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1. Introduction

Let H be a real Hilbert space such that norm is || - || and the inner product is (-, -),
respectively. We recall that the variational inclusion problem (VIP):

Find v* € H such that 0 € A(v") + B(v"), 1)

where A : H — 2H is a set-valued operator and B : H — H is a single-valued operator. We
denote the solution set of (1) by ®. The variational inclusion problem is a crucial extension
of the variational inequality problem. Many nonlinear problems such as problems of saddle
point, minimization, and split feasibility can be transformed into variational inclusion
problems which can be applied to signal processing, neural networks, medical image
reconstruction, machine learning, and data mining, etc., see [1-7].

As we all know, (1) can be converted to the fixed point equation v* = J, 4 (v* — ABv*)
for some A > 0, where Jy4 = (I + )\A)’l is the resolvent operator of A. The famous
forward-backward splitting method (FBSM) was proposed by Lions and Mercier [8] in 1979:

X1 = Jaa(I — AB)xy,

where A and B are maximally monotone and 5-inverse strongly monotone, respectively,
A € (0,27). Note that the Lipschitz continuity of an operator is a weaker property than the
inverse strong monotonicity. So the algorithm has a shortcoming: the convergence requires
a strong hypothesis. In order to overcome this difficulty, Tseng [9] constructed a modified
forward-backward splitting algorithm (TFBSM) in 2000:

y}’l == ]/\A(I _/\B)xi’l/
Xpt1 = Yn — A(BYn — Bxn),
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where B is monotone and Lipschitz continuous.

On the other hand, a famous method for solutions of variational inequalities is the
projection and contraction method which was first introduced by He [10] for the variational
inequality problem in Euclidean space. Inspired by this, the following proximal contraction
method (PCM) was proposed by Zhang and Wang [11] in 2018:

Yn = ]/\nA(xn - Aann)/
hp = xy, — Yn — /\n(an - B]/n)/
Xn+1 = Xn — 7ﬁnhn/

where r € (0,2),

0, hy, =0,
i { Tt A
¢(xXn,yn) = (xn — Yn, hy), and the sequence of variable stepsizes {A,} satisfies some
conditions. Notice that both (TFBSM) and (PCM) can only get weak convergent results in
real Hilbert spaces. In general, weakly convergent results are obviously less popular than
strongly convergent ones. In order to get the strong convergence, Hieu et al. [12] gave an
algorithm named the regularization proximal contraction method (RPCM), for solving (1)
in 2021:

Yn = ])\nA(xn - An(B + “np)xn)r

hy = xn — Yn — /\n(an - Byn)/

Xn+1 = Xn — V,Bnhn/

where r € (0,2), p(xn, yn) = (Wn — Yn, hn),Pn = min{,B, (Pl(\);l:\jllg) } and {A,} satisfies some
appropriate conditions. Before this, some scholars successfully applied this technique to
the variational inequality problem. Very recently, Song and Bazighifan [13] introduced an
inertial regularized method for solving the variational inequality and null point problem.

In recent years, there has been interest in methods with inertia which are considered
effective methods to expedite the convergence. The inertial method is favored by many
scholars because of its simple structure and easy operation, which is promoted by many
scholars and in-depth research. In 2003, Moudafi and Oliny [14] combined (FBSM) with
the inertial method to construct a new algorithm:

Yn = Xn + 0 (xn — x,-1),
Xn41 = I/\,lA(yn - Aann)/

where {A,} is a positive real sequence. Furthermore, some scholars have proposed multi-
step inertial methods. In 2021, Wang et al. [15] proposed the multi-step inertial hybrid
method to solve the problem (1).

Inspired by [12,13,15], we consider the variational inclusion and null point problem:

Find x5 € ®N Gil(O) such that (Fxg,x — x§) >0, Vxedn Gil(O), )

where G and F are nonlinear operators. We propose two modified regularized multi-step
inertial methods to solve the above problem. These two algorithms are the modified
forward-backward splitting algorithm and the proximal contraction algorithm. Using
regularization techniques, the new algorithms converge strongly under mild conditions.
Some numerical examples are given to show that our algorithms are efficient.

This article is arranged as follows: we introduce some notations, fundamental defi-
nitions, and results that are used in later proofs in Section 2. In Section 3, we present the
new algorithms and discuss their convergence. In Section 4, we report some numerical
experiments to support our theoretical results obtained.
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2. Preliminaries

Let H be a real Hilbert space. The weak convergence and strong convergence of
sequence {x, } are denoted by x, — x and x,, — x, respectively.

Definition 1 ([16]). The mapping T : H — H is called

(i)  monotone, if
(Ty — Tx,y—x) >0, Vx,ye€H

(ii)  y-strongly monotone (v > 0), if
(Ty —Tx,y —x) > ylly —x|*>, Vxye€H;

(iii) d-inverse strongly monotone (6 > 0), if

(Ty — Tx,y — x) > 6||Ty — Tx||?>, Vx,y € H;
(iv) I-Lipschitz continuous (I > 0), if

ITy = Tx|| < Iy —x[, YxyeH;

(v)  firmly nonexpansive, if

(Ty — Tx,y —x) > || Ty — Tx||%, Vx,y € H;

(vi) nonexpansive, if
ITy = Tx|| < lly —x[l, VxyeH.

