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Abstract: In computer programming languages, partial additive semantics are used. Since partial
functions under disjoint-domain sums and functional composition do not constitute a field, linear
algebra cannot be applied. A partial ring can be viewed as an algebraic structure that can process
natural partial orderings, infinite partial additions, and binary multiplications. In this paper, we
introduce the notions of a one-prime partial bi-ideal, a two-prime partial bi-ideal, and a three-prime
partial bi-ideal, as well as their extensions to partial rings, in addition to some characteristics of
various prime partial bi-ideals. In this paper, we demonstrate that two-prime partial bi-ideal is a
generalization of a one-prime partial bi-ideal, and three-prime partial bi-ideal is a generalization of a
two-prime partial bi-ideal and a one-prime partial bi-ideal. A discussion of the Mpp1, (mpbz, mpb3)
systems is presented. In general, the m,,;,; system is a generalization of the 1y system, while the
myp3 System is a generalization of both 1, and 1, systems. If ® is a prime bi-ideal of U, then ®
is a one-prime partial bi-ideal (two-prime partial bi-ideal, three-prime partial bi-ideal) if and only
if O\ @ is a myy; system (m,p system, m,p3 system) of U. If @ is a prime bi-ideal in the complete
partial ring U and A is an 13 system of U with © N A = ¢, then there exists a three-prime partial
bi-ideal ® of U, such that ® C ® with ® N A = ¢. These are necessary and sufficient conditions
for partial bi-ideal © to be a three-prime partial bi-ideal of U. It is shown that partial bi-ideal © is a
three-prime partial bi-ideal of U if and only if Hg is a prime partial ideal of O. If ® is a one-prime
partial bi-ideal (two-prime partial bi-ideal) in U, then Hg is a prime partial ideal of O. It is guaranteed
that a three-prime partial bi-ideal ® with a prime bi-ideal ® does not meet the 1,3 system. In order
to strengthen our results, examples are provided.

Keywords: partial ring; prime bi-ideal; one-prime partial bi-ideal; two-prime partial bi-ideal; three-prime
partial bi-ideal; my; system; my, system; 11,3 system

MSC: 06B10; 20M25; 16Y60

1. Introduction

Mathematical structures have several applications. It is important to generalize the
ideals of algebraic structures and ordered algebraic structures and to make them available
for further study and application. Between 1950 and 1980, mathematicians studied bi-ideals,
quasi ideals, and interior ideals. During 1950-2019, however, only mathematicians studied
their applications. The notions of one-sided ideals of rings and semigroups, as well as
the notions of quasi ideals of rings and semigroups, can all be considered generalizations
of the notion of ideals of rings and semigroups. Semigroups are generalizations of rings
and groups. Semigroup structure can be studied using certain band decompositions
in semigroup theory. This research uses bi-ideals of semirings with additively reduced
semilattices to open a new area of mathematics. In mathematics, various types of ideals
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have been discussed in various structures, including semiring [1] and ring [2]. In the theory
of algebraic numbers, Dedekind introduced the idea of ideals that included associative rings.
In 1952, Good et al. [3] introduced the notion of bi-ideals for semigroups. Furthermore,
this is a special case of the (m, n)-ideal discussed by Lajos, i.e., it is a special case of the
(m, n)-ideal. Lajos provided both regular and intra-regular semigroups as a result of the bi-
ideals [4]. Furthermore, Lajos developed generalized bi-ideals and quasi ideals to analyze
regular and intra regular semigroups. As an example, bi-ideals that describe different
classes of semigroups [5-7]. Lajos et al. [8] define associative rings in terms of bi-ideals.
quasi ideals are generalizations of left ideals and right ideals, and are therefore special
cases of bi-ideals. Steinfeld introduced the concept of quasi ideals based on semigroups
and rings in 1956. In semirings, prime ideals can be described in a variety of ways [1]. In
the theory of commutative rings, the prime ideal has been extensively used. In contrast
with commutative rings, its application to non-commutative rings has been less extensive.
A few aspects of prime ideals in general rings have been discussed by McCoy [2]. Prime
ideals for rings and semirings can be found in [1,9,10]. The concepts of prime bi-ideal
and semiprime bi-ideal were introduced by Van der Walt. Specifically, with regard to the
subsets X; and X, of U and the product X; X, what we mean is that the subring of U is
generated by the set of all products x1x3, where x; € X;,x € Xp. In order to define a
bi-ideal ® of U, we must satisfy the condition @U@ C © [8]. If © is any bi-ideal of T,
then Ap = {c € OUc C ®} and Hp = {c € Ap|c U C A} [11]. An ideal ® of U is
prime ideal if and only if Y® C @, for ideals ¥ and @ of U implies ¥ C ® or ® C & [2].
Palanikumar et al. addressed semigroups, semirings, rings, and ternary semirings in their
recent work [12-17]. Recently, Badmaev et al. [18-22] discussed various application for
Boolean functions generated by maximal partial ultraclones.

