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1. Introduction

Since 18th century, the so-called Goldbach’s binary conjecture has been known, which
says that every even number greater than two can be written as the sum of two primes.
This problem has received attention from many mathematicians, but, unfortunately, it is
still unsolved up to the present day; see Apostol [1], Chen [2], Oliveira e Silva, Herzog and
Pardi [3], Pan and Pan [4], and Wang [5].

A binomial coefficient of the form (f r) is called a figurate prime, where p is a prime,

and r > 1 and s > 0 are integers. The collection of figurate primes includes one, all primes,
and their powers, see [6]. It is well known that numbers of figurate primes and usual primes
not larger than x have the same density. In 2015, Cai, Zhang and Shen in [7] proposed a
conjecture (we call it Cai-Zhang—Shen conjecture):

every integer k > 1is the sum of two figurate primes

and pointed out that the conjecture is true for integers up to 107. In this paper, we will
discuss the conjecture and confirm that it is true.

Denote the characteristic function of figurate primes i by (i), i.e,, 6(i) = 1, wheni isa
figurate prime; §(i) = 0, when iis not a figurate prime. We claim that the Cai-Zhang—
Shen conjecture for every integer k > 3 is equivalent to

k—
215(1')5(1{ —i)>0, k>3. 1)
i=1

In fact, if (1) holds, then there exists i such that
8(i)é(k—1) >0,

thatis, 6(i) = 6(k — i) = 1, which implies that i and k — i are figurate primes, and the sum
is k. Cai-Zhang-Shen conjecture is true. Conversely, if Cai-Zhang-Shen conjecture is true,
that is, every integer k can be expressed as the sum of two figurate primes i and k — i, then
6(i)0(k—i) > 0by 6(i) = 6(k—i) = 1,1i.e., (1) is proved.
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We can also give the equivalent descriptions for odd and even integers, respec-
tively. Let
I, = {il6(i) = 1 for some integeri=1,2,...,n—1},

and by I the number of figurate primes not be greater than n — 1. We always let
1> 10%

For odd integer k = 2n — 1, we take N > 2n — 1 satisfying (N) = 0. Then, Cai-Zhang-
Shen conjecture is equivalent to

Y 5()6(2n—1—i)+6(N)* >0, n >3. )
i€ly

For even integer k = 2n, Cai-Zhang-Shen conjecture is equivalent to

Y s()s(2n —i)+6(n)* >0, n > 3. @)

i€ly
The main result of the paper is

Theorem 1. Cai-Zhang—Shen conjecture is true.

We will divide odd integers and even integers to prove Theorem 1. The detailed proof
is given only in the case of odd integers, which can be similarly obtained in the case of
even integers. Based on the properties satisfied by the characteristic function of the figurate
primes, we introduce the objective function f(x) (x € R?*1), and two constraints g(x) = 0
and h(x) = 0. By testing that the set A constructed by constraints is bounded, and the
Jacobi determinant of two functions g(x) and %(x) is not 0, and then using the method
of Lagrange multipliers, one shows f(x) > 0 on the set A. Under the assumption that
Cai—Zhang-Shen conjecture is not true, the contradiction is obtained.

We emphasize the difficulties here: one is how to select the applicable objective
function and constraints, especially the constraints, and the other is how to prove f(x) > 0
on A. Here, the application of the Cardano formula is successful.

Since Cai—Zhang-Shen conjecture is equivalent to (1), we have from Theorem 1 that

Corollary 1. (1) holds.

This paper is organized as follows. The proof of Theorem 1 (odd integers) is given
in Section 2. We introduce the objective function f(x) and two constraints g(x) = 0 and
h(x) = 0. Using the method of Lagrange multipliers, one solves the minimum point of f(x)
on A and infers f(x) > 0 on A. Under the assumption that Cai-Zhang-Shen conjecture is
not true, the contradiction is derived. Therefore, Theorem 1 (odd integers) is proved. Two
propositions used in Section 2 are proved in Section 3. In Section 4, we prove Theorem 1
(even integers). Since the proof is similar to the previous sections, we only describe the
related extreme value problem with constraints and omit the details. Some conclusions are
given in Section 5.

