

)
ωd,

q̇d4 = − 1
2 qT

dvωd.
(7)

The relative attitude tracking error of the spacecraft is defined by qe = (eT
v , e4)

T ∈ S̄3

where ev = [e1, e2, e3] ∈ R3 and e4 ∈ R. Then, the attitude tracking problem can be
described as follows. 

ėv = 1
2 (e4 I3 + e×v )ωe,

ė4 = − 1
2 eT

v ωe.
(8)

Jω̇e = −ω× Jω + J
(
ω×e Cωd − Cω̇d

)
+ Γu + d. (9)

ωe = ω− Cωd. (10)

where the diagonal matrix Γ = diag(γ1(t), γ2(t), γ3(t)) ∈ R3×3 denotes the actuator
health condition and γi(t) satisfies γ0 ≤ γi(t) ≤ 1, (i = 1, 2, 3) with a known positive
constant γ0. Clearly, γi(t) = 1 indicates the fault-free spacecraft and γ0 ≤ γi(t) ≤ 1 denotes
that the ith actuator partially loses its power [18,19]. The rotation matrix C is defined by
C = (e2

4 − eT
v ev)I3+2eveT

v − 2e4e×v where ‖C‖ = 1 and Ċ = −ω×e C [8]. The error quaternion
(ev, e4) satisfies eT

v ev + e2
4 = 1.

We assume that exact attitude and velocity measurements are available and each
actuator has a known maximum torque uτi,max satisfying

|uτi,max| > JM

(
c2

1 + c2

)
+ lg. (11)

In this paper, the objective is to develop an adaptive hybrid fault-tolerant control law
u subject to actuator constraints given by (11) to guarantee that the attitude tracking errors
converge to the equilibrium point asymptotically without the unwinding phenomenon,
which means (0, 0, 0,±1)T is global stability for the rigid spacecraft in the presence of the
actuator fault described by (8) and (9).

|uτi| ≤ uτi,max. (12)

3. Control Design
3.1. Hybrid System

Motivated by the work in [25,29], the following hysteresis-based hybrid function is
introduced firstly to avoid the unwinding phenomenon.

h̄
{

ẋ = M(x), x ∈ D,
x+ = N(x), x ∈ E.

(13)

where the flow map M : Rn → Rn belongs to the flow set D, the jump map N : Rn → Rn

belongs to the jump set E and x+ represents the state value immediately after a jump [29].
Based on the hybrid system, we first introduce the following coordinate transforma-

tion S
S = ωe + hγ2ev. (14)
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where γ denotes the update law defined in (20) and the auxiliary variable h ∈ h̄ = {−1, 1}
satisfies h+ = −h. The continuous set D and the jump set E are defined, respectively,
as follows.

D =
{

x ∈ S3 × R3 × h̄ : he4 > −η
}

. (15)

E =
{

x ∈ S3 × R3 × h̄ : he4 ≤ −η
}

. (16)

where x = {qe, ωe, h}, η ∈ (0, 1) indicates the hysteresis gap.

Remark 1. It is worth noting that h is chosen to change the desired rotation direction to push qe to
either (0, 0, 0, 1)T or (0, 0, 0,−1)T . Thus, the desired rotation direction changes only when there is
a significant benefit in switching it, where “significant” is defined precisely by the selection of η.
The hysteresis width η manages a trade-off between robustness to disturbance and a small amount of
hysteresis-induced inefficiency [25].

3.2. Controller Formulation

The hybrid saturation and fault-tolerant attitude control (HSFC) is proposed as:

u = u1 + u2. (17)

where
u1 = −k

S
(|Si|+ γ2δ)

+(Cωd)
× JCωd+JCω̇d. (18)

u2 = −
(

1− γ0

γ0
‖u1‖

)
sign(ωe). (19)

γ̇ =
αγ

1 + 2αk1(1− he4)

(
k

3

∑
i=1

(
heviωei

(|Si|+ γ2δ)
− |ωei|(1 + δ)

|ωei|+ γ2(1 + δ)

)
− 1

2
k1heT

v S

)
. (20)

where sign(·) denotes the sign function, k, k1, α, δ are positive constants and k > lg.

Remark 2. It should be pointed out that the equilibrium point (0, 0, 0,±1)T represents the same
physical attitude for rigid spacecraft formulated by quaternion. When this double covering is
neglected, the traditional controller can induce the notion called “unwinding”, which leads to the
spacecraft making an unnecessarily full rotation [25] and consuming more unnecessary energy. The
proposed HSFC is designed to tackle the unwinding phenomenon.

