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Abstract: Our aim in this paper is to obtain formulas for solutions of rational difference equa-
tions such as x,41 = 1£ (x-1¥0)/ (1 —yn), Yu+1 = 1 £ (Yp—1%1)/(1 —xy), and x,11 = 1+
(Xp—1Yn—2)/ (1 —yn), Yuy1 = 1+ (yn—1%4,-2)/ (1 — x,), where the initial conditions x_p, x_1, xg,
Y—2, Y_1, Yo are non-zero real numbers. In addition, we show that the some of these systems are peri-
odic with different periods. We also verify our theoretical outcomes at the end with some numerical
applications and draw it by using some mathematical programs to illustrate the results.
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1. Introduction

Nonlinear difference equations have recently captured the attention of numerous
scholars. In fact, during the past ten years, we have encouraged a rapid rise in interest in
these kinds of equations. The fact that these types of equations have several applications not
just in mathematics but also in related areas, particularly in biological sciences, engineering,
ecology, discrete temporal systems, economics, physics, and so on, may have contributed
to the desire. We believe that, as more appealing and engaging results are achieved and
communicated in studies, this area of research will continue to captivate the minds of more
scholars in the years to come. The challenge of solving nonlinear difference equations
in closed form has emerged as a common theme in this research area. In reality, a large
number of articles attempt to solve nonlinear difference equations in any way they can;
for an example, see [1-6]. Evidently, it can be very difficult to obtain the solution form for
these kinds of equations in general. However, a number of approaches have lately been
proposed to simplify challenging nonlinear difference equations into linear forms with
established solution forms. For instance, a sizable class of nonlinear difference equations
were solved in closed-form by converting into linear types (see, e.g., [7-12]).

Numerous academics have examined how systems of solved difference equations
behave, for instance: Cinar examined the answers to the following system of difference
equations in [13].

m POy,
@, ®n+1 B ¥y-10,-1 .

El-Metwally [14] found the solutions form for the following systems of rational differ-
ence equations:

Y =

Wy —_1Hn
+t@y1 L pp—2

Hn—10n

— e @, =
Fpp1 £@, 2’

Hn+1 =
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Kara and Yazlik in [15] showed that the following three-dimensional system of differ-
ence equations

0002 ZpZpn—2 WnWy—2

T byt ab, T A0, tezun’ T fzug e

can be solved. Furthermore, they determined the forbidden set of the initial conditions by
employing acquired formulas. Finally, they provided various applications involving the
difference equation system discussed before.

Mansour et al. [16] examined the behavior of the difference equations systems’ solutions

Wy —5 Yn—5

Oppq = ——2—=2 = Jns
n -1+ Wp—5Yn—2 Yn+1 1=+ Yn—50n—2

In [17], Ozban studied the positive solutions of the following system of rational
difference equations

a bﬁn,3
Opp1 = gy Oy = —— 2,
n+1 1911—3’ n+1 (anqﬂnfp

Sroysang [18] focused on a system of a rational higher-order difference equation

Xy = Xn—m+1 9 1= &nferl
n+1 — s Yn+l — .
A+80y1... 0n—mi1 A+ XpXy1 e Xpomt1

Touafek et al. [19] investigated the periodic nature and provided the form of the
solutions of the following systems of rational difference equations

X = —]/n = —xn
T (L) Yn+1 Yoo1(£1 £ x,)’

Furthermore, Yalginkaya [20] has obtained the sufficient conditions for the global
asymptotic stability of the following system of two nonlinear difference equations

Xn + Yu-1 _Yn + X1

Xnyl = Yn+1 = .
XnYn—1 — 1’ YnXp_1—1

In [21], Zhang et al. studied the boundedness, the persistence, and global asymptotic
stability of the positive solutions of the following system

1 _
Xn =A+ ’ yn:A'f'iynl

Yn—p Xn—rYn—s '

Zhang et al. [22] studied the dynamics of a system of the rational third-order difference
equation
e S Yyl = Y2
Bt ynyn—1yn—2’ " A xuxn_1xn2

For more studies for nonlinear difference equations and systems of rational difference
equations see [2,23-32].

Furthermore, difference equations are appropriate models for describing situations
where population growth is not continuous but seasonal with overlapping generations.