Definition 2 ([16]). Let T : H — 2 be a set-valued mapping. The graph of T is defined by
Graph(T) = {(x,u) : x € H,u € Tx}. The mapping T is said to be

(i)  monotone, if
(v—u,y—x) >0, YueTxuveTly

(ii) maximally monotone, if T is monotone on H and for any (y,v) € H x H,
(v—u,y—x) >0, Y(x,u)ec Graph(T) indicates (y,v) € Graph(T).

Lemma 1 ([17]). Let A : H — 2H be a maximally monotone operator, and B : H — H be a
monotone Lipschitz continuous operator. Then A + B is maximally monotone.

Lemma 2 ([18]). Let {t, } be a of nonnegative real sequence satisfying
tng1 < (1 - ﬁn)tn + ﬁndn + On, Vx/]/ € H,

where {Bn},{dn} and {on} satisfying the conditions:
(i) limsup,_, dn, <0;
(iii) 04 > 0 with ) ;7 1 0n < 0.

Then lim,, oty = 0.

Lemma 3 ([19]). Let C be a nonempty closed convex subset of Hand T : C — C be a nonexpansive
mapping. Then, the mapping I — T is demiclosed at zero, i.e., if x, — x and (I — T)x,, — 0, then
x € Fix(T).



Mathematics 2023, 11, 1469

4 0f 21

3. Main Results

We mainly introduce our new algorithms and analyze their convergence in this section.
Let H be a real Hilbert space. The following assumptions will be needed throughout
the paper:
(A1) A:H —2His maximally monotone.
(A2) B: H — H is monotone and L-Lipschitz continuous.
(A3) F : H — H is ¢-strongly monotone and k-Lipschitz continuous.
(A4) G : H — H is y-inverse strongly monotone.
(A5) Q:= ®NG1(0) # @, where ® is the solution set of (1).

To solve (2), we construct a auxiliary problem:
Find x € H, such that0 € A(x) + B(x) + a“G(x) + aF(x), 3)
foreacha > 0and 0 < w < 1, the solution of the problem (3) denoted by x,.

Lemma 4. Under the assumptions (A1)-(A4), for each & > 0and 0 < w < 1, the problem (3) has
a unigue solution x.

Proof. Since the properties of A, B, G, and F in the hypothesis, we can conclude that
A + B+ a%G + «F is strongly monotone. It is well known that strong monotone operators
have unique solutions (see [20]). Therefore, the problem (3) has a unique solution x,. O

Lemma 5. The net {x,} is bounded.

Proof. For eachp € (Y and o« > 0, wehave 0 € Ap+ Bp, Gp = 0and 0 € Ax, + Bx, +
a“Gxy + aFx,. Thus,
—aFx, € Axy + Bxy + a“Gxy,

and
0€ Ap+ Bp+a“Gp.

Using the monotonic property of A, B and G, we derive
(p — xa,aFxy) > 0. 4)
By (4) and the §-strong monotonicity, it follows that

(p—xa, Fp) = (p — xa, Fxa) + (p — xa, Fp — Fxy)

(5)
> Ellp — xa®

Consequently (5) and the Cauchy-Schwarz inequality, we find ||Fp||||p — x«|| > &|lp —
xq||%, then ||p — x4 || < ||Fpl|/&, we get

[lxall < Ml + Ml — xal
[Ep]

< + —
Ipll+ =%

So the net {x,} isbounded. O
Lemma 6. Forall aq,ap € (0,1), there exists M > 0 such that,

|y — 1]

50y =3 | < F22
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Proof. According to the assumption, x,,, X4, are solutions of the problem (3), let us suppose
that 0 < ap < a1 < 1. Then,

0 € Axy, + Bxy, + Y Gxy, + a1 Fxy,

and
0 € Axg, + Bxg, + a5 Gxg, + 02Fxy,,

which implies
—ay Gxg — a1Fxy, € (A4 B)xy,

and
—a5 Gxoy — apFxy, € (A4 B)xy,.

By Lemma 1, we know that
(Xa, — Xap, —1Fxo, — & Gxgy + aFxa, + a5 Gxy,) > 0,
or, equivalently,

<xtxl — Xay, (“2 - 061)an2> + <xﬂ¢1 — Xups &1 (Fxtxz - Fxtxl)>
+<x0t1 — Xay, (“(2U - “?)Gxﬂéﬁ + <xﬂé1 - xl’ézﬂxﬁu(cxaz - Gxﬂél)> > 0.

