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Abstract: In this paper, we study a Yosida variational inclusion problem with its corresponding
Yosida resolvent equation problem. We mention some schemes to solve both the problems, but we
focus our study on discussing convergence criteria for the Yosida variational inclusion problem in
real Banach space and for the Yosida resolvent equation problem in g-uniformly smooth Banach
space. For faster convergence, we apply an inertial extrapolation scheme for both the problems. An
example is provided.
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1. Introduction

Variational inclusions are the generalized forms of variational inequalties introduced
by Hassouni and Moudafi [1]. Many interrelated and unrelated problems of basic and
applied sciences can be easily studied via variational inclusions, such as the problems
arising in elasticity, structural analysis, oceanography, image processing, physics and
engineering sciences, etc., see for example [2-8].

The concept of resolvent equations was introduced by Noor [9,10]. Resolvent equations
are generalized forms of Wiener-Hopf equations. The equivalence between the variational
inclusions and resolvent equations was shown by many authors. The resolvent operator
technique is useful to solve variational inclusion problems, as projection methods fail
to solve them. Various generalized resolvent operators involving different monotone
operators are available in the literature.

It is a fact that maximal monotone operators are fundamental objects in modern
optimization. In addition, set-valued monotone operators can be regularized into a single-
valued monotone operator by a process called Yosida approximation. Applications of
Yosida approximation operator can be found in a heat equation that describes the distribu-
tion of heat over time in a fixed region of space, an initial value problem for the linearized
equations of coupled sound and heat flow, and a wave equation in the form of second-order
partial differential equation used for the description of waves, see for example [11-15].

Many iterative algorithms were developed using generalized resolvent operators,
but it is always beneficial to use an algorithm which accelerates the fast convergence for
the sequence generated by the algorithm. Inertial extrapolation schemes are developed
by using the inertial extrapolation term {v(x, — x,_1)} by several authors, where v is
an extrapolating factor that speeds up the convergence rate of the method. Polyak [16]
first introduced the inertial-type iterative algorithm to deal with the heavy ball method.
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The inertial-type iterative algorithm has two steps in which the consecutive iterations are
gained by using the former two terms, see for example [17-20].

In view of the above important discussion, in this paper, we consider a Yosida vari-
ational inclusion problem with its corresponding Yosida resolvent equation problem.
We mention some schemes for solving Yosida variational inclusion as well as the Yosida
resolvent equation problem. We concentrate our study on convergence analysis of both
the problems through inertial extrapolation schemes. An example is provided through
MATLAB 2015a with a computation table and a convergence graph.

2. Fundamental Tools and Concepts

Suppose that E is a real Banach space and E* is its topological dual equipped with

norm || - || and duality pairing (-, -) between E and E*. By 2F, we denote the set of all
non-empty subsets of E. L
For q > 1, the generalized duality mapping J, : E — E* is defined by

Jo(e) = {f € E*: (e.f) = [l and | f|| = [le| '}, foralle € E.

For g = 2, J; becomes normalized duality mapping. Particularly, | := ], is called
normalized duality mapping on E. It is well known that Jo(e) = [le]|772],(e) for e # 0O
and J;(e) is the subdifferential of functional (1/4)| - ||7 at e, see [21]. The mapping ], is
single-valued if E is uniformly smooth.

The definition of uniformly smooth Banach space, modulus of smoothness and the
following important Lemma can be found in Xu [21].

Lemma 1. A real uniformly smooth Banach space E is g-uniformly smooth if and only if there
exists a constant Cq > 0 such that for all e, f € E, the following inequality holds :

le+ FIT < llell”+q(f, Ja(e)) + Cqll £1]7-

Before providing essential definitions for the presentation of this paper and for the
convenience of readers, we mention the following well-known definitions. For this purpose,
we take E = H, a real Hilbert space.

Definition 1. A single-valued mapping A : H — H is called
(i) Monotone if
(A(e) — A(f),e—f) >0, foralle, f € H;

(ii) ~ Strongly monotone if there exists a constant & ; > 0 such that
(A(e) = A(f),e— f) > Szlle — fI% foralle, f € H.
Definition 2. A set-valued mapping M : H — 2 is called monotone, if
(u—v,e—f) >0, foralle, f € Hu € M(e),v € M(f).