Researchers have looked at the generalized Beverton—Holt stock recruitment model
in [33]

Xn+1

bxn—l

Xp41 = aXp + 15 x4 dr. Yex, 1+ iz,

Khaliq et al. [34] studied the dynamical analysis of the following system of discrete-
time two-predators and the one-prey Lotka—Volterra model
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&Xp — BXulYn — YXnZn

xl’l+1 = 1 + 5x” 2
_ QYn +1%nYn — HYnZn
yn+1 - 1 + S]/n 7
Zn+1 — vZn + Pxnz;/l - O'ynZn )
14 wzy,

The boundedness character, persistence, local, and global behavior of the follow-
ing two-directional interacting and invasive species model were examined by Din and
Elsayed [35]

X1 = &+ BXn + X167, Yup1 = 0+ €Yn + CyYne

The authors in [36] explored local dynamics with topological classifications, bifurcation
analysis, and chaos control in a discrete-time COVID-19 epidemic model. See also [37-39].

In this paper, we deal with the existence of the form for the solutions of the following
systems of difference equations

Xn—1Yn Yn—1%n
=1+6" =14+9—— 1
Xnt1 + I Yn+1 +71—xn' ¢y
d
an . 14 5xn7]]/n—2 =14 ,)/ynflxn—Z @)
n+1 Ty Yn+1 11—, '

with the initial conditions x_, x_1, xo,¥_2, ¥_1 , and yp are arbitrary non zero real numbers.

2. Main Results
2.1. System (1) When 6 = +1 and y = +1

In this section, we investigate the solutions of the following system of two difference

equations

Xn—1Yn

_1X
xn+1:1+17/ yn+1:1+w
7yn

1—x,

7

where n € Ny and the initial conditions are arbitrary non zero real numbers with xy # 1

and yo # 1.

Theorem 1. Let {x,,yn}, 4 be a solution of System (1), then

1. {xn,Yn},. 4 is a periodic solution with period four, i.e., Xy4a = Xa, Yuta = Yu for all
n>—1.
2. {Xn,Yn},__, has the following form

xX_ xo—1)(1—y_
Xgn—1 = X_1, X4n = X0, Xgn41 =1+ 1 1y0, Xgn+2 = (xo A=y 1),
— Yo Y
_1X x_1—1)(1—
Yan-1 = Y-1, Yan =Yo, Yan1 =1+ 170 _ =D - wo)

1 _ xo/ ]/4n+2 - X,1 .
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Proof. From Equation (1), we have

Xpn—1Yn Yn—1Xn
X = 1+ =1+
n+1 1_ Yn ;7 Yn+1 1—x, ’
Yn—1%n Yn-1Xn
= 1 XnYn+1 =1 *n (1+ 1n_xn ) =1 n <1+ 1n_xn )
S v (e ey S
Ynt1 T—x, 1,
- 1— xn(l_xn‘i‘]/nf]xn) — ]/n—l_(l_xn""]/nflxn) — ]/n—l_l""xn_ynflxﬂ — (xﬂ_l)(l_yn—l)
Yn—1Xn Yn-1 Yn-1 Yn—1 ’
Xn—1Yn Xn—1Yn
— YnXn+1 Yn (1+ 1-yn ) — 1 _ (1+ 1-yn ) -1— (A—yn+xu_1Yn)
Ynt2 = 1+ Ioxr 1_(1+xn71yn) = (an) = X1
n+1 1-yy 1-yy
— x;1717(17yn+xn—1y11) — (xnflfl)(lfyﬂ)
Xn—1 Xn—1 :

Furthermore, we see from Equation (1) that

Xpn—1Yn (u—1=1)(1—yn)
X o 1 + Xn+1yn+2 -1 + (1+ 1*1%1 )( 1xn—l ) -1 + (1*yn+xn,1yn)(xn,171)
n+3 - 1 _ yn+2 - 1— ( (xn_lfl)(lf]/n)> o {xn—lf(xn—lfl)(lfyn)}

Xn—1

_ A=yntxp1yn)(xp1=1)  _ (A—yn+xp_1yn)(xy1-1) _ _

= 1+ {xn—lf(xnfl*1+yn*xnf]yn)} =1+ (1*yn+xn71yn) =1+ (xn—l o 1) = Yn-1,
Yn—1Xn (xn*l)(lfynfl))

