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Abstract: The main goal of this investigation is to obtain sharp upper bounds for Fekete-Szego
functional and the third Hankel determinant for a certain subclass SL*(u,v, &) of holomorphic
functions defined by the Carlson-Shaffer operator in the unit disk. Finally, for some special values of
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1. Introduction and Definitions

Denote by A the family of holomorphic functions defined in the unit disk
Q = {g € C:|g| <1}, with expansion

1(g) =¢+ Y mgt )
k=2

and let S be the subset of A, consisting of functions which are univalent in Q).
Let P be a family of the holomorphic functions ¢ of the form

tg) =1+ Y tic", (ceQ) @)
k=1

satisfying Re(t(g))> 0 in Q. The family of starlike functions in () are represented by the
symbol §*, which satisfies

!/
er'le) € P, (forallg € Q).
In addition, the symbol SL* represents the family of functions that satisfy
(gz'<g> ) '
I(c)

As aresult, | € SL* can be expressed by

<1, (ceQ).

‘w2—1‘ <1.

if and only if -5 is the inside region bounded by the right half of the Bernoulli lemniscate.

' (¢)
1(c)

Mathematics 2023, 11, 1147. https:/ /doi.org/10.3390/math11051147

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math11051147
https://doi.org/10.3390/math11051147
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0001-8147-0343
https://orcid.org/0000-0002-0269-0688
https://doi.org/10.3390/math11051147
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math11051147?type=check_update&version=2

Mathematics 2023, 11, 1147

20f12

This class was introduced by Sokél [1] and Sokdl et al. [2]. If there is a Schwarz
function w that is holomorphic in O, with w(0) = 0, |w(g)| < 1, such that I(¢) = h(w(g)),
¢ € (), then the function [ is subordinate to &, denoted by the notation I < h. If the function
h is univalent in (), then I < h if

1(0) = h(0) and 1(Q) C h(QY).

A function | € A is said to be starlike of order « if and only if

Re{gll;g”;) } >, (ceQ)

for some (0 < a < 1). We denote the class of all starlike functions of order « by S*(a). We
also note that S*(0) = S* is the well-known class of all normalized starlike functions in Q.
Now, the function

_ 5

Ka(g) - (1 . g)z(l_a) (3)

is a well known extremal function for the class $*(«), (see [3-5]).

Setting
Ik (k —2a)
_ k=2 >
vl k) === (k> 2), @
the function K, can be written in the form as follows:
Ka(e) = ¢+ ) plak)s". )
k=2

We denote by F(ak, ) the class of functions K. Then, we note that {(ak) is a
decreasing function in « and satisfies

00 ¢x<%
li k) ={ 1 =1
fim, 9.8 =3
0 0(>%

Let (I x h)(¢) be the Hadamard product (or convolution) of two functions ! and h, that
is, if  given by (1) and h is given by

h(g) =c+ Y mg.
=

Then,

(1xh)(e) =+ Y mmet = (h+1)(c), (c € Q). ®)
k=2

Let ©(u, v, ¢) be defined by

)
(0)k—1

The function, ®(u, v, ¢) is known as the incomplete beta function. The term () is
the Pochhammer symbol that can be expanded in Gamma functions as

2 (u
O(u,v,6) =¢+ ) (ﬁgk, (ueC,veC\Zy, Zy ={..—2,-1,0}; ¢ € Q).
k=2

CT(Getk) 1, k=0
(o) = TT(x) { (e +1)(3c+2)..(sc+k—1), keN={1,23,--}
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Corresponding to the ®(u, v, ) Carlson-Shaffer function [6], an operator £(u,v) is
introduced for I € A using the Hadamard product as follows:

[e9)

L(u,v)I(g) = O(u,v,¢) * (g +) Z Lk (g e ).
72 k 1
Further, for the function £(u,v)I(g)
(6) = Ll 0)(e) *Kale) = 6+ 3 (L (o et %
k=2 k-1

where £(u,v) is called the Carlson-Shaffer operator [6], and the operator * stands for the
Hadamard product (or convolution product) of two power series as given by (6). We will
show by F(a,k, ¢) the family of functions 7(g).

