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1. Introduction

Statistical manifolds, whose points correspond to probability distributions, provide
a natural framework for information geometry, which uses differential geometry in the
study of probability theory and statistics and which was initiated by C. R. Rao in [1],
who was the first to treat a Fisher matrix as a Riemannian metric. The notion of statis-
tical manifold, introduced in 1987 by S. L. Lauritzen in the paper [2] and studied, e.g.,
in [2-32] and the references therein, has various applications in information science, neural
networks, and statistical physics.

According to T. Kurose [14], a statistical manifold is a differentiable manifold endowed
with a symmetric linear connection V and a (pseudo-)Riemannian metric h such that the
covariant derivative V' is totally symmetric. A couple (V, h) with this property is called
a statistical structure or a Codazzi pair, while the metric / and the connection V are said
to be Codazzi-coupled (see [2,9,12,23]). Alternatively, the notion of statistical manifold
was defined by H. Furuhata and I. Hasegawa in [11] as a (pseudo-)Riemannian manifold
endowed with a pair of torsion-free conjugate connections. For the pairs of connections
compatible with a g—structure, we go back in the literature to V. Cruceanu and R. Miron [33].

A classical example of statistical manifold is a (pseudo-)Riemannian manifold (M, h)
endowed with the Levi-Civita connection of the metric . The statistical manifolds genera-
lize the (pseudo-)Riemannian manifolds by extending the parallelism of the metric /2 under
the Levi-Civita connection to the Codazzi coupling of the metric with a torsion-free linear
connection. Moreover, relaxing the Codazzi coupling to the case when the linear connection
has nonzero torsion, T. Kurose introduced in [15] the notion of statistical manifold admitting
torsion, also called quasi-statistical manifold (see [17]), which is the subject of quantum
information geometry.

Codazzi couplings of an affine connection with a pseudo-Riemannian metric, a nonde-
generate 2-form, and a tangent bundle isomorphism on smooth manifolds and in particular
on an almost (para-)Hermitian manifold (M, g, L) endowed with the 2-form w given as
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w(X,Y) = g(LX,Y), were studied by T. Fei and J. Zhang in [9]. They proved that the Co-
dazzi couplings of V with both ¢ and L lead to a (para-)Kéhler structure, and subsequently,
they defined Codazzi-(para-)Kdhler manifolds as (para-)Kdhler statistical manifolds. In [12],
the study was extended to torsion couplings between an affine connection V of nontrivial
torsion and both ¢ and L on an almost (para-)Hermitian manifold. The authors proved that
the pair (V, L) is torsion-coupled if and only if V is (para-)holomorphic and the almost
(para-)complex structure L is integrable. Statistical structures on almost anti-Hermitian
(or Norden) manifolds were studied in [26,27] by A. Salimov and S. Turanli, who intro-
duced the notion of anti-Kdhler-Codazzi manifolds, then by L. Samereh, E. Peyghan, and
I. Mihai in [28], and very recently by A. Gezer and H. Cakicioglu, who provided in [10]
an alternative classification of anti-Kéahler manifolds with respect to a torsion-free linear
connection. Codazzi pairs on almost para-Norden manifolds were treated by S. Turanli
and S. Ugan in [29]. E Etayo et al. proved in [8] that Kdhler—-Codazzi type manifolds reduce
to Kéhler type manifolds in all the four types of (&, ¢)-manifolds teated in an unified way
in [34]. In [30], G. E. Vilcu introduced the notion of para-Ké&hler-like statistical manifold
and proved that if a manifold of this type has constant curvature in the Kurose’s sense,
then the statistical structure of the manifold is a Hessian structure.

Statistical structures on the tangent bundle of differentiable manifolds were treated in
recent papers, such as [4,13,19,22,24].

The background of the present work is the total space TM of the tangent bundle of a
Riemannian manifold (M, g), endowed with a metric G introduced by V. Oproiu in [35] as
a general natural lift of the metric from the base manifold, by using Kowalski-Sekizawa’s
classification from [36] and the results in [37]. This metric, called a general natural metric,
depends on six coefficients which are smooth real functions of the energy density ¢ of a
tangent vector y. We study the conditions under which the (pseudo-)Riemannian manifold
(TM, G) endowed with the Schouten-van Kampen connection V associated to the Levi-
Civita connection of G is a statistical manifold admitting torsion (SMAT). A necessary
condition for (TM,V,G) to be a SMAT is that the base manifold is a space form. We
prove that (TM \ {0}, V, G) is a SMAT if and only if (M, ¢) has negative constant sectional
curvature and the metric G depends on the energy density ¢, the constant sectional curvature
of (M, g), an arbitrary nonzero real constant x, and an arbitray smooth real function of
which is not — 2. On the other hand, (TM, V, G) is a statistical manifold (without torsion)
if and only if the base manifold is locally flat and the metric G is of natural diagonal type
(depending on two arbitrary nonzero smooth real functions of the energy density t and on
an arbitrary nonzero real constant, satisfying the nondegeneracy conditions of the metric) or
a proper general natural metric with two possible expressions. In one case, the expression
of G depends on an arbitrary smooth real function c3 of ¢ different from C"—\%St for every

const € R, t > 0, such that c3(0) # 0, and on two arbitrary nonzero real constants whose
product is different from 1. In the other case, the metric G depends only on two arbitrary
const

smooth real functions ¢y, c3 of the energy density, such that c»(0)c3(0) # 0, c3(t) # N

for every const € R, t > 0. If co(t) # x(c3(t))? for every x € R, t > 0, then the Levi-Civita
connection of G is different from its associated Schouten-van Kampen connection, and
hence (TM, vV, G) is a nontrivial statistical manifold.

The results obtained in this work lead to new examples of (quasi-)statistical structures
on the tangent bundle of a Riemann manifold. Unlike the majority of previous studies (see,
e.g., [4,13,19,22,24]), which produce new examples of statistical structures on the tangent
bundle by lifting a given statistical structure on the base space, the present article does
not assume the a priori existence of a statistical structure on the base manifold. The new
structures are, thus, uncorrelated with the ones from the base, therefore constituting a more
convenient geometric setting to investigate the statistical behavior in depth. Thus, new
opportunities are opened for applications in information theory, machine learning, neural
networks, statistical mechanics and geometry of Ricci solitons, for which we cite [38—41]
and the references therein.
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We mention that in the present paper the manifolds, tensor fields, and other geometric
objects are considered to be smooth and the Einstein summation convention is used, the
range of the indices always being {1,...,n}.

2. The Schouten—-van Kampen Connection of a General Natural Metric on
TM Revisited

In this section, we recall some results from our previous paper [42] concerning the
Schouten—van Kampen connection associated to the Levi-Civita connection of a general
natural metric on the total space TM of the tangent bundle of a Riemannian manifold. For
the geometry of the tangent bundle we cite the monograph [43].

Let (M, g) be a Riemannian manifold of dimension 7 and let (x')"_; and (x, y/ )iji—1 be
the local coordinates on an open subset U of M and on 7~ !(U) C TM, respectively, where
T: TM — M is the tangent bundle of M.