1

( + )( Yn-1 — 14+ (xn—=1=yp—1%1) (1=Yn-1)

_ Ynt1¥nt2 _ 1=
Yars = 1T =14 17(w> Yn1— (=1 (1=yn-1))
Yn—1
_ (xnflfyn, x,,)(lfyn, ) _ (xnflfynf xﬂ)(lfyn* ) — —
=1 + yn,lf(xnflflyn—lxﬂ+yl’llfl) =1 + *(anllfynlen) w=1- (1 N ynil) = Yn-1-

Finally we obtain

— 1+M:1+< Yn-1 )ynil:1+wzl+xn71:xn,

xn+4 B 1 — yn+3 lfynfl 1*%171
) (aznimw)y,
2Xn+3 . " po1—1) (14
Ynia = 14 2mH20mes g L :1_,_("%_#“:1_(1_%):%,

1- Xn+3
This completes the proof. [

2.2. System (1) When 6 = —1 and v = +1

The system of difference equations’ solutions are provided in this section

Xn—1Yn

Yn—1%n
= 1 — , = 1 B —
Xn+1 1—yy Yn+1 +

1—x,

7

since n € Ny and the initial values are arbitrary nonzero real numbers such that xy # 1 and

Yo # 1.

Theorem 2. Assume {x,,yy,} is a solution of System (2). Then, forn =0,1,2,...,

x47’l*1 = x*l + (27’[), x41’l = xO + (27’1),
X = — YO 201 1), xgpn = 17% oy (2n+1),
(yo—1) Y1
_ (2n)y—1 _ (2n)(yo — 1)
Yan—1 = Y1+ m/ Yan = Yo + T/
_ 1 _Y1(n+x) ~ (I=yo)(x_1+(2n+1))
Yan+1 = - Yant2 = .

X0 —1 X_1
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Proof. The result is true for n = 0. Assume n exceeds 1 and that n — 1 is consistent with
our premise, which is

Xgn—5 = X_1+(2n—2), Xg4y_4=x0+ (2n—2),
xX_ 1—x
Xqp—3 = (]/0 1_y(i) + (211 — 1), X409 = ]/710 + x0 + (2n — 1),
_ (2n —2)y _ (2n —2)(yo — 1)
Yan-5 = Y+ Tro=1) Yan—4 = Yo + . ,
— y_1(2n —2+xp) - (I=yo)(x_1+(2n—1))
Yan-3 = - ; Yan—2 = .
xg—1 X_q

It follows from System (2) that

( X_1Y0 +(2n—1)) < (1—3'0)(3'71‘*'(2”—1)))

X4n—3Y4n—2 Wo-1) ]
X4po1 = 1——"2==1-—
4An—1 1 - ]/411—2 1—%
— 1 Eranr 0oy e @nm) g [ @e—b)(1oy)| (g +H(20-1))
x_1—(1=y0)(x-1+(2n-1)) x_1—[x_1—yox_1+(2n—1)(1—yo)]
_ 1 Erwer@eD -yt @e-1) T
=1 —T=yox_1+2n—T1)(T—yo)] =14+ (x14+2n—1)) =x_1+2n,
(Pw) 1250 4y (2n-1)
Yapn—1 = l—l—%:l_l’_ 0 (Vfl )

1_(%0+x0+(2n_1))

(xo—1—y_1(2n—2+x0))(1 —xo+y_1x0+y—1(2n —1))
(v0 =Dy |1 - (52 +x0+ 21 —1))]

- 14 (xo—=1-y_1(2n—24x0)) (1—x0+y_1%0+y-1(2n—1))

(xo—1)[y—1—1+x0—x0y—1—y—1(2n—1)]

= 14 Woml-y1@n-24x))(1-xo+y_1¥pty_1(21-1))
(xo—1)[~T+x0—xoy—1—y-1(2n—2)]

= 14 (=Xoty1xtya(@n-1)

- 1+

(x0—1)
- “1%otya(2n=1)) _ yoa(xo+(2n-1)
= 1-14 U IXO(XZ_ll) — Y JES(O_{)I )

Furthermore, we obtain from System (2) that

(%+xo+(2n—1)> (M)

