
Citation: Al-Omari, A.; Alqurashi, W.

Hyperconnectedness and Resolvability

of Soft Ideal Topological Spaces.

Mathematics 2023, 11, 4697. https://

doi.org/10.3390/math11224697

Academic Editor: Michael Voskoglou

Received: 31 October 2023

Revised: 16 November 2023

Accepted: 17 November 2023

Published: 19 November 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

mathematics

Article

Hyperconnectedness and Resolvability of Soft Ideal
Topological Spaces
Ahmad Al-Omari 1,*,† and Wafa Alqurashi 2,†

1 Department of Mathematics, Faculty of Sciences, Al-al-Bayt University, P.O. Box 130095, Mafraq 25113, Jordan
2 Department of Mathematic, Faculty of Sciences, Umm Al-Qura University, P.O. Box 11155,

Makkah 21955, Saudi Arabia; wkqurashi@uqu.edu.sa
* Correspondence: omarimath@aabu.edu.jo or omarimutah1@yahoo.com
† These authors contributed equally to this work.
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1. Introduction

In 1999, Molodtsov [1] initially suggested the idea of soft sets as a broad mathemat-
ical tool for handling uncertain situations. Molodtsov effectively utilized soft theory
in some areas, including probability, theory of measurement, smoothness of functions,
Perron integration, operations research, Riemann integration, and so on, in [2].

Shabir and Naz [3] started researching soft topological spaces in 2011. They defined
the topology on the collection τ of soft sets over X. Thus, they developed many features of
soft regular spaces, soft normal spaces, soft separation axioms, soft open and soft closed
sets, soft subspace, soft closure, and soft nbd of a point. They also defined the fundamental
concepts of soft topological spaces.

Kandil and colleagues introduced the concept of the soft ideal for the first time [4].
Additionally, they presented the idea of soft local functions. These ideas are presented
with the goal of identifying new soft topologies, termed soft topological spaces with soft
ideal (XE, τ, I), from the original one. Numerous mathematical structures, such as soft
group theory [5], soft ring theory [6], soft primals [7], soft algebras [8,9], soft category
theory [10], ideal spaces [11], ideal resolvability [12], and so on, have been addressed by soft
set theory. Similarly, the notion of soft topology through soft grills was introduced in [13].
Additionally, a large number of academics and researchers developed gentle versions of
the traditional topological ideas, such as soft resolvable spaces [14], soft hyperconnected
spaces [15], suitable soft spaces [7], soft ideal spaces [4,16,17], soft extremally disconnected
spaces [18], soft Menger spaces [19], soft countable chain condition, and soft caliber [20].
From here on, we shall refer to a soft ideal topological space (XE, τ, I), a soft ideal space.
The way this work is set out is as follows: Following the introduction, we discuss the
definitions and findings that are necessary to understand the data in Section 2. Next, we
recall the notion of soft local functions in Section 3. We study the fundamental operations
on soft local functions. The definitions of soft hyperconnected and soft hyperconnected
modulo ideal spaces, as well as a soft ideal topological space, are provided in Section 4.
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We look at the basic characteristics and connections between soft hyperconnected and soft
hyperconnected modulo ideals. A soft ideal resolvable space is defined in Section 5 and it
is demonstrated that soft ideal resolvable topologies over soft ideal resolvable subspace
are also soft ideal resolvable. The concept of soft ideal semi-irresolvable space and an
overview of its properties are provided in Section 6. In Section 7, we finish off by providing
an overview of the major contributions and some recommendations for the future.

2. Preliminary

Here, we provide the fundamental concepts and the outcomes of soft set theory that
are required for the follow-up.

Definition 1 ([1]). Let X be an initial universe and E be a set of parameters. Let P(X) denote the
power set of X and A be a non-null subset of parameters E. A pair (F, A) symbolized by FA is a soft
set over XE, where F is a mapping given by F : A→ P(X). Otherwise put, a soft set over XE is a
parameterized family of subsets of the universe XE. For a particular e ∈ E, F(e) might be regarded
as the set of e-approximate elements of the soft set (F, E) = FE and, if e /∈ E, then F(e) = φ, i.e.,
FE = {F(e) : e ∈ E, F : E→ P(X)}. The collection of all these soft sets is symbolized by SS(X)E.

Definition 2 ([21]). Let FE, GE ∈ SS(X)E. Then

1. FE is called a soft subset of GE, denoted by FE v GE, if F(e) ⊆ G(e), for all e ∈ E.
2. FE is called absolute, symbolized by XE, if F(e) = X for all e ∈ E.
3. FE is called null, symbolized by φE, if F(e) = φ for all e ∈ E.

In this case FE is said to be a soft subset of GE and GE is said to be a soft superset of FE,
FE v GE.

