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Abstract: In this paper the objective is to force the outputs of nonlinear nonaffine multi-input multi-
output (MIMO) systems to track those of a linear system with the desired properties. The approach
is based on designing higher order sliding mode controller (HOSMC) with the definition of a new
proportional-integral (PI) sliding surface. To this end, a linear state feedback with an adaptive
switching gain (ASG) is applied to the nonlinear MIMO systems. Therefore, the switching gain can
increase or decrease based on the system conditions. Then, the chattering is completely removed
using a combination of HOSMC and ASG. Moreover, the proposed procedure is independent from
the upper bound of the matched uncertainty, which is in the direction of system inputs. The finite
time convergence to the sliding surface is also proved, which provides an invariance property in
finite time. Note that invariance is the most important property of SMC. Finally, the general model of
MIMO induction motors (IM) is used to address and to verify the proposed controller.

Keywords: higher order sliding mode control; multi-input multi-output system; chattering; adaptive
control; induction motor
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1. Introduction

In recent years and decades, much research has been conducted using a variable struc-
ture based on sliding mode control (SMC) to control nonlinear systems [1–7]. For example,
SMC is used for the cart-pendulum model [2], for an electric furnace [3], for spacecraft [4],
for a permanent magnet synchronous motor (PMSM) [5,6], for linear motor positioning [7],
etc. This is because a traditional SMC can overcome the matched uncertainties since it is in-
variant, which is its most important property [8–10]. It should be noted that the robustness
is weaker than the invariance [10]. Therefore, uncertainty and disturbance cannot affect the
performance of SMC [10], since it is invariant [11]. However, SMC suffers from chattering
phenomena, which can harm the plants [12]. Chattering is often due to the high frequency
excitation of the ignored dynamics of the plants, such as sensors or actuators [9,13,14].
High frequency switching of plants’ input and high controller gain are two reasons, which
would exited these neglected dynamics and can produce chattering [1,15].

Generally, boundary layer SMC (BSMC), adaptive boundary layer SMC (ABSMC),
dynamic SMC (DSMC), higher order SMC (HOSMC), and intelligent-based approaches
are provided to remove the chattering. The invariance property is dismissed in BSMC and
ABSMC, but these methods are traditionally used for SMC [8]. Nevertheless, the chattering
can be reduced or suppressed using high gain inside the boundary layer [8,16]. The high
gain produces instability and chattering inside the boundary [1,14].

DSMC can remove the chattering completely using an integrator. The integrator
would remove high switching without using a large gain [17]. But this approach needs
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an observer [17]. HOSMC can remove chattering [18], because it transfers the switching
to the higher order derivatives of the sliding surface or output [9,19,20]. Some proposed
approaches are based on second or higher order SMC [20,21].

Finally, intelligent-based approaches can remove the chattering, such as fuzzy sys-
tems [22,23] or neural networks. [24–27]. Most of these works focus on single-input single-
output (SISO) systems or affine systems [22–27]. The intelligent-based approach can be
categorized into direct and indirect structures [28]. In direct structures, intelligent methods
play a direct role in the controller; but in indirect structures, intelligent methods play a
secondary role in the controller [28]. However, the intelligent approaches cannot address
systematic nonlinear controllers.

Note that the chattering occurs through two phenomena: high switching of input
control signals and a large gain especially in a closed loop system. For example, in the
literature of SMC [29,30], it is shown that the chattering can be available in super-twisting
algorithms [20] or in power-fractional algorithms [31]. Both of these algorithms use a
continuous input control signal with infinite gain. Then, in the concept of chattering
suppression, the large gain should be considered [32]. One method to reduce the switching
gain is based on an adaptive procedure, such as adaptive switching gain (ASG).

Moreover, some works in the literature focus on the control of induction motors
(IM) [33,34]. But, in these works, the linearized SISO model of IM is used. The general
models of IM are nonlinear, with a multi-input multi-output (MIMO) structure [35].