X4n—2Y4n—1 x9—1)
Xy, = 1-— —dn=2fdn-l _q_
_ Y1 (x+(@2n-1))
1 Yan-1 R T
1—xg+x0y_14y_1(2n—1)) (xg+(2n—1
= - e ) = 1+ (ot = 1) = x4 21,
(1—;/o>(x,1+<2n—1>)>(x +2n)
_ n—2Xan—1 __ < 1 - _ (I-yo)(x_1+2n) _ (2n)(yo—1)
y4n - 1 _'_ y‘j“l—)ij,]l - 1 + 1—(x,1+2n) - 1 - = x,ll ) - yo + x{(l) :

Similarly, we can prove the other relations. This completes the proof. [
Lemma 1. Let {x,, Yy, } be a solution of System (2), then {x, }, {yn} are unbounded solutions.

Proof. The proof follows from the expressions of solutions of System (2). O

The following theorems can be proved similar to the previous theorem so it will
be omitted.
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Theorem 3. Assume that the sequences {x,,y,} are a solution of the system

Xn—1Yn Yn—1%Xn
, =1 =
1_ Y Yn+1 1—x,

Xpp1 =1+

Then, all solutions are unbounded and provided by the following formulas

_ yo+(2n—1) _ (2n)(x — 1)
Xgn-1 = X1 ( o1 ;o Xqn = Xo F Ty
_ x-1(yo + (2n)) _ (I=x0)(y-1+(2n+1))
R (D Y1 /
Yan-1 = y-1+(2n), Yan = Yo + (2n),
_1X —
v = @na D)0y, 00 o,
xo—1 X_q
where n =0,1,2,... and xo,yo # 1.
Theorem 4. If xo,yg # 1, then the solutions of the system
Xp— _1x
are unbounded and forn =0,1,2,...
(2n—1) 2 -1
Xgp—1 = )+ x_q (]/o—i- " > X4n :xo+(2n)+7( n) (%o ),
Yo—1 Y-
2 1)(2 1
xs1 = @na1) @) e Gn 1) 4xpp P D)
(yo—1) Y1
_1(xg+2n—1 2n —1
y4n71 — (27’1) + y 1( 0 ), y4n — yo + (21’1) + M/
(xo—1) X1
_1(x0+2n 2n+1 -1
pon = @n1)+ Y002 e )4 2D D)

xg—1 X_q

2.3. System (2) When 6 = +1and v = +1

In this section, we obtain the form of the solutions of the following system of difference

equations
Xn—1Yn-2 Yn—1Xn—2
Xpp1 = 14+ ———"—"—, =1+, 3
ny1 =1+ T—y, @ Irl + 1 x, ®3)
where n € Ny and the initial conditions are arbitrary non-zero real numbers such that
X0, Yo # 1.

Theorem 5. If {x,}°" _,, {yn}5_, aresolutions of System (3). Then, forn =0,1,. ..
n—1 i n n—1 i n
Y2 ) x0—1> (x0—1>
Xop—1 = =) x|, x= +x ,
2n—1 E’)(l—}/o) 1(1—]/0> 2n g( x5 0 x5

n—1 i n n—1 i n
o X_2 X_2 . yol) (y()l)
n— - Z +y_ 7 — § + P
Yan—1 i_0<1—x0) Y 1(1—360) Yan i_o( Y2 AT

where ):i_:lo(A)i =0.
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Proof. The conclusion is true for n = 0. Assume n exceeds 1 and that n — 1 is covered by

our supposition, so that

— -2 n—2 i n—1
) () (i55) = (5%)
Xop—4 = ( + X0 , Xop—3 = +x_1
" 1=Z(:) X_o X_» " 1;) 1—]/0 1
n—2 n—1
X0 — 1> (XO 1>
Xon— = + X ’
2n—2 1_0( x5 0 X o
n—3 n—2 n—2 i n—
) () (75) +v(7%)
4= + s Y3 = +
Yon—4 l_o(y2 Yo T Yon-3 i:ZO 1—x Y1\ 1%
n—2

n—1
_ Yo — ]/0—1>
- E (5 w3

Now, it follows from System (3) that

X2n—3Y2n—4

_ =1
Xon—1 + R

Il
[y
Jr

Il
_
Jr

(m2 () + (1)) (B (53) + (%))
Y

() () ) () () )
() (1 () () o (52) T r(2))
B n—2 B i _ n—1
- 1_(y321>(§)(1y;0) +3671(1y*;0) >
B n—2 B i _ n—1
N 1+(1y—;0>(,0(1y—;0) +x_1(1y_;0> )
n—1 i n
- zo<1y—_;o) +x71<1y—_;0)
Yon-1 = 1_'_%3;?1:24 | '
) H(Zy__oz(lx;o)#yl(f;o) ’1> 5 (21) o 1)”72>
= - (Z 02(; 1>i+x0<x£7—21>n71)
| (EE ) o (e))
= 1+

We can prove the other relations similarly. The proof is complete.