Definition 3 ([22]). 1. A soft set FE ∈ SS(X)E is called a soft point in XE if there exist x ∈ X
and e ∈ E such that F(e) = {x} and F(ec) = φ for each ec ∈ E− {e}. This soft point FE is
denoted by xe.

2. Let ∆ be an arbitrary index set and Ω = {(Fα)E : α ∈ ∆} be a subfamily of SS(X)E. Then:

(a) The union of all (Fα)E is the soft set HE, where H(e) = ∪α∈∆(Fα)E(e) for each e ∈ E.
We write tα∈∆(Fα)E = HE.

(b) The intersection of all (Fα)E is the soft set ME, where M(e) = ∩α∈∆(Fα)E(e) for
each e ∈ E. We write uα∈∆(Fα)E = ME.

3. A soft set GE in a soft topological space (XE, τ) is called a soft neighborhood of the soft point
xe ∈ XE if there exists a soft open set HE such that xe ∈ HE v GE.

Definition 4 ([3]). Let (XE, τ) be a soft topological space and FE ∈ SS(X)E.

1. The soft closure of FE, symbolized by cl(FE), is the intersection of all soft closed supersets of
FE, i.e., cl(FE) = u{HE : HE is soft closed and FE v HE}.

2. The soft interior of FE is the set Int(FE) = t{HE : HE is soft open and HE v FE}.
3. A difference of two soft sets FE and GE over the common universe XE, symbolized by FE −GE,

is the soft set HE for all e ∈ E, H(e) = F(e)− G(e).
4. A complement of a soft set FE, symbolized by Fc

E, is defined as follows. Fc : E → P(X) is a
mapping given by Fc(e) = XE(e)− F(e), for all e ∈ E, and Fc is called a soft complement
function of FE.

5. Let FE be a soft set over XE and xe ∈ XE. We say that xe ∈ FE denotes that xe belongs to the
soft set FE whenever xe(e) ∈ F(e), for all e ∈ E.

For more details of soft set theory and its applications in a variety of mathematical
structures, see [18,23–27].

3. Soft Local Functions

Definition 5 ([4]). The non-null collection of soft subsets I of SS(X)E is called a soft ideal on XE if
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(a) FE ∈ I and GE v FE, then GE ∈ I .
(b) FE ∈ I and GE ∈ I , then FE t GE ∈ I .

Definition 6 ([4]). Let (XE, τ, I) be a SIT S . Then, FE
∗
(I , τ) (or F∗E) = t{xe ∈ XE : Oxe u

FE /∈ I for every soft open set Oxe} is called a soft local function of FE with respect to I and soft
topology τ, where Oxe is a soft open set containing xe.

A soft subset AE of a soft ideal topological space “symbolized SIT S” (XE, τ, I) is
said to be soft ideal dense if every soft point of XE is in A∗E, i.e., if A∗E = XE.

Remark 1. For a SIT S (XE, τ, I), if DE v XE is soft ideal dense, then XE is also soft ideal
dense, i.e., XE

∗
= XE.

A soft set SE ∈ SS(X)E is called soft co-dense [28] if Int(SE) = φE.

Theorem 1. Let (XE, τ, I) be a SIT S . Then, the next characteristics are interchangeable:

(a) τ u I = φE, where φE is a null soft set;
(b) If SE ∈ I , then Int(SE) = φE;
(c) For any soft open FE, we have FE v F∗E;
(d) XE = X∗E.

Proof. (a) → (b): Assume that τ u I = φE and SE ∈ I . Suppose that xe ∈ Int(SE).
Then, there exists a soft open set UE such that xe ∈ UE v SE. Since SE ∈ I , UE ∈ I . This is
contrary to τ u I = φE. Therefore, Int(SE) = φE.
(b)→ (c): Assume that xe ∈ FE. Let xe /∈ F∗E; then, there exists soft open set Uxe containing xe
such that FE uUxe ∈ I . Since FE is a soft open set, by (b) xe ∈ FE uUxe = Int[FE uUxe ] = φE.
This is incoherent, and so xe ∈ F∗E and FE v F∗E.
(c)→ (d): Since XE is a soft open set, XE = X∗E.
(d)→ (a): XE = X∗E = {xe ∈ XE : UE uXE = UE /∈ I for all soft open sets UE and xe ∈ UE}.
Then, τ u I = φE.

4. Soft Hyperconnected Spaces

Definition 7. Let (XE, τ, I) be a SIT S . We say that this space is:

1. Soft hyperconnected “symbolizedHC” [17] if every pair of non-null soft open sets of XE has
non-null intersection.

2. SoftHC modulo I if the intersection of every two non-null soft open sets is not in I .
3. Soft idealHC if every non-null soft open set is soft ideal dense in XE.

Lemma 1. A SIT S (XE, τ, I) is softHC modulo I iff there are no proper soft closed sets GE and
HE such that XE − (GE t HE) ∈ I .