In this paper, HOSMC with ASG is presented to overcome these two phenomena,
which can produce chattering by the excitation of unmolded dynamics of sensors or
actuators. The combination of HOSMC and ASG is extended to control the general model
of IM, which is MIMO and nonlinear. To this end, a linear state feedback with a new
input control signal is applied to the system at first. Then, HOSMC is designed using this
new input. This means that we have two types of feedback: state feedback and HOSMC
feedback. In this sense, the proposed control scheme overcomes the aforementioned
problems that usually appear in the traditional SMC schemes. For example, the noise on
the sliding surface cannot be affected the overall system. Then, the closed loop system has
an invariance property. Note that BSMC and ABSMC cannot reserve the invariance as the
most important issue of a traditional SMC.

The paper is presented in six sections. In Section 2, the preliminary background of the
main problem is provided. In this section, some necessary definitions and assumptions
are presented. Section 3 is devoted to the HOSMC design. Definitions of the system
formulation, state feedback, and sliding surface are presented in this section. The adaptive
procedure and proof of the closed loop stability are presented in Section 4. In Section 5, the
simulation results are presented to verify the concepts of the theory. Two simulations were
conducted and are described for comparison in this section. The conclusion is available in
Section 6.

2. Problem Formulation

The traditional SMC has three stages: reaching stage, sliding stage, and steady-state
stage. To provide the invariance characteristic in the sliding and steady-state stages, the
finite time to the sliding surface should be guaranteed. To this end, the following reaching
law is used [10]:

.
s = −η sign(s),

in which, is the sliding surface, and η is a positive large enough scalar number, which
is called the switching gain. But the available Signum function produces high frequency
oscillations with amplitude η in the input control signal of the systems, called chattering.
The chattering is destructive and can damage the plants. Therefore, chattering should be
removed by [36]:

1. Reducing the amplitude of the switching gain.
2. Eliminating high frequency switching.
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The first issue is achieved using ASG, and the second issue is achieved using HOSMC.
Now, consider the general model of IM in the form of a time-varying nonlinear nonaffine
MIMO system as follows:

.
x = f (x, u, t)

y = h(x, t)
, (1)

with the input vector signal u = [u1, u2, . . . , um]
T ∈ Rm×1, the output vector signal

y = [y1, y2, . . . , yp]
T ∈ Rp×1, and the state vector signal x = [x1, x2, . . . , xn]

T ∈ Rn×1.

Definition 1 (Zero Dynamics). The corresponding zero dynamics of the system in Equation (1)
are defined as state variables, when the outputs are set to zero.

{ x|yi(x, t) = 0 : i = 1, 2, . . . , p}

The system in Equation (1) is called minimum phase, if these zero dynamics are uniformly asymptot-
ically stable [8,9].

Assumption 1. Consider the case of p = m. This is not a restriction assumption [14,37] (and also,
see Definition 3).

Assumption 2. Output functions yi(x, t) : i = 1, 2, . . . , m are smooth, and their first (ρi − 1)
derivatives are assumed to be available either through direct measurement or via an estimator
[1–9,14,19–21,38–41].

Assumption 3. We assume the relative degree of outputs yi : i = 1, 2, . . . , m with respect to the
input control signals ui : i = 1, 2, . . . , m; i.e., ri is known, and the associated zero dynamics are
stable [1–9,14,19–21,38–41] (see Definition 1).

Assumption 4. If s = [s1, s2, . . . , sm]
T ∈ Rm×1 is a vector function, then:

sign(s) = [sign(s1), sign(s2), . . . , sign(sm)]
T .

Finally, the goal is to have the outputs yi : i = 1, 2, . . . , m of the system and their
first (ρi − 1) derivatives track ydi : i = 1, 2, . . . , m in the following desired reference
linear system.

ydi(ρi) = f iYdi + vdi, (2)

where
Ydi = [ydi, y(1)di , . . . , y(ρi−1)

di , 0, . . . , 0]
T
∈ Rρ×1

fi = [ fi1(t), fi2(t), . . . , fiρi (t), 0, . . . , 0] ∈ R1×ρ
,

Such that ρi ≥ ri : i = 1, 2, . . . m, and

ρ = max(ρi) : i = 1, 2, . . . m. (3)

Note that the system in Equation (2) can be written in the following form.