There are several closely related structures that have been introduced in other contexts
which have partially additive semantics, such as those in [23-25]. It is suggested that }
should be emphasized in computing science, according to the flowchart enclosed with [23].
It is possible to find partially defined infinity operations in many contexts. A wide variety
of contexts can be found here, ranging from the semantics of programming languages
to the integration theory of systems. Computer scientists try to make programs more
understandable by changing the function that was computed without changing their
function. A program transformation algebraic theory is clearly required to solve this
problem [26]. A positive partial monoid can be explained as follows: If Y (c; : i € Q) is
defined and equals 0, then each x; must be zero. An Abelian monoid satisfies the positivity
requirement that ¢ + =0 impliesc =0 = ¢'. Due to the partition-association property,
a subset of the summable families has finite support and a usual sum. Assume that M
is the fixed set. Functions are Q indexed families in M. The notation for this function is
¢ = (ci]i € Q). Here, we have used ¢; instead of ¢(i). Instead of making the co-domain
explicit, as with the function notation ¢ : Q — M, the family notation suppresses it. As a
result, family notation is useful when there is a stable co-domain relationship. In technical
terms, “meaning” can be called “semantics”. Programming languages use semantics to
explain what programs written in a given language mean when they are run. A semantic
function is a function whose input is a syntactically correct program. The output is a
description of the function calculated by the program based on the input. The partial
addition that will be automated for some Q-indexed families in M is expected to include
an element of ) ;(c;|i € Q). In the semantic concepts we want to capture, there are no
uncountable sums involved, so we can only deal with countable families. Using an axiom,
I'will demonstrate the ineffectiveness of subdividing a sum based on an axiom.

For example, c1+cp+c3+cg+c5+cg = 2+ (C1 + C5) + (C3 + C4) +cg. IfQ =
1,2,..,6, Qu =1{2,6}, Qy, ={1,5}, Qc = {3,4} and R = {a,b, c}, we may write this result
as)(c;i:i€ Q) =Yy(X(ci:i€Qj):j€R). Here, (Qj|j € R) is a partition of Q; that is,
if j # k then Q; N Qx = ¢ and also Q = U(Qj : j € R). In our definition of Q; = ¢, we
would like to emphasize that any number of j (even an infinite number of j) is appropriate
if the partition properties are true. Various ideals of partial semirings and gamma partial
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semirings are discussed by Rao et al. [27-29]. Amarendra Babu et al. [30] discussed the
bi-ideals of sum ordered partial semirings. Partial addition and a ternary product-based
so-semiring is discussed by Bhagyalakshmi et al. [31]. The theory of partial semirings of
continuous valued functions is explained by Shalaginova et al. [32]. Throughout this paper,
there are five sections that are organized differently. The following Section 2 contains some
basic definitions that need to be briefly explained. The different types of prime partial
bi-ideals and their extensions are discussed in Section 3. The partial semiprime bi-ideals
are discussed in Section 4. The conclusion is drawn in Section 5. In this study, we aim to
achieve the following fundamental goals:

1. A one-prime partial bi-ideal implies a two-prime partial bi-ideal which implies a
three-prime partial bi-ideal, but the reverse implication does not hold.