Utilizing the facts that ‖C‖ = 1, ‖e4 I3 + e×v ‖ = 1, |ei| ≤ 1 and h2 = 1, the control
torque u given by (17) can be upper bounded by

|uτi| ≤
1

γ0

(
k + JM

(
c2

1 + c2

))
, u = [uτ1, uτ2, uτ3]

T . (21)

Rewriting Γu as u1 − (I3 − Γ)u1 + Γu2 and utilizing the fact ω = ωe + Cωd, we have

Jω̇e = −ω×e Jωe −ω×e JCωd − (Cωd)
× Jωe − (Cωd)

× JCωd
+J(ω×e Cωd − Cω̇d) + u1 − (I3 − Γ)u1 + Γu2 + d.

(22)

4. Stability Analysis

Now, Theorem 1 of the main result of this paper is stated as follows.

Theorem 1. Considering the rigid spacecraft described as (8) and (9), the developed approach
defined by (17)–(19) ensures the attitude tracking errors globally converge to the equilibrium point
asymptotically.
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Proof. The proof includes the following two consecutive main steps. First, when x ∈ D, all
the states are continuous and h remains unchanged such that ḣ = 0; we prove that system
states are stable in set D by using LaSalle’s invariance principle for the hybrid system.
Second, when x ∈ E, the jump only occurs with the variable h and the other system states
are still continuous; we prove that system states are stable in set E.

Step 1. The following positive-definite Lyapunov function candidate is proposed.

V = γ2 k1

2

[
(1− he4)

2 + eT
v ev

]
+

1
2

ωT
e Jωe +

γ2

2α
. (23)

Note that the following equality holds with the fact eT
v ev + e2

4 = 1.

(1− he4)
2 + eT

v ev = 1− 2he4 + e2
4 + eT

v ev = 2− 2he4 = 2(1− he4). (24)

In light of (24), we can rewrite (23) as

V = γ2k1(1− he4) +
1
2

ωT
e Jωe +

γ2

2α
. (25)

The time derivative of V along (22) takes

V̇ = −γ2k1hė4 + ωT
e Jω̇e + γ̇γ

(
1
α
+ 2k1(1− he4)

)
. (26)

By virtue of the fact ė4 = − 1
2 eT

v ωe, (26) can be further formulated as

V̇ =
1
2

γ2k1heT
v ωe + ωT

e Jω̇e + γ̇γ

(
1
α
+ 2k1(1− he4)

)
. (27)

When x ∈ D, substituting Jω̇e from (22) into (27), it follows that

V̇ = 1
2 γ2k1heT

v ωe + γ̇γ
(

1
α + 2k1(1− he4)

)
+ωT

e

(
−ω×e Jωe −ω×e JCωd − (Cωd)

× Jωe − (Cωd)
× JCωd

+J(ω×e Cωd − Cω̇d) + u1 − (I3 − Γ)u1 + Γu2 + d

)
.

(28)

Using Properties 1 and 2, this yields

ωT
e ω×e = 0,

ω×e Cωd = −(Cωd)
×ωe,

ωT
e

(
(Cωd)

× J + J(Cωd)
×
)

ωe = 0.
(29)

Upon utilizing the above facts, Equation (28) yields

V̇ = 1
2 γ2k1heT

v ωe + γ̇γ
(

1
α + 2k1(1− he4)

)
+ωT

e

(
u1 + d− (Cωd)

× JCωd − JCω̇d

)
+ ωT

e (−(I3 − Γ)u1 + Γu2).
(30)

Upon substituting the controller (18) into (30) and applying the fact that ωe = S−
hγ2ev, we obtain

V̇ = 1
2 γ2k1heT

v
(
S− hγ2ev

)
+ γ̇γ

(
1
α + 2k1(1− he4)

)
+ωT

e d + ωT
e (−(I3 − Γ)u1 + Γu2)− k

3
∑

i=1

ωeiSi
(|Si |+γ2δ)

.
(31)
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In light of (14), we can rewrite (31) as

V̇ = 1
2 γ2k1heT

v
(
S− hγ2ev

)
+ γ̇γ

(
1
α + 2k1(1− he4)

)
+ωT

e d + ωT
e (−(I3 − Γ)u1 + Γu2)− k

3
∑

i=1

ω2
ei+hγ2eviωei
(|Si |+γ2δ)

.
(32)

By virtue of the triangle inequality, we have

3
∑

i=1

ω2
ei

(|Si |+γ2δ)
=

3
∑

i=1

ω2
ei

(|ωei+hγ2evi|+γ2δ)
,

3
∑

i=1

ω2
ei

(|ωei+hγ2evi|+γ2δ)
≥

3
∑

i=1

ω2
ei

(|ωei |+γ2(1+δ))
,

3
∑

i=1

ω2
ei

(|ωei |+γ2(1+δ))
=

3
∑

i=1

(
|ωei| − |ωei |γ2(1+δ)

|ωei |+γ2(1+δ)

)
.