Yd =
m

∑
i=1

(ΛiFYdi) + Vd, (4)

With
Yd = [y(ρ1)

d1 , y(ρ2)
d2 , . . . , y(ρm)

dm ]
T
∈ Rm×1

Vd = [vd1, vd2, . . . , vdm]
T ∈ Rm×1

F = [ f1
T , f2

T , . . . , fm
T ]

T ∈ Rm×ρ

,
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and Λi = diag(λj) ∈ Rm×m : i, j = 1, 2, . . . , m is a diagonal matrix defined as follows:

λj =

{
1 j = i
0 j 6= i

.

Definition 2. Consider the outputs of the system in Equation (1) and let the system be closed by
some possibly dynamical discontinuous feedback (such as the Signum function). Then, provided
that the functions yi

(j)(x, t) : Rn × R+ → R : i = 0, 1, . . . , m, j = 0, 1, . . . , ρi − 1 , with ρ in
Equation (3), are continuous, the motion on Hρ is called the (ρ)th order sliding mode with respect
to the sliding variable h(x, t) [39,40].

Hρ =

x

∣∣∣∣∣∣∣∣
h1(x, t) =

.
h1(x, t) = . . . = h1

(ρ1−1)(x, t) = 0
...

hm(x, t) =
.
hm(x, t) = . . . = hm

(ρm−1)(x, t) = 0


Therefore, output h satisfies the following equation [41]:

Ya = φ(x, u, t) + γ(x, u, t)Ua, (5)

where
Ya = [y(ρ1)

1 , y(ρ2)
2 , . . . , y(ρm)

m ]
T
∈ Rm×1

Ua = [u(ρ1−r1)
1 , u(ρ2−r2)

2 , . . . , u(ρm−rm)
m ]

T
∈ Rm×1

φ = [φ1, φ2, . . . , φm]
T ∈ Rm×1

γ =


γ11 γ12 . . . γ1m
γ21 γ22 . . . γ2m

...
...

. . .
...

γm1 γm2 . . . γmm

 ∈ Rm×m.

In φi(x, u, t) : i = 1, 2, . . . , m and γij(x, u, t) : i, j = 1, 2, . . . , m, we have:

u = [u1, u2, . . . , um]
T

uk = [uk,
.
uk, . . . , uk

(ρi−ri−1)]
T

: k = 1, 2, . . . , m
.

The (ρ)th order sliding mode control allows the finite time convergence to the sliding
surface by defining a suitable discontinuous signal ui

(ρi−ri) [39–41].

Assumption 5. Suppose φ and γ are unknown bounded functions probably with known bounds
[19,20,38,40,41].

Assumption 6. Suppose γii 6= 0 : ∀t ≥ 0, i = 1, 2, . . . , m. This assumption is not restrictive
[19,20,38,40,41].

Definition 3. The differential system in Equation (1) is called proper if [37]:

• p = m; i.e., the input and output dimensions are equal,
• All φi : i = 1, 2, . . . , m are C1 functions,
• All γi j : i, j = 1, 2, . . . , m are C1 functions,
• γi i 6= 0 : ∀t ≥ 0, i = 1, 2, . . . , m.
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3. Controller Design

Defining

ei = yi− ydi : i = 1, 2, . . . , m
Ea = [e1(ρ1− 1), e2(ρ2− 1), . . . , em(ρm− 1)]− T ∈ Rm× 1
Ei = [ei, ei(1), . . . , ei(ρi− 1), 0, . . . , 0]− T ∈ Rρ× 1
Yi = [yi, yi(1), . . . , yi(ρi− 1), 0, . . . , 0]− T ∈ Rρ× 1,

We have:

.
Ea = Ya −Yd = φ + γ Ua −

m
∑

i=1
(ΛiFYdi)−Vd =

φ + γ Ua −
m
∑

i=1
(ΛiFYdi)−Vd +

m
∑

i=1
(ΛiFYi)−

m
∑

i=1
(ΛiFYi) + Vr −Vr + Ua −Ua =

m
∑

i=1
(ΛiFEi) + Vr −Vd + (φ + γ Ua −Ua) + (Ua −

m
∑

i=1
(ΛiFYi)−Vr)

(6)

Now, we apply the following linear state feedback with Vr ∈ Rm×1 as the new input control
signal to Equation (6):

Ua =
m

∑
i=1

(ΛiFYi) + Vr, (7)

with the matched uncertainty variable as

W = (φ + γ Ua −Ua).

We conclude that
.
Ea =

m

∑
i=1

(ΛiFEi) + Vr −Vd + W. (8)

Note that the matched uncertainties are in the inputs’ directions and can be cancelled out
directly by the input control signals of the plant [42].

The greatest challenge of SMC is providing a suitable input control signal Vr(t) in
Equation (7), such that the states of system Equation (5), Ya, track the states of system
Equation (4), Yd; in other words, the error dynamic in Equation (8) converges to zero in
finite time, even in the presence of the matched uncertainties. Therefore, we define the
following PI sliding surface.

s(t) = σ Ea(t)−
∫ t

0

(
m

∑
i=1

(Λi[σ F(τ) + K(τ)]Ei(τ)) + ξ(τ)

)
dτ, (9)

in which
s = [s1, s2, . . . , sm]

T ∈ Rm×1

ξ = [ξ1, ξ2, . . . , ξm]
T ∈ Rm×1

K =


k11 k12 . . . k1ρ1 0 . . . 0
k21 k22 . . . k2ρ2 0 . . . 0

...
...

...
...

...
. . .

...
km1 km2 . . . kmρm 0 . . . 0

 ∈ Rm×ρ,

Whenever K(t), ξ(t) and σ ∈ Rm×m are design parameters. The derivative of the sliding
surface Equation (9) with respect to time leads to:

.
s(t) = σ

.
Ea(t)−

m

∑
i=1

(Λi[σ F(t) + K(t)]Ei)− ξ(t). (10)
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The matrix σ can be chosen such that the interferences between the input and output in
different channels of the MIMO system are removed. In this case, the MIMO system is
decoupled to several SISO systems with specific input and output directions, leading to a
simpler design. Then, we have chosen σ = Im×m, in which I is the identity matrix. Now, by
substitution of Equation (8) into Equation (10) one obtains:

.
s(t) = (Vr −Vd + W)−

m

∑
i=1

(ΛiK(t)Ei)− ξ(t).

The control input Vr(t) has two parts in the sliding stage and the steady-state stage,
a smooth equivalent part when

.
s = 0 and W = 0 and a discontinuous part when

.
s = −ηsign(s) to overcome the matched uncertainty W 6= 0 [8–10].

Therefore, the equivalent section Vreq is obtained as follows.

Vreq = (Vd + ξ(t)) +
m

∑
i=1

(ΛiK(t)Ei)

In this case, the dynamic of error is obtained by substituting Vreq into Equation (8) and
setting W = 0.

.
Ea(t) =

m

∑
i=1

(Λi(F + K)Ei) + ξ (11)

Linear Equation (11) yields the zero dynamics of the sliding surface, which should be stabi-
lized by the proper choosing of matrix K(t) and vector signal ξ(t) (refer to Assumption 3).

At first, we suppose that ξ(t) = 0, and we choose

K(t) = M− F(t), (12)

where

M =


m11 m12 . . . m1ρ1 0 . . . 0
m21 m22 . . . m2ρ2 0 . . . 0

...
...

. . .
...

...
. . .

...
mm1 mm2 . . . mmρm 0 . . . 0

 ∈ Rm×ρ.

Then the following Linear-Time-Invariant (LTI) system is obtained and should be stabilized
by the proper choice of the constants mij.