Definition 1. We consider that SL* (u, v, a) is the family of holomorphic functions given by

SL*(u,0,0) = {T(g) e Fla, k) :| (gl(g))z ~1| < 1}, ®)

7(g)
¢7'(¢)
(o) <Vv1+¢ (¢€Q), 9)
where .
() =¢+ ), EZ;’” (a, k)myc. (10)
k=2 k-1

Hankel matrices arise naturally in a wide range of applications in science, engineering,
and other related areas, such as signal processing and control theory. For a survey of
Hankel matrices and polynomials, the reader is referred to [7,8] and the references therein.

The Hankel determinant H, (1) (q,k € N) for a function ! € S of the form (1) was
defined by Pommerenke (see [9,10]) as

my Meg1 -0 Miyg1
Mgy1 Mpg2 oo Mg
Hox(l) = : : : (my =1).
Mgtg—1 Mg -0 Miy2q-2

For fixed integer g and k, the growth of H,(I) has been studied for different sub-
families of univalent functions. These studies focus on the main subclasses of certain
holomorphic functions. In fact, the majority of papers discuss the determinants H, (/)
and H31(1). Case Ha1 (1) = mz — m3 is also very well known. In the year 1933, Fekete and
Szegd (see [11]) obtained a sharp bound of the function m3 — um3 with real u € R for a
univalent function I. For y € C this functional was generalized as |m3 — yum3|. Estimating
for the upper bound of |m3 — um3| is known as the Fekete-Szeg problem, (see [12-14]).
The second Hankel determinant H(!) is given by Ha2(I) = mymy — m3. In recent years,
the research on Hankel determinants has focused on the estimation of |#H,(!)|. Several
authors obtained results for different classes of univalent functions. For example, the sharp
bounds for the second Hankel determinant H > (I) were obtained for the classes of starlike
and convex functions in [15-18]. Lee et al. [19] established the sharp bound for |H, ()| by
generalizing their classes by means of the principle of subordination between holomorphic
functions. Our main focus in this investigation is for the class SL* (1, v, «) on the Hankel
determinant H3 1 (). The calculation of |3 ()] is far more challenging compared to find-
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ing the bound of |H3(!)|. Further, in this work, we find the sharp bounds for |H,(1)|,
when! € SL*(u,v,a), « € [0,1), together with the sharp bound of the functional

Z =|myms — my],
when! € SL*(u,v,a) and « € [0,1).

2. Preliminary Lemmas

Some preliminary results required in the following section are now listed.
Lemma 1 ([20]). Suppose that P denotes the family of holomorphic functions t normalized by
t(c) =14 g+ tag? + ... (11)
and satisfying the condition Re(t(g)) > 0, ¢ € Q. Then, forany n € R,
—4n + 2, n <0
‘tz—ntﬂ < 2, 0<n<1 (12)
4n -2, n=>1

The equality holds true in (12) if and only if

or one of its rotations, when n < 0ory > 1. If 0 < n < 1, then the equality holds true in (12) if
and only if

_1+¢
t(g) = e

or one of its rotations. If 1 = 0, the equality holds true in (12) if and only if

140\14+¢ [(1-6\1—¢
= <6<1
t(¢) ( 5 )1—g+( > >1+g' 0<s<

or one of its rotations. If § = 1, then the equality in (12) holds true if t(¢) is a reciprocal of one of
the functions, such that the equality holds true in the case when 1 = 0.

Lemma 2 ([21]). Assume that t € P is the form Equation (2), and 1 € C, we have
|12 = 03] < 2max{1, 11— 29]}.
Lemma 3 ([22,23]). Ift € P and has the form (11) then
2ty =8 +x(4— 1))
for some x, |x| < 1and
43 = B +2(4 — B)hx — (4— B> +2(4 — £2)(1 — |x)*)¢
for some g, |g| < 1.
Lemma 4 ([24]). Ift € P and has the form (11), then
kel <2 (keN)

and the inequality is sharp.
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3. Main Results

In the remainder of this work, we will assume that # > v > 0 until explicitly stated
otherwise.
We now prove our first result asserted by Theorem 1 below.