At the end of this section, let us state the method of Lagrange multipliers (e.g., refer
to [8]) which will be used. For seeking the maximum and minimum values of f(x)(x € R")
with constraints

gi(x)=0({=1,2---,mm<n)

(assuming that these extreme values exist and the rank of Jacobian matrix

a(glr e /gm)
a(xll e /xn)
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of gi(x) (i=1,2,---,m)is m):
(@) Findallx € R", Ayq,---, Ay € Rsuch that

ﬂ+A1@+"'+Am%:0,izl,"',”,
axi axi Bxl-

gl(x) :O/ l: ]-/2/"' ,m,

where x is the stationary point and Ay, - - - , A, are multipliers;

(b) Evaluate f at all the points x that result from (a). The largest of these values is the
maximum value of f, and the smallest is the minimum value of f.

2. Proof of Theorem 1 (Odd Integers)

The following is the Cardano formula for cubic equations:

Lemma 1. Given the equation
v +3py+29 =0,

if D = p® + g% > 0, then there is a real solution
y - u+ + u_,
where

"y = (—6]-1—\/5)1/3, u (_q_ \/5)1/3'

Proof of Theorem 1 (odd integers). Suppose that Cai-Zhang—-Shen conjecture for odd in-
tegers is not true, namely there exists an odd integer 2n — 1 such that 2n — 1 can not be
expressed as the sum of two figurate primes. Denote figurate primes not larger than n — 1
byil,iz,- . /il (i] << < il),andso

Ly ={iy, 12, ,ir},
andd(ip) =1, 8(iz) =1, --- (i) = 1; let
P = (3(i), 81,620 —1— i), - 620 — 1~ i1),8(N)),
i.e.,, components of P are of
(i) =---=6(ij)=1,02n—1—i)=---=6(2n—1—1i;) =6(N) =0,

Clearly, P € R+,
We introduce a function on R2+1;

f(x) =Y xixou_1_i + 3%, 4)

i€l

where

Since P satisfies
y (5(i)2+(5(2n 1 i)z) +ed(N) =1,

i€l

Y- 6(1)5(2n — 1~ i) + 78(N)? + 2e3(N) =0,

i€l
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we define two functions on RZ+1;
glx)=Y (xl2 + x§n71,i> +exy—1, (5)
i€ly
;3 1
h(x) =Y xiXop 1+ 2% + FEXN, (6)
il
where ,
_3s 1
Consider the extreme values of f(x) with constraints
g(x) =0and h(x) = 0. (7)
Denote
A= {x e R¥H|g(x) = 0,h(x) = o}. ®)

We describe two propositions whose proofs will be included in Section 3.
Proposition 1. The set A is bounded and closed in R%+1,
Proposition 2. The rank of the Jacobian matrix for functions g(x) and h(x) on A is 2.

Remark 1. Under the assumption that CZS conjecture is not true, we see that P € R?*+1 belongs
to A because P satisfies (7).

Remark 2. By Proposition 2, there are infinite points in A, since there are 21 — 1 independent
variables in A.

Remark 3. If Cai—-Zhang—Shen conjecture is not true, then
d2n—1—i)=6(N)=0(i € I,)

and

f(P) =Y 6(i)6(2n —1—i)+56(N)* = 0. )

i€l,
We write the Lagrange function

Qx, A, ) = f(x) + Ag(x) + ph(x) (10)

and use the method of Lagrange multipliers to find all stationary points of f(x) on A, and
then prove

f(x) > 0 at these points,
which show

f(x) > 0on A.