(33)

Upon applying (33) and the facts that
3
∑

i=1
|ωei| ≥ ‖ωe‖ and ‖d‖ ≤ lg to (32), we obtain

V̇ ≤ 1
2 γ2k1heT

v
(
S− hγ2ev

)
+ γ̇γ

(
1
α + 2k1(1− he4)

)
+ωT

e d + ωT
e (−(I − Γ)u1 + Γu2)

−k
3
∑

i=1

(
|ωei| − |ωei |γ2(1+δ)

|ωei |+γ2(1+δ)

)
− k

3
∑

i=1

hγ2eviωei
(|Si |+γ2δ)

.

(34)

After substituting the update law (20) into (34), we obtain

V̇ ≤ −1
2

γ4k1h2eT
v ev + ‖ωe‖lg − k‖ωe‖+ ωT

e (−(I3 − Γ)u1 + Γu2). (35)

Recalling the facts that
3
∑

i=1
|ωei| ≥ ‖ωe‖, γ0 ≤ γi and ‖I3 − Γ‖ = λM(I3 − Γ) ≤ 1− γ0,

we have

ωT
e Γu2 = ωT

e Γ
(
−
(

1−γ0
γ0
‖u1‖

)
sign(ωe)

)
≤ −λmin(Γ)

(
1−γ0

γ0
‖u1‖

) 3
∑

i=1
|ωei|

≤ −γ0

(
1−γ0

γ0
‖u1‖

) 3
∑

i=1
|ωei| = −(1− γ0)‖u1‖

3
∑

i=1
|ωei|

≤ −(1− γ0)‖u1‖‖ωe‖.

(36)

Substituting (19) and (36) into (35) yields

V̇ ≤ −c‖ωe‖ −
1
2

γ4k1h2eT
v ev + ‖ωe‖(1− γ0)‖u1‖ − (1− γ0)‖u1‖‖ωe‖. (37)

In light of h2 = 1, (37) can be rewritten as

V̇ ≤ −c‖ωe‖ −
1
2

γ4k1eT
v ev. (38)

where
c = k− lg > 0. (39)

When x ∈ E, the jump occurs in V and we have

V(x+)−V(x) = 2γ2k1he4. (40)

In view of (16), we obtain

V(x+)−V(x) ≤ −2γ2k1η < 0. (41)
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It is clear from (38) that V̇ ≤ 0 where c > 0, γ4 > 0 and k1 > 0, when x ∈ D. Moreover,
V̇ = 0 implies that ev = 0 and ωe(t) = 0. Otherwise, when x ∈ E, we can conclude that
V̇ ≤ 0 from (41). Hence, by applying LaSalle’s invariance theorem [34] and theorem 7.6
from [35], we can conclude that lim

t→∞
ev(t) = 0 and lim

t→∞
ωe(t) = 0.

Step 2. When x ∈ E, no jump occurs. Thus, we have

V(x+)−V(x) = 0. (42)

Actually, the set {x ∈ E : V(x+)−V(x) = 0} is empty. Using Theorem 4.7 in [35], the
tracking errors converge to the largest invariant set Ψ =

{
(ωe, qe, h)| V̇ = 0, he4 ≥ −η

}
.

By virtue of (38), it is clear that V̇ = 0 means that ev = 0 and ωe(t) = 0.

Remark 3. Comparing with our recent work in [5,32,33], the proposed control not only can
guarantee the control torque of the actuator can be upper bounded a priori by selecting the controller
parameters but also can compensate the partial failure of the actuator. This is in contrast to the work
of [29,30] who only tackle the attitude tracking problem for the fault-free spacecraft system.

Remark 4. The saturation vector W(ωe) = [w(ωe1), w(ωe2), w(ωe3)]
T is used to eliminate

chattering caused by the discontinuous vector function sign(ωe) in controller (19) and w(ωei ) is
given by

w(ωei ) =


ωei
|ωei |

|ωei | > ε̄,

ωei
ε̄ |ωei | ≤ ε̄ .

(43)

where ε̄ is a small positive constant.