2. Themyy system implies the m, system, which implies 11,3 system, and the opposite
direction does hold with the Example.

3. A one-partial semiprime bi-ideal implies a two-partial semiprime bi-ideal, which im-
plies a three-partial semiprime bi-ideal, and the reverse implication does not match up.

4. The nyy system implies the n,;,; system, which implies the 7,3 system, and the
opposite direction is not valid based on the Example.

2. Preliminaries

We discuss some of the basic definitions required for the rest of our study in this section.

Definition 1 ([2]). The algebraic structure (R, +, ) is a ring if

1. (R,+) is an abelian group.

2. (R,-) is a semigroup.

3. (@a-(b+c)=a-b+a-c
(ii)(a+b)-c=a-c+b-c, Vab,ceR.

Definition 2 ([2]). The algebraic structure (R, +,-) is a ring. Then

1. Anadditive subgroup I of R with the property that ra € I(ar € 1), fora € I, r € Ris called
a left ideal (right ideal) of R.

2. If I happens to be both a left ideal and right ideal, then we call I a two-sided ideal of R, or
simply an ideal of R.

3. The quasi ideal Q of a ring R is a subring Q of R, such that RQN QR C Q.

The bi-ideal B of a ring R is a subring B of R, satisfying BRB C B.

5. Anideal Pin aring R is said to be a prime ideal if and only if it has the following property: if
A and B are ideals in R such that A-B C P, then A C Por B C P.

s

Definition 3 ([2]). A set M of elements of a ring R is said to be an m system if a,b € M there
exists x € R, such that axb € M.

Definition 4. A partial monoid is a pair (M, Y), ¥ is a partial addition defined on some, but not
necessarily all families (c; : i € Q) in a non-empty set M subject to the conditions:

(D) If (¢; :i € Q)in Mand Q = {j}, then Y(c; : i € Q) is defined and equals c; (unary
sum axiom).

(ii) If (c; 1 i € Q) in M and (Q; : j € R) is a partition of Q, then (c; : i € Q) is summable if
and only if (¢c; : i € Q;) is summable for all j € R, (X(c; : i € Q;) : j € R) is summable and
Y(ciii€ Q) =1(X(ci:i € Q)):]j € R) (the partition associativity axiom).

Definition 5. Let O be the partial semiring if there exists a mapping G x O — U which satisfies
the following axioms:

(i) c1(cac3) = (c102)c3,

(ii) (c; : i € Q) is summable in U implies (cc; : i € Q) is summable in U and c[y(c; : i € Q)] =
Y.(cci:i€ Q).
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(iii) (c; : i € Q) is summable in U implies (c;c : i € Q) is summable in U and [Y_(c; : i € Qlc =
Y.(cic:i€ Q).

Definition 6. Let Y be the nonempty subset of O. Then, ¥ is said to be a partial left ideal (partial
right ideal) of U if

(i) (¢; : i € Q) is summable in S and ¢; € ¥, Vi € Q impliesy ;c; € Y.

(ii) Forallc € U, ¢ € ¥,cc € ¥ (cceY).

Definition 7. A partial ring is said to be complete if every family within it can be summed up.

Remark 1. Let U be the complete partial ring and b € U. The right ideal and left ideal of U are
generated by “b”

(i) <b>={ceV|lc=nb+Y,;br;, r;€U,necN}

(i) <b>={ceUVlc=nb+Y;rb, rc O,neN}L

(iii) <b >= {c € Blc = nb + L br; + ¥ rjb + L bryb, 1;,7j,7 € U,n € N}.

Definition 8. Let U be the partial rings and let ¥ and © be the subsets of U. We define
YO ={ceU|lc=Y;lim;,l; €Y and m; € O}.