(1) Fori € I,,, we have
Qx; = Xop—1-i +2Ax; + pxop1-; =0, (11)
Qx27/’7]71' =X+ 2/\x2n717i + Ux; = 0,

ie.,
2Ax; + (14 p)xzp—1-i =0,
(1 + y)xi +2Axp,1-; = 0.
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The determinant of coefficients is
20 14+p | 2 2
L mevr-asw? 12)
hence ) ,
(a1) QA = (1 +p)" #0,x; = x0,1-; =0;
for
QA= (1+u)* =0,
we have
(a2) A # 0/ 24 = _(1 + ]/l)/ Xi — Xon—1—i = Or
(@) A #0,2A =1+ p, x;i +x4-1-; = 0;
(a4) A =0, u = =1, x; and xp,,_1_; are arbitrary.
(2) Fori = N, we have Qy, = 2sxy + €A + 37;43(%\, + %sy =0, so
5 1
3yuxy + 2sxn +eA + S = 0, (13)
and its discriminant is .
A= (25)* —129u (sA + 2sy>; (14)

therefore,
(b)) p=0,2sxny +eA =0and xy = —TSS/\;

=2 A.
(bs) p # 0, A >0, xy = LA,

() #£0, A <0, xy = ﬂgf—yﬁ

Remark 4. Note that P is not a stationary point. In fact, components of P do not satisfy (ay), (az), (a3).
If P satisfies (a4), it knows y = —1, which contradicts y = 0 by (by); it gives x5 # 0 by (ba),

which contradicts the component 6(N) = 0 of P; if P satisfies (b3), then xy = —22#% = 0and

25 = /A, 50 —12yu (s)\ + %sy) = 0 from (14), but —12yu (S/\ + %sy) =—6ye£A0byA =0

and y = —1in (ay), a contradiction; if P satisfies (by), then xn = *ngfy\/ﬁ = 0and2s = —V/A,

and (2s)% = A, it obtains —12yu (e)x + %ey) = 0by (14), but —12yu (E/\ + %ey) =—67e#0

by A = 0and y = —1in (ay), a contradiction. Hence, P does not satisfy (by)—(bs), which shows

that P is not a stationary point.

Let us discuss all combinations of (a1)—(a4) and (b1)—(bs) and prove f(x) > 0 at all
stationary points.

Case (El]), (bl): Note that x; = x5,_1_; = 0 (i € I;) from (al). Using

0=g(x)=exy—1,

it solves V3
1 4+/2 1
= - =2Y"]3. 15
XN = 3 (15)
Since . c
0= h(x) = a3 + SXN = XN ('Yx%\l + 5)/
we have 3
€ 2
xny =0 or xi,:—gzils. (16)

It is different from xp in (15), a contradiction.
Case (a1), (by): It leads to a contradiction as in Case (a7), (b1).



Mathematics 2023, 11, 1532

6 of 13

Case (a1), (b3
Case (m
Case (a7

we obtain A =

): It leads to a contradiction as in Case (a1), (by).

): It leads to a contradiction as in Case (a1), (b).

by): Noting 2A = —(1+ ) and x; = xp,_1_; by (a2), and u = 0 by (by),
1 and also by (by),

<

—~ e~
S~y
Ny

—eA € I3
Applying x; = x5,_1_;, we see
0=g(x)=2) xF+exy—1,
i€l
0=2h(x) =2 Y x7 +29x3 +exy,
iely
and so
29x3,+1=0,
then )
—I\3
XN = (27> = V215, (18)

It is different from xp in (17), a contradiction.
Case (a3), (by): In virtue of x; = xp,_1_; by (a2), similarly to Case (a;), (b1), we have

1
—I\3 1
=(—) =+V2Is.

N (27> var
It follows that

2
x) = x-z—i—sxzzsxz:él% \fZl% :§l>0.
i N N ) 4
iely

Case (a3), (b3): We use x; = xp,_1_; to derive f(x) > 0 as in Case (a3), (b2).
Case (a3), (by): We use x; = x,_1_; to derive f(x) > 0 as in Case (a3), (by).
Case (a3), (by): It gives2A = 1+ p and x; = —xp,_1_; by (a3) and u = 0 by (by); then,
A= % and by (by),
1
—eA —¢ I3
On the other hand, using x; = —xp,,_1_;, it yields
0=g(x)=2) x?+exy—1,
icly
0=2h(x)=—-2Y x}+2yx3 +exn,
i€ly
Cle) |
3 €
Ty — — =0. 2
Xy + ’ny 2 0 (20)
Since l
€
3 = — = T A
Pey 1T Ty
and
_e !
p= 37/ q= 4,)//