Denoting, by a slight abuse, the set of all vector fields tangent to TM by TTM, we
have its direct sum decomposition, that is:

TTM = VTM @ HTM, 1)

into the vertical distribution VTM = ker 1, and the horizontal distribution HTM, lo-
cally generated, respectively, by {aiyl}l”:1 and {5% "_., the horizontal generators being

=
% = % — ylf?jﬁ, where FZ- are the Christoffel symbols of the metric g. Then, the local
4 \n

. . . . P
frame field adapted to the direct sum decomposition (1) is {87’ 3 =17
{9;, 5]'}?]‘:1' Its Lie brackets satisfy the identities:

denoted also by

[ai/ a]] - 0/ [al/(s]] - _rgah/ [5i/ (5]] - _Rﬁjylah/ (2)

where RZ ; are components of the curvature tensor field of (M, g) in a local chart (U, x')_,.
The horizontal and vertical lifts of a vector field X = X’ % from M to TM are denoted
by XH and X" and with respect to the adapted local frame field, they have the expressions

xH = Xii. xV = Xii..
Sxt’ oy

The kinetic energy or energy density of any tangent vector y € T~ (U) with respect to
the Riemannian metric g is given as:

1 1 1 .
t=5lIyl* = 58 (¥, ¥) = 58u(x)y'y" > 0. €)

An important tool in the geometry of the tangent bundle are the metrics constructed as
natural lifts of the Riemannian metric from base manifold to the total space of the tangent
bundle, classified by O. Kowalski and M. Sekizawa in [36]. By using this classification and
the results in [37], V. Oproiu defined in [35] a general natural metric on TM, given locally as:

1
G 5 ) = e1gi + digoisoj = G’

2
G(% aiyf) = 028ij + d280i80j = Gi(f) ?
vy — )
G (o 5) = G (5w a) = casy + dsgoisoj = G,

where ¢;, d; (i = 1,2,3) are smooth real functions of the energy density on TM and
1
80i = &Y -
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The invariant expression of the metric G is:

X%Z Yg = c1(1)8gx(y) (X, Y) +d1(1)gr(y) (X, ¥)gr(y) (Yo 9),
X%// Yy ) = a(t)ge(y) (X, V) +da(H)ge(y) (X, 1)81(y) (Y, ), (5)
G(Xy, Yy") = e3(1)ge(y) (X, Y) + d3(D)8r(y) (X, V)8 (y) (Yo

~—
~

forall X,Y € 7(M), y € TM, where t is the energy density of y.
The nondegeneracy conditions for the metric G are as follows:

ciecp—c3 #0, (cp +2tdy)(cp + 2tdy) — (c3 + 2td3)* # 0. (6)
The metric G is positive definite if:
e +2tdy >0, cy+2tdy >0, (c1 +2tdy)(cy + 2tdy) — (c3 + 2td3)? > 0. (7)

When the horizontal and vertical distributions are orthogonal with respect to the
metric G, we say that G is a metric of natural diagonal lift type or a natural diagonal metric on
TM (see [44]). This type of metric has the expression (5), with c3 = d3 = 0. We say that a
metric given by (5) is a proper general natural metric if it is not a natural diagonal metric.

The matrix of the metric G with respect to the adapted local frame field {4;,9; }}

ij=1
and the inverse matrix are, respectively:
M) ®) ik ik
() (c) (1) (H3)
@)\ (@ ' jt jt '
(Gif ) (Gif ) ije{1,..,n} (H( )) (H( )) jke{1,..,n}
where:
HEj) = g™ + my'y', H) = pag + a9y, HE) = pag™ + asy'y, ®)
with:
__ o c _ c
p1= c1c— cz’ P2 = clczl—cé’ b3 = _clc;—cé )
__ codip1—c3dapr—cadapa+cadsps+2didypyt—2d5p1 ¢
n = (c142d1t) (ca+2d2t) — (c3+2d31)2 ’
_ (c3+2dst)[(d3p1+daps) (c1+2d1t) —(dip1 +d3ps) (c3+2d3t)] _ dapo+dsps (10)
72 (co-+2d20)[(c1 +2d1 1) (Ca+2d2t) — (c3+2d51)2] Cot2dyf

_ _ (dap1tdaps)(cr+2dit)—(d1p1+daps)(cs+2dst)
13 (14241 1) (ca+2d2t) — (c3+2d3t)2 :

Inspired by the Schouten-van Kampen connection associated to a linear connection
on a smooth manifold with two globally complementary distributions (see [45] and [46]),
we defined in [42] the Schouten-van Kampen connection V associated to the Levi-Civita
connection V of a general natural metric G by the relation:

VxY =VVxVY + HVxHY, (11)

for any vector fields X,Y on TM, where V and H are the projection tensor fields corre-
sponding to VTM and HT M, respectively.
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Proposition 1. (Proposition 3.1 [42]) The Schouten—van Kampen connection ¥ associated to the
Levi-Civita connection V of a general natural metric G on TM has the following expression in the
adapted local frame field {0;, 6, }1;:

o _nh 9 77 . h
Vﬁ@f*%@wvﬁWJ (Tl +T5) 5 W)
iva _gth o T h
Vaiyiﬁ ul]sz’” Vﬁ&xf (F +S >5xh’

where Ty; ' are the Christoffel symbols of the metric g of the base manifold M:

QZ. =1 G( ) 19, Gl(k) akG(z))H?h) l(a'G](l?) +9 GI(I?))H%)’

U~ Yaicl) -G + YOG + R, G,

] 3) (3) ki (1) (2)\ ykh 13
Ujj = 3(0,Gy — oGy HE) + 3 (9:Gyy” + Roy Gy )HE),

—=h

5h = —3(aG!! )+R01]G( ))HE, +c3Rlo,kH( 1)

where R,i‘i j are the components of the curvature of the base manifold and:

R()z] thy Ripjk = zh]k]/
The torsion tensor field T of the connection V is defined by the formula:
T(X,Y) = VxY - VyX —[X,Y], VX, Y& THTM). (14)

Proposition 2. The torsion tensor field of the Schouten—van Kampen connection ¥V given in
Proposition 1 has the following components with respect to the adapted local frame field {9;,6;}1_,

2 3\ — 6 8\ _Rph &

(By‘” Byf) Y T(éx“éxf) - ROifay’” (15)
T(2 )= _7(2 _uyts gl

oyt ox oxl’ ay ij oxh 1 oyh-

Proof. We showed in [42] Proposition 3.2 that the torsion tensor field of the Schouten-van
Kampen connection V has the components:

T(2 ) = (Qh— Qs
T( ):@‘ﬂw+%wf (16)

ho _ Tt o
T(2 ) = -T(& 2) = Ui — Uisdr.