The properties of G and F and the Cauchy-Schwarz inequality imply that

“1(:”9(061 — Xay H2 < (0“2‘} - ’xclu)<xlx1 — Xay, lexz> + (0‘2 - 0‘1)<xlx1 - x“z’Fxle>
< fag = af[||xay — Xap | [|Gxay || + |z — @ [[xa; — X ||| FXa, |

which equal to

|ag” — af|[|Gxay || + a2 — ay ||| Fxa, ||

a1

The Lipschitz continuity of the mapping F and G imply they are bounded. Combining
the Lagrange’s mean-value theorem, we deduce that

1%y = Xa[| <

(6)

| —af| = oy — a8 < way Mg — ) < way H(wg —a) < gyt —az),

this together with (6), implies that

|22 — | |Gy || | a2 —aa| [[F¥ay|| _ |22 — a
L) g L) ¢ T map

@)

”xﬂél - xthH <

where M = %supae(oll) {||Gxa|| + ||Fxa]|}. Indeed, since F and G are Lipschitz continuous,
the net {||Gx, ||} and {||Fx.||} is bounded. If 0 < a7 < ap < 1, we can also get the same
results. O

Lemma 7. lim,_,o+ x, = 5.

Proof. According to the conclusion of Lemma 5, there exists a subsequence {xy,,} of
the net {x,} such that x,,, — ¥ and a,;, — 0" as m — co. From RVI, we have that
—Bxy — a“Gxy — aFx, € Ax,. Let us take a point (#,v) in Graph(A + B), thatis, v €
Au + Bu. Thus, we derive by the assumption (Al),

w
- Ax, U - Y.
(u — x4, v — Bu+ Bxy + a“Gxy + aFx,) >0

Replace « with «;,, we deduce from the monotonicity of B that
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0 < (u—=xy,,v— Bu+ Bxy, +ayGxq,, + a&mFxy,,)
= (U — xu,, 0 Gxs,, + &mFxq, ) + (4 — Xq,,0) — (Xa, — U, Bxy,, — Bu)
S <1/l - JCﬂ‘m’m%le"m + “mpxlxm> + <1/l - xam’v>' (8)

It obtains that the sequence {Fx,,, } is bounded by the boundedness of the sequence
{x4,, } and the Lipschitz continuity of F. Letting m — co in relation (8) and we infer that

(u—x,0v) >0, VY(u,v) € Graph(A+ B),

x € (A+B)"1(0). 9)
For every g € 0,0 € Aq+ Bg and Gq = 0. By (3), we obtain
—aiy Gxy,, — &mFxy, € AXq, + Bxy,,
due to the definition of A + B, we know that
(Xa,, — q, — 0 GXg,, — &mFxq, ) >0,
by the monotonicity of F,

a5 (GXaps Xay — ) < Wm(FXay,  — Xay, )
S ’Xm<quq - xam>’

which leads to
<lexmlx“m - Q> S “%_w<Fq’q - xlxm> — 0 (10)

By the property of G, noting (10) and Gq = 0, we obtain
V|G |I* = ¥[|Gxa, — Gal?

= <lexm - Gq’ Xoy — q>
S <Gx“m’xam - Q> — 0’

which yields that
lim Gx“m - 0.

Forany: € (0, 27], G, = I — G is nonexpansive obviously holds. Owing to Lemma 3,
we obtain that ¥ € Fix(G,),
¥ e G Y0),

together with (9), implies
x € Q.

Noting (5), we obtain (Fp, p — x,) > 0 for all p € Q. Letting « = &, — 07, we have
(Fp,p—%x) >0, VpeQ.
By Minty lemma [21], we get

(Fx,p—x) >0, VpeQ.
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Due to uniqueness of the solution x5 to the problem (2), we have ¥ = x5. Since ¥ is
any point in wy,(xy), wy(xy) = {x8}, that is, the net {x,} converges weakly to x5. After
that, applying (5) for p = x8, we get

EllxS — xa||* < (FxS, 25 — xp). (11)
Taking limit in (11) as « — 0", we obtain
li xS — xy |2 < i Fxg,x§—x =0.
gy €l s T € o

Thus, lim,_,q+ |8 — x| =0. O

Remark 1. &, can be chosen as o, = nl—p where 0 < p < %

Lemma 8. Under the condition (A2), the sequence { A, } generated by Algorithm 1 or Algorithm 2
is convergent and

lim A, = A > 0.

n—oo

To be more precise, we have A > min{Ay, £} > 0.

Algorithm 1 Modified multi-steps inertial forward-backward splitting method with regu-
larization

Initialization: Let xo, x; € H be arbitrary, 4 € (0,1), A7 € (0,(1 — p)v) and set n := 1.
Choose a sequence {1,} C [0,4+00) such that) )’ 7, =T < ocand 0 < u + % < 1.
Choose a sequence{a, } C [0, +o0) satisfying:

> Kyy1— &
Ean:oo, lim &, =0, 1im”+72”:0.
= n—00 n—oo 102

For a given positive integer N, choose a sequence {¢;,} C [0,+) (i = 1,2,...,N)
satisfying

. €
lim 2 =0.
n—+4oo Ky

Iterative steps: Calculate x,,11 as follows:

Step 1. Compute
min{n N}

Wn=Xn+ Y, Oin(Xp—it1 — Xn_i),
i=1

where 0 < 6; , < 6; for some 6; € R with

v Hxnflﬁrl*xn—iH
0;, otherwise.