Mathematics 2023, 11, 1532 7 of 13
we have from Lemma 1 and
3 2
D=pi@= () +(2) =-rror=rp
SRR 4y '
Yo NS ]
ui = (—q+vD)" = (47+z> = (-vai+1)7,
Voo ]
u-=(-q-vD)" = (47—1> = (-vai-1)
that a real solution to (20) is
1 1
XN =y Fu_ = (—(ﬁ—1)3—(\f2+1)3>1%m-2.0871%. 21)

It is different from xp; in (19), a contradiction.
Case (a3), (by): Noting x; + x2,_1_; = 0 by (a3), it follows as in Case (a3), (b1) that

Xy = (—(\fz )% (f+1)%> 15 ~ —2.08715.

Using
1
0="h(x)= Y xixpu_1i + 72 + SEXN,
icly
it implies
1
flx) = —yxf; - 58N +sxy
1315 1 3.1 2,2
2087 2.087)13 + =13 (—2.087)13
--(75 ) 3 a5 (2087 + 21 (2087
(2087)° 3-(2087),  3-(2.087) (2087)> 3 3-(2.087)
= I+ I+ 1 =20871| — +—+ —F5
4v2 8v2 8 42 82 8

= 2.0871(—0.769 + 0.265 + 0.75) = 2.0871(—0.769 + 1.015) > 0.

Case

(a3), (b3): It follows f(x) > 0 as in Case (a3), (b2).
Case (a3), (by): It follows also f(x) > 0 as in Case (a3), (bz).
Case (a4), (bq): It knows u = —1 by (a4), which contradicts y = 0 by (by).
Case (a4), (by): Note by (a4) and (bp), we have y = —1 and
S s 1 1
N = _— = _— 3
3y 3 2
Using
h(x) =0,
it derives
3 2
Fla) =y Sexy o = - =L (ZE) J13E (Y 31
ST TN T a\Ve) T\ ) e\ Ve
IR U I SV R - -
T o4/2 2v2 16 8 2 616 16

Case (a4),(b3): Notes A = 0 and ¢ = —1 by (a4) and so A = 0, which contradicts
A > 0by (b3).
Case (a4), (by): Asin Case (a4), (b3), a contradiction also follows.
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Noting that A is a bounded closed set in R2+1 and f (x) is continuous in R2 1 we
know that f(x) achieves the minimum value on A. Summing up the above discussions, we
indeed prove that the minimum of f(x) on A is positive, and so

f(x) >0, x € A

Since one supposes that Cai-Zhang-Shen conjecture is not true, it follows that f(x) > 0
(x € A) from the above analysis and so

f(P) >0
because of P € A. However, it contradicts (9). Theorem 1 (odd integers) is proved. O

3. Proofs of Propositions 1 and 2

Proof of Proposition 1. The closeness of A in (8) is evident. We divide two steps to prove
that A is bounded, i.e., first prove that, when the set {xy} constructed by components xy
of x € Ais bounded, it concludes that A is bounded; next, prove that the set {xy} must be
bounded by the contradiction.

Step 1. Suppose that the set {xy} is bounded; then, there exists a constant C > 0, such
that |xy| < C. It uses g(x) = 0 to show

!
Y (sz/ +x§n_1_ij) +x3 =2k —exy+1 < CP+eC+1.
=1

Hence, A is bounded.

Step 2. Let us prove the boundedness of {xy} by the contradiction. Assume that
{xn} is unbounded; then, for any positive integer «, there exists xy , in {xy}, such that
|xN | > a. Thus, x5, — o0 as &« — oco. For convenience, we simply denote x — oo. It
follows from g(x) = 0 that

—exn 1= Y () (22)
j=1
and xp — oo should be
XN — —©09,

so there exists one or several components in Xij) Xon—1—i; (j=1,2,---,1) tending to co. We
consider the following subcases.