Theorem 1. If the function 1, given by (1) belongs to the class S*(u, v, «), then u € R, we have

1 v(v+1) 2 < 3u(v+1)(1—a)
T6 \ u(ur)(1—w)(3—2a) ‘uuza,,x)z H= T o(ut1)(3—2x)
2 +1 3u(v+1)(1— 5u(v+1)(1—
‘m3 B #m2’ < %u(u+1)v((107a))(372a)’ _v?l(tzjrl)zéfzzg SKs v?ﬁil)zéfﬁg :
ov(v+1 2 5u(v+1)(1—a
T (u(um((la))(sza) + Vuzu_ay)' w= %
Proof. From Equation (9), it follows that
7' (¢)
<o
) (¢)
Define the function first,
1+ w(g)
te) =1+ Ytk =
Since t € P,
t(g) —1

Using Equation (9), we have

7(c)
Now as )
i)~
1+t(¢) 1+t(g)] ’
so, we have
1
2t(c) 12 1 1 5.\, (1 5 13 3\ 3
= 1+4-t Sty — —t Sty — — ity + —t
{1+t(g)} +41‘5+<42 ;') T gl gt gt e
(B 3, 8w O By N
g 1B T T e 1T gl T g )e T
Similarly,
¢7'(g)

= 1+ Qomag+ (2Q3m3 - Q%m%)gz + (3Q4m4 +Q3m3 — 3Q2Q3m2m3> ¢’

+ (4Q5m5 —40Q,Qqmomy — ZQ%mé — Q%m% + 4Q%Q3m%m3) (;4 + ...
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where
Q = %(2—2@,
1
0 = gyt e-wE-),
o u(u+1)(u+2)
Q4 = 6v(v+1)(v+2)(2—20()(3—20()(4—20(),
ou(u+1)(u+2)(u+2) _ _ B B
Qs = 24v(v+1)(v+2)(v+2)<2 20)(3 —2a)(4 — 2a) (5 — 2a).
Thus, ;
mzzmtl, (13)
(U+1) 1 3,
" U+ 12— 20)(3 — 2a) [4t2 324 14
B v(v+1)(v+2) 7 13 4
M= i D) (0 +2)(2 — 22) (3 — 20) (4 — 24) [2t3 ~ 1612 gt } (15)
and
B v(v+1)(v+2)(v+3) 19 3, 361, 9, 34,
M5 = U+ 1) (u +2) (u +3)(2 — 24) (3 — 2a) (4 — 24) (5 — 2a) [8t1t3 2t4+512t1+8t2 16“4 (16)
We now have the following using the Equations (13) and (14):
2 (v+1) 1 35 v? 5
R T i 1) (2= 20) (3 20) {4”32“} Mere 2y "
2 v(v+1) 1/ v(u+1)(3—2a) »
s — | < 8u(u+1)(1—a)(3—2a) t2_8(“ wd—a) 0+ 1) +3>t1' 17

We obtained the required result by applying Lemma 1 to Equation (17). This completes
the proof of Theorem 1. O

Theorem 2. If the function 1, given by (1), belongs to the class SL* (u,v, ), then u € C, we have

‘m3 N ’””%‘ S Tlu s 1?271”:3(3 ~ 2a) max{l’

1 v(u+1)3—-2a) 1
" ulp+1)(1—a) 4
Proof. By making use of Equations (13) and (14), we have

ty — —t } - 0729
12732 T M e

1/ v(u+1)(3—2a)
2‘8( u(o+1)(1- >+3>t2

v+1 1 3
s — i — o(0+1) e 2n

u(u+1)(2 —2«a)(3 —2a)

v(v+1)
’ ”mZ‘ = 8u(u+1)(1—a)(3— 24)

therefore, using Lemma 2, we obtain the result,

’ V’”Z‘ = du(u+ 1)((20j21a)) (3 —2a) maX{L

1 v(u+1)3—2a) 1
g u(v+1)(1—a) _4’}

Thus, the proof of Theorem 2 is completed. [

For the case y € C and u = v in Theorem 2, this reduces to the following result.
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Corollary 1. Let « € [0,1) and p € C. If the function 1, given by (1), belongs to the class
SLY(u,u,0) = SL*(u,a), then

1
s — | < Wi—a)(B= 2a)max{1’

and the inequality is sharp.