. €; .
0. _{ mm{9 ’7”} if X i1 # Xni,
in —

Step 2. Compute
Yn = Ja,A (wn —An(B4+a%G+ DénF)wn).

Step 3. Compute
Xnt1 = Yn — An(BYn — Bwn + a5/ Gyn — a3/ Gwy),

and
A = mln{/\n + Tn, @5:7%}’ if Bwn 7£ Bynr
el =
An + T, otherwise.

Setn = n+1and go to Step 1.
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Algorithm 2 Modified multi-steps inertial proximal contraction method with regularization

Initialization: Let xo, x; € H be arbitrary, r € (0,2), 8 >0, u € (0,1),and A1 € (0, (1 —
#)7) and set n := 1. Choose a sequence {7, } C [0, +0c0) such that) ;> ; T, = T < o0 and

0<;4+/\1i

-— < 1. Choose a sequence {a,,} C [0, +00) satisfying:

[e9)

. LAy —
thn:oo, lim a, =0, lim ”4”72":0.
| n—00 n—00 X, 107

For a given positive integer N, choose a sequence {¢;,} C [0,4) (i = 1,2,...,N)
satisfying

. €in
Iim — =0.
n—00 Xy,

Iterative steps: Calculate x,,11 as follows:
Step 1. Compute
min{N,n}
Wy = Xn + Z ei,n(xnfiJrl — Xu—i),
i=1

where 0 < 6;,, < 6; for some §; € R with

. €; .

miny 6; A} if x,,_; Xy

0in = { Y i —xn—ill S neitl 7 Xniy
0;, otherwise.

Step 2. Compute
Yn = Jr,a (wn —A(B4+a%G+ lan)wn),

and
Apis = min{)\n + Ty, H%Hg:i:g}%}, if Bw,, # By,
" A+ T, otherwise.

step 3. Compute

hy = wy —yn — /\n((Bwn - Byn) + DC(;IJ(Gwn — Gyn)),
‘P(wn/yn) = (wy _yn/hn>-

Step 4. Compute
Xp+1 = Wn — V,Bnhn/

where

B, otherwise.

Setn = n+1and go to Step 1.

Proof. Since
| Bw, — Byn|| < Liwy _ynH/

in the case of Bwy, # Byy,

plwon —yull o pllwn —yull _ p

|Bwy — Byull = Llwy —ynl L

By induction, can draw the sequence {A, } has the lower bound min{)\l, %} Since the
computation of A, 11, we can get

An-&-l <Ay + T,
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that is
Ant1 — A < Ty

Let [a]+ represent max{a,0} for all 2 € R. And we know 7, > 0, then
Ans1 = Anl+ < T

Because ) ;> ; T, < oo, obviously
[«
Y A1 — Anly < oo
n=1

Besides [a]+ = Ja+ }|a|, we infer
|)\n+1 - /\n| = 2[/\n+l - An]-&- - )\n+1 + An,
then,

k k
Y A1 = Anl =2 ) [Auga — Auly — Ak + A1
n=1 n=1

Since {A,} has the lower bound min{A;, 7 }, we know A1 > 0. So we have

k k
Yo A = Al <2 ) (A = Al + A
n=1

n=1
furthermore,

Z |/\7’l+1 - )\n| < 00,
n=1
Therefore, {A, } is convergent. [

Theorem 1. If the conditions (A1)—(A5) hold, xS is the unique solution of problem (2) and the
sequence {x, } is generated by Algorithm 1, then x, converges strongly to xS.

Proof. Setting s, = By, — Bw,, + a3/ Gy, — ay) Gwy,

| Xp41 — xanHz = |lyn — Ausn — xranz

= |lyn —x,XnHZ—i—A%HSnHZ—Z/\n(yn—x,xn,sn>. (12)

Since x,, is the solution of (3), we get

Xa, = A, A (xan - )\n(thxn + D‘;lUleXn + anFxtxn))r

and J,, 4 is firmly nonexpansive,

(Yn — Xa,, Wy — Xa,, — An(Bwy + oy Gy + ayFwy,
—BxXa, — &5 Gxa, — &nFxe,)) > [y — Xa, %,
which implies

(Yn — Xy, Wn = Xa) = An(Yn — Xu,, Bwn + 05 Gwy — B, — 03/ G, )
—n A (Yn — Xa, F0n — Fxa,) > [[yn — %, ||* (13)