Definition 3. Let A : H — H be a mapping. A set-valued mapping M : H — 2H is called
A-monotone if M is monotone and

[A+EM(H) = H, &> 0is a constant.

The generalizations of above Definitions 1-3 in g-uniformly smooth Banach space are
as follows, which are needed for the presentation of this paper.

Definition 4. A single-valued mapping A : E — E is called
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(i) Accretive if
(A(e) — A(f),J(e— f)) >0, foralle, f € E;
(ii) ~ Strongly accretive if there exists a constant 6 7 > 0 such that

(Ale) = A(f), Jgle = f)) = 6lle = fII%, foralle, f € E;

(iii) Lipschitz continuous if there exists a constant A >0 such that
1A(e) = Al < Aglle~ fI, foralle, f € E.

Definition 5. A set-valued mapping M : E — 2E is called accretive if

(u—2v,J5(e—f)) >0, foralle, f € E,u € M(e),v € M(f).

Definition 6. Let A : E — E be a mapping. The set-valued mapping M : E — 2E is called
A-accretive if M is accretive and

[A+&M](E) =E, &> 0isa constant.

It is well known that all the splitting methods are based on the resolvent operator of
the form [I + ¢M] !, where M is a set-valued monotone mapping, ¢ is a positive constant
and [ is the identity mapping.

M

Definition 7. The resolvent operator R :

: H — H, where H is a Hilbert space, is defined as

R?,Aé,(e) = [I+&EM]Y(e), foralle € H.

M
Definition 8. The Yosida approximation operator Y,

e H — H, where H is a Hilbert space, is
defined as

letg((e) = %[I - Rﬁ](e),foralle € H.

The generalized forms of Definitions 7 and 8 are mentioned below.

Definition 9. Let A : E — E be a mapping and M : E — 2E be a set-valued mapping.
M~ = ~
The generalized resolvent operator R i E — E associated with A and M is defined as:

R];,é(e) = [A+CM]71(6),foralle € Eand & > 0.

M~ ~
Definition 10. The generalized Yosida approximation operator YZ : E — E is defined as :

M 1

Y. _(e) z

AL
Note that if A = I, the identity mapping, then from Definitions 9 and 10, one can
obtain Definitions 7 and 8, respectively.

[A - R%AC] (e), forall e € E and & > 0.
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Proposition 1. [22] Let A : E — E be strongly accretive mapping with constant r and M : E —

- N M~
2F be an A-accretive set-valued mapping. Then, the generalized resolvent operator R ic’ E—Eis

- . . 1 .
Lipschitz continuous with constant P that is

M M 1 ~
IR (&) = R} (F) < lle—FI, foralle,f € E.
Lemma 2. [23] Let {S,} be a sequence of non-negative real numbers such that
Spi1 < (1= Bu)Sn + Puoy + &y, foralln > 1,
where
. (e}
@ {Ba} Ccl01], Zl Bn = oo;
n=
(ii) limsupo, <0;
(i) & >0(n>1), L & < oo.
n=1
Then, S;, — 0, as n — oo.
Proposition 2. (i)  IfA : E — E is r-strongly accretive, j-expansive, A z-Lipschitz continuous
M~ = . 1
and generalized resolvent operator R ic E = Eis ;—Lipschitz continuous, then the

M~ ~
generalized Yosida approximation operator Y : E — E is By-strongly accretive with respect

to A, that is

M M ~ ~
(YT (0) = Yoo (£ Iy (Ale) = A(f))) = Blle = 1,
q /\q—l
AT q g-1 i
where 0y = T’ ér #£0, ‘BA r> AK , and all the constants are positive.