Proof. If there are proper soft closed sets GE and HE such that XE − [GE t HE] ∈ I .
If HE = φE, then XE − GE ∈ I . XE − GE and XE are non-null soft open sets with XE u
(XE − GE) = (XE − GE) ∈ I . This is incoherent. Hence, GE 6= φE and HE 6= φE are
both proper soft closed sets. Then, XE − GE and XE − HE are non-null soft open sets.
So, (XE − GE) u (XE − HE) = XE − (GE t HE) ∈ I , which contradicts.

Conversely, assume that AE 6= φE and BE 6= φE are soft open sets in XE. So, XE − AE
and XE − BE are proper soft closed sets in XE and XE − [(XE − AE) t (XE − BE)] /∈ I .
This implies that XE − [XE − (AE u BE)] /∈ I . Thus, (AE u BE) /∈ I . Hence, (XE, τ, I) is
softHC modulo I .

Theorem 2. Let (XE, τ, I) be a SIT S and τ u I = φE. Then, (XE, τ, I) is softHC modulo I
if and only if (XE, τ) is softHC.
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Proof. Assume that (XE, τ, I) is a softHC modulo I . So, since φE ∈ I , (XE, τ) is softHC.
Conversely, let (XE, τ) be a soft HC and AE, BE be non-null soft open sets. Then,

AE u BE is a non-null soft open set in (XE, τ). Since τ u I = φE, AE u BE /∈ I . Thus,
(XE, τ, I) is softHC modulo I .

The following example show that, if τ u I 6= φE, Theorem 2 is not true.

Example 1. Let (XE, τ, I) be a SIT S , where X = {h1, h2}, E = {e1, e2} τ = {XE, φE, {(e1,
{h1}), (e2, {h2})}, {(e1, XE), (e2, {h2})}, {(e1, {h1}), (e2, {XE})}}, and I = {φE, {(e1, {h1})},
{(e2, {h2})}, {(e1, {h1}), (e2, {h2})}}. Then, τ u I 6= φE.

Since every pair of non-null soft open sets of XE has non-null soft intersection, (XE, τ, I) is
softHC. But it is clear that it is not softHC modulo I .

Theorem 3. A soft topological space (XE, τ) is softHC iff the union of two not soft dense sets is a
not soft dense set.

Proof. Assume that (XE, τ) is soft HC and GE, FE are two not soft dense sets in (XE, τ).
Then there exist two non-null soft open sets UE and VE such that UE u GE = φE and
VE u FE = φE. Since (XE, τ) is soft HC, UE u VE 6= φE. But (UE u VE) u (GE t FE) = φE
and, hence, GE t FE is not soft dense in (XE, τ).

Conversely, if the condition is true in (XE, τ) but (XE, τ) is not soft HC, then there
exist two non-null soft open sets UE and VE such that UE uVE = φE. Hence, UE v XE −VE
and VE v XE −UE. Then, XE −UE and XE −VE are not soft dense in (XE, τ). But (XE −
UE) t (XE −VE) = XE. This contradicts the assertion that a union of two non-soft dense
sets is also not a soft dense set. The theorem is therefore now proven.

Lemma 2. Let (XE, τ, I) be a SIT S . Then, (XE, τ, I) is soft idealHC if and only if (XE, τ) is
softHC and τ u I = φE.

Proof. Clearly, every soft idealHC space is softHC. Let UE be a non-null soft open set in
the soft ideal. Then, U∗E = XE. Conversely, yet, since UE ∈ I , U∗E = φE. Hence, XE = φE.
There is inconsistency here. Consequently, τ u I = φE.

Conversely, let UE be a non-null soft open set. Let xe ∈ XE. Due to the soft HC
property of (XE, τ), every soft open set VE containing xe meets UE. Moreover, UE uVE is a
soft open set and UE uVE /∈ I because τ u I = φE. Thus, xe ∈ U∗E. This shows that UE is
soft ideal dense.

Theorem 4. Let (XE, τ, I) be a SIT S , where τ u I = φE. Then, a set DE is soft ideal dense if
and only if (UE − AE) u DE 6= φE whenever UE is non-null soft open and AE ∈ I .

Proof. Let DE be soft ideal dense. So, UE uDE /∈ I for all non-null soft open sets UE. Hence, for
all AE ∈ I, (UE − AE) u DE 6= φE, for, otherwise, (UE − AE) u DE = φE and, hence, φE =
UE u (XE − AE) u DE = (UE u DE) u (XE − AE). Therefore, UE u DE v AE. Since AE ∈ I,
UE u DE ∈ I, which is contrary to UE u DE /∈ I. Therefore, (UE − AE) u DE 6= φE.