From the first expression in (13) it follows that Q is symmetric in 7 and j, and hence,

T(a.,a.) _
ay'” oyl

By substituting into the last relation (13) the components of the metric G from (4) and
the entries of the inverse matrix form (8), then using in turn (10) and (9), we obtain that:

/N
| é’\w

17

>
ke
g
o Z]o o

QJ

from (16), we have:

—=h sh CaC3 h
Sij = Sji = P (Rqo + Rjg; + ROij)/

which vanishes due to the first Bianchi identity, and hence, the second relation in (16)

reduces to: 5 s 5
— — f— h .. —
T <5xi " ox > Roi oy’
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Thus, the components of the torsion tensor field of the Schouten—van Kampen connec-
tion V on (TM, G) are those given in the statement. [

Theorem 1. (Theorem 3.4 [42]) The Schouten—van Kampen connection on (TM, G), given in
Proposition 1, is torsion-free if and only if the base manifold (M, §) is locally flat and the metric G
has the expression:

Y),
X,Y) 4+ do(t)82() (X, ¥)&(y) (Y ¥), (17)
G(Xy sty ) = C3(t)gT(y) X/Y> + Cg(t)gr(y)(xry)gr(y)(yf y)'

where x1 is a real constant and cp, dy, c3 are smooth functions depending on the energy density on
TM, such that one of the following two sets of conditions is satisfied:

(i) k1ca — 3 #0, x1(cp +2tda) — (c3 + 2tch)? # 0,
(ll) K1 >0, co+2tdy >0, K1(C2 + ztdz) - (C3 + ZtCé)z > 0.

In the first case, G is a pseudo-Riemannian metric and in the second one it is a Riemannian metric.

Proposition 3. (Proposition 3.5 [42]) The torsion-free Schouten—van Kampen connection char-
acterized in Theorem 1 coincides with the Levi-Civita connection of a pseudo-Riemannian general
natural metric G given by (17) if and only if the coefficients of G fall in one of the instances:

(i) c3(t) =0, Vt >0, cp, dy are some smooth functions of t such that:

k1c2(t) #0, co(t) + 2tdy(t) # 0, Vi > 0;

(i) cx(t) = da(t) = 0, V& > 0 and c3 is an arbitrary nonzero smooth function of t,
ca(t) # “IF 0L, for all const € Rand all t > 0;

(iii) c(t) = K E R, c3(t) = k3 € R, such that k1xy — k3 # 0, do(t) = 0, for all t > 0;

(iv) co(t) = x(cs(t))?, da(t) = 2xcy(t)(c5(t) + tch(t)), where x is a nonzero real constant, such

that k1x # 1 and c3 is an arbitrary nonzero smooth function of t, c3(t) # Co—&’ft, for all
const € Randall t > 0.

If the coefficients of the metric G from Proposition 3 have the expressions (iv) extended
to the situation when « is an arbitrary real constant such that x;x # 1, then by taking
k = 0, we get the coefficients from (ii), and by taking c3(t) = x3 € R\ {0}, we get the
coefficients from (iii) for a proper general natural metric. Thus, we can state the following
characterization of the proper general natural metrics on TM whose Levi-Civita connection
coincides with the associated Schouten-van Kampen connection.

Proposition 4. The proper general natural metrics G on TM for which the Levi-Civita connection
coincides with its associated Schouten—van Kampen connection are given by (17), where c3 is an
arbitrary nonzero smooth function of t, c3(t) # C"—ﬁt forevery t > 0, const € R, and the functions

cp and dy have the particular expressions:

ca(t) = K(c3(t))?, da(t) = 2xc5(t)(ca(t) + te5(t)),
where x is an arbitrary real constant such that xqx # 1.

3. General Natural Metrics Torsion-Coupled with the Schouten-van Kampen
Connection

Statistical manifolds, the main tool of classical information geometry, were defined
n [14] as follows:
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Definition 1. Let (M, h) be a pseudo-Riemannian manifold, and let VV be a torsion-free affine
connection on M. The triplet (M, V,h) is called a statistical manifold if the tensor field Vh is
totally symmetric, that is:

(Vxh)(Y,Z) = (Vyh)(X,Z), VX,Y,Z € T (M). (18)

A metric h and an affine connection V satisfying (18) are called Codazzi-coupled. In this case, the
couple (V, h) is called a Codazzi pair or a statistical structure on M and V is called a statistical
connection on (M, h).

Extending the condition (18) to the case when the affine connection has nontrivial
torsion, T. Kurose defined in [15] the statistical manifolds admitting torsion, also known
as quasi-statistical manifolds (see [17]), which represent the subject of quantum informa-
tion geometry.

Definition 2. Let (M, h) be a pseudo-Riemannian manifold, and let V be an affine connection of
torsion TV on M. If the metric h and the connection ¥V satisfy the relation:

(Vxh)(Y,Z) — (Vyh)(X,Z) = —h(TV(X, Y),z), VX,Y,Z € THM), (19)

then the triplet (M,V,h) is called a statistical manifold admitting torsion or a
quasi-statistical manifold.

We say that a metric h and an affine connection V with nonzero torsion TV satisfying (19)
are torsion-coupled. In this case the couple (V, h) is called a statistical structure admitting torsion
on M or a quasi-statistical structure on M and V is called a quasi-statistical connection on (M, h).

In particular, if TM is the total space of the tangent bundle of a Riemannian manifold
(M, g), endowed with a general natural metric G and with the corresponding Schouten—van
Kampen connection V, we say that the metric G and the connection V are torsion-coupled,
(V, G) is a statistical structure admitting torsion on TM or a quasi-statistical structure on TM, V
is a quasi-statistical connection on (TM, G), and the triplet (TM, V, G) is a statistical manifold
admitting torsion or a quasi-statistical manifold if:

(VxG)(Y,Z) — (VyG)(X,Z) + G(T(X,Y),Z) =0, VX,Y,Z € TH(TM), (20)

where T is the torsion tensor field of V.
If the connection V is torsion-free, then the relation (20) reduces to:

(VxG)(Y,Z) — (VyG)(X,Z) =0, VX, Y, Z € TH(TM). (21)

If the metric G and the connection V satisfy the relation (21), we say that G and V
are Codazzi-coupled, (ﬁ, G) is a Codazzi pair or a statistical structure on TM, V is a statistical
connection on (TM, G) and the triplet (TM, V, G) is a statistical manifold.