Definition 9 ([11]). (i) The bi-ideal © of U is the prime bi-ideal if u; Suy C © implies u; € ® or
U, € 0.
(ii) The bi-ideal © of U is a semiprime bi-ideal if u1Ou; C © implies uy € ©.

Theorem 1 ([11]). (i) The bi-ideal © of U is a prime bi-ideal if and only if ¥1¥, C ©, while ¥, as
a right ideal of G and Y, as a left ideal of U implies ¥1 C ® or ¥, C O.

(ii) The bi-ideal ® of U is semiprime bi-ideal if and only if ¥3 C © (or ¥3 C ©) implies ¥1 C ©
(or ¥, C ©) for any left ideal ¥ (or right ideal ¥5) of U.

3. Different Prime Partial Bi-Ideals

In this section, three different prime partial bi-ideals and their corresponding partial
m systems were introduced.

Definition 10. (i) A proper prime bi-ideal ® of U is called a one-prime partial bi-ideal if ©,0, C
implies ©1 C ® or @y C D for any prime bi-ideals @1 and ©, of U.

(ii) A two-prime partial bi-ideal if a10ay C ® implies a1 € $ ap € P.

(iii) A three-prime partial bi-ideal if Y1Yo C @ implies Y1 C ® or Yo C ® for any prime ideals Y,
and Yy of O.

Example 1. Consider U = { (a1 112)
0 as

a,a,as € Zz} with *Y_" is defined on O by

Y. Ci if ¢; € Q isfinite
Y (ci:ieQ)=

i undefined otherwise

and “ - " is defined by the usual multiplication.

Example 2. Consider U = { <a1 112)
az a4

ay,ap,as,ay € Zz} with “Y_" is defined on U by

Y. Ci if c; € Q isfinite
Y (ci:i€Q)=

i undefined otherwise
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and “ - " is defined by the usual multiplication.

Remark 2. Every left ideal, right ideal and bi-ideal are a partial left ideal, partial right ideal and
partial bi-ideal of O.

Proof. Straightforward. O

The converse of the Remark 2 cannot be proved by the following example.

Example 3. In Example 1, (1) ¥1 = { <8 8) (8 é) <8 (1)) } is a partial right ideal of U.

Since‘f’1+‘-}’1:{<8 8>,< )

of .

(i) Ay = { (8 8), (1 0 } is a partial left ideal of U.
SinceA1+A1—{<8 8) ( ) (

of O.

) < > } Z ¥, implies Y1 is not a right ideal

) ( ) } Z Aq implies A\ is not a left ideal

)6 o) (06 1) o)

Example 4. In Example 2, (iii)) Y = {
Lo 0 1 is a partial ideal of O. SinceY +Y = U € Y implies Y is
1 0)\0 1) 1 1 P f P

not an ideal of U.

(iv) © = { (8 8) ( > < } is a partial bi-ideal of O.

, 0 0 11 N . y
Since ©® + 0O = {(0 0) <0 0> (0 0) <0 0)} Z © implies © is not a bi-ideal of U.

Lemma 1. If ® is a one-prime partial bi-ideal of G, then ® is a two-prime partial bi-ideal of U.

Proof. Straightforward. O

In the example below, we can see that the converse of the Lemma 1 is not true.

Example 5. [n Example 2,

0 0 00 10 10
o= {0 D= {0 06 OG5
00 0 0 00 . . . )
0, = { < 0 0> , (1 O) , ( 1 1) } Here, ® is a two-prime partial bi-ideal, but not a one-prime

00

partial bi-ideal. Now, ©1 - @, = <O 0

) CPObut® L Pand @, € .

Lemma 2. If ® is a two-prime partial bi-ideal of G, then ® is a three-prime partial bi-ideal of O.

Proof. Straightforward. [

We cannot prove the converse of Lemma 2 based on the following example.
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0 0 0 1 10 )
Example 6. Based on the Example 2, & = {(0 0), (0 1), (1 0) } Here, ® is a

three-prime partial bi-ideal, but not a two-prime partial bi-ideal. Now, <1 1>U(0 0) =

11 01
(600 )} com(l Yram() ) ro

Definition 11. (i) A subset A of U is called a myy system if, for any a1,by € A, there exists
a% €< a; >pand b% < by >y, such that a%b% € A.