Remark 5. To avoid control torque over the real actuator maximum output (that is actuator
saturation) in advance, the parameters k and γ0 are chosen to constrain the control amplitude,
and k and γ0 satisfy k > lg and γ0 ≤ γi(t) ≤ 1, respectively. Moreover, γ0 in Equation (19) is
designed to compensate the partial loss of actuator effectiveness faults. For a healthy actuator, γ0 is
chosen as γ0 = 1, while γ0 is selected as γ0 ≤ γi(t) ≤ 1 for the actuator partial loss effectiveness
to compensate the fault. Finally, to avoid the unwinding phenomenon, h = {1,−1} is chosen to
change the desired rotation direction to push qe to either (0, 0, 0, 1)T or (0, 0, 0,−1)T . In addition,
a large value of 0 < δ < 1 will decrease the convergence rate.

5. Simulation

The simulations are performed on the spacecraft used in [2] to illustrate the effective-
ness and the improved performance of the proposed HSFC. It should be pointed out that
the parameters used in the simulation except actuator failure are completely the same as [2].
The inertia matrix is J = [22 1.2 0.9; 1.2 19 1.4; 0.9 1.4 18] kg ·m2. The desired angular
velocity is selected as ωd(t) = 0.05 [sin(πt/100), sin(2πt/100), sin(3πt/100)] rad/sec,
the desired attitude is generated by (7) and the initial desired attitude is chosen as qd(0) =
[0, 0, 0, 1]T . The initial update law is chosen as γ(0) = 2.5. The initial attitude and
angular velocity of the spacecraft are q(0) = [0.3, −0.2, −0.3, 0.8832]T and ω(0) =
[0.06, −0.04, 0.05]Trad/sec, respectively. The external disturbance is chosen as d(t) =
[0.1 sin(t), 0.2 sin(1.2t), 0.3 sin(1.5t)] N ·m.

In light of the above system parameters and utilizing Assumptions 1–3, we obtain

JM = 22.8 kg ·m2, lg = 0.3 N ·m, c1 = 5× 10−2 , c2 = 4.71× 10−3. (44)

5.1. Verification of the Effectiveness of HSFC with Fault Compensation

The comparison is performed on both HSFC and HSFC without fault compensation
term u2 for the actuator faulted spacecraft to verify the fault-tolerant property of the
proposed HSFC. It is assumed that the actuator failure matrix is chosen as Γ = diag(0.5 +
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0.01sin(10t), 0.5 + 0.02cos(20t), 0.5 + 0.03sin(30t)) and γ0 = 0.2. The other parameters of
the proposed HSFC are chosen as k = 5, k1 = 5, k2 = 5, α = 0.01, ε̄ = 0.005 and δ = 0.05.

The maximum torque of the actuator in practical system is assumed to be |uτi,max | = 10 N · m.
According to Equations (21) and (44), the upper bound of the control torque is 8.6 N ·m
and satisfies |uτi| ≤ 8.6 N ·m ≤ |uτi,max| = 10 N ·m, which means that the proposed
HSFC can be an anti-saturated controller, due to the maximum actual control torque being
constrained to 10 N ·m.

The simulation results of the HSFC without fault compensation term u2 for the ac-
tuator faulted spacecraft are shown in Figures 1–3, while those of the HSFC with fault
compensation term u2 are illustrated in Figures 4–6. Clearly, the HSFC with fault compen-
sation term u2 converges to the equilibrium point fast due to the fault-tolerant property, as
we see in Figures 4 and 5, while the HSFC without the fault compensation term u2 takes
more time to complete its tracking, as we see in Figures 1 and 2.
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Figure 1. Attitude tracking errors.
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Figure 2. Angular velocity tracking errors.
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Figure 3. Control torque.
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Figure 4. Attitude tracking errors.
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Figure 5. Angular velocity tracking errors.
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Figure 6. Control torque.

5.2. Comparisons with the AFNTSMC and SHOPD+

Firstly, a comparison with the AFNTSMC in [2] is performed to show the anti-
unwinding performance of the proposed HSFC. Because the AFNTSMC does not consider
actuator failure, the comparison is conducted on the fault-free spacecraft. Thus, the ma-
trix Γ = diag(1.0, 1.0, 1.0) is chosen to describe the healthy actuator and γ0 = 1. The
AFNTSMC is formulated as follows.

u = −
(

τ + uadp(t)
)

S(t)− β0sigχ0(S). (45)

S = ωe + k̄2ev + k̄3Sau. (46)
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Saui =

{
eν

i , if S̄i = 0 or S̄i 6= 0, |ei| ≥ ε,
ι1ei + ι2sign(ei)e2

i , if S̄i 6= 0, |ei| < ε.
(47)

and ι1 = (2− ν)εν−1, ι2 = (ν− 1)εν−2.