For simplicity of notations, we consider a (0, 3)-tensor field 7 on TM:

T(X,Y,Z) = (VxG)(Y,Z) — (VyG)(X,Z) + G(T(X,Y),Z), (22)

for every X,Y,Z € 761( ™). Thgs, the relation (20) which characterizes the statistical
manifold admitting torsion (TM, V, G) takes the simpler form:

T(X,Y,Z)=0,VX,Y,Z € Tg(M). (23)
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Taking into account the expressions (15) of the torsion of V and the relation (22) which
gives the tensor field 7, we obtain the components of 7 with respect to the adapted local
frame field {J;,9;}7

ij= l
T (0:,0,0¢) = (V5,G)(9,0k) — (V5,G)(9;, 0x); (24)
T(0:,0j,6) = (V5,G)(9j,6) — (Va,G) (9, 0k); (25)
T(0:,8,0) = (Va,G)(8),9) — (V5,G) (0;,9%) + ULGLy) — UGy s (26)
T(3:,61,8¢) = (Vo,6) (6, 6¢) — (V5,G)(81,6) + UAGY,) —~ TGy, 27)
T (61,8, 9) = (V5,G)(6;,0¢) — (V5,G) (83, 0) + ROUG;,,Q; (28)
T(6:,6;,80) = (V5,G)(8),8) — (V5,G) (61, &) + Ry Gy - (29)

Proposition 5. Let (M, g) be a connected Riemannian manifold of dimension n > 2 and let TM
be the total space of the tangent bundle, endowed with a general natural metric G given by (5). If
the metric G and the corresponding Schouten—van Kampen connection are torsion-coupled, then the
base manifold is a space form when c,(0)c3(0) # 0 and locally flat when c3(t) = 0 for every t > 0.

Proof. By using the relations (24), (4), (12), (13), and (8), we obtain:

7 (9;,9j,9) :% [(2¢5 — 2d3 — clcapy + cadip1 — 2c3¢sp3 + 2¢3d3p3 (30)
+ 2dydapyt — 2chdspat + 2d3pat + 2c3diqut — 2c3chqat
+ 2c3d3q3t + 4dydsqit* — 4chdaqat? 4 4d3qst?)-
(8jx80i — &ik8oj) — c2¢3P1(Ryijk — Rujix)y/'
+ co(dspy + caq1 + 2d391t) (Rizkm8oj — Rijkngoi)y'y"]-
The connection V and the metric G are torsion-coupled if and only if the tensor

field 7 vanishes, that is all its components with respect to the adapted local frame field
{01,0;}7 -1 vanish, and hence, a necessary condition for the torsion coupling between V

and Gis 7T (9;, aj, dx) = 0. Differentiating the expression (30) with respect to the tangential

coordinates y' and taking the value of this derivative in y = 0, since the curvature of the
base manifold does not depend on the tangent vector y, for ¢;(0)c3(0) # 0 we obtain that:

2(1 — c3p3)(c3 —d3) — capi(c] —dq)
C203P1 t=0

Ryijk — Rijix = (81i8jk — 818ik)- (31)

Due to the anti-symmetry of the Riemann-Christoffel tensor field in the last two
arguments, the left-hand side of relation (31) becomes Ry;jx + Rjjk;, and from the first
Bianchi identity it follows that:

Rikij = c(81i8jk — 81j8ik)»

1

where the function ¢ depends on x7, ..., x", only, having the expression:

2(1 — c3p3)(ch —d3) — capa(ch — dy)
C2C3P1 t:O‘

C=—

Since the manifold M is connected and of dimension n > 2, from Schur’s theorem we
obtain that c is constant, i.e., M is a space form.
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Now, we study the situation when c3(t) = 0 for every ¢ > 0. In this case, by using (10)
and then (9), the expression (30) becomes simpler:
—2d2t(cy + cht)
c16p + 2t(cody 4 c1dn) + 4t2(d1d2 —d

T(9;,0,0) = 2 (8jk80i — &ikgoj), (32)
3

and its condition of vanishing does not involve the curvature of (M, g).
Analyzing the other components of the tensor field 7 in the same manner, we obtain:

d3t
c16p + 2t(cpdy + c1dp) + 4t2(d1d2 — d%)
[c1(8jk80i — 8ik0j) + c2(Rpjagoi — Ruiigoj)y"y']

h
— c2Rpkijy",

T (0:,0,0k) = (33)

whose derivative with respect to yh computed in y = O is cz(O)thjl-.

Since c3(t) = 0 for every t > 0, from the nondegeneracy condition (6) of the metric G
it follows that c2(0) # 0, and hence, ¢ (0) Ryj; vanishes if and only if Ry;; = 0, that is the
base manifold is locally flat. [

One can easily prove the following lemma, which will be used to obtain the main
results of the paper.

Lemma 1. Let (M, g) be a Riemannian manifold of dimension n > 2 and a1, ay, a3, ay be four
smooth real functions of the energy density on T M. If these functions satisfy the following relation:

a1 (t)gjkgoi + x2(t)gikgoj + as(t)giigok + aa(t)g0ig0jgox = 0, Vt >0,
where go; = guiy", then ay (t) = ax(t) = az(t) = ag(t) =0, forall t > 0.

Theorem 2. Let (M, g) be a connected Riemannian manifold of dimension n > 2 and let the total
space T M of the tangent bundle be endowed with a general natural metric G given by (5) such that
c3(t) = 0 for every t > 0. The following assertions are equivalent:

(i)  The metric G and the Schouten—van Kampen connection V associated to the Levi-Civita
connection V of G are torsion-coupled;

(ii) The triplet (TM,V, G) is a statistical manifold;

(iii) The base manifold is locally flat and the metric G is of natural diagonal lift type, given by:

XH,Y%I/_I = Klgr( )(X,Y),
X%/ YyH - CZ( )gT( )(X/ Y) J’_dz(t)gr(y) (X/]/)gr(y)(yly)/ (34)
G(X},Y,

4 y

<=

forall X,Y € TH(M), y € TM, k1 € R\ {0}, where c3, dy are some arbitrary nonzero
smooth real functions of energy density t of y such that cy(t) + 2tdy(t) # 0, for every t > 0;
(iv) The Schouten—van Kampen connection V coincides with the Levi-Civita connection V.

Proof. According to Proposition 5, if a metric G given by (5) such that c3(t) = 0 for every
t > 0 is torsion-coupled with the Schouten-van Kampen connection V, then the base
manifold (M, g) is locally flat. Thus, the expression (33) of the component T(éi,éj, o)
reduces to:

C1d%i’

T(6,,6;,0) =
( v k) 1€ + 2t(62d1 + C1d2> +4t2(d1d2 — d%

) (8jkSoi — Sik80j)- (35)
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Applying Lemma 1, one has 7 (J;,6;,0) = 0 for every ¢ > 0 if and only if ¢1d3 =
Since c3(t) = 0 for every t > 0, from the nondegeneracy condition (6) of the metric G it
follows that ¢1 () # 0 for every ¢ > 0, and hence, the expressions (35) of 7 (d;, 9;, 9x) and (32)
of T (9, aj, dx) vanish simultaneously if and only if d3 = 0, i.e., the metric is of natural
diagonal lift type. We compute the other components of the tensor field 7 with resect to
the adapted local frame field {5;,9;} -1 by imposing the conditions already obtained, that
is c3 = d3 = 0 and the locally flatness of the base manifold, and we have that:

T(ai/aj/ 5k) =0, T(al’, (Sj,ak) =0, 7—(51', 5]‘,5]() =0,
1
T(0:,0;,0r) = E(C/lgjkgOi + d1gix8oj + d18ii8ok + 4180i80j80k)-

By using Lemma 1, it follows that 7(9;, d;, 6x) = 0 if and only if c1 () = x; € R and
d1(t) = 0 for every t > 0. For the nondegeneracy of the metric G the real constant x; and
the functions ¢, and cp + 2td; must be nonzero. Thus, we prove that all the components of
the tensor field 7 corresponding to the general natural metric G with c3 = 0 vanish if and
only if the base manifold (M, g) is locally flat and the metric G has the form (34). Hence,
we proved the equivalence of the items (i) and (ii7).