Since the monotony of B and G, we find

AYn — Xa,, Byn — Bxg, + a5 Gyy — a3y GXyp, ) > 0, (14)
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combining (13) and (14), we derive
A Yn — Xa,, Byn — Bwy + a8 Gy — o) Gwy,)
> <]/n — Xay s Xoy — wn> + apAy <yn — Xay s Fw, — Fxle,> + ||yn — Xu, ||2/
or, equivalently,
<yn - xanr5n>
1
> 7<yn — Xy Xoy — wn> + ay <yn — Xuyy s Fw, — Pxoc,,>
n
1
3y = X, 1% (15)
n
Combining (12) and (15), we get that
%041 — Xa, ||2 < )‘%HSHHZ = 2(Yn — Xas Xay — Wn)
— 20y An(Yn — Xa,, Fon — Fxa,) — ||Yn — Xa, ||2, (16)
and the fact of
2(Yn — X, Xa, — Wn) = |[Yn — wn”2 = |lwn — xtanZ = lxa, — yn”z/ (17)
imply that
%01 — Xy P < %y — wall* = [Jwn — yal* + A3 llsn |
—200, Ay (Yn — Xa,, Fwy — Fxy,). (18)
Since
Aallsall> = A%lByn — Bwy|* + AZa3* || Gyn — Gw, |2
—|—2)\,21a§,"<Byn — Bwy, Gy, — Gwy)
/\2 V2 /\2 0(2(4) 2/\2 V“w
< nHw7H2+nnHw7 2+ nEE o 2
)‘%H n—Yn 7 n—Ynll Aot [wn — yull
2
A M4+T
< (A””+1) o = (19)
n+1 Y

Let 1, t; and t3 be three positive numbers such that

2 —kt1 —ty —t3 > 0.

€in

By virtue of Lemma 8, a, — 0 and -

1— ap Ak _ < UMy L A1+T>2 >0,
t1 An+1 0
1—tzauAy >0,

N
Z €in < t3An0y.
i=1

— 0, there exists ng > 1, Vn > ng such that
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Because F is strongly monotone,

(Yn — Xu,, Fwy — Fxy,)

- <wn_xlxn,Fwn_Fxlxn>+<yn_wn,Fwn_Fxlxn>
> Gllwn — xa, ||2 — kllwn — xa, || [[yn — wnll
kt k
> ¢llwn — xa, ||2 - 71”@“71 = Xy H2 - Ellyn - wnHz
kt k
o Gk [ e e 20
In views of (18)—(20), we get
%41 — %X, ||
< (1= anAn (28 —kty)) [[wn — xa,|*
2
ay Ak (/\1 +T UAn ) > 2
—1- - + Wy — . (21
which implies,
| %n1 — Xay, ||2 < (1 — apAn (26 — ktl)) |wn — Xa, ||2/ Vn > ng. (22)
By Lemma 6, for all n > ny, we have
||x7’l+1 - xlxn+1 ||2
= 2<x0‘n - xan+11xn+1 - xan> + Hxﬂln - x‘XnJrl ||2 + ||x7’l+1 — Xay, ||2
S 2||x0¢n - Xan+1 || ||x71+1 - xan || + ||x"‘n+l - x“n H2 + ||x7’l+l - x"‘n ||2
1
< Mnxw = Xy ||2 + tatn A || X011 — Xa,, ||2 + X011 = Xy Hz
+Hxl’<n - x“n+1 ||2
= (14 o )t = Sl (1 Fatada)l i =
2
1 o -
< (1 w7 P M2 4 (14 A — xa, |1, 23
where M appears in Lemma 6. Substituting (23) into (22), for all n > n(, we deduce
121 = X I
< (14 tawnn) (1 — anAn (28 — kty)) [wp — Xa, |?
2
+<1+ ! ) (”‘"“ _“"> M2
tranAn Kpnly41
= (1= (28 — Kty — tp)tnAn — (28 — kt1)1202A2) [0 — o, |1
2
+<1+ 1 )(D‘n+1“n) M2
by Ay Knlp41
< (1= (28 — kty — t)ap ) [[wn — xa,, >
(1 + t2‘xn/\n)(‘xn+1 - a")ZMZ. (24)

3,2
tz)\ntxnocnﬂ
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In the view of, for all n > ny,
llwn — x4, ||2
al 2
= Hxn + Z 9i,n(xn—i+l - xn—i) — Xy, H
i=1
N 2
< (=l L bt = %0
i=1
2 N 2 2
= lxn = X, I+ Y 07l %n—ie1 — X
i=1
+2 2 Bi,nej,n Xn—it1 — Xn—i| ||xn—j+1 - xn—j”
1<i<j<N
N
+2 Z i n 260 — X, ||| Xn—ic1 — Xn—ill
i=1
N ) N ) N
< (1 + Zei,n> |20 — Xa, |7 + Zei,n + Z €in+2 Z €in€jin
i=1 i=1 i=1 1<i<j<N
N
_ (1+ka>hn—mnF+w
i=1
< (1 +t3‘xn)\n)”xn _x:x,,HZ + €n, (25)

where e, = YN, €, + YN, €in T2 Y1<i<j<N €in€jn- The condition of {¢;, } implies that
limy 00 % = 0. Substituting (25) into (24), for all n > ny,