. e I , , M1 .. ,
(i) IfAisA A—szschztz continuous, r-strongly accretive and R qzls ;—szschztz continuous,
then the generalized Yosida approximation operator is A -Lipschitz continuous, that is

YR (e) = YLD < Avlle— £,
Aprtl
i

Proof. (i) Using the definition of generalized duality mapping, expansiveness and Lips-

where /\Y =

~ M
chitz continuity of A and Lipschitz continuity of R iz We evaluate
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(@ =Y, (), (A0 - A() )
- %@(e) - Rf\;,g(e) - A - Rﬁg(f)],]q (Ae) - 4(N))
= 1A - A1 (A - 4()

M M ~

Ry (&) =R (1)1 (Al) = A())

- ~ 1 ~ - B
I4(e) = A7 = IR, (e) = K, (DI ALe) = Al
e — 7= 1 lle = FIIA(e) = AP

1 .g-1 _
\|€—f||q—5Ag lle = flllle = £l177

s
Bl A fle— £

|
| =
P

v

%
™. ™

=

vV
——— = =] e

R =

cr

I
S
=
By

|
™
=

That is,

M

(Yae(©) = Yap () Iy (Ale) = A()) ) = bylle — fII

M
Thus, the generalized Yosida approximation operator Yg c is fy-strongly accretive

with respect to A.

~ M
(ii) Using Lipschitz continuity of A and R i We evaluate

Y3 =3Pl = 13 (A0 = R} (@) = 2 (A~ RS (0)
= 1A = A() - [R} (0 R, ()]
< 214 = AP + IR ()~ Ry (P
< gl = fll+ zlle= £l
~ [+ L5
= Ayl £I.

That is,
M M
15200 = Y3 (Ol < Aylle = £

M
Thus, the genearlized Yosida approximation operator Y i is A -Lipschitz continuous. [
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3. Yosida Variational Inclusion Problem and Yosida Resolvent Equation Problem
Let A : E — E be single-valued mapping and M : E — 2F be set-valued mapping. Let

M
Y be a generalized Yosida approximation operator. We consider the following Yosida

variational inclusion problem.
Find e € E such that

0e ngé(e) + M(e). (1)

If Yg/[é(e) = 0, then problem (1) reduces to the problem of finding e € E such that
0 € M(e),
which is a fundamental problem of analysis that has been considered by Rockafellar [24].

Lemma 3. The Yosida variational inclusion problem (1) has a solution e € E if and only if the
following equation is satisfied :

M

e =R} [Ale) - §Yg/f§(e)] @)

M
Proof. One can prove it easily by using the definition of generalized resolvent operator R i O

Based on Lemma 3, we mention an iterative scheme as well as an inertial extrapolation
scheme for solving Yosida variational inclusion problem (1).

Iterative Scheme 1. For any e € E, compute the sequence {e, } by the following scheme:
epi1 = RZ/\T/I,g [A(en) - CYgé(en)], wheren =0,1,2,- - - (3)
and ¢ > 0 is a constant.
Equation (2) can also be written as

M
Ag

g(e) + g(e)

e=R o gyj{g(e)] . )

Based on (4), we suggest the following iterative scheme.
Iterative Scheme 2. For any ey € E, compute e, 1 by the recurrance relation,

M
Ag

Alen) + Alent1)

M
> — &Y

Ag

eni1 = (1 —ay)ey, + ayR

(en+1)] /Where n= 0/ 1/2/ g (5)

ay € [0,1] and & > 0 is a constant.

We mention the following inertial extrapolation scheme using the predictor—corrector ap-
proach.
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Iterative Scheme 3. For any ey € E, compute e, 1 by the recurrance relation,

Wy = ep + vy (en - en—])/ (6)

M |A A
ent1 = (1 —an)entanR Alen) + Awn)

M
he| TS ey (wa) @

where wy, vy € [0,1], vy is the extrapolating term for all n > 1 and ¢ > 0 is a constant.

Note that one can use the above-mentioned schemes 1 and 2 to obtain the existence and
convergence result for Yosida variational inclusion problem (1). Using inertial extrapolation
scheme 3, we prove a convergence result for Yosida variational inclusion problem (1) in
the sequel.