.
Ea =

m

∑
i=1

(Λi MEi)

Now, consider the case ξ(t) 6= 0 in equation (11). It can be calculated to have terminal
SMC [4–6,31,43,44] i.e., the error signal converges to zero in finite time. We consider t f
as the time reaching to the sliding surface. Suppose the system is on the sliding surface
Equation (9), which means that t ≥ t f . Then, the error trajectories converge to zero in finite
time te + t f with

te ≤
‖Ea(0)‖

ηe
. (13)

To this end, we choose:

ξ(t) = −ηe sign

(
Ea(t)−

∫ t

0

m

∑
i=1

(Λi MEi(τ))dτ

)
,
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with ηe > 0, and we define se ∈ Rm×1 as follows:

se = Ea(t)−
∫ t

0

m

∑
i=1

(Λi MEi(τ))dτ.

Using Equations (11) and (12) yields

.
se = ξ = −ηesign(se).

The Lyapunov function candidate as V(t) = 0.5se
Tse results in

.
V = se

.
se = −ηesesign(se),

Which is Negative-Definite (ND); therefore,

sei
.
sei = −ηeseisign(sei) = −ηe|sei| : i = 1, 2, . . . , m.

Integration of this equation leads to (see proof of Theorem 2):

tei =
|sei(0)|

ηe
≤ ‖se(0)‖

ηe
=
‖Ea(0)‖

ηe
: i = 1, 2, . . . , m.

This leads to Equation (13), where te = max(tei) : i = 1, 2, . . . , m.
The second part of the input variable, Vr(t), is discontinuous and the force moving

the states of the system toward the sliding surface in finite time even in the presence of a
matched uncertain W. This causes the closed loop system to be invariant. Therefore, the
following adaptive input control signal is proposed, which consists of an equivalent control
part plus a discontinuous control part.

Vr(t) =
m

∑
i=1

(ΛiK(t)Ei) + Vd + ξ(t)− η sign(s), (14)

where η = (p1 + 1)β is the switching gain, p1 > 0 is a constant, and β(t) > 0 : ∀t is an
adaptive parameter.

Assumption 7 (Upper Bound of Matched Uncertainty). We assume that W(x, u, Ua, t) is
norm-bounded by a probably known function Ω(x, u, Ua, t), which means that ‖W(x, u, Ua, t)‖ ≤
Ω(x, u, Ua, t) < ∞. Generally, this inequality is popular and is not restrictive [1,8,9,20,39,41].
Moreover, with respect to other available uncertainty handling approaches [8,9,14,19–21,38–41],
we need the matched uncertain W to be norm-bounded, but the magnitude of this bound Ω can be
unknown (see Remark 1).

4. Adaptive Approach

A simple adaptive method of β(t) is as follows:

.
β =

.
Ω + p2‖s‖, β(0) = β0, Ω(0) = Ω0

Ω0 = Ω(x(0), u(0), Ua(0), 0)
, (15)

where p2 > 0 is a constant parameter, and Ω0 and arbitrary β0 are the bounded initial values
of Ω and β, respectively. Equation (15) has practical important drawbacks. Parameter β
is increasing. For example, the available noise or chattering on the sliding surface or a
large initial distance from the sliding surface causes the parameters β and switching gain
η to increase quickly, which results in closed loop instability. Moreover, when the system
conditions change such that a smaller switching gain is permitted, the law of Equation (15)
cannot adapt itself to these new circumstances.
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Therefore, to overcome these practical challenges, the adaptive parameter β is modified
as follows, which can be increased and decreased based on the circumstances.

.
β =

.
Ω + p2(‖s‖ − ψ(β)), β(0) = β0, Ω(0) = Ω0

ψ(β) = ε1
2 (sign(β−Ω− ε0) + 1) ≥ 0

(16)

Due to the available negative feedback in this equation, the instability will not occur.
Constants p2 > 0, ε1 > 0, and ε0 > 0 are design parameters, and Ω0 and arbitrary β0 are
the bounded initial values of Ω and β, respectively. Integrating the first part of Equation
(16), we conclude:

β(t) = Ω(t) + β0 −Ω0 + p2

∫ t

0
(‖s(τ)‖ − ψ)dτ. (17)

Lemma 1. The following inequality:

µ(0) = µ0 = β0 −Ω0 > ε0 > 0, (18)

together with Equation (16) results in:

µ(t) = β−Ω ≥ ε0 : ∀t > 0.