1
1) 1

(3 —20) 1‘}

4. The Hankel Determinant #, (1)

In this section, we find the sharp bound for the modulus of the second Hankel deter-
minant Hy (1) = mymy — m3, whenl € SL*(u, v, a).

Theorem 3. If the function 1, given by (1), belongs to the class SL* (u,v, a), then

v2(v+1)2
’m2m4—m§‘ < 2 2( )2 5.
16u2(u+1)°(1 — ) (3 — 20)

Proof. Using the Equations (13)—(15), we obtain the following

B 0 (0+1)(v+2) 1, 7 13
My =3 = <4u(2—20c)t1>{u(u+1)(u+2)(2—20¢)(3—21X)(4—206) [2“ 1612 18" ]}

- [u(u ¥ 1)?()§v—+2i))(3 ~2a) (411” - ;2’%”2'

After simplification, we have

5 *(v+1) 1536(v + 2) 768(v+1)
Moy —ms = 5 titz — £
12,2881 (1 + 1) (2 — 2a)%(3 — 2a) | (1 +2)(4 — 2a) (4+1)(3 —2a)
576(0+1)  13(0+2) o o ( 812(0+2)  108(0+1)
w+1)B—20) w+2)d—2a)) "2 " \(u+2)(4—20) (u+1)(3—2a)) 'f
By substituting values of t, and t3 from Lemma 3, after some simplification, we
arrive at
e — v?(v+1) {( 312(v+2)  108(v+1) )4
AT 12,288u2 (1 +1)(2 — 20)2(3 — 2a) \\ (4 +2)(4—20)  (u+1)(3 —20)
384(v +2) 3 2\ 2\.2 o\ (1 (.2
R TErE L [t1+2t1(4 tl)x t1(4 ) x +2(4 t1> (1 H g)}
288(v +1) 672(0+2) \ . )
+<(u+1)(3—20c) (i +2)@E—2a) )1 [+ (4]
192(v+1) [, N 12
(u+1)(3—2a) i+ (a=a)a g
Now, taking the module and replacing |x| by p and t; by ¢, we have
2
+1) 12(v +2) 12(v+1)
momy —m3| < v’(v {( -
‘ 2T 3‘ 12,2882 (u+1)(2 — 20)*(3 —2a) L\ (#+2)(2—a) (u+1)(3—2a)

96(v+1) 48(v +2)
+((u+1)(3—2a) - (u+2)(2—a)>t2(4_t2)p+

(u+2)2—a)
192(v +2) 384(v +2) 192(v +1)
(raie 0t wsae 0 e x >(4—f2>>”2(4—f2>}
= F(tp) a8)

384v+2 t( )
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Upon differentiating both sides (18) with respect to p, we obtain

oF(t,p) ®(v+1) 9(v+1)  48(v+2) 24 2
» 12,288u2(u+1)(2—2a)2(3—2a){<(u+1)(3—20<) (u+2)(2—0¢))t(4 t)

192 2 384
H e e (479}

It is clear that
oF(t,p)

dp
which show that F(t,p) is an increasing function of p on the closed interval [0,1]. This
implies that the maximum value occurs at p = 1. This implies that

>0,

max{F(t,p)} = F(t,1) = G(t).

We now observe that

_ ?(v+1) 12(04+2)  12(v+1) 1
G = 12,288u2 (1 4+ 1) (2 — 2a)(3 — 2) { <(u +2)2—-a) (u+1)(3-20) )t
96(v+1) 48(v +2) 384(v +2)
((u+1)(3 “ow) (u+2)(2—1x)>t2(4 —£)+ TER (x)t(4 -#) (19

192 2 384 2
((u n 2(;)(;—)&) R 2(;)(;—)“) e (ul—le()zéij— - )21x) (+- t2)> (4-7) }

Differentiating (19) with respect to ¢, we obtain

ry v?(v+1) 84(v+1)  132(v+2) \ 4
¢ = 12,288u2(u—|—1)(2—20¢)2(3—Zoc){4<(”+1)(3_2"‘) (u+2)(2—0¢)>t
96(v +2) t2+16< 72(0 +2) 144(0+1) >t+ 3072(0 +2) }
(