If assertion (iii) holds, i.e., the base manifold is locally flat and the metric G is
given by (34), we obtain by using Theorem 1 that the Schouten-van Kampen connec-
tion V associated to the Levi-Civita connection V of G is torsion-free. On the other
hand, we showed that (iii) is equivalent to (i), and since V is torsion-free, items (i), (ii),
and (iii) are equivalent. Moreover, since the metric G given by (34) is the metric from
Proposition 3 (i), it follows that V coincides with V, i.e., the items (iii) and (iv) in the
statement are equivalent. [J

Remark 1. Let (M, g) be a locally flat connected Riemannian manifold of dimension n > 2. A
natural diagonal metric whose corresponding Schouten—van Kampen connection is a statistical
connection on TM depends on an arbitrary nonzero real constant and on two arbitrary nonzero
smooth real functions ¢y and dy of the energy density t, such that cp(t) + 2tdy(t) # 0 for all
t > 0. For every metric in this family the Levi-Civita connection and its associated Schouten—van
Kampen connection are identical, and hence, there is no natural diagonal metric G on TM such that
(TM, G) endowed the corresponding Schouten—van Kampen connection is a statistical manifold
admitting torsion.

Theorem 3. Let (M, g) be a connected Riemannian manifold of dimension n > 2 and let TM
be the total space of the tangent bundle, endowed with a proper general natural metric G given
by (5) such that c3(0)c3(0) # 0 and with the Schouten—van Kampen connection ¥V associated to
the Levi-Civita connection V of G. The following assertions hold:

(a) (TM,V,G) is a statistical manifold if and only if the base manifold (M, g) is locally flat and
the metric G has one of the following expressions:

G(X/ Yy ) = Klgr(y)(x Y)

G(Xy,Yy) = x2(c3(1)) 8 () (X, Y)
+2roc3(t) (c ( )+C/3(f

G(X;//Yy )*C3( )g‘((l)( )+C/3(

(1) 10820 (X 1800 (Vo9),
t)8< (Xy)g'r()( Y),
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for every X,Y € T8 (TM), y € TM, where k1, k3 are some arbitrary nonzero real constants
such that x1xo # 1 and c3 is an arbitrary smooth function of the energy density t of y, such
that c3(0) # 0, c3(t) # C”—\/”ftfor all const € Rand all t > 0;

G(xi,yH) =0,
G(X Yl(/ =t XY
i) ( v y) oo )gr(y)z ’ ,
4+ ®es(t) +2fz(f)ng((ft))Cs(t)t—ZCZ(t)Cs (f)fg_r(w (X/]/)g-[(y) Y,y),

G(X;/, YyH) C3(t)gr(y)(X'Y) +C3( )g‘[( )(X/y)gr(y) (Yry)/

for every X,Y € TH(TM), y € TM, where c,, c3 are some arbitrary smooth functions of the
energy density t ofy € TM such that c(0)c3(0) # 0, c3(t) # C‘z”[tst for all const € R and

all t > 0.

The Levi-Civita connection V of G and its associated Schouten—van Kampen connection NV

coincide for every metric G given by i).

The connections V and ¥V are different, i.e., (TM, V¥, G) is a nontrivial statistical manifold if

the metric G has the expression ii) with cy(t) # xac3(t) for every t > 0 and every x; € R.
(b) (TM\ {0},V,G) is a quasi-statistical manifold if and only if the base manifold (M, g) has

constant sectional curvature ¢ < 0 and the metric G has the following expression:

Xg Yél = _C?g'r y)(Xfy)gT(y)(Y/y)/
Xy, Yy) = P8 (X, Y) +da(t) ) (X, ¥)8e(y) (Y, y),
G(XyV, Y ==+ ["27 8o (X, Y) = BE (3o (X, ¥)ge(y) (V)]

for every X,Y € TH(TM), y € TM, where «; is an arbitrary nonzero real constant and dp
is an arbitgary smooth real function of the energy density t of y such that dy(t) # th, for
every t > 0.

Proof. Our purpose is to determine the proper general natural metrics G such that the
manifold (TM, v, G) is a statistical manifold admitting torsion. To this aim, we study the
conditions of vanishing for all the components of the tensor field 7 given by (22) with
respect to the adapted local frame field {J;, 0, }/ i

From Proposition 5, a necessary condition for (TM, V, G) to be a statistical manifold
admitting torsion is that the base manifold (M, g) has constant sectional curvature ¢, and

hence, we take from the beginning:
sz] - (5zhgk] - 5]1'1gki)/

where 55’ is the Kronecker delta.

By using the expressions (24)—(29), in which we substitute the components of the
metric from (4), the components of the torsion T from (15), the expressions (12) of the
Schouten—van Kampen connection, its coefficients from (13), the entries of the inverse
matrix H from (8) and their coefficients from (10) and (9), we obtain that the components of
the tensor field 7 have the forms:

T(9i,9j,9k) = A1(t)(gjk8oi — &ik&oj); T (04, 9j, k) = Az(t)(gjk&oi — Sik&oj);
T (9i, 05, 9k) = As(t)gjk8oi + Asgikoj + B3(t)gij8ok + Ca(t)g0igoj8oks
T (9i,6j,6k) = Ag(t)gjkSoi + Aagir&oj + Balt )glngk + C4(t)g0i80j80k}

T (61,0, 0k) = As(t)(gjkgoi — Qik&oj); T (6, ), 0k) = As(t)(8jk80i — &ikgoj),

where A;, i =1,...,6 and A ,Bj, j = 3,4, are some rational functions depending on the
coefficients of the metric G, thelr derivatives, the constant sectional curvature ¢ of (M, g),
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and the energy density t. Since the expressions of A; and B; are quite long, we present here
the shorter ones:
_ cheacs + c1(ches — cach) — c3ch + (3 — c1c2)d3

2(c10p — c3) ’ (36)

By(t) = 3(cca +dy).