O
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Lemma 2. Let {x,,y,} be a solution of System (3), then {x, }, {yn} are unbounded solutions.
The following theorems can be treated similarly to the previous results.

Theorem 6. The solutions of the system

Xn—1Yn—2

1%
xn-s-l:l*ﬁr]/n—s-l:l*M 4)

1—x, '

where xg, Yo # 1 are provided as follows

n—1 i n n—1 i n
o Yo Y2 _ XO—1> <x0—1>
Xop_1 = | +x_q| ==, x = +x ,
2 ,-;;(1/0—1> 1(y0—1) 2 ;0( X2 \xs
n—1 i n n—1 i n
X_2 X_2 yo—l) (y()—l)
— = +y_ , = — | + .
Yan- g(xo—l) Y 1<xo—1> yan E)( Yy vo )

Lemma 3. Ifxo +x_p = 1,and yo + y_o = 1, then the solutions are bounded and periodic with
period four and adopt the form

{xn}}il.o:—z = {xlex—llx()/]- _x—1/x72/x—1/--~}/
{vnkiz—2 = {2y vvl-y1y-2y-1...}

Otherwise, every solution of System (4) is unbounded.

Theorem 7. Every solution {x,,y,} of the following system

Xn—1Yn—2

X
xn+1:1+17/ yn+1:1_M @)
7yn

1—x, ’

with non-zero real numbers, the initial conditions satisfies xg, yo # 1 adopts the form

n—1 ) y_o 2i Yy 2 2i+1 v s 2n
Xgp1 = —1)ie (= +( ) +(=1)"x ( - ) /
w1 = Ll ){<}/0—1> yo—1 } U=
n—1 2i 2i+1 2n
i XOfl XOfl
n - _1Z + + -1 " < ) s
o= L ){<x_2) } (-1 (2

(55)

Xgp41 = 1+E(_1)i+1{<y2)2i“+( y*21 2i+2}—|—(—1)n+1x_1(yg_21)2n+1,
P (a2
(

=
(e}
|
—_
N——— N——

n—1 } xo—1 2i42
Xgny2 = 1+ Z(—l)lH (

Yan—1 = ’:_Z;(—l)i{<x§_21>2i_
Yan = 'f(—l)f{( +<—1>”yo(="°y‘21)2n,

n-1 i xy \2H1 oy \2H2 ) o, \ 20t
Yany1 = 1+i§)(—1) (x0—1> _<xO—1) + (1) ]/1<XO_1> /

n—1 ‘ _ 1\ 21 Yo — 1\ 22 Yo — 1) 21
=14 Y (L1 (WJ) +<0> 4 (—qynt <0> _
Yant2 i;,)( ) { e e (=1)" o e
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Lemma 4. If xo + x_p = land yo +y_p = 1, then the solutions of System (5) are bounded and
periodic with period eight as follows

{xn}zo:_Z - {x—ZI X_1,%0, 1 + X_1, 1 + X0, —X—-1, —Xo0, 1—- X_1,X-2,X-1,.-- }/
{]/n}zo:72 = {]/—2/]/—1/y0/1 —]/—1/1+]/0/2_]/—1/ —Yo, -1 +]/—1/]/—2/]/—1/~-}~

Otherwise, every solution of System (5) is unbounded.

Remark 1. As in the previous theorem, we can obtain the solutions of the following system

Xn—1Yn—2

Yn—1Xn—2
1—yy,

X =1-
n+1 1—x,

'yn+l:1+

3. Numerical Examples

In this section, we present some numerical examples that support the above theoreti-
cal results.