(u+2)(2—a) (u+2)2—a) (u+1)(3—2a) u+2)(2—u)

Differentiating again above equation with respect to ¢, we have

" B v*(v+1) 84(v+1)  132(v+2)

¢ = 12,288u2(u+1)(2—2a)2(3—20¢){12<(”+1)(3_2"‘) (M+2)(2—06))t2
. 192(v+2) 72(w+2) 144(v+1)
(u+2)(2—zx)t+16<(u—|-2)(2—0c) <u+1)(3—za)>}'

Fort =0, (t € [0,2]) shows that the maximum value of G(t) occurs at t = 0. Hence,
we obtain,
’ - 02 (v+1)?
T 1612 (u+1)%(1— a)?(3 — 20)*

Thus, the proof of Theorem 3 is completed. [

’m2m4 — m%

Upon setting # = v in Theorem 3, we are led to the following results, respectively:

Corollary 2. Let a € [0,1). If the function I, given by (1), belongs to the class SL* (u,u, o) =
SL*(u,a), then

2
mom —m’g
rams = m 16(1 — a)2(3 — 24)?

and the inequality is sharp.

If we choose « = 0 in Corollary 2, we obtain the following corollary.
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Corollary 3. Let « € [0,1). If the function 1, given by (1), belongs to the class SL* (u, u,0) =
SL*(u), then

prams | < 755
and the inequality is sharp.

5. The Zalcman Functional

In this section, we prove the following theorem on the upper bound estimate of the
Zalcman functional |mym3 — my|, noting that a non-sharp inequality was found in [25-29].

Theorem 4. If the function 1, given by (1), belongs to the class SL* (u,v,a), then

v(v+1)(v+2)
[mamz — my| < du(u+1)(u+2)(1—a)(2 —a)(3—2a)

Proof. Using the values given in (13)—-(15) we have

— % v(v+1) 1 3
Mmoms — My = <4u(2—2“) f1> [u(u+l)(2—2a)(3—2a) <4tz— 321%)}
v(0+1)(v+2) 1 7 13
_{”(u+1)(u+2)(2—2a)(3—20‘)(4_2“) {2% —qght2+ 1281%} }

By substituting values of t; and t3 from Lemma 3, after some simplification, we have

B v(v+1) v 1 3
Ml == R 1) (2 — 20) (3 — 2a) {4u(2 —2a) (4t1t2 - 32t%)
(v+2) 1 7 13
T (u+2)(4—20) {2% BT mtﬂ }
B v(v+1) 1 v 3v
 u(u+1)(2—2a)(3 —2a) {32u(2 —24) 2 {t% + (4 B t%)x} 128u(2 — 20) g

—1(U+2)) Br2n(4—8)x—n(4-8)2+2(4-8) (1- |xPc)]

8 (u+2)(4—2a
7(v+2) 13(v +2) t3}
)

32(u +2)(4 — 2a) h [t% + (4 B t%)x} C128(u+2)(4—2a

Using Lemma 3, and since t; < 2 by Lemma 4, let t; = t and assume, without
restriction, that t € [0, 2]. By using the triangle inequality with p = |x|, we arrive at

v(v+1) 3v 3v
oty — | < 768u(u+1)(2—20¢)(3—20c){(u(l—oc)_(u+2)(2—0c)>t3
120 12(0 +2)
*(u(l—a) - <u+z><2—zx>>t(4‘t2>"
96(v + 2) 9%(v+2) 48(v +2) 5 i
((u+2)(2—a) wr22—a (u+2)(2—a)tp><4 t)}
= h(tp).

Differentiating F; (¢, p) with respect to p, we have

, B v(v+1) 120 12(v +2)
Alp) = 768u(u+1)(221x)(320c){<u(1uc)_(u+2)(21x)>t<4_t2)
192(v +2) 96(v +2)
+(u+2)(2—¢x)p(4_t2>+(u+2)(2—a)tp(4_t2)}

> 0.
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This implies that F; (t, p) is an increasing function of p on the closed interval [0, 1].
Hence, F;(p) < F1(0) forall p € [0,1], that is

B v(v+1) 3v 3o
hlp) = 768u(u+1)(2—20¢)(3—20¢){(”(1_"‘)_(”+2)(2_a))t3
96(v + 2)
e ()

= Gy(#).