In connection with Yosida variational inclusion problem (1), we state the following
Yosida resolvent equation problem.

Find ¢,Z € E, such that

Yf{é(e) + gfng/fg(E) —0, (8)
where Tf{g(z) =[1-4 (Rf\;g)} (z) and A {R%g(f)] =[4 (R]XIC)] 2).

The following Lemma ensures that Yosida variational inclusion problem (1) is equiva-
lent to Yosida resolvent equation problem (8).

Lemma 4. The Yosida variational inclusion problem (1) has a solution e € E if and only if Yosida
resolvent equation problem (8) has a solution e,z € E, provided A is one-one and

=R} (), ©)

o~ M
z=A(e) — CYgg(e), (10)
where ¢ > 0 is a constant.

Proof. Let ¢ € E be a solution of Yosida variational inclusion problem (1). Then, by
Lemma 3, it satisfies the equation:

€= Rif,c |A(e) - Q‘Yé\;é(e)}
= R%C(E), since z = A(e) §Y§/,1g(e)
Using (9), (10) becomes
=4 (R];,c(i)) N gyg/;(e),
= A(RY,(2)) = —avy, (),
= [ﬁ (R;A@)} (2) = —gyg/fg(e),
[I_ [ ~(R2~A@)H () = —§Y;§(e),
M

M ) ~7 M M
(e), since I — A<Rg,§> = Tﬁ,é'
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Thus, we have

YY (e)+& T

Ar A/é(z) =0,

which is required for Yosida resolvent equation problem (8).

Conversely, let ¢,z be the solution of Yosida resolvent equation problem (8).

Then, we have

By Lemma 3, it follows that e € E is the solution of Yosida variational inclusion

problem (1). O

Alternative Proof. Let

Using (9), we have

which implies that

YM

1M
Z,g’:(e) +¢ Tﬁ,é(z) =0,

the required Yosida resolvent equation problem (8). O

Based on Lemma 4, we state the following scheme for solving Yosida resolvent equa-

tion problem (8).

Iterative Scheme 4. For any ey,Zy € E, compute the sequences {e,} and {z,} by the follow-

ing scheme:
M
en = Rgé(zn),
~ ~ M
Zyp1 = Alen) — [;’Ygg(en),

wheren =0,1,2,--- and ¢ > 0is a constant. [

The Yosida resolvent equation problem (8) can be restated as:

~ M -1, M

2= A(e) - Y () +(I-¢ )T (2).

(11)

(12)

(13)
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Verification. Using (9)

- ~ M M M -1_M
5= A(RM(Z)) —Y, ()T, ()-8 T, ()
~/ M " M " 1M ,__
[IfA(Rg’C }(z)—f O+ () -8 T, ().
. ~/ M oM
Since [I - A(Rﬁ,é)} = Tﬁ,é” we have
M . M M -1_M
TK,C( )= _YA,C(E) + Tﬁ,g(z) -¢ Tglg(z)-
It follows that y Ny

O

Using fixed point formulation (13), we suggest the following iterative scheme.

Tterative Scheme 5. For given eq, 2y € E, compute the sequences {e,} and {z,} by the following
scheme:

M
en = Rﬁ,g(‘z”)’

~ -1

Bue1 = Alea) =Yy (en) + (1= 8 )Ty (5),

wheren =0,1,2,--- and ¢ > 0is a constant. [

For positive step size J, the Yosida resolvent equation problem (8) can also be writ-
ten as:

(e)} . (14)

Verification.

M M
e=e— (5{Tg,§( )+ CYg,g(e)}
M “1. M,
e:e—é{Yglg(e)—i—é‘ Tglg(z)},
which gives
M -1 M

O

The fixed point formulation (14) enables us to suggest the following iterative scheme.

Iterative Scheme 6. For ¢y, 2y € E, compute the sequences {e,} and {Z,} by the follow-
ing scheme:

~ ~/ M M
eni1 =€y — 5[2,1 - A(Rgc(zn)) + CYgg(en)],
where &,6 > 0 are constantsandn = 0,1,2,- - -.