Example 1. Suppose System (1) under the initial conditions x_1 = 0.5, xo = =2, y_1 =7
and yo = —0.8. See Figure 1 below.

plot of X(n+1)=X(n+1)=1+Y(n)X(n=1)/1=Y(n),Y(n+1)=1+X(n)Y(n-1)/1-X(n)

8 T T T T
x(n)
6l ——y) ||
4 - -
G
= 2r .
<
x
O -
ot A
_4 I I I I I
0 5 10 15 20 25 30

n

Figure 1. Represents behavior of System (1) when x_; = 0.5, xg = —2,y_1 =7 and yg = —0.8.

Example 2. See Figure 2 below as an example for System (2) with the initial values x_1 =5,
x0=04,y_1 =03 and yo=0.7.
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plot of X(n+1)=X(n+1)=1=Y(n)X(n-1)/1=Y(n),Y(n+1)=1+X(n)Y(n—1)/1-X(n)

=R

——y(n)
Ao
_10 """

n

Figure 2. Shows the behavior for System (2) with the initial values x_; =5, xg = 0.4, y_; = 0.3
and yp = 0.7.

Example 3. Figure 3 below shows the behaviour of the solution of System (3) when the initial
values x_p =05, x_1 =12, xg =06, y_», =0.7, y_1 = 0.8, and yg = 0.3.

plot of X(n+1)=1+Y(n=2)X(n=1)/1=Y(n),Y(n+1)=1+X(n-2)Y(n-1)/1=X(n)
120 T T T T T

100 -

0 |
0 5 10 15 20 25 30

Figure 3. Expresses the solution of System (3) when the initial values x_, = 0.5, x_; = 1.2,
x9 =06, y_ =07, y_1 =08and yp = 0.3.

Example 4. Suppose the initial conditions for the system x,11 = 1 — xnl%y;j, Ynp1 = 1—

are x_p =09, x_1 =12,x0 =01,y =03, y_1 = =2, and yy = 0.7. See
Figure 4.
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plot of X(n+1)=1-Y(n=2)X(n=1)/1=Y(n),Y(n+1)=1=X(n-2)Y (n=1)/1=X(n)

4 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
3l
ol
€ 1t
iy
1t
2
~0 2 4 6 8 10 12 14 16 18 20

Figure 4. Plot of solutions of System (4) when the initial conditions are x_, = 0.9, x_1 = 1.2, x9g = 0.1,
Yo = 0.3, Y11= —2 and Yo = 0.7.

Example 5. Figure 5 shows the periodic nature of the solution of System (5) with the initial
conditions x_p =04, x_1 = -1, x0=0.6, y_» =02, y_1 = —3,and yo = 0.8.

plot of X(n+1)=1+Y(n-2)X(n-1)/1-Y(n),Y(n+1)=1-X(n-2)Y(n—1)/1-X(n)

6 T T T T T T T
x(n)
—y()
4t i
€ of 1
>
€
x Of 1
ot i
_4 | | | | | | |
0 5 10 15 20 25 30 35 40
n
Figure 5. Shows the periodicity of the solution of System (5) with x_», = 04, x_; = —1, xy =

06, y_»=02 y_1=-3andyy=0.38.

4. Conclusions

In this paper, we obtained the expressions of the solutions of different classes of
third-order rational systems of difference equations. In Section 1, the work of the au-
thors on the same side of the difference equations, whether they are equations, systems
of equations, or some applications of difference equations, is presented. After the intro-
duction in Section 2, we have solved the first system of second order rational difference

equations x,41 = 1+ i”’lyy i Yny1 = 1+ % After finding the solutions, we pro-
— Yn — 4n
vided numerical examples to illustrate the results. In Section 3, we obtained the form
of the solution of the second system x,;1 = 1 — J;"j;n, Ynt1 = 1+ %; we also
n n
mentioned the solutions of the other systems x,.1 = 1+ Jin_lgn , Ynp1 =1-— yln_ljccn ,
— Yn —An
and x,;1 = 1— %, Ypi1 = 1— Yn1tn Finally, Section 4 was devoted to the
— Yn

1—x,
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form of the solutions of the main system of third order fractional difference equations
Xn—1Yn-2 Yn—1Xn—2
—_— =14+ =

1— yn Ynt+1 1—x,
the expressions of the solutions for and studied the periodicity nature of the solutions.
Moreover, we confirmed our results using numerical simulations and drew them using
Matlab program.

Xpp1 =14 and some other systems that we obtained
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