(ii) A subset A of U is called a mypy system if, for any ay, by € A, there exists al €< ay >, and
b% €< by >, such that a%b% € A.

(iii) A subset A of U is called a myy3 system if, for any ay, by € A, there exists al €< ay; > and
b% €< by > such that a%b% € A.

Lemma 3. If @ is a partial bi-ideal of U, then ® is a one-prime partial bi-ideal (two-prime partial
bi-ideal, three-prime partial bi-ideal) if and only if U\ ® is a Mpp1 System (Mppy System, mpyp3
system) of O.

Proof. Let ® be the one-prime partial bi-ideal of U and let a1, by € U\ ®. Hence, < a1 >;<
b1 >p < . Then there exists all €< a1 >p and b/1 €< by >y, such that all . b/1 = {mm +
7”1261% + ll} . {Yl,lbl + n/zb% + 12}, wherel; =Y ;airiapandlp =Y b]?’;bl for nq,ny, Tlll,nlz eN
and r;, r; € U. Since hl €< ay >p< by >, Z ®. Thus, a1b; ¢ O. Hence, U\ P is a M1
system.

Conversely, let ®; and ©; be the partial bi-ideals of U, such that ®;0, C ®. Suppose
that ®; € ® and @, Z ®. Then, there exists by € ©1 and b, € ©;, such that b; ¢ ® and
by ¢ ®. Let by, by € U\ ®. Since U\ ®is an myp1 system, then there exists b/1 €< by >y

and b; €< by >} such that bllb/2 € U\ ®. However, b,lb/2 E< by > < b >,C 0.0, C P,
which is a contradiction. Thus, ®; C ® or @, C ®. Hence, P is a one-prime partial bi-ideal
of 5. O

Remark 3. Every my system is a my, system.

As illustrated by the following example, the converse may not be true.

1 0\ /0 1\ /0 0\ /0 0\ /1 1\ /1 0
Example 7. In Example 2, Clearly A = { (0 O)’ (O 0)’ (1 0), (O 1), (0 0), (1 0),
0 1\ /0 0\ /1 1\ /1 0\ /0 1\ /1 1\ /0 1\ /1 0\ /1 1 .
o 1)7\1 1)7\1 1)7\0 1)7\1 1)7\1 o)/\1 o)/\1 1) \o 1 s an

Mppy system, but not a Mypy System.
Putzy = G g),zz = ((1) (1)) Now, z/1 € (z1), and z, € (z2),, such that z/1 -2/2 ¢ A.
Remark 4. Every myy system is a m 3 system.

In the following example, however, the converse may not be true.

1 0 0 1 0 0 0 0 11 1 1
Example 8. In Example 2, clearly, A = {(0 O)’ <O O)’ (1 0), (0 1), (O O)’ <1 1),
0 0 1 0 01 11 01 1 0 11 .
(1 1>'(O 1),(1 1>,(1 0),(1 0>,(1 1),(0 1)} is an mpy system, but not a

My System.
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Let zy = G i),zz = <(1) 8) Now, z/1 € (z1), and z/2 € (z2);, such that

za.z;-{(g .1 g)}m.

Remark 5. For any bi-ideal © of U, A¢ = {c € ®|Uc C O} and Hg is defined as
Hg = {Cl € Np | C/U - A@}.

Remark 6. For any bi-ideal ® of U, Yo = {c € © |0 C O} and Hg is defined as
Hg = {Cl ce¥Ye | UC, - “P@},

Lemma 4. Let © be the partial bi-ideal of U. Then, Ag is a partial left ideal of U, such that
Ap CO.