[ o

< (1— (28 — kty — B)anAn) (1 + tanAn) | X0 — Xa, |2
1+ thayA —ay)?
+( + thay n)gag—&-l 0(7,) MZ +E,
tz)\nzxnzxnﬂ
< (1= (28 —kty — tp — t3)anAn) X0 — Xa, |12

(1 + taapAn) (@1 — an)
tzAna%aiH
= (1— (28 —kty — ta — t3)anAn) [ xn — xa, ||
(1 + tzan)\n)(zan — lxn)z

(28 — kty — ta — t3)pA 20k

2
M? +&,

M? +&,

+(2§ —kt1 —th — t3)zxn/\n

2
Npi] — 0 _
< (1_€0n)|‘xn_xvcn||2+4’nM/( . 2n> +én
Xn+1&

= (1= g@n)llxn — xa, ||2 + ¢uln,

(1+tpap Ay ) M?

where Pn = (26 — kt] — 1t — t3)0€n/\n, M = SupneN{(ZC—kfl—tz—tg)tz)\%

} is positive and

In = M,(%)z 4 2—” Because the constraints of {1, } and {«;, }, we know that ¢, — 0,
n+1%n n
12

Yoo 1 ¢n = o0, and {, — 0. We deduce from Lemma 2 that ||x, — x4,[|* — 0asn — co. [

Theorem 2. If the conditions (A1)—(A5) hold, xS is the unique solution of problem (2) and the
sequence {x, } is generated by Algorithm 2, then x, converges strongly to xS.

PAw AT -1

i _ B _ Mt
Proof. We have lim;,,_, 1 p 5 U 5

> 0 by Lemma 8, so for all

n > ng, there exists 6 > 0 and ny > 1 such that 1 — /{‘—/\:’1 — % > ¢ > 0. We can also
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obtain lim;_0o 1 + f::’l + Al;rr =14+u+ % > 0, then {1 + AVTAJZ + #} is bounded.

We will use the letter V to denote supneN{l + )’fn):'l + Alﬂf u }, obviously V' > 0.

In the remainder proof, we assume that n > ng. Setting s, = By, — Bwy, + a5 Gy, —
o Gwy, then

([ |
> Nwn = yull = Anl|Bwn — Byn|| — Anaiy |Gy — Gya|
A M+T
> fn = yaull = T o = yall = Z ffwn =
n+1 Y
UAy )\1+T)
> Ollwn — yal|-
In the meantime,
[ |
< lwn = yull + Aullsnll
< lwn = yull + Au([|Bwn — Byn|| + a3} [|Gwn — Gynl|)
;l/\n /\1+T>
< (14 + 20 ) Jw —
< V]wn = yull- (26)

For any n > ngy, w, = y, is equivalent to /1, = 0. Since

¢(wn, yn)
= <wn —Yn,Wn — Yn ‘|‘)\n5n>
= |w, — yn||2 — (Wn — Yn, An(Bwy — Byn) + &) An(Gwy — Gy ))

A M+T
> fln = yall? = £ on = 2 = Z o = 2
n+1 Y
]/l/\n )\1+T> 2
( i L
> 5||wn_]/n||2/ (27)

combining (26) and (27), if h, # 0, then

_ ¢(wn, yn) > J

= IR — >0,
o= e = V2

hence B, > min{,B, %} > 0. Then observe that

1041 — %X, |12
|[wn — Xa,, Hz — 1Bnhn
= [lwn — xu, |* + Bl lnl|* = 2rBu(wn — X, ). (28)

By the definition of §,,
$(Wn, Yn) = B[l
which and (28) imply

2011 — Xa, ||2 = |lwn — X, ||2 + ”zﬁn‘l’(wn/yn) = 2rBn(wn — Xa,,, In)- (29)
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By the definition of h;,
4)(wﬂ/yﬂ> = ||wn_yn|‘2+)\n<wn_yn/5n>/ (30)
and

<wn _xanzhn>
= <wn — Xa, s Wn — yn> + /\n<wn _ynr5n> + )\n<]/n - xan/5n>- (31)

Substituting (30) and (31) into (29), we infer

%041 — X, ||2 = |lwy — x4, Hz + 7’2,3n||wn - yn||2 — (2= 1)rBuAu(wWn — Yn,Sn)

(32)
- 27’,811/\11 <yn - xzxnrsn> - 27”,311 <wn — Xppyr Wy — ]/n>
And then, by the properties of B and G, we infer that
(Wn —Yn,sn) = —(wn —yn, Bwn — Byn) — a3 (wn — yn, Gwn — Gyn)
H 1) 2
> - + = | |lwy — . 33
> = (5 2 Il )