One can apply schemes 4-6 to obtain existence and convergence results for Yosida
resolvent equation problem (8).
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In order to accelerate the convergence rate, we suggest the following inertial extrapo-
lation scheme for solving Yosida resolvent equation problem (8).
Equation (10) can also be written as

Ale) + A(e)

p= 20720 gyfé (e). (15)

Based on (15), we establish the following implicit scheme for solving Yosida resolvent

equation problem (8).

Iterative Scheme 7. For ey € E, compute the sequences {e, } and {Z,} by the recurrance relation
M
en — Rg,é‘(zn)’

g(en) + g(enJrl)
2

~ ~ M
Znp1 = (1 —an)Zn +ap - Cygg(enﬂ) ,

wheren =0,1,2,- - and ay, € [0,1].

We design the following inertial extrapolation scheme for solving Yosida resolvent
equation problem (8) applying the predictor—corrector technique.

Iterative Scheme 8. For e, Zy € E, compute sequences {e,} and {z,} by the recurrance relation:

Wy =Zn + Vp (En - En—l)/ (16)

Av(fn) + E(Wn)
2

~ ~ M
Znp1 = (1 —an)Zn +ap - ngg(wn) ’ (17)

o0
where & > 0 is a constant, &y, vy € [0,1] such that Y. a, = oo and vy, is an extrapolating term for

n=1
alln > 1.

4. Convergence Analysis

First, we discuss the convergence of scheme 3 for Yosida variational inclusion prob-
lem (1) in real Banach space. Thenceforth, we demonstrate convergence of scheme 8 for
Yosida resolvent equation problem (8) in real g-uniformly smooth Banach space.

Theorem 1. Let E be real Banach space and A : E — E be single-valued mapping such that
A is r-strongly accretive and A -Lipschitz continuous. Let M : E — 2F be A-accretive set-valued

M - ~ M 1
mapping. Suppose that R i E — E is a generalized resolvent operator such that Rﬁg is P
A ,
Lipschitz continuous and Ys : E — E is a generalized Yosida approximation operator such that

M
Y., is Ay -Lipschitz continuous. Suppose that the following conditions are satisfied:

Ag
2
\/9A; 16
r— A‘ > (18)

4 4 ’

’T—/\g’>\/)\2g+1, (19)

Az <71+4CAy, (20)
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Agr—i—l
where A, = ?,r #0,¢r #0.

Let ay, vy € [0,1], for all n > 1 such that
Z &y, = oo as well as Z vp(en —ey_1) < 00, (21)
n=1 n=1

where all contants are positive and vy, is an extrapolating term.
Then, sequence {e,} generated by the scheme 3 strongly converges to the unique solution
e* € E of Yosida variational inclusion problem (1).

Proof. Let e € E be the solution of Yosida variational inclusion problem (1). Using (4),
we have

M
Ag

g(e*) —l—g(e*)

f LM
e" =1 —ap)e” +a,R 5 éyﬁ,g(e )], (22)

where a,, € [0,1], for all n > 1. Using (7) and (22), we evaluate

Jewss =€) = 1~ e+ aprly, [ Al EAC) gé@(w@]
= 1= wen =) b | Y, [ Al EAC) @Yf{g(wm] @)
< (1= an)en — "] + R}, W _gygg(wn)]
- R%@ e erg(e*) - gygé(e*)] H
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M~
Applying the Lipschitz continuity of generalized resolvent operator R i A and gen-

eralized Yosida approximation operator Y from (23), we obtain

[44

ge —1—Aw
lews1 =€l < (1 — an)llen —e*|| + = (en) + A(wn)

2

A(e*) — A(e¥)
2

— vy o) Y5 ()] H

< (1= an)llew — e + 52| Alen) — Ale)|| + 52| Alwn) = A(e")