Proof. Letc; € Ag. Then, ¢c; € ® and Uc; C O, Vi. Since O is a partial bi-ideal of U, then
Yici€©®and (cq-cp-...-cp) € ©. Now, U(Y;¢;) € ©. Thus, Y ;¢; € Ag. Now, U(cq -
€2 o-Cp) = (Ocy)-(ca-..vcn) € (Ucq) - (Bep) - (3. - cn) € (Ucq) - (Bep) - ... - (Bey) C O.
Thus, (c1- ¢y ... ¢y) € Ag. Letc € Ag and r € U. Since rc € Uc C O, we haverc € ©
and Urc C U0c C Uc C ©. Thus, rc € Ag. Hence Ag is a partial left ideal of U and
Ao CO. O

Lemma 5. Let © be the partial bi-ideal of O. Then Hg is a partial subring of U.

Proof. Let ¢; € Hg. Then, ¢; € Ag and ¢;O C Ag, Vi. Since ¢; € Ag, ¢; € O and
Oc; C O, Vi. Since ¢; € O and O is a partial subring of U, we have ) ;¢c; € © and
(cr-cav...-cn) € O.Now, U(Y;c;) C Oimplies ) ;¢c; € Ap. Now, (Y;¢c;)U C Ap implies
Y.ici € Ho. Now, U(c1-c-...-cn) = (UOcq) - (c2-...-cn) € (Ocy) - (Uca) - (c3...-¢cn) C
(Oc1) - (Bcp) - ... - (Ocy) € O implies (c1-cp ... ¢cn) € Agpand (¢c1-¢c3-... ¢y)0 =
(cr-ca-eoircyq) - (€n0) C (c10) - (20) - ...+ (cnU) € A@. Thus, (c1-¢2- ... ¢n) € Hep.
Hence, Hg is a partial subring of 5. O

Lemma 6. Let © be the partial left ideal of O. Then, Ag = ©.

Proof. Clearly, Ag C ©. Let c € O, since O is a partial left ideal of U. We have Uc C ©
implies ¢ € Ag. Thus, ® C Ag. Hence, A\¢ = 0. O

Theorem 2. If ® is any partial bi-ideal of a complete partial ring U, then Hg is the unique largest
two sided partial ideal of O contained in ©.

Proof. Let © be the any partial bi-ideal of U. First, we prove that Hg is the two sided partial
ideal of U. Since Ag C ® and Hg C Ag, Hg C Ag C O. Letc; € Hp,Vi € Y and ¢ eU.
Then, ¢c; € Hg CO® = ¢; € O. Since ¢; € Ag, we have Uc; C ©® and ¢;0 C Ag, Vi€ Y.
Since © is a partial bi-ideal of U, then ) ;¢; € ©. Since ¢; € Ag, Y;¢; € A, O(X;¢i) C
Ap C O®and (Y;¢;)U0 C Ag. Hence, ¥ ;c; € Hp. Since ¢ € Ag, then cc e Uc C ®and
Oc'c CUO6cCUBcCO = cce Ag. Moreover, cc €U C Ag. Therefore, o € Ao
andc'c € Ag. To prove that cc € Hg and cce Hg. Now, o) CcBUC U C A =
o € Hg. Moreover, b C Bl C OAp C Ng = dee Hg, since Ag is a partial
left ideal of U. Hence, Hg is a two-sided partial ideal of U. To prove Hg is the largest
two-sided partial ideal of Ul let Y be any partial ideal of Uand Y C ©. Leti € Y. Then,
i€@and Ui CY C O. Hence, 5i CO® — i € Ag. Hence, Y C Ag. Next, i € Ag and
iI0CYCAg = i € Hy. Hence, Y C Hy. O

Theorem 3. Let © be any partial bi-ideal of a complete partial ring U. If © is a one-prime partial
bi-ideal (two-prime partial bi-ideal) of G, then Hgis a prime partial ideal of O.



Mathematics 2023, 11, 1309

8of 11

Next, we provide an example showing that the converse of Theorem 3 does not hold.