Proof. Equations (16) and (17) lead to

µ(t) = µ0 + p2

∫ t

0
‖s(τ)‖dτ − p2ε1

2

∫ t

0
(sign (µ− ε0) + 1)dτ.

It is clear that µ(t) is continuous function and also µ0 > ε0. Then, there is a finite time t1,
such that:

µ(t) > ε0 : ∀t ∈ [0, t1)

t1 ≥ 2(µ0−ε0)
p2ε1

.

Therefore, at time t = t1, we have µ(t1) = ε0; i.e.,

ε0 = µ0 + p2

∫ t1

0
‖s(τ)‖dτ − p2ε1t1

2
.

Now, suppose that there is a time t2 such that,

µ(t) < ε0 : ∀t ∈ (t1, t2). (19)

Then, the equation:

µ(t) = µ0 + p2

∫ t1

0
‖s(τ)‖dτ + p2

∫ t

t1

‖s(τ)‖dτ − p2ε1t1

2

results in the following equality.

µ(t) = ε0 + p2

∫ t

t1

‖s(τ)‖dτ

The righthand side is always positive; therefore,

µ(t) ≥ ε0 : ∀t ∈ (t1, t2).

This contradicts Equation (19); i.e., µ(t) ≥ ε0 : ∀t. �
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Theorem 1. Input control Equation (14) and adaptive procedure Equation (16) cause error dynamic
Equation (8) to converge to sliding surface Equation (9), when the inequality in Equation (18)
is fulfilled.

Proof. Using the Lyapunov candidate function as follows:

V(t) =
1
2

(
sTs + p2

−1µ2
)

, (20)

one can write

.
V = sT .

s + p2
−1µ

.
µ = sT(Vr −Vd + W −

m

∑
i=1

(ΛiKEi)− ξ) + p2
−1µ(

.
β−

.
Ω).

Equations (14) and (16) result in

.
V = sT(W − (p1 + 1)β sign(s)) + p2

−1(β−Ω)p2(‖s‖ − ψ)
≤ Ω‖s‖ − (p1 + 1)β‖s‖+ (β−Ω)(‖s‖ − ψ) = −p1β‖s‖ − ψµ

. (21)

Using lemma 1 leads to
.

V ≤ −p1β‖s‖. By definition of the variable ω(t) = p1β‖s(t)‖, one
can write

.
V ≤ −ω(t) ≤ 0. The integration of this inequality is concluded to be

0 ≤
∫ t

0
ω(τ)dτ ≤

∫ t

0
ω(τ)dτ + V(t) ≤ V(0).

Note that V(0) is positive and finite; then, based on Barbalat’s lemma [8,45], we obtain the
following equality even in the case of t→ ∞ .

lim
t→∞

ω(t) = lim
t→∞

p1β‖s(t)‖ = 0

Since p1 > 0 and β > 0, then lim
t→∞
‖s‖ = 0 or lim

t→∞
s = 0. Now, the proof of the theorem is

complete. �

In SMC, convergence to the sliding surface should happen in finite time to preserve
the invariance property. The next theorem proves the finite time convergence to the sliding
surface.

Theorem 2. The error trajectory converges to the sliding surface Equation (9) in finite time t f ,
when Equation (18) is provided.

t f ≤
‖Ea(0)‖

ε0
(22)

Proof. From Equations (20) and (16), one can write:

.
V = sT .

s + p2
−1µ(

.
β−

.
Ω) = sT .

s + p2
−1µp2(‖s‖ − ψ) = sT .

s + µ‖s‖ − µψ.

Using Equation (21),

.
V = sT .

s + µ‖s‖ − µψ ≤ −p1β‖s‖ − ψµ.