From Lemma 1, we have that all the components of the tensor field 7 from above vanish if
and only if A;(t) =0,i=1,...,6, A;j(t) =0, Bj(t) = 0,j = 3,4.
From the conditions of vanishing of B3(t) and B4(t) given in (36), we obtain two
necessary conditions for (TM, V, G) to be a quasi-statistical manifold:
iy = cjcacs + cq(ches — gzcg) - c%cg, 37)
162 — C5

dl = —CCo. (38)

After substituting the value obtained for d; into the expression of A3(t) this turns into:

Az(t) =(2cc1c3e3 4 c3eacy ez — 2ec3cs — ciches — 23 coesdy (39)
+ 2clc3d2 + chczd3 — 2clc2c3d3 —4¢? C263t — 2CC16262C3t
+ 2cc26263t + SCclczc_o,dzt — 4cc263d2t — 4cclc2d3t + 2C1C262d3t
— dec3c3dat — 2¢chc3dst — 8cic3eadat? — decycichdat?
+ deeachc3dst? — 8cciesdit?) /[2(cier — c3) (crea — 3
— 2¢c3t + 2c1dat — dezdst — decadat? — 4d3t2)),

To obtain the necessary and sufficient conditions for As(t) = 0, we have to treat the
following cases:

(CaseI) ¢; — 2ccpt # 0and cico — c% # ZCC%t,‘

(Casell) c; — 2cc2t =0;

(Case II) c1cp — c3 = chzt

Next, we study each case separately.

(Case I) When ¢ — 2ccpt # 0 (i-e., c1 + 2tdy # 0) and cicp — c% # 2ccit, from (39) we
obtain that A3(t) = 0 if and only if:

1
" 2c3(cq — 2coat) (¢ — c10p + 2cc3t)
+ ch(c3 + 2dst)] + 2ccp{c1ca[cht(cs + 2d3t) — ca(cz — 2d3t)]
+c3 [Cz(C3 + 2c3dst + 4d2f2) —c C3t(C3 + 2d3t }}

{ c2caeat — ¢y (crca — 3)[2c2d3 (40)

By using (40) and then (37) and (38), we obtain that the numerators of A4(t) and A (t)
become, respectively:

34 2722 3. 12 4 /
Ny, (t) =2ccic; — cieycyc3 — 433 — cSeachcl + crci(crea) (41)

+ 2cc1c3¢4 4 2¢3c3esch — 2c3cacich — Ac2cAcot + 2ccicacht
+4c?cic3cit — 2ectcschclt — 2ceacht(cicp) — decicieacht

4C224

+ 8ccic3cacht — At cicacht? — Al 33t + 8cPcichescht?,
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Ny, (t) =cicic} + 2ccic3 — 2cic]cacd — 2ccicscs + cicics — 2ccqcach (42)
+ 2003 - 4cc%c’1c§ 4czc%c%t + ZCC:{’C%C/Zf + 6ccq clc%cgt
— 2cctepchc3t — becicacht + Acicicht — decycheat + decycacacht
+ dec3cht + 4cPcrchcat? — 4t cht? — 122 33t
— 4c?c13chc3t? + 8c2c c3eacht? 4 8cEAc3 eyt
Studying the simultaneous vanishing of A4 and Ag we distinguish the following
subcases of Case I:
(L1) ¢ # 2cc3t and ¢1 # 0;
(I.2) c; #0,¢ > 0and ¢z = v 2ctcy;
(13) ¢; = 0.
We treat each subcase separately.
(I1) When ¢} # 2cc3t and ¢; # 0, solving the system of equations given by
N; (t) = 0 and Ny, (t) = 0, we obtain that the derivatives of the functions ¢; and c;

Ay
have the expressions:

2c(cqcac3 + ¢§ 4 2c1cac3cht + 2c3c3 )
(c1 — 2ccat) (2ec3t — c3)

, 20[cci3 + ech + cAeach + 20(ck — c102) (e + cach)t + 4c?c3escht]

) = , (43)

= 44
€2 —c1(c1 — 2ccpt) (2cc3t — ¢3) *4)
Substituting (43) and (44) into the expression of 7 (9;, dj, Jx ), this reduces to:
ce3(2cqcp + 2 — 2cc3t) (c3 + 2cht
T (00,86 =220 A 2GD0 1260 o (45)

(c1 — 2ccat) (2ec3t — c3)
c?cac3(c3 + 2cc3t) (c3 + 2c4t)
80i80j80k/
c1(c1 — 2cet) (2ec3t — c3)

and it vanishes, according to Lemma 1, if and only if the involved coefficients vanish

simultaneously. Since the metric G is proper general natural, i.e.,, c3 # 0,d3 # 0, the

coefficient of go;go;jgox vanishes if and only if one of the following instances happens:
(L.1.7) ¢ = 0, which together with (37), (38), (40), (43), (44) leads to:

2C2

c1=x € R\{0},d;1 =0, ¢ % ,ie., ¢y =Kyc3, dy = 2Kach(c3 +cht), d3 = ¢},
where 3 is an arbitrary nonzero real constant and c3 is an arbitrary smooth nonzero real
function of t such that c3(0) # 0 and the nondegeneracy conditions (6) of the metric G
are satisfied, i.e., k1xp # 1 and (k1% — 1)(c3 + 2tc3)? # 0, and hence, c3(t) # C"—\/”ft for
all const € R and all t > 0. By substituting the values of the coefficients of the metric G
obtained in Case I.1./) and ¢ = 0 into each component of the tensor field 7 with respect to
the adapted local frame filed {J;, 0; } -1 We obtain, by using Mathematica, that 7 = 0. On
the other hand, the obtained metric satisfies Proposition 4, and hence, the Schouten-van
Kampen connection V coincides with the Levi-Civita connection of the metric G, i.e., in
Case (1.1.i), (TM, V, G) is obviously a statistical manifold.

(L1.ii) c3 + 24t = 0, i.e., c3(t) = \[, for every k3 € R\ {0}, t > 0, but together
with (38), (40), (37), and (43), which would imply dp = — E' ie, cp+2tdy =0and d3 = ¢},
ie. c3 + 2td3 = 0, and hence, the second nondegeneracy condition (6) of the metric G
would not be satisfied.

(L.1.iii) ¢ = 0 does not satisfy the condition ¢(0)c3(0) = 0 from the hypothesis.

(L.1. iv) ¢ < 0 and c3 = —2cc2t which substituted into (45), turns the factor
2c1¢p + 3 — 2cc3t from the coefficient of gjkgoi into 2ca(c1 — 2ceat) and this vanishes if and
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only if c; = 0 (see L1.iii) or ¢; = 2ccyt, which together with d; = —cc; yields ¢ + 2td; =0,
which does not hold in Case I.

We conclude that the only favorable subcase of Case I.1 is (I.1.7), rended in the state-
ment at a (i). We already showed that in Case (.1.i) the Schouten—van Kampen connection
V coincides with the Levi-Civita connection of G.

(I2) ¢ #0,c > 0and c3 = £/2ctcy, ie., cp = j:\/cT% for every t > 0. Substituting

c; = €—3= (wheree = 1ore = —1) into Ng4 we obtain:

Vet
Ny, (t) =v/cc3[c1 (263 — SeciezV/2ct 4+ 10cc3t) (c3 + 2c4t)
—2ccat(c — ecieatv/2ct + decdt)],

which vanishes if and only if one of the following instances happens:

(12) 3 — ecieaty/2ct + 4deckt =0,
1 (2¢2 — Secyesv/2ct 4 10cct) (c3 + 2cht) = 0.