Example 9. In E_xamr)le 2, H®1 = H®2 = { <8 8) } isa prime partial ideal.

o= {0 6 D0 DYoo= | Y0 D6 D}oren

a one-prime partial bi-ideal and ©, is not a two-prime partial bi-ideal of U. Since
0 0 0 0 0 1 00 0 1 11 0 0
{(0 0>’(0 1)’(0 0)}'{<0 0)'(0 0>’(0 0)}_{(0 0>}C®1’md
0 0 1 0 11 0 0 1 0 0 1 0 0 1 0
{6 06 oG oG 8606 D}-{6 06 D)o

Theorem 4. Let © be any partial bi-ideal of a complete partial ring O. © is a three-prime partial
bi-ideal of U if and only if Hg is a prime partial ideal of U.

Proof. Let © be a three-prime partial bi-ideal of U. Let C and C be partial ideals of U, such
that CC’ C Hg. Since Hg C O, cc’ C O. Since O is an three-prime partial bi-ideal of U,
CCO®or c C ©. By Theorem 2, Hg is the unique largest partial ideal of U, such that
Hg C ©. Thus, C C Hg or c C Hg. Hence, Hg is a prime partial ideal of U.

Conversely, let Hg be the prime partial ideal of U. Suppose that Y;Y, C O, for any
partial ideals Y1 and Y, of U, since Hg € ©® and Y3, Y; are partial ideals of O. Hence,
Y1Y> C Hep, since Hg is a prime partial ideal of U. Hence Y; C Hg or Yo C Hg, since
Hg C ©. Thus, Y; C ® or Y, C ©. Hence, O is a three-prime partial bi-ideal of 0. O

Theorem 5. Let A be the myy3 system and © be the prime bi-ideal of a complete partial ring U with
O N A = ¢. Then, there exists a three-prime partial bi-ideal ® of U containing ® with PN A = ¢.

Proof. Let X = {R|R be a partial bi-ideal with ® C Rand RN A = ¢}. Clearly X # {¢}
and is an ideal of U. According to Zorn’s lemma, X contains a maximal element ¢ with X
and ® N A = {¢}. Let us show that ® is a three-prime partial bi-ideal. Using Theorem 4,
we show that Hg is a prime partial ideal in U. Since Hp C ® and ® N A = {¢}, this implies
that Hp N A = {¢}.

Case-(i) Suppose that Hg is a maximal prime ideal, such that Hp N A = {¢}. Suppose
< a><b>C Hg. Thisimplies that < a >C Hg or < b >C Hg. Suppose that < a >Z Hg
and < b >Z Hg. Let us show that < a >< b >Z Hg. Since < a >Z Hg, hencec €< a >
butc ¢ Hep and < b >Z Hg, hence ¢ €< b>butc ¢ Hp. Then, < ¢ >C< a >
and < ¢ >C< b >. Based on the maximal property of ®, (Ho+ < ¢ >)NA # ¢
and (Hp+ < ¢ >)NA # ¢. Since A is an mp3 system for z1,zp € A, then there exist
21 € (Ho+ < ¢ >)NAand z; € (Ho+ < ¢ >)NA, such thatz,z, €< z; >< zp >. If
z1 € (Ho+ < ¢ >), then z; = ! + I for some ' e Hepand j €< c >. If 2z € (Hop+ <
¢ >), then z; = "+ 1, forsomel” € Hpandl, €< ¢ >. Now, z{'z)’ € (l’ + ll)(l" +1h) =
"4+ 1+ 41"+ 11l € Ho+ <a><b > If <a><b>C Hg, then z;z, € He. So
Hg N A # ¢, which is a contradiction. Hence, < a >< b >¢Z Hg. Hence, Hy is a prime
partial ideal of .

Case-(ii) If Hg is not a maximal prime ideal, then there exists a prime partial ideal Y,
such that Y C ® N A = ¢, to apply case-(i), we get the proof. O

4. Different Partial Semiprime Bi-Ideals

Throughout this section, we will introduce three different partial semiprime bi-ideals
and their corresponding partial n systems.
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Definition 12. (i) A proper prime bi-ideal ® of U is called a one-partial semiprime bi-ideal if
@2 C ® implies ® C D, for any prime bi-ideal © of U.