Conversely, let (UE − AE) u DE 6= φE whenever UE is a non-null soft open set and
AE ∈ I . Next, we assert that DE is soft ideal dense. Let DE be not soft ideal dense.
Then, there exists some non-null soft open set UE such that UE uDE ∈ I . Let UE uDE = AE.
So, since τ uI = φE, UE− AE is non-null but (UE− AE)uDE = φE. This defies everything
we had assumed.

Theorem 5. Let (XE, τ, I) be a SIT S , where τ uI = φE. Then, (XE, τ, I) is softHC modulo I
if and only if (UE− AE)uDE 6= φE whenever UE and DE are non-null soft open sets and AE ∈ I .

Proof. From Lemma 2 and Theorem 4, the proof follows.
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5. Soft Ideal Resolvable Spaces

A soft space (XE, τ) is soft resolvable [14], symbolized (RS), if XE is the union of two
soft dense subsets which are disjoint.

A SIT S (XE, τ, I) is soft idealRS if it has two disjoint soft ideal dense sets; alterna-
tively, it is claimed to be soft ideal irresolvable, symbolized (IRS).

Lemma 3. Let (XE, τ, I) be a SIT S .

(1) (XE, τ, I) is soft idealRS iff XE is the union of two disjoint soft ideal dense sets.
(2) If (XE, τ, I) is soft idealRS , then τ u I = φE.

Proof. (1) Let AE and BE be disjoint soft ideal dense sets. Then, A∗E = XE and XE = B∗E v
(XE − AE)

∗
E, and, hence, XE = (XE − AE)

∗
E. Therefore, XE is the union of soft ideal dense

sets AE and XE − AE. The opposite is evident.
(2) Let AE and BE be disjoint soft ideal dense sets. So, by Theorem 3.2 of [4], we have

XE = A∗E v X∗E. Therefore, XE is soft ideal dense. Thus, by Theorem 1, τ u I = φE.

Remark 2. In citekandil it was obtained that Cl
∗
(AE) = AE t A∗E is a soft Kuratowski closure

operator. We will denote by (XE, τ∗, I) the soft topology generated by Cl
∗
, that is, τ∗ = {UE v

XE : Cl
∗
(XE −UE) = XE −UE}.

Theorem 6 ([29]). Let (XE, τ, I) be a SIT S . Then β(τ∗, I) = {VE − I : VE is soft open set
of (XE, τ), I ∈ I} is a basis for (XE, τ∗).

Theorem 7. A SIT S (XE, τ, I) is soft ideal RS if and only if (XE, τ∗) is soft RS and
τ u I = φE.

Proof. Let (XE, τ, I) be soft idealRS . So, by Lemma 3 (1), XE = AE t BE, where AE and
BE are disjoint soft ideal dense sets of XE. Note that Cl

∗
(AE) = AE t A∗E = AE t XE = XE.

Hence, AE and BE are soft dense in (XE, τ∗). Thus, (XE, τ∗) is soft RS . By Lemma 3 (2),
τ u I = φE.

Conversely, let (XE, τ∗) be soft RS and τ u I = φE. Suppose that XE = AE t BE,
AE u BE = φE, and both AE and BE are soft dense in (XE, τ∗). Let xe ∈ XE and xe /∈ A∗E;
then, there exists a soft open set UE containing xe such that VE = UE u AE ∈ I . Since BE
is soft dense in (XE, τ∗) and τ u I = φE, VE is non-null and also UE 6v AE. Hence, by
Theorem 6, WE = UE −VE ∈ (XE, τ∗) is a non-null set and WE u AE = φE. This contradicts
the fact that AE is soft dense in (XE, τ∗). Thus, xe ∈ A∗E and, hence, AE is soft ideal dense.
A related argument demonstrates that BE is soft ideal dense. Thus, (XE, τ, I) is soft ideal
RS .

Definition 8 ([3]). Let YE 6= φE be a soft subset of (XE, τ, E); then, τYE = {GE uYE : GE ∈ τ}
is called a relative soft topology over Y and (YE, τYE , E) is a soft subspace of (XE, τ, E).

Lemma 4. Let YE v XE and I be soft ideal in XE. Then, IYE = {I ∈ I : I ⊆ YE} = {I u YE :
I ∈ I} is soft ideal in YE.

Lemma 5. Let (XE, τ, I) be a SIT S . The non-null soft τ∗-open subspace of a soft ideal RS
space is a soft idealRS space.

Proof. First, we know that the intersection of a soft dense and a soft open set is soft dense,
so the soft resolvability is a soft open hereditary. Also, for all AE ∈ τ∗ we have τ∗|A = (τ|A)

∗.

Thus, by Theorem 7, if (XE, τ, I) is soft idealRS and A is τ∗-open, then (XE, τ∗) is softRS ;
hence, (AE, τ∗|A) = (AE, (τ|A)

∗) is softRS and, thus, (AE, τ|A, IAE) is soft idealRS .
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Theorem 8. Let (XE, τ, I) be a SIT S . Simple expansion of soft ideal RS topologies over soft
idealRS subspace are soft idealRS .