Yy (w) =Yg ()| (24)
<(1- muen e+ A llew — [+ 22w — |
) i)
<(1- “n)”en -+ g Allen —e*|| + %)‘g”wn —e|
+ 22N [l — |
= {(l—an)—i— o A]HEn—E | + [ A + 2 é/\ }Hwn—e*H.
From (6), we have
[wn — e[| = llen — e + va(en — en1)|
< llen — e*[| + vnllen — en—all. (25)
Combining (24) and (25), we obtain
lewsr =€l < [(1—an) “”;ﬁ] len — el + Wuen =l
+ anllen —en-1l|-
Thus, we have
llensr — e[| < [(1— an) + anPy + anPs]|len — €*|| + anPovallen — en_1]|
= [(1=an) (X = (PL+ P2))lllen — e*[| + vnllen — en—all, (26)

where P =4,
2r
A 4220
P, = ATY < 1, (By condition (18))
/\A g)‘y

oo
Letting P = P; 4+ P», P < 1 from condition (19). By condition (21), we have ) a; = o
n=1
and Y vyllen — e, _1]| < co. Setting ¢, = 0 and &, = Z Vnllen —ey—1]| < oo. Then, by
n=1 n=1
Lemma 2 and (26), we have e, — e*, as n — oo. Thus, t~he sequence {e, } generated by
scheme 3 strongly converges to the unique solution e* € E of Yosida variational inclusion
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problem (1). Furthermore, we show that the solution of Yosida variational inclusion
problem (1) is unique.

Lete,e* € E be the two solutions of Yosida variational inclusion problem (1). Then, by
Lemma 3, we have

¢= Rixf,f; |Ae) - ‘:Ygg(eﬂ
and ef = RZ\A'{I,f; {g(e*) - ngg(e*)]

M
Using the Lipschitz continuity of the generalized resolvent operator R ie generalized

M ~
Yosida approximation operator Yg : and mapping A, we evaluate

le ="l = HRI/\;,C {‘%) - CY?@(@)} - Rf\;,é {A(e*) - QY;{g(e*)} H
<A@ - ae o -vie]]|
< Dgle =+ Exfe et @)
- (%28 b
=A@,

A~ A-r+1
where A(0) = (rA — pﬁ),)ty = <A§r> It follows from condition (20) that

0 < A(f) < 1. Thus, from (27), we have e = e*. That is, e* is the unique solution of
Yosida variational inclusion problem (1). O

Now, we study the convergence analysis of scheme 8 for Yosida resolvent equation
problem (8) in the setting of g-uniformly smooth Banach space. Note that by Lemma 4, Yosida
variational inclusion problem (1) is equivalent to Yosida resolvent equation problem (8).
As Yosida variational inclusion problem (1) admits a unique solution, Yosida resolvent
equation problem (8) also admits a unique solution.

Theorem 2. Let E be g-uniformly smooth Banach space and A : E — E be single-valued mapping
such that A is one—one, A A-Lipschitz continuous, 5 A-expansive and r-strongly accretive.

~ ~ ~ M~ ~

Let M : E — E be A-accretive set-valued mapping and R ¢ E — E be a generalized resolvent
Mo 1 M~ o~

operator such that R i is ;—Lipschitz continuous. Let Y - = E — E be a generalized Yosida

M ~
approximation operator such that Y : is Oy-strongly accretive with respect to A and A -Lipschitz

continuous. Let Tg/lg(f) = {I - E(Rf\;,g)} (2), where A(Rgg(i)) = {A(Rf\;’g)} (),z¢E.

Suppose that the foliowing conditions are satisfied.

q 9.9 q
(/\ " —2q20y +2'¢ chY) <, (28)
Ap<2. (29)

Let ay, vy € [0,1], for all n > 1 such that

Y ap=coand Y (||Zn — w*|| + vallZn — Zu-1l]) < oo, (30)
n=1 n=1
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q q-1
Bir—A~
where ¢ > 0 is a constant, C, is the same as in Lemma 1, 0y = A A gnd Ay =

cr
A Fil 1
&r 7
Then, sequences {ey } and {z,, } generated by scheme 8 strongly converge to the unique solution
e* and z* of Yosida resolvent equation problem (8).

-1
&r#£0,r#0, /32 r> /\:% , and all the constants are positive.