(1) Ifx; —ocoand Xon—1—iys Xijr Xon—1—i; (j=2,---,1) are bounded, then we have xlzl —

+o00 and from (22) that
2 2 l 2 2
X = —Xgu i — ) (xij +x2"*1*if) —exy+1:i=—exy +Cy, (23)
j=2

where C; is finite, so

x* .
A, AN - — e
N (—xn)2
It yields from h(x) = 0 that
!
1 1
XiyXon—1—iy = — Y, XiXon—1-i; — g — FEXN = —yxyy — FEIN T+ G, (24)
=2

where C; is finite.
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@)

®)

When x5, _1_; = 0, we have by (24) that

1
0= —'yx‘?\, — EexN + Gy,

and the right-hand side tends to —co (noting y < 0), a contradiction.
When xj,,_1_;, # 0, it follows from (24) to see

xilxznq;‘l _ . x5 i _%8 XN _— G '
(—xn)2 (—xn)2 (—xn)2 (—xn)?
3
—X 1 —x C
:7( N)l+fs Nt —2 5 -, (1<0)
(—xN)2 (—xn)2 (—xN)?

but the left-hand side tends to 4-v/exp,_1_;,, a contradiction.
If x;; — coand xp,_1_;, — oo and Xiy Xon—1—i; (j=2,---,1) are bounded, then

2 2
Xt X1 = 1o,
It shows by (22) that
2 2 Lo
X X g, = Z (xl-j + xz,l,l,ij) —exny +1:= —exy +Gg, (25)
j=2

where Cj is finite, so
2 2
R S T

—e>0.
It gives from h(x) = 0 that
l 5 1 3 1
XigXon-1—iy = = ) Xi;Xon—1-i; — VXN — SEAN ==Xy — SexN + Gy, (26)
j=2
where C; is finite. We have by (26) that
3 3
Xi Xop1—i X 1 C —X 1 — C
11 27111]:_,)/ N_7€XN+ 4 :,.)/ N_|_7g xN+ 4 %—OO,
—XN —XN 2 —XN —XN —XN 2 —XN —XN
then,
2 2
—|—OO — 2|xi1x2n—1—i1| S xil + x2n—1—i1 N g,

—XN —XN
a contradiction.
If x;; — coand x;, — oo and Xp, 1, X2n—1—iy, Xiy Xon-1-i; (j=3,---,1) arebounded,
then
xl-z1 + xizz — 00

and, from (22),
2 2 2 2 Ly
Xi, + X, = €N — Xpu_q_j, — Xop_1—iy — ) (xij + in,l,ij) +1:= —exy + Cs,
j=3
(27)
where Cs is finite. Hence,
2 2
RSN
7
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and ) ) )
|xi1| _ Yo 1 < X tx, 1 0
AN TN ’xi1| - TN ‘xﬁ‘
2 2 2
Mol _ % 1 WX, 1
AN TN |xi2| - TXN |xi2’
It follows by h(x) = 0 that
1
Xi X in XX j ——Zx-x i — x3—lsx = - x?’—lsx +C (28)
i1A2n—1—iy ipA2n—1—ip — iA2n—1—i; TXN 2 N ‘= —TXN 2 N 6/
j=3
where Cg is finite, so
Xj X j j j 3 1 C —x3 1 C
i X2n—1—i; 4 XipXon—1—iy _y XN 2 XN L b6 — XN L leq 6
—XN —XN —XN 2 —XN —XN —XN 2 *XN‘

The left-hand side tends to 0, and the right-hand side tends to —oo, a contradiction.
The remaining cases can be treated similarly. Then, {xx} must be bounded.
Proposition 1 is proved. O

Remark 5. (a)  In the proof of Proposition 1, if x; — oo in (1) is changed to that one of
Xiy,** s Xips Xon—1—iys X2n—1—iys " " * , X2n—1—i; tends to oo; then, one can solve as in (1).