Proof. Let (XE, τ, I) be soft ideal RS and SE v XE be a soft ideal RS subspace. Let
(DE, D′E) be the soft ideal resolution of (SE, τ|S, ISE). We examine the next two instances:

Case (1): SE is soft τ∗-dense in (XE, τ, I); that is, XE = SE t S∗E. We first establish that DE

is soft ideal dense in (XE, τ, I). Let xe ∈ XE. Suppose that for some soft open
set UE with xe ∈ UE we have UE u DE ∈ I . The two subcases that follow are
ours.

Subcase (a): xe ∈ SE. Then, VE = UE u SE ∈ τ|S is a soft open set of xe in (SE, τ|S, ISE)

such that VE u DE = UE u SE u DE ∈ I due to the heredity of I . This defies
the assertion that DE is soft ideal dense in (SE, τ|S, ISE). So, DE is soft ideal
dense in (XE, τ, I).

Subcase (b): xe /∈ SE. Since XE = SE t S∗E, xe ∈ SE. To demonstrate that xe ∈ D∗E, we
believe the opposite, i.e., there exists a soft open set UE with xe ∈ UE such
that UE u DR ∈ I . Note that UE u SE 6= φE; otherwise, xe /∈ S∗E. Pick ye ∈
UE u SE ∈ τ|S. Since UE u DE ∈ I , then, by heredity of I , UE u SE u DE ∈ I .
So, DE is not soft ideal dense in (SE, τ|S, ISE). By contradiction xe ∈ D∗E,
i.e., DE is soft ideal dense in (XE, τ, I). So, we have demonstrated that
D∗E = XE. Using a comparable defense, D

′∗
E = XE. Let xe ∈ XE and let

UE t (VE u SE) be a soft open set of xe in (XE, τ(SE), I), where τ(SE) is
the simple expansion of τ over SE. If (UE t (VE u SE)) u DE ∈ I , then, by
heredity of I , (VE u SE) u DE is a member of I so that VE is a null set. Of
course, (VE u SE) u DE cannot be a member of I if VE is non-null since then
VE must contain an element of SE. So, xe belongs to UE u DE, which is also
not eligible to join with I since D∗E = XE. This contradiction shows that
DE is soft τ(SE)-dense. Using a comparable defense of D

′
E, we determine

that (XE, τ(SE), I) is soft idealRS .

Case (2): SE is not soft τ∗-dense in (XE, τ, I). Then, S
′
E = XE \ Cl∗(SE), so it is τ∗-open

and non-null. By Lemma 5, S
′

is soft ideal RS (more precisely said soft ideal
RS with respect to SE). Let (AE, BE) be the soft ideal resolution of S

′
. By using

reasoning akin to that of Case (1), we can prove that (DE t AE, DE t BE) is a soft
ideal resolution of (XE, τ, I). Additionally, employing the same method as at the
conclusion of Case (1), we find that (XEτ(SE); I) is soft idealRS .

Theorem 9. A SIT S (XE, τ, I) is soft ideal RS iff there exists a soft ideal dense set DE such
that, for all non-null soft open sets UE and all AE ∈ I , UE − AE 6= φE implies (UE − AE) 6vDE.

Proof. Let (X, τ, I) be soft ideal RS . So, by Remark 1 and Theorem 1, τ u I = φE.
Now, there exist two disjoint soft ideal dense sets, say D

′
E and D

′′
E. We demonstrate

that (UE − AE) 6vD
′
E whenever UE − AE 6= φE for all non-null soft open sets UE and

AE ∈ I . If possible, let (UE − AE) v D
′
E for some non-null soft open set UE and AE ∈ I .

Then, (UE − AE) u D
′′
E = φE. Now, since τ u I = φE, by Theorem 4 D

′′
E is not soft ideal

dense. This is contrary to D
′′
E being soft ideal dense. Hence, (UE − AE) 6vD

′
E whenever

UE − AE 6= φE for all non-null soft open sets UE and AE ∈ I .
However, allow the condition to persist in (XE, τ, I). Then, there exists a soft ideal

dense set DE such that (UE − AE) * DE if UE − AE 6= φE for all non-null soft open sets
UE and AE ∈ I . We show that XE − DE is soft ideal dense. Let XE − DE be not soft ideal
dense. Then there exists a non-null soft open set VE such that VE u (XE −DE) ∈ I . Clearly,
VE u (XE − DE) 6= φE, for otherwise VE v DE, which is contrary to our assumption. Let
AE = VE u (XE − DE). Then, VE − AE 6= φE. For if VE − AE = φE then VE v AE and,
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hence, VE ∈ I , which suggests VE u DE ∈ I . Contrary to that, this DE is soft ideal dense.
Therefore, VE − AE v DE. It goes against our presumption once more. Thus, XE − DE is
soft ideal dense and so (XE, τ, I) is soft idealRS .