Using the same method in the Theorem 1, we get

||x71+1 - Xa, ||2

< (L B2 = k) ) eos — 3 P
B o B U 1 B txnk)Ln _ 2
7B (2 r—(2—1)A, (AH+1 + 7) f |wn — ynull
< (1 Bt An (26 — km) 0n — 2y |
B B M _)\1—|—T _lxnk)\n _ 2
7B ((2 r)(l e Y ) f [wn — Xa, ||
< (1 Bt An (26 — km) T

okA
o (2= rn = 22 o, = P
where t; € (0, %) Cause o, — 0, we assume (2 — 1)y — % > 0. Hence

w1 = X, |12

< (1 — T,Bntxn)\n (26 - ktl)) ”wn — Xay ||2

The remaining proofs are the same as Theorem 1. [

4. Numerical Experiments

Three examples are given to show the performances of our algorithms. When the coef-
ficients of inertia are equal to zero, let us use MFBMR and MPCMR for Algorithms 1 and 2,
respectively. We denote Algorithm 1 for N = 1,2,3 by MIFBMR, 2-MMIFBMR and 3-
MMIFBMR, respectively. Similarly denote Algorithm 2 for N = 1,2,3 by MIPCMR, 2-
MMIPCMR and 3-MMIPCMR, respectively. All the programmes are written in Matlab 9.0
and performed on PC Desktop Intel(R) Core(TM) i5-1035G1 CPU @ 1.00 GHz 1.19 GHz,
RAM 16.0 GB.
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Example 1. Suppose H = R. Let A : R — 2R be a mapping defined as

Ax = {1x}, Vx € R,

and B: R — Ras
1 oy T
Bx ::xarctanx—iln(1+x )—l—Ex, Vx € R.

Set mapping G : R — Ras
Gx:=x—sinx, VxeR.

It is obvious that A is maximally monotone. We can prove that B is monotone and Lipschitz
continuous. We know G is %—inverse strongly monotone by calculation. Let F = 0.41.

Choose §; = 0.1,xg = land €;, = n—2 for MIFBMR, 2-MMIFBMR, 3-MMIFBMR,
MIPCMR, 2-MMIPCMR and 3-MMIPCMR. Choose x1 = 1, w = 0.6, Ay = 0.08, u = 0.6,
T = 0.1(n+1)"* and a, = n=1/3 for each algorithm. Choose r = 1, B = 2 for MPCMR,
MIPCMR, 2-MMIPCMR, and 3-MMIPCMR. It is obvious that Q = {0} and x8 = 0 is the only
one solution of problem (2). The numerical results of this example are represented in Figures 1 and 2.

T T

—— MFBMR
—%— MIFBMR
—>— 2-MMIFBMR | 3
—6— 3-MMIFBMR| 1]

E, = ”xn - JE;H

10°® SN

10—7 1
0 10 20 30 40 50 60 70 80 90

Number of Iterations

Figure 1. Comparison of MFBMR, MIFBMR, 2-MMIFBMR and 3-MMIFBMR in Example 1.
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T T T T T T
—— MPCMR
—*%— MIPCMR
2-MMIPCMR A
—©— 3-MMIPCMR | 1
=, ® 353
T 107 2N J
g .
= Q) \\°
I 1074 S 4
& Q ]
®
®
Q
10° 5 :
® i
O
10° O 3
10-7 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80

Number of Iterations

Figure 2. Comparison of MPCMR, MIPCMR, 2-MMIPCMR and 3-MMIPCMR in Example 1.
Example 2. Let H =R, Let F = I. Let A : R® — 2F° be defined by
Ax:={]x}, VxeR,

where | is an upper triangular matrix whose nonzero elements are all 1 in R®*. Let B : R® — R°®
be a mapping defined as
Bx := Ex,Vx € R?,

where
E=CC'+S+D,

here C is a matrix, S is a skew-symmetric matrix and D is a diagonal matrix whose diagonal entries
are positive. They all in R®*S. Therefore E is positive definite. Obuviously, B is monotone and
Lipschitz continuous. Define G : R® — R® as

-
1Qll

where Q is a nonzero matrix in R**°. We know G is %—inverse strongly monotone by calculation.

Choose xg = (1,1, -- ,1)T, €in = n2and 6; = 0.1 for MIFBMR, 2-MMIFBMR, 3-
MMIFBMR, MIPCMR, 2-MMIPCMR and 3-MMIPCMR. Choose x1 = (1,1,--- ,1)T, w = 0.5,
#=05A =021 =01(n+1)"*and ay = n='/* for each algorithm. Choose r = 1,
B = 2 for MPCMR, MIPCMR, 2-MMIPCMR and 3-MMIPCMR. All the diagonal elements of
D are arbitrary in (0,2), the elements of C, S and Q are generated randomly in (—2,2), (—2,2)
and (0,1), respectively. It is obvious that QO = {(0,0,---,0)T} and hence the solution of (2)
x8 = (0,0,---,0)T is unique. The numerical results are represented in Figures 3 and 4.