Proof. Applying (17) of scheme 8 and Lipschitz continuity of A, we evaluate

A(Zn) + A(wy)

B = 1 = | (1= )z + | AL éYg/I{C(wn)l
- l(l —an)z" 4 ay M - §Yg§(w*)H
(= a0~ ) | ACD A Alwn) A
—§[Y§/’I§(wn) _Yga(w*)” | (31)
< (- a2 -2 + 51| AG) - AE)
K || = ~ r, M M,
+ | Awn) = A(w) = 28| Y (wn) = Y (w )] H
< (U= an)llEn =2 + 545018 - 2
Xy || ~ oM M,
+ S| Atwn) = Aw) =22 [¥7 (i) = Y (@9)] .

. . . o = . M
Using Lemma 1, Lipschitz continuity of A, strong accretiveness of YA, : with respect to

~ M
A and Lipschitz continuity of Y5 o We have

| Awn) - A(wr)—2¢ [yAf (w) — Yj{lc(w*)] Hq

< 1| A(wow) = A7 = 28(Y 5, (10n) = Yy (7). o (Aleon) — Alew))

q.9 M M K
+2'e chYM(wn) - Y, () (32)
< Ay — w* |7 = 280y |wn — w* |17 + 27" CoA [|w, — w1
q q-9 q *
< [/\g — 2980y +2'¢ chY] |wn — w*||9,
ljir_/\g_l Airtl 9.4~ 4
where 0y = T,@r #0,A, = T and )\g +2°¢ CgAy > 2q¢0y.

It follows from (32) that

| Awn) — A(w) =28 [Y7 (wn) = Yy x(@)] | < (/A% — 2080y +272"CoA s — w7 (33)
n Ag\Wn Ag = i q6oy My [|Wn .

Combining (31) and (33), we obtain
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~ ~ ~ ~ 14 ~ ~ [
e = R | e e e ;M — 2080y +2"¢"CoA [|w, — "] (34)
Applying (16) of scheme 8, we have

l[wn = w*[| = |20 — w" + vu(Zn = Zo |
< |20 = w4+ vallZn = Zna - (35)

Combining (34) with (35), we have

~ 3 ~ -~ 14 ~ ~
Zn1 =25 < (1 — an)l|Zn — 25 + A 120 — 27|

14 q q:19 UNEIPS ~ ~
+ A — 208, +2'¢ Cq)\Y[Hzn — W || + vul[Zn —zn_1||},

that is

1Eur — 20 < [~ an (@~ )] [0 — 21| + anTT 18 — "] + val[Z0 — Zuca ]

< 1= (1 =TI [Z0 = 2° || + an [l — * || + vul|Zn = Zaal], (36)

(/ A —2qg0y +2'2"CuA]
2

where I1; = 75 and I, =
condition (29), [T, < 1.
[ee] [e0]
Applying condition (30), wehave Y a, = occand Y. (|2, — w*|| + val|Zn — Zp—1]]) < co.
n=1 n=1

. By condition (28), I < 1 and by

Weseto, =0and &, = ¥ (120 — w*|| + vu||Zn — Zu—1]|) < oo. Applying Lemma 2 and (36),
n=1
we have Z,, — z*,as n — .
In addition,
“l oM o~ M |~ 1, . ~
llen =™l = IRz . (Zn) = R (29I < Zl[Zu — 7. (37)
Since z,, — z* € E, it follows from (37) that e, — e* € E. Hence, the sequences {z, }
and {e, } generated by scheme 8 converge strongly to z* and ¢*, providing the unique

solution of Yosida resolvent equation problem (8). [

5. Numerical Experiment

In support of Theorem 1, construct the following numerical example using MATLAB
2015a with a computation table and convergence graph.

Example 1. Let E = R with usual inner product and norm, A : E — E be single-valued mapping
and M : E — 2F be set-valued mapping such that

and M(e) = {%e}, foralle € E.

(i) A is r-strongly accretive and A 4-Lipschtiz continuous.
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(ii)

(iii)

(iv)

o)

(Ale) = Alf)e—1) = (Ze-
6
e~ 122 xfle— I

Thus, A is r = %—strongly accretive mapping.