Corollary 1. A SIT S (XE, τ, I) is soft ideal IRS iff, for each soft ideal dense set DE, there
exist a soft open set UE and A ∈ I such that φE 6= (UE − AE) v DE.

Theorem 10. If (XE, τ, I) is a SIT S such that τ u I = φE and if DE is soft ideal dense in
(XE, τ, I), then, for all YE = UE − AE, where UE is non-null soft open and AE ∈ I , YE u DE is
soft ideal dense in (YE, τYE , IYE).

Proof. Clearly, we suppose that τ u I = φE. Then, by Proposition 11 of [3], a soft open
set in YE is of the form YE uOE = (UE − AE) uOE = (UE uOE) − AE, where OE is a
soft open set in (XE, τ). Let φE 6= UE uOE − AE. Consider φE 6= ((UE uOE)− AE)− BE,
BE ∈ IYE . Then, since DE is soft ideal dense and UE uOE is a soft open set in (XE, τ), by
Theorem 4, (UE uOE − (AE t BE)) u DE 6= φE. Hence, (((UE uOE)− AE)− BE) u DE 6=
φE. Therefore, again by Theorem 4, YE u DE is soft ideal dense in (YE, τYE , IYE).

Theorem 11. Let (XE, τ, I) be a SIT S such that τ u I = φE and PE v YE = UE − AE,
where UE is a non-null soft open set, AE ∈ I . Then, PE is soft ideal dense in (YE, τYE , IYE) if and
only if PE = YE u DE, where DE is soft ideal dense in (XE, τ, I).

Proof. Assume that PE is soft ideal dense in (YE, τYE , IYE). Consider the set PE t (XE −
YE). Then, (PE t (XE − YE)) uOE = (PE uOE) t ((XE − YE) uOE), where OE is a non-
null soft open set. Now, if OE v XE − YE, then PE v YE and PE uOE = φE, and we
have (PE t (XE −YE)) uOE = OE which is not in I because τ u I = φE. Moreover, if
OE uYE 6= φE, then, since PE is soft ideal dense in (YE, τYE , IYE), PE u (OE uYE) /∈ IYE and
so PE uOE /∈ I . Therefore, (PE t (XE − YE)) uOE /∈ I . Thus, (PE t (XE − YE)) = DE,
say, is soft ideal dense in (XE, τ, I) and, hence, PE = YE u DE. Next, let PE = YE u DE,
where DE is soft ideal dense in (XE, τ, I). Hence, by Theorem 10, PE is soft ideal dense in
(YE, τYE , IYE). This completes the proof of the theorem.

Note that, as per the condition in Theorem 11, for DE soft ideal dense is necessary
because if DE is not soft ideal dense then PE = φE for some non-null soft open set UE,
AE ∈ I and, hence, PE is not soft ideal dense in (YE, τYE , IYE).

6. Soft Ideal Semi-Irresolvable Spaces

Next, we will define and go over the characteristics of a soft ideal semi-IRS space.

Definition 9. A SIT S (XE, τ, I) is a said to be soft ideal semi- IRS if for each soft ideal dense
set DE and each non-null soft open set UE and AE ∈ I such that UE − AE is non-null set, there
exists a non-null soft open set VE and BE ∈ I such that φE 6= (VE − BE) v (UE − AE) u DE.

Theorem 12. A SIT S (XE, τ, I) is a soft ideal semi- IRS , iff the intersection of soft ideal
dense sets is a soft ideal dense set, where τ u I = φE.

Proof. Assume that (XE, τ, I) is a soft ideal semi- IRS and τ u I = φE. Let D
′
E and

D
′′
E be two soft ideal dense sets in (XE, τ, I). We demonstrate that D

′
E u D

′′
E is soft ideal

dense. Consider UE − AE, where U is a non-null soft open set and AE ∈ I . As we
demonstrate, (UE − AE) u D

′
E u D

′′
E 6= φE. Since D

′
E is soft ideal dense, by Theorem 4,

(UE − AE) u D
′
E 6= φE. Since (XE, τ, I) is soft ideal semi- IRS , there exists a non-null

soft open set V
′
E and B

′
E ∈ I such that φE 6= (V

′
E − B

′
E) v (UE − AE) u D

′
E. Again,

since D
′′
E is soft ideal dense, there exists a non-null soft open set V

′′
E and B

′′
E ∈ I such
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that φE 6= (V
′′
E − B

′′
E) v (V

′
E − B

′
E) u D

′′
E. Hence, φE 6= V

′′
E − B

′′
E v (UE − AE) u D

′
E u D

′′
E.