Thus,
sT .

s + µ‖s‖ ≤ −p1β‖s‖.
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Since p1 > 0, β > 0 and ‖s‖ ≥ 0, we have sT .
s + µ‖s‖ ≤ 0 or sT .

s ≤ −µ ‖s‖. From Lemma 1,
we can write −µ ≤ −ε0; therefore,

sT .
s ≤ −ε0‖s‖ = −ε0

(
sTs
) 1

2 .

Then, si
.
si ≤ −ε0(sisi)

1
2 = −ε0si : i = 1, 2, . . . , m, where ε0 > 0. Suppose t f i is the reaching

time to the sliding surface si; i.e., si(t f i) = 0. Now, consider two cases: First case: if
si > 0, then

.
si ≤ −ε0, and integrating this equation between t = 0 and t = t f i leads to

−si(0) ≤ −ε0t f i; therefore,

t f i ≤
si(0)

ε0
.

Second case: if si < 0, then
.
si ≥ ε0, and integrating this equation between t = 0 and t = t f i

leads to −si(0) ≥ ε0t f i; therefore,

t f i ≤
−si(0)

ε0
.

Combining these two last equations results in

t f i ≤
|si(0)|

ε0
≤ ‖s(0)‖

ε0
: i = 1, 2, . . . , m,

which lead to Equation (22), where t f = max(t f i) : i = 1, 2, . . . , m. �

Remark 1. If Ω is set to a large positive constant, then
.

Ω = 0; in this case, Ω is only used to prove
the theorems, the controller and adaptive procedure are independent of the uncertainty bound, and
we have .

β = p2(‖s‖ − ψ(β)), β(0) = β0, Ω(0) = Ω0
ψ(β) = ε1

2 (sign(β− ε0) + 1) ≥ 0
β0 > ε0 > 0⇒ β(t) > ε0 > 0 : ∀t

. (23)

Remark 2. In the proposed method, the singular case, as discussed in [6,26], will not occur.

5. Simulation Results

The overall dynamics of an IM in stationary reference framework under the assump-
tions of equal mutual inductances and linear magnetic circuits are given by the following
general equations [35].

.
x1.
x2.
x3.
x4.
x5

 =


λ(x2x5 − x3x4)− Tl

J
−ax2 − npx1x3 + aMx4
−ax3 + npx1x2 + aMx5
abx2 + npbx1x3 − γx4
abx3 − npbx1x2 − γx5

+


0 0
0 0
0 0
1
σ 0
0 1

σ


[

u1
u2

]
, (24)

where x = [x1, x2, x3, x4, x5]
T = [ω, ψa, ψb, ia, ib]

T and

λ =
np M
JLr

, a = Rr
Lr

, b = M
σLr

,

σ = Ls − M2

Lr
, γ = M2Rr

σLr2 + Rs
σ

.

The IM motor parameters values are set as Rs = 0.1 Ω, Rr = 0.15 Ω, Ls = 0.0699 H,
Lr = 0.0699 H, M = 0.068 H, J = 0.0586 kg m2, np = 1, and Tl = 70 Nm. Moreover, Rs
and Rr are the stator and rotor resistances, respectively, and Ls and Lr are the stator and
rotor inductances, respectively, M is the mutual inductance, J is the rotor inertia, np is the
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number of pole pairs, ω is the rotor speed, ψa and ψb are the rotor flux components, ia and
ib are the stator current components, and finally, Tl is the load torque. These parameters
are used in the simulation of system itself not in the controller, since Ω is supposed to be
constant; i.e., the controller is model free. The outputs to be controlled are the motor speed
ω and the square of the rotor flux magnitude, i.e., (ψa

2 + ψb
2), with the relative degrees

r1 = r2 = 2 as follows: [
y1
y2

]
=

[
x1

x2
2 + x3

2

]
.