S̄i = ωei + k̄2ei + k̄3eν
i . (48)

uadp = diag(χ̂i). (49)

χ̂i =
1
2

ε−2
5i ψ̂i +

1
2

ε−2
6i φ̂i‖ξ‖2. (50)

˙̂ψi(t) = −ε3iψ̂i(t) +
1
2

n1iε
−2
5i |Si(t)|2. (51)

˙̂φi(t) = −ε4iφ̂i(t) +
1
2

n2iε
−2
6i |Si(t)|2‖ξ‖2. (52)

where τ and β0 are diagonal constant matrices, and τi, β0i, i = 1, 2, 3, k2 and k3 are positive
constants, ε is a small positive constant, 0 < χ0 < 1, ν1, ν2 are positive odd integers and
satisfy 0 < ν = ν1

ν2
< 1, and ‖ξ‖ = max

{
‖ω‖2, ‖ω‖

}
.

The initial conditions are changed to q(0) = [0.3, −0.2, −0.3, −0.8832]T and
ω(0) = [0.06, −0.04, 0.05]Trad/sec to verify the anti-unwinding performance. The fol-
lowing parameters of the AFNTSMC are chosen the same as [2]: ε3i = ε4i = 0.35,
ε5i = ε6i = 0.16, k̄2 = k̄3 = 1, χ0 = 0.5, ε = 0.001, τi = 20, ν2 = 5, ν1 = 3, n1i = n2i = 6,
β0i = 10 and ψ̂i(0) = φ̂i(0) = 0.1. The parameters of the proposed HSFC are selected as
k = 5, k1 = 5, k2 = 5, α = 0.1, ε̄ = 0.005 and δ = 0.01.

The comparison results are shown in Figures 7–10. From the comparison of Figure 7, it
is clearly seen that the proposed HSFC can guarantee the attitude tracking errors converge
to the equilibrium point (0, 0, 0,−1) instead of (0, 0, 0, 1), which means that the unwinding
phenomenon is tackled in comparison with the AFNTSMC. It is important to note that the
unwinding property of the proposed HSFC has the benefit of decreasing excessive energy
consumption compared to AFNTSMC, as we see in Figure 10.
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Figure 7. Comparison of attitude tracking errors.
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Figure 8. Comparison of angular velocity tracking errors.
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Figure 9. Comparison of control torque.

Secondly, a comparison with SHOPD+ in [29] is also illustrated to show the improved
performance of the proposed HSFC. Both HSFC and SHOPD+ are anti-unwinding con-
trollers. The SHOPD+ is given as follows

u = −k4hev − k5
(
e4 I3 + e×v

)TSa + (Cωd)
× JCωd + JCω̇d, (53)

Sa(νi) =

{
sign(νi), |νi| ≥ 1
νi, |νi| < 1

, (54)

{
ν = qc + Bev
q̇c = −Aν

. (55)

The parameters of the SHOPD+ are selected as: k4 = 30 and k5 = 8, A = diag(1, 1, 1)
and B = diag(3, 3, 3).
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The comparison results are demonstrated in Figures 11–13. Obviously, HSFC and
SHOPD+ can completely track their desired attitude and angular velocity within the
allowable torques. Compared with SHOPD+, the proposed HSFC can achieve a fast
transient over the SHOPD+ due to the fault compensation ability of HSFC, as we see in
Figures 11 and 12. Moreover, the proposed HSFC has the benefit of decreasing excessive
control torque compared to SHOPD+, as we see in Figure 13.

Based on the above simulation results, one can conclude that the designed HSFC can
tackle the actuator saturation and partial loss failure problem of rigid spacecraft subject
to external disturbances. Furthermore, in contrast to AFNTSMC in [2], the proposed
HSFC also can overcome the unwinding phenomenon of rigid spacecraft. Compared
with SHOPD+ in [29], the proposed HSFC can obtain a fast transient and compensate the
actuator failure within the allowable torques of spacecraft.

Figure 11. Comparison of attitude tracking errors.
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Figure 12. Comparison of angular velocity tracking errors.

Figure 13. Comparison of control torque.

6. Conclusions

In this paper, a robust hybrid saturation and fault-tolerant control has been proposed
for rigid spacecraft subject to external disturbances and actuator partial loss failure. The
proposed HSFC can avoid actuator saturation and partial loss failure by selecting the
control gains in advance, which implies that degraded performance of the actuator or
unpredictable attitude tracking can be completely eliminated. Lyapunov’s method is
borrowed to prove the global asymptotic stability. The main features of the proposed
HSFC include actuator saturation, fault-tolerance and robustness. Simulations verify the
effectiveness and improved performance of the proposed control.
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