Therefore, (UE − AE) u (D
′
E u D

′′
E) 6= φE and, by Theorem 4, D

′
E u D

′′
E is soft ideal dense.

Conversely, assume that the intersection of soft ideal dense sets is soft ideal dense.
Assume that (XE, τ, I) is not soft ideal semi- IRS . Then, there exists a soft ideal dense
set D

′
E, and a non-null soft open set UE and AE ∈ I , where φE 6= UE − AE, such that

(UE − AE) u D
′
E does not contain VE − BE, for any non-null soft open set VE and BE ∈ I .

Consider the set D
′′
E = (XE− (UE− AE))t ((UE− AE)− (UE− AE)uD

′
E). By Theorem 4,

D
′′
E is soft ideal dense since (VE − BE) u D

′′
E 6= φE. But (UE − AE) u D

′
E u D

′′
E = φE.

This contradicts the reality that the intersection of two soft ideal dense sets is a soft ideal
dense set. Hence, (XE, τ, I) must be soft ideal semi- IRS . This concludes the theorem’s
proof.

Example 2. Let (XE, τ, I) be a SIT S , where X = {h1, h2, h3}, E = {e}. Consider τ =
{XE, φE, {(e, {h1, h2})} and I = {φE, {(e, {h2})}, {(e, {h3})}, {(e, {h2, h3})}}. Then, we have
the following.

1. τ u I = φE.
2. The collection of all soft ideal dense sets are XE, {(e, {h1})}, {(e, {h1, h2})} and {(e, {h1, h3})}.
3. The soft intersection of any soft ideal dense sets is soft ideal dense.

Hence, by Theorem 12, (XE, τ, I) is soft ideal semi- IRS .

Theorem 13. Let (XE, τ, I) be a SIT S and τ u I = φE. If (XE, τ, I) is soft ideal semi- IRS ,
then (YE, τYE , IYE) is soft ideal semi- IRS whenever YE = UE − AE, for every non-null soft open
set UE and AE ∈ I .

Proof. Assume that DE and GE are soft ideal dense sets in (YE, τYE , IYE). Then, by Theorem 11,
DE = (UE − AE) u D

′
E and GE = (UE − AE) u D

′′
E, where D

′
E and D

′′
E are soft ideal dense

sets in (XE, τ, I). Hence, DE u GE = (UE − AE) u D
′
E u D

′′
E and, since D

′
E u D

′′
E is a soft ideal

dense set in (XE, τ, I), once more by Theorem 11, DE u GE is soft ideal dense in (YE, τYE , IYE).
So, by Theorem 12, (YE, τYE , IYE) is soft ideal semi-IRS .

Definition 10. A SIT S (XE, τ, I) is said to be soft ideal semi-HC if each UE− AE 6= φE, where
UE is a soft open set and AE ∈ I is a soft ideal dense set.

Theorem 14. A SIT S (XE, τ, I) is soft ideal semi-HC iff it is soft idealHC and τ u I = φE.

Proof. Let (XE, τ, I) be soft ideal semi-HC. Clearly, (XE, τ, I) is soft idealHC. Let UE 6= φE
be a non-null soft open set and a member of the soft ideal I . Then, UE

∗
= XE since (XE, τ, I)

is soft idealHC. Conversely, yet, since UE ∈ I , UE
∗
= φE, it is paradoxical. So τ u I = φE.

Conversely let (XE, τ, I) be a soft ideal HC and τ u I = φE. Let UE − AE, where
UE is a non-null soft open set and AE ∈ I . Then UE − AE 6= φE because τ u I = φE.
We show that UE − AE is soft ideal dense. Let xe ∈ XE and VE be a soft open set containing
xe. By Lemma 2, (XE, τ) is soft HC and VE u (UE − AE) 6= φE because VE u (UE − AE) =
VE uUE − AE 6= φE and τ u I = φE. Thus, (XE, τ, I) is soft ideal semi-HC.

Example 3. Let (XE, τ, I) be a SIT S , where X = {h1, h2, h3}, E = {e}. Consider τ =
{XE, φE, {(e, {h1, h2})} and I = {φE, {(e, {h2})}, {(e, {h3})}, {(e, {h2, h3})}}. Then

1. τ u I = φE.
2. Every non-null soft open set is soft ideal dense. So, (XE, τ, I) is soft idealHC.

Hence, by Theorem 14, (XE, τ, I) is soft ideal semi- IRS .

Theorem 15. If a SIT S (XE, τ, I) is soft ideal semi-HC and soft ideal IRS , then it is soft ideal
semi-IRS .
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Proof. By Theorem 14, τ u I = φE. Let D
′
E and D

′′
E be two soft ideal dense sets in (XE, τ, I).