In addition,
~ ~ 6 6
1@ - Al = | ge- ]
6 13
Slle—f1l < Tlle— £
Thus, A is A i= %—Lipschitz continuous mapping.

M is A-accretive.

M) - M = | gge - 1]

1
= —|le— > 0.
Lie—sl>0

That is, M is accretive and also for ¢ = 1, it is easy to verify that

E.

[A+ eM)(E)

Thus, M is A-accretive mapping.

For ¢ = 1, we define a generalized resolvent operator

RY (o) =

10 ~
A —Ee,foralleGE.

[A+EM] ™ (e)

In addition,

IRY 0 - REOI = (53¢~ 13/

10 1
= EHe_fH < mlle—fll

Thus, the generalized resolvent opemtorR r;, 1 = [{1/10) /10)

Based on step (iii), we calculate the generalized Yosida approximation operator
1

28 -
Yﬁ/lé( e) = C[A R%g]( e) = @e,forallee E.
In addition,
28 28
M —_— —_——
Vie - il = |Be- |
28 243
= Zle—fll < Tlle=fll
Thus, the generalized Yosida approximation operator Y%g is Ay = Aggjl _ %

continuous.

-Lipschitz continuous.

-Lipschitz
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(v)  In view of constants calculated above, the conditions (18)—(20) of Theorem 1 are fulfilled.

(vi) Fora, = ni—l-l and v, = L, inertial extrapolation scheme 8 has the following model:

Wy = ey + Vn(en - enfl)

eni1 = (1—ay)e, + anR%g

Alen) + A(wy
BT R

3 11
=(1—ay)e, + acnRj\Af{g [Sen + 65w”]

_q 6 110
= ( - D‘n)en + &y [Ben + 8457/011:| .

It is shown through a computation table (Table 1) and convergence graph (Figure 1) that for
different initial values eg = 1,—5.0,5.0, the sequence {e,} converges to e* = 0, which is the
solution of Yosida variational inclusion problem (1). For the composition of a computation table and
convergence graph, we use the tools of MATLAB 2015a.

5 T T T T T

_——— e0=1.0
eo=5.0
3+ —_—— 0=-5.0 _

4+

_5 I 1 1 1 1 1
0 5 10 15 20 25 30

No. of lterations for the initial value e,= -5.0,1.0, 5.0

Figure 1. Graphical representation of convergence of sequence {e,} with different initial values
ep = 1,—5.0and 5.0.
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Table 1. Computation outputs for different initial values ey = 1, —5.0 and 5.0.

No. of e = 1.0 No. of eg = —5.0 No. of eg = 5.0
Iterations e Iterations en Iterations ey
1 0.5917 1 —2.9586 1 2.9586
2 0.1448 2 —0.7239 2 0.7239
3 0.0466 3 —0.2332 3 0.2332
4 0.0244 4 —0.1220 4 0.1220
5 0.0156 5 —0.0781 5 0.0781
15 0.0018 15 0.0000 15 0.0000
20 0.0010 20 0.0000 20 0.0000
25 6.4947 %10~ 25 0.0000 25 0.0000
26 6.0032x 10704 26 0.0000 26 0.0000
27 5.5651x 100 27 0.0000 27 0.0000
28 5.1730x 1004 28 0.0000 28 0.0000
29 4.8207x10704 29 0.0000 29 0.0000
30 4.1327x10~% 30 0.0000 30 0.0000

6. Conclusions

In this paper, we have considered and studied a Yosida variational inclusion problem
with its corresponding Yosida resolvent equation problem. Using the resolvent operator
technique, it is shown that both the problems are equivalent under appropriate conditions.
We mention the number of iterative schemes for solving both the problems. We concen-
trate our study on the convergence analysis of both the problems applying an inertial
extrapolation scheme. For illustration, an example is constructed.

One can extend our results in higher-dimensional spaces. Engineers, physicists and
other scientists may use our result for their practical purposes.
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