(b)  Asa generalized case of (2) in the proof of Proposition 1, if components x;, X5, 1 (i € 1)

tend to oo, then
) (xf + x%nflfi) — o0,
i€ly

It follows by g(x) = 0 that

¥ (248, 5) = —exn -1,

i€ly
so .
GXI; (xF + 23,14
1
- —e>0.
We have from h(x) = 0 that
3 1
Z XiXop—1—i = —VXN — Eﬁxw — —,
i€l,
hence
Y XiXop—1-i 3
i€l TNl
—XN —XN 2 —XN g

and by the Cauchy inequality,
L XiXop—1-i

3 3 3 3
2 2 ) 2, .2
, X X Xy g L (x4, ) L (% +x5,)
i€l i€l i€l < i€l i€l

+oo < =
—XN —XN —XN

2, .2
,ZI (X7 + 23, 414)
=€ e

a contradiction.
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(c) To the generalized case of (3) in the proof of Proposition 1, if x;(i € I) tends to co and
Xon_1-i(i € I,) are bounded, then

2 2 ;
Y xi —ooand }, x5, | ;s bounded.
i€ly i€l

It uses g(x) = 0 to have

Y= - L, —eny e+,

icly i€l
and
IS
Ch L eso.
It follows from h(x) = O that
3 1
2 XiXop—1—i = —VXN — ESXN — —,
i€ly
and
21: Yi¥o1-i s 1 .
i€l = VNl—fs N1_>_°°f
(—xN)? (—xn)?2 (—xn)?

then, by the Cauchy inequality,

1

2
Y XiXop_1—i (Z x12> (Z x%nflfi 3
i€l i€l icly 2
< I - ﬁ(Z x2n1i> ,

(—xn) (—xn)2

N
-

+00 <

NI—=

icl,
a contradiction.

Proof of Proposition 2. Let us apply the contradiction. Assume that the rank of the Jaco-
bian matrix for g(x) and h(x) is smaller than 2, then there exists x # 0, such that

Vg(x) = «Vh(x). (29)
Fori € I, ithas gy, = 2x;, §x,, ;. = 2Xop—1-i, Ny, = X2y_1-i, hx,, , . = x;, and by
(29) that
2x; = KXop-1-i,
30
{ 2Xop—1-i = KXj, (30)

x;=0o0orx =2,-2.
Fori = N, it follows gy, =€, hyy = 3'yx%\, + %e, and by (29) that
5 1
3Kyxn = — ke +e. (31)

We can show that all cases above yield contradictions. Actually, when x; = 0, we have
Xon—1—; = 0 from 2x5,,_1_; = kx; in (30), and so

0=g(x)=exy—1,

1
0=h(x)=yx3 + SEXN-

It yields a contradiction as in Case (a1), (b1).
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When « = 2, we have from (30) and (31), respectively, that x; = xp,_1_; and

1
2 _ ToKetE  —ede s A
N = 3ky 67 0,i.e., xy = 0; then,
2
0=h() = ¥
i€ly
and
Xi=Xp-1-i =0,
SO

0=g(x)=-1<0,

a contradiction.
When « = —2, it yields from (30) and (31), respectively, that x; = —x5,,_1_; and

2 _£+£__i_l%
N7 -6y 3y
then,
1
xN = £I3. (32)
Using
0=g(x)=2Y x?+exy—1,
i€l
0=2h(x) = -2 Y x7+27yx3 +exy,
i€l
we have

29x3 +2exy — 1 =0,

and obtain as in Case (a3), (b;) that
1 1
Xy = (—(xfz—l)3 - (f2+1)3>1%.

It is different from xp; in (32), a contradiction.
Proposition 2 is proved. [

4. Proof of Theorem 1 (Even Integers)

For the even integers, supposing that the Cai-Zhang—Shen conjecture is not true, then
there exists an even integer 2n such that 2n can not be expressed as the sum of two figurate
primes. Let us take, respectively,

P = (3(ir), -+ ,6(0r),8(n),6(2n — i), - ,5(2n — ir)),

flx) = 2 XiXou—i + X5,

i€l

glx) =Y (x,2 + x%n_l-) +ex, — 1,
iely

1
h(x) =Y xixou_i+ %, + €%
icly

Similarly to the proof for odd integers in Section 2, we also reach a contradiction.

5. Conclusions

In previous sections, we prove Cai—-Zhang—Shen conjecture for figurate primes. The
way of proving this really provides a new approach to confirm Goldbach’s binary conjecture.
It is worth trying, and we will further consider the well-known and difficult conjecture.
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