We demonstrate that D
′
E ∩ D

′′
E is soft ideal dense. By Theorem 4, it suffices to demonstrate

that (D
′
E ∩ D

′′
E) u (UE − AE) 6= φE for all non-null soft open sets UE and AE ∈ I . So, since

(XE, τ, I) is soft ideal IRS , by Corollary 1, there exists a non-null soft open set VE and
BE ∈ I such that φE 6= VE − BE v D

′
E. Similarly, there exists a non-null soft open set

WE and CE ∈ I such that φE 6= WE − CE v D
′′
E. Now, (XE, τ) is soft HC by Lemma 2

and Theorem 14; we have VE uWE 6= φE. Since τ u I = φE, (VE − BE) u (WE − CE) =

(VE uWE)− (BE t CE) 6= φE and, hence, (VE uWE)− (BE t CE) v D
′
E u D

′′
E. Therefore,

by the soft ideal semi-HC property of (XE, τ, I), (VE uWE)− (BE t CE) is soft ideal dense
and, by Theorem 4, we have φE 6= (UE − AE) u [(VE uWE) − (BE t CE)] and, hence,
(UE − AE) u (D

′
E u D

′′
E) 6= φE. Therefore, D

′
E u D

′′
E is soft ideal dense. So, by Theorem 12,

(XE, τ, I) is soft ideal semi-IRS .

Remark 3. For a SIT S (XE, τ, I), if τ u I 6= φE. Then, no soft ideal dense set exists, because,
if τ u I 6= φE and there exists DE, any soft ideal dense, then D∗E = XE, so by Remark 1 we have
X∗E = XE. Hence, by Theorem 1, τ u I = φE, which is a contradiction. Therefore, if τ u I 6= φE
then no soft ideal dense set exists.

Question: Is there any example of soft ideal topological space such that τ u I 6= φE,
and Theorems 10–14 are true?

7. Conclusions and Future Work

As an extension of the classical (crisp) topology, the idea of a soft topology on a univer-
sal set was independently proven by Shabir and Naz [3], and Çaǧman et al. [30]. The study
of this topological generalization has becoming more fascinating. Numerous techniques for
building soft topologies have been documented in the literature. We have added to the body
of knowledge in soft topology by delving into the ideas of soft hyperconnected modulo
ideal, soft ideal resolvable, and soft ideal semi-irresolvable spaces. This research is based
on the hyperconnectedness and resolvability of soft ideal spaces. We spoken about several
fundamental operations on soft ideal spaces. A concept of a soft ideal semi-irresolvable
space and an overview of its properties are provided. Furthermore, we have determined
the basic characteristics of soft ideal resolvable spaces and connections between the other
concepts. The findings presented in this work are preliminary and further research will
examine additional aspects of the soft ideal resolvable space. By integrating these two
approaches, our work creates opportunities for potential contributions to this trend using
hyperconnectedness and resolvability structures with generalized rough approximation
spaces, as well as the resolvability of primal soft topologies and the resolvability of fuzzy
soft topologies in classical and soft settings.

Author Contributions: Writing—original draft, A.A.-O.; Writing—review & editing, A.A.-O. and
W.A. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: No data were used to support this study.

Conflicts of Interest: The authors declare no conflict of interest.



Mathematics 2023, 11, 4697 10 of 10

Abbreviations
The following abbreviations are utilized in this document:

SIT S soft ideal topological space
HC hyperconnected
IRS irresolvable
RS resolvable
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22. Zorlutuna, I.; Akdağ, M.; Min, W.K.; Atmaca, S. Remarks on soft topological spaces. Ann. Fuzzy Math. Inform. 2012, 3, 171–185.
23. Al-shami, T.M.; Mhemdi, A.; Abu-Gdairid, R. Novel framework for generalizations of soft open sets 512 and its applications via

soft topologies. Mathematics 2023, 11, 840. [CrossRef]
24. Ameen, Z.A.; Al-Ghour, S. Extensions of soft topologies. Filomat 2023, 36, 5279–5287. [CrossRef]
25. Al-Omari, A.; Noiri, T. Regular Γ-irresolvable spaces. Hacet. J. Math. Stat. 2022, 51, 95–100.
26. Al-Omari, A.; Acharjee, S.; Özkoç, M. A new operator of primal topological spaces. Mathematica 2023, 65, 175–183.
27. Ali, M.I.; Feng, F.; Liu, X.; Min, W.K.; Shabir, M. On some new operations in soft set theory. Comput. Math. Appl. 2009,

57, 1547–1553. [CrossRef]
28. Ameen, Z.A.; Asaad, B.A.; AL-shami, T.M. Soft somewhat continuous and soft somewhat open functions. Twms J. Appl. Eng. Math.

2023, 13, 792–806.
29. Ameen, Z.A.; Al Ghour, S. Cluster soft sets and cluster soft topologies. Comput. Appl. Math. 2023, 42, 337. [CrossRef]
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