To remove the switching of the input control signal, we choose ρ1 = ρ2 = 3 [39], and then
the third-order SMC i.e., ρ = 3 is applied to the system. Therefore,[

y1
(3)

y2
(3)

]
=

[
φ1(x)
φ2(x)

]
+

[
γ11(x) γ12(x)
γ21(x) γ22(x)

][ .
u1.
u2

]
. (25)

We want the states of system Equation (25), i.e., yi
(j) : i = 1, 2, j = 0, 1, 2, to track the states

of the linear system ydi(3) = f iYdi + vdi : i = 1, 2; i.e., Ydi = [ydi, y(1)di , y(2)di ]
T

: i = 1, 2.

F =

[
−3 −5 −3
0 0 0

]
,

and
vd1 = sin(0.5 t), ξ1 = 0
vd2 = 0, ξ2 = 0

.

This means that when the motor speed varies, the rotor flux is maintained constant at 0.7
Weber. Then, we choose

K =

[
0 0 0
−3 −5 −3

]
.

Other parameters are chosen as p1 = 1.08, p2 = 0.05, ε0 = 0.01, ε1 = 1.2. All the initial
values of the system states are assumed to be set randomly. The simulations were conducted
on a PC computer with an Intel(R) Pentium(R) two cores CPU with G4400@3.30GHz and a
3.30 GHz processor, with 16 GB of memory, running MATLAB version 2022. In order to
carry out the simulations, a sample time of 0.01 was used. The procedure and algorithm for
calculating the input control signal u = [u1, u2, . . . , um]

T ∈ Rm×1 is as follows:

1. Calculate K and ξ (or one can set ξ = 0).
2. Calculate Ea and also Ei.
3. Calculate the sliding surface using Equation (9).
4. Calculate the switching gain β using Equation (23).
5. Calculate Vr via Equation (14).
6. Calculate Ua based on the previous parameters.
7. Calculate the elements of input vector u by numerical integration.

Example 1. The simulation results are shown in Figures 1–4 for two channels of input–output.
Figure 1 shows the good tracking of the first output and its derivatives. From Figure 2, we can see
that the switching gain increases at first to force the sliding surface toward zero in the presence of
uncertainty. In this case, chattering is seen in the input control signal of the state feedback and the
input control signal of the system. After that, the switching gain decreases, and the chattering is
removed from all closed loop signals such as the sliding surface, input signal of state feedback, and
input control of the system. Note that chattering-free of input control signal is very important, since
it is applied to the plant directly. The same good tracking and chattering-less in the input control
signal of the plant is also shown in Figures 3 and 4.
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Figure 4. (a) Sliding surface, (b) switching gain, (c) input control signal of state feedback, and the
(d) second input control signal of system in the second channel (in Example 1).

Example 2. All the parameters are chosen as in the previous example except the ψ(β), which
is set to zero; i.e., ψ(β) = 0. Only the sliding surface, switching gain, input control of state feedback,
and input control signal of the system are shown in the two channels. The drift and increase in the
switching gain are shown in Figures 5 and 6. This can cause instability of the closed loop system.
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From the figures presented in Examples 1 and 2, one can see the advantages of the
proposed approach in chattering suppression over traditional SMC schemes. Moreover,
due to negative feedback, the drift and instability can be avoided.

6. Conclusions

A new method of higher order sliding mode control (HOSMC) for nonlinear multi-
input multi-output (MIMO) systems is proposed. Linear state feedback was used at first,
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and then sliding mode control (SMC) was designed. After that, an adaptive procedure
was constructed, which can increase and decrease the switching gain based on the system
conditions. Therefore, using a combination of the HOSMC and adaptive switching gain
(ASG), the performance of the closed loop system in chattering suppression was improved.
To preserve the invariance property, as the most important characteristic of the SMC, finite
time convergence to the proportional-integral (PI) sliding surface was proved. Finally, in the
proposed approach, the upper bound of the uncertainty does not need to be available. The
proposed method is applied to the control of MIMO induction motors (IM). The simulation
results showed the effectiveness of this method. The proposed method also preserves all the
main properties of SMC, such as invariance and simplicity of a systematic implementation.
Future work can be based on designing fractional HOSMC for MIMO systems.
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