(ii) 1t is called a two-partial semiprime bi-ideal if a10ay C O implies a; € .

(iii) It is called a three-partial semiprime bi-ideal if Y> C ® implies Y C ®, for any ideal Y of U.

Lemma 7. If @ is a one-partial semiprime bi-ideal of U, then ® is a two-partial semiprime bi-ideal

of O.

The following example suggests that Lemma 7 could not have a converse.

0 0 11 00 0 0 0 0
Example 10. InExampleZ,@-{(o 0>,<1 1>}and®—{<o O>’<1 0)’(0 1)}

Here, @ is a two-partial semiprime bi-ideal, but not a one-partial semiprime bi-ideal by ® - © C P,
but® Z @.

Lemma 8. If ® is a two-partial semiprime bi-ideal of O, then ® is a three-partial semiprime bi-ideal
of U.

In the following example, the converse of Lemma 8 may not be true.
Example 11. In Example 2, ® = { (8 8)/ (;) (1J)' G i) } is a three-partial semiprime bi-

. . o . 00 11 00 00
ideal, but not a two-prime partial bi-ideal. Since <1 O>6<0 0) = {<0 O>’ (1 1) } cC o,

but <(1) 8) Z ® and ((1) (1)) Z .

Definition 13. (i) A subset N of U is called a nyy, system if, for any ay € N, there exist ”,1' a,{ €<
ai >y, such that a/la/l/ € N.

(ii) A subset N of U is called a nyy system if for any a; € N, there exist a/l,alll €< ay >y
(all,a,{ €< ay >) such that allalll € N.

(iii) A subset N of U is called a n,3 system if for any a; € N, there exist ”,1/ a,{ €< aj > such that

ron

a;a; € N.

Lemma 9. If ® is a partial bi-ideal of U, then ® is a one-partial semiprime bi-ideal, two-partial
semiprime bi-ideal and three-partial semiprime bi-ideal if and only if O\ @ is an ny system (n,p;
system, n,p3 system).

Remark 7. Every nyy system is a n,p; system.

From the following example, it can be seen that the converse may not be true.

1 0\ /0 1 1 0\ /0 1 11
Example 12. In Example 2, Clearly, N = {(0 0), <O 0), (1 0), (0 1), <0 0>,

0 0\ (1 1) (1 0\ (0 1\ (1 1\ 0 1\ (1 0\ 1\
1 1)\ 1)7\o 1)/\1 1)W1 o)\ 0o)r\1 1) \o 1) ("7 Teo2 SYSEEL

but not a npy system.

Theorem 6. Let © be any partial bi-ideal of U. If © is a one-partial semiprime bi-ideal (two-partial
semiprime bi-ideal) of U, then Hg is a partial semiprime ideal of O.
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In the following example, the converse of Theorem 6 might not be true.

Example 13. [n Example 2, Hg = { <8 8) } is a partial semiprime ideal but not a one-partial

semiprime bi-ideal. For the prime bi-ideal ©® = { (8 8), (8 (1)> } Since © - © C Hg.

Theorem 7. Let © be any partial bi-ideal of O. If © is a three-partial semiprime bi-ideal of U if and
only if Hg is a partial semiprime ideal of U.

5. Conclusions

In this paper, we introduce several prime partial bi-ideals of partial rings and identify
prime partial bi-ideals and partial semiprime bi-ideals. We also introduced and character-
ized three partial m systems. Every one-prime partial bi-ideal is a two-prime partial bi-ideal
and every two-prime partial bi-ideal is a three-prime partial bi-ideal. As far as examples are
concerned, the reverse is not true. A further development of semirings, ternary semirings
and hyper semirings based on quasi ideals, tri-ideals and bi-quasi ideals will be the focus
of future research.
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