If c3 +2cht =0, i€, c3(t) = % forevery t > 0, x3 € R\ {0}, then the first relation in
(L.2.i) turns into:
c% — ex3V/2cter + 4K%Ct =0,

which is not satisfied by any real function c; of t.

If 26% — 5ecqc3/2ct + 10cc§t = 0, since the first relation in (I.2.7) holds, it follows that
3C% + 1OCc§t = 0, where ¢ > 0, and hence c; = ¢3 = 0, which do not satisfy neither the
nondegeneracy condition (6) for the metric G nor the conditions (1.2).

(12”) C1:K1€R\{O},
- (2¢2 — 5ecye3v/2ct + 10cc3t) (c3 + 2c4t) = 0.

In this case, the first factor in the second relation of 1.2.ii) becomes:
10ctc§ — Bex1V 2ctes + 21(% #0

for every real function c;3 of t. On the other hand, if the first relation in (I.2.ii) is satisfied
and c3 +2c4t = 0,1.e., c3 = %, for every t > 0, x3 € R\ {0}, by taking into account the
expressions (38), (40), (37) of the coefficients d1, d», d3 and the expression of c; in Case 1.2,
it follows that:

(Cl + thl)(Cz + thz) — (C3 + 2td3)2 =0,

hence, the second nedegeneracy condition (6) is not satisfied.
C% — ecicaty/2ct + 4cc§t #0
(12.i){ ,  2c3c3 — Secic3v/2ct 4 10ccicit + 4ciclt — 10ecieschty/2ct + 20ccy 34t
C, =
! 2c3t(c? — ecyeaty/2ct + 4ecit)

7

for every t > 0. By using the expressions (38), (40), (37) of dy, dy, d3, the expression of ¢} in
Case (1.2.iii) and that of ¢, in Case .2, we obtain that the component 7 (;, 5, k) reduces to:

2e+/c(c} — ev/2cteres + 4ocit)
VH(V2¢1 — 6ev/ctes)
for every c1, c3 nonzero smooth real functions of ¢. Subsequently, a general natural metric

G whose coefficients satisfy Case (1.2.iii) is not torsion-coupled with the corresponding
Schouten—van Kampen connection.

T (8:,8,0r) = #0,
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(I3) ¢ = 0, which substituted into the expression of 7 (9;,4;, ) together
with (38), (40), (37) turns the coefficient A4(t) into:

ct(2cpch — ches) (c3 + 2c4t)

Ay(t) =
a(t) c3(c3 + 2tch) + 2ceot(co + 2tch)

and this vanishes if and only if one of the following situations happens:

(1.3.7) ¢ = 0, which turns relation (38) into d; = 0. In this subcase, it follows that the
first condition of Case I, c; 4 2td; # 0 is not satisfied, and hence, the subcase (1.3.7) is not
possible.

(L.3.ii) c3 + 2ty = 0, i.e., c3 = %, for all k3 € R\ {0}, t > 0, which together with
c1 = 0 and the expressions (38), (40), and (37) leads to c; + 2tdy, = c3 + 2td3 = 0, i.e., the
second nondegeneracy condition in (6) is not satisfied, and hence, there is no metric G
whose coefficients satisfy Case 1.3.i7).

(L3.iii) 2cach — ches = 0, ie., ca = xac3, for every k, € R\ {0}. Together with (38), (40),
and (37), the expression obtained for c; yields:

cxoc3(cs + 2tch
T (9i,6j,6) = —%gmé’o}'gok- (46)

The expression (46) vanishes if and only if ¢ = 0 or c3 + 2tc;, = 0, relations which are
not possible in Case 1.3 (see the discussion from 1.3.7 and 1.3.i1).

(Case II) When ¢ — 2ccot = 0, i.e., c1 + 2td; = 0, by using (37), we obtain that the
coefficient By(t) from the expression of 7(9;, d;, 9 ) reduces to:

2c%c3
By(t) = 52—,
+(0) c% - 2cc%t
and hence, it vanishes if and only if one of the following subcases holds:

(IL1) ¢ = 0, which due to relations (38) and (37) yields ¢; = d; = 0 and d3 = ¢}, then
the expression of the component 7 (9;, 9;, dx) reduces to:

che — 2dy + 2chcacht — 2cpc2t
T (0,9;,0) = 23 363(63 +22th) 2 (8ikgoi — ik80j)/

and according to Lemma 1 it is zero if and only if:

/2 / / 2
03+ 2c5c3¢3t — 200057t
= 5 .
]

do

If the coefficients of the metric G have the expressions obtained in Case IL.1 and the
base manifold is locally flat, we verify by using Mathematica that all the components of
the tensor field 7 with respect to the adapted local frame field {J;, aj}?/ =1 vanish. The
metric whose coefficients are those in Case IL.1 is the metric from item 4 ii) in the statement.
From Theorem 1, it follows that the Schouten-van Kampen connection associated to the
Levi-Civita connection of the metric G given at a ii ) is torsion-free, and since we proved
that 7 = 0, the triplet (TM, vV, G) is a statistical manifold. If in the expression a (if)
we take c3(t) = x(c3(t))?, where « is an arbitrary nonzero real constant, it follows that
do(t) = 2xcy(t)(c3(t) + tc4(t)), and hence, the metric G satisfies Proposition 4. It follows
that the Levi-Civita connection of the metric G given at a ii) coincides with the associated
Schouten-van Kampen connection only when ¢ (t) = x(c3(t))? forevery t > 0,x € R\ {0}.

If the metric G has the expression from a ii) with cy(t) # x(c3(t))? for every t > 0,
x € R, then the Levi-Civita connection of G and its associated Schouten-van Kampen
connection do not coincide, and hence, the statistical manifold (TM, Vv, G) is nontrivial.

(IL2) c; = 0 doest not verify the condition ¢;(0)c3(0) = 0 from the hypothesis.
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(Case III) When c1¢cp — C% = ZCC%t, it follows from the nondegeneracy condition (6) of
the metric G that the base manifold (M, g) is not locally flat, c,(t) # 0 and t # 0, and hence,
in Case III, the metric G is defined on TM \ {0}, the total space of the bundle of nonzero
vector fields tangent to the space form (M, g). In this case, one has:

2 2
c5 + 2cest
(=22 5 2 (47)

and then the expression (37) of ds reduces to:

coc3 + 2¢hezt — cocht
d3 = gzt 3 (48)

Substituting the expressions (38), (47), and (48) into the expression of 7T (¢;, dj, Ok), we
obtain that the numerator of its coefficient is:

N, (t) =c3[8c5c3 — 8cchcat + 27cocheat — 18c5c3cht — 14echchest?
+ 20c2c3t? + dechcht? — 26¢9chc3cht? + 8c3esch t?
— 8ccacPeat® + decicheht® — 2cpcadat(c3 + 2ccit))].
To obtain necessary and sufficient conditions for N4 (t) = 0, we have to study two
y 6 y

subcases of Case III:
(IIL.1) If ¢ + 2cc3t # 0, then Ny, () = 0 if and only if:

dy =(8¢3¢3 — 8cchcat + 27cycheat — 18c5c3cht — 14ccichest? (49)
+ 20c2c3t? + dechcht? — 26¢och 3t + 8c3esc

— 8ccacPest® + dec3cheht) /[2cact(c3 + 2ec3t)].