Gx:=x Qx, VxeRs
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102 T T T T T T
—— MFBMR
------ MIFBMR
10' } — = 2-MMIFBMR | 3
—==3-MMIFBMR| 1
10° 3
% 10t F E
| E
8
‘L 102 F 3
&Y
10° ¢ |
10* .
10_5 1 1 1 1 1 1
0 20 40 60 80 100 120 140

Number of Iterations

Figure 3. Comparison of MFBMR, MIFBMR, 2-MMIFBMR and 3-MMIFBMR in Example 2 with

s = 10.
101 T T T T T
— MPCMR
------ MIPCMR
o0 — =2-MMIPCMR| |
1 ===3-MMIPCMR | {
‘0
-1 oD 4
_ 10 \\\0'(0
Jy& \‘ 0...
N e,
L ) s\\:.’.
= 10
] NI
I \Q ~ ."0.
M \~\\ ..,
-3 oS e, J
10 SoS (O 3
NS T,
NN T,
. ~ '~.
\ *,
- S .
10 4 . N\ J
10_5 1 1 1 1 1
0 20 40 60 80 100 120

Number of lterations

Figure 4. Comparison of MPCMR, MIPCMR, 2-MMIPCMR and 3-MMIPCMR in Example 2 with
s =10.
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Example 3. Let H = R2. Let A: R? — 2R be g mapping defined as

A, 0)T = {( _25 I; )(u,U)T}, V(u,0)T € R2,

B : R? — R? be a mapping defined as
B(u,0)" := (u+v+sinu, —u+v+sinv)’, V(u0)! € R?
and F : R? — R? be a mapping defined as
F(u,v)" := (2u + 20 + sinu, —2u +2v +sinv)T, V(u,0v)" € R2

Define G : R?> — R? as

G(u,v)T := 238( _11 711 )(u, 0)T, VY(u,0v)T eR2

We can claim that B is monotone and /10-Lipschitz continuous, F is 1-strongly monotone
and \/26-Lipschitz continuous. We know G is 2-inverse strongly monotone by calculation. Choose
0; = 0.1,x0 = (1,1)" and €;,, = n=2 for MIFBMR, 2-MMIFBMR, 3-MMIFBMR, MIPCMR,
2-MMIPCMR and 3-MMIPCMR. Choose x; = (1,1)T, w =08 A =005 u=02r1 =
0.1(n+1)=% and ay, = n=2/5 for each algorithm. Choose r = 1, B = 2 for MPCMR, MIPCMR,
2-MMIPCMR and 3-MMIPCMR. It is obvious that Q = {(0,0)T} and x8 = (0,0)T is the only
solution of problem (2). The numerical results are represented in Figures 5-8.

]_01 E T T T T T T T T T
—— MFBMR
0% —¥— MIFBMR |
10 .;.‘ 2-MMIFBMR | 1
D —©—3-MMIFBFR | ]
RN
1L NEESS 4
10t 3
®
® i
a2 b § 4 4
= 10 ®
T )
§ 3L O amn 4
=10 P
“\
! “‘e“
Y _ V) S
M0t R 3
N
R
X
-5 X
107 ¢ oN 4
F N
[ (N
Q)
+ N
-6 L \‘\\ 4
107 ¢ O
10-7 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

Number of Iterations

Figure 5. Comparison of MFBMR, MIFBMR, 2-MMIFBMR and 3-MMIFBMR in Example 3.
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101 T T T T T T T T

—— MPCMR
—¥— MIPCMR
—+—2-MMIPCMR
—6— 3-MMIPCMR

10°® i E

1 1 1 1

10-7 1 1 1 1
0 10 20 30 40 50 60 70 80 90

Number of Iterations

Figure 6. Comparison of MPCMR, MIPCMR, 2-MMIFBMR and 3-MMIPCMR in Example 3.

101 E T T T T T T

2-MMIFBMR
—*%— 2-MMIPCMR

E, = |z, — ﬂ“

1 1 1 1 1 1

0 10 20 30 40 50 60 70
Number of Iterations

Figure 7. Comparison of 2-MMIFBMR and 2-MMIPCMR in Example 3.
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References

107 E T T T T T T T T

3-MMIFBMR
—*— 3-MMIPCMR

En = Hxn - T§“

7 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45
Number of lterations

10

Figure 8. Comparison of 3-MMIFBMR and 3-MMIPCMR in Example 3.
Remark 2. In Algorithms 1 and 2, the values of L, k and ¢ are not necessary to be known.

5. Conclusions

We have introduce two improved regularized algorithms with multi-step inertia to
solve the variational inclusion and null point problem in Hilbert spaces. Then we can get
strong convergence without using the inverse strongly monotone assumption. Another
advantage of our algorithms is that the stepsizes do not need to use the Lipschitz constant of
the operator. In addition, the values of k, L, and ¢ are not needed in the calculation process,
and the choice of &, seems harsh but is actually available, suchasa, =n"7,0 < p < 1/2.
Finally, the feasibility and effectiveness of our algorithms can be seen in the figures of
the numerical experiments. After this, a question is how to get strong convergence under
weaker conditions. We will discuss and study this issue in the future.
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