Differentiating G (t) with respect to ¢, we have

o o(v+1) 9v 9o

Gl = 768u(u+1)(22"‘)(320‘){(u(10‘)_(”+2)(2"‘))t2
192<U+2>}
(u+2)(2-a) |

Again, differentiating the above equation with respect to ¢, we have

/) v(v+1) 18v 18v
Gilt) = 768u(u+1)((2—2a)(3—2oc){(u(l—a) - (u+2)(2—a)>t
. 192(0+2) }
(u+2)(2—a)
< 0.

Since t € [0,2], by the assumption, it follows that Gy (t) attains maximum at f = 0,
which corresponds to p = 0, and it is the desired upper bound. Hence, we obtain

v(v+1)(v+2)
[mamz — my| < du(u+1)(u+2)(1—a)(2 —a)(3—2a)

The proof of Theorem 4 is thus completed. [

If we put u = v in Theorem 4, we have the following results, respectively:

Corollary 4. Let « € [0,1). If the function 1, given by (1), belongs to the class SL* (u, u,a) =
SL(u,a), then

1
41 —w)(2—wa)(3—2a)

[mams —my| <
and the inequality is sharp.
If we choose @ = 0 in Corollary 4, we arrive at the following result.

Corollary 5. Let « € [0,1). If the function 1, given by (1), belongs to the class SL*(u, u,0) =
SL*(u), then

1
_ <
|mamsz — my| < i

and the inequality is sharp.

Theorem 5. If the function 1, given by (1), belongs to the class SL* (u,v, a), then

(v +1)°
51202 (1 4 1)%(1 — 2)%(3 — 2a)?
{ 20(v+1) 50(v 4 2)? 169(v +2)(v + 3) }
u(u+1)(1-a)3—20)  (u+222-0a)*> @+2)(u+3)2-a)(5-2a) [

[H3(1)] <
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|H3(1)] <

References

Proof. Since
|FE3 (1) < [ |mizmy — e + [mg] [z — ma] + ms] | ms — 3|

using the fact that m; = 1, with Theorems 1, 3 and 4 and Lemma 4, we have the
required result
2 2
|m3\‘m2m4 — m3’ + |my||mams — my| + |m5|‘m1m3 — mz‘

v(v+1) 1 v(v+1) 2
16u(u+1)(1 —a)(3 — 2a) 16(u(u+1)(1 uc)(320¢))

250(0 + 1) (v +2) {1(“”“)( v(v+1)(0+2) )}

_l’_

64u(u+1)(u+2)(1—a)(3—2a)2—a) [4 u+2)(1—a)2—a)(3—2a)
N 1690(v + 1) (v +2) (v + 3) [1 o(v+1) ]
128u(u+1)(u+2)(u+3)(1 —a)(3—2a)(2 —a)(5—2a) [4u(u+1)(1 —a)(3 —2a)
o2 (v +1)?
51202 (u 4+ 1)%(1 — a)?(3 — 20)?

X{ 20(v +1) 50(v 4 2)? 169(v +2)(v + 3) }
uwu+1)(1-a)3-2a)  (u+2)22—-a)® @+2)(u+3)(2—-a)(5-2a) [

The proof of Theorem 5 is thus completed. [

If we set u = v in Theorem 5, we establish the below inequality.

Corollary 6. Let « € [0,1). If the function 1, given by (1), belongs to the class SL* (u,u, a) =
SL(u, ), then

1 2 50 169
STy R { =062 @-w’ " <2—“>(5—2“>}

and the inequality is sharp.

6. Conclusions

In the present investigation, we have estimated smaller upper bounds and more accu-
rate estimations for the functionals ’mg, — ym%| and |m2m4 — m%| for the class SL* (u, v, «)
of holomorphic functions associated with the Carlson-Shaffer operator in the unit disk.
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