Taking into account the expressions (38), (47), (48), and (49), we obtain that the numer-
ator of the coefficient of gj;go; involved in the expression of 7(9;, d;, d¢) is of the form:

N (t) = c3(c3 + 2cc3t) (2coc3 + 3chest — 2e2cht).

Since c3 + 2cc3t # 0 and G is a proper general natural metric, N s (t) = 0if and only
if:
o 2coc3 + 3chest
3 2cot

which yields a simpler form of the coefficient of gjxgo; in the same component of 7, namely:

c3(c3 4 3ccst) (cp + cht)
4cc3t?

As(t) = , (50)
while the coefficient involved in the expression of 7 (9;,9j, ;) becomes:

c3(ccqt — 3) (e + cht)
4ccst? '

As(t) = (51)

The expressions (50) and (51) vanish simultaneously if and only if ¢; + ¢4t = 0 or
3+ 3ccst = cc3t — ¢ = 0.

If c; + cht = 0, ie, cp = 7 for every t > 0, where «; is an arbitrary nonzero real
constant, then by taking into account (38), (47), (48) and (49) it follows that the second
nondegeneracy condition (6) for the metric G is not satisfied.

If c% + 3cc§t = cc%t — c% =0, 1i.e., c% = cc%t = (0, then under the condition of Case
111, it follows that cycp — cg = 0, i.e., the metric G is degenerate. We conclude that in
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Case II1.1, there is no proper general natural metric G torsion-coupled with the correspon-
ding Schouten-van Kampen connection V.

(II1.2) The subcase c% + Zcht = 0 holds for ¢ < 0 and ¢ > 0, and due to (47), it reduces
to the condition c¢; = 0. Then, the relation (37) turns into d3 = ¢}, and together with (38),
it yields:

T(ai/aj/ 5/{) — O, 7'(51-,5]-, ak) = 0,

ccz(c3 + 2c4t)?
3 + dcacht + 2copt + 4cH2 + decydot?

T(6i,6j,6) = (8ik&oj — &jk8oi)-

Then, 7 (6;,6;,6c) = 0 if and only if c3(t) = %, forevery t > 0,x3 € R\ {0}.
By using (38) and the coefficients obtained in Case III.2:

K3 K3
C:O,Czi,d:_ 7 52
1 =g b NG (52)
we have:
c +c t
7(9;,0,0¢) = 27(8]k801 8ik80j)
c+c
T(9:,0;,0) = (272)g01g0]g0k1

2 242
K3+ 2ce5t
T (9i,6j,9) = W(gOingSOk — 2tgix80j),
which vanish simultaneously if and only if:

0="2, &=t0V, V>0 ek {0} 53

Subsequently, in Case II1.2, all the components of the tensor field 7 with respect to the
adapted local frame field {4;,;}};_; vanish simultaneously if and only if the coefficients
of the metric G satisfy the relatlons (38) (52), and (53) and dz is an arbitrary smooth real
function of ¢, such that dy(t) # — 2t2, because if dy(t) = 2t2, then the nondegeneracy
condition (6) for the metric G would not be satisfied. Thus, we proved that the triplet
(TM\ {0}, V, G) is a statistical manifold admitting torsion if and only if the metric G has

the expression given in the statement at item (b). O

Remark 2. Let (M, g) be a locally flat connected Riemannian manifold of dimension n > 2. There
are two families of proper general natural metrics on TM such that the Schouten—van Kampen
connection associated to the Levi-Civita connection of a metric is a statistical connection on T M.
One family of metrics depends on an arbitrary smooth function c3 of the energy density t, different
from C‘i;’ft with const € R, c3(0) # 0, and on two nonzero arbitrary real constants, provided that

their product is not 1. The other family of metrics depends on two nonzero arbitrary smooth real
functions cy, c3 of t, provided that c3(0)c3(0) # 0, c3(t) # C"—\/”Estfor every t > 0, const € R.

If, moreover, co(t) # Koc3(t) for every t > 0, k, € R, then the statistical structure on TM
is nontrivial.

Remark 3. Let (M, g) be a connected n > 2—dimensional Riemannian manifold of constant
sectional curvature ¢ < 0. The family of proper general natural metrics on TM \ {0} such that
the Schouten—van Kampen connection associated to the Levi-Civita connection of a metric is a
quasi-statistical connection on TM \ {0} depends on the constant sectional curvature c of (M, g),
the energy density t, an arbitrary nonzero real constant ko and an arbitrary smooth function of t,
different from — 2%

2t2
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4. Conclusions

Investigating the quasi-statistical Schouten-van Kampen connection V associated to
the Levi-Civita connection of a general natural metric G given by (5) on the total space TM
of the tangent bundle of a Riemannian manifold (M, g), we conclude the following;:

(1) The base manifold must be a space form when ¢(0)c3(0) # 0 and locally flat when
c3(t) = 0. Implicitly, when the metric G is of natural diagonal lift type, (M, g) must be
locally flat.

(2) There exists one family of natural diagonal metrics such that (TM, V, G) is a statistical
manifold. The metrics in this family depend on two arbitrary nonzero smooth real
functions of the energy density f and on an arbitrary nonzero real constant such that
the nondegeneracy conditions of the metric are satisfied.

(3) When G is a proper general natural metric G on TM, V is a statistical connection if
and only if (M, g) is locally flat and the metric G has two possible expressions. Hence,
there are two families of proper general natural metrics such that (TM,V,G) is a
statistical manifold. The metrics in the first family depend on two arbitrary nonzero
real constants, k1, k2, and on an arbitrary smooth nonzero real function c3 of the energy
density f such that c3(0) # 0, while the metrics in the second family depend only on
two arbitrary smooth nonzero real functions of ¢, ¢; and c3, for which ¢;(0)c3(0) # 0,
such that the nondegeneracy conditions of the metric are satisfied in each case.

(4) If cp(t) # xac3(t), then the statistical manifold (TM, V, G) is nontrivial, i.e., the Levi-
Civita connection is different from its associated Schouten—van Kampen connection.

(5) The manifold (TM \ {0},V, G) is quasi-statistical if and only if (M, g) has constant
sectional curvature ¢ < 0 and the metric G depends on ¢, ¢, on an arbitrary nonzero
real constant x; and on an arbitrary smooth real function of ¢, different from — 2’%

In a forthcoming paper we will determine the conditions under which the general natural

a-structures characterized in [47] are torsion coupled (in particular Codazzi coupled) with

the (quasi-)statistical Schouten-van Kampen connection V associated to the Levi-Civita
connection V of a general natural metric G on TM. Another goal will be to characterize the

para-Kéhler-like statistical manifolds (TM, V,P, G), where the almost product structure P

and the metric G are of general natural lift type on TM.
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