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Abstract: The KPI equation is one of most well-known nonlinear evolution equations, which was first
used to described two-dimensional shallow water wavs. Recently, it has found important applications
in fluid mechanics, plasma ion acoustic waves, nonlinear optics, and other fields. In the process
of studying these topics, it is very important to obtain the exact solutions of the KPI equation. In
this paper, a general Riccati equation is treated as an auxiliary equation, which is solved to obtain
many new types of solutions through several different function transformations. We solve the KPI
equation using this general Riccati equation, and construct ten sets of the infinite series exact solitary
wave solution of the KPI equation. The results show that this method is simple and effective for the
construction of infinite series solutions of nonlinear evolution models.

Keywords: KPI equation; auxiliary equation; nonlinear evolution equation; hyperbolic function;
solitary wave solutions

MSC: 35D99

1. Introduction

In modern physics and engineering, many physics phenomena, including hydrody-
namics, optics, plasma, condensed matter physics, elementary particle physics, material
physics, ocean engineering, astrophysics, and biology [1-6], can be expressed as nonlin-
ear evolution equations (NLEEs) varying with time and space. A lot of methods have
been proposed to obtain the exact traveling wave solutions of NLEEs, such as the F-
expansion method [7-11], the tanh method and its extension [12-14], the Jacobi elliptic
function method [15-18], the auxiliary equation method [19-23], the homogenous bal-
ance method [24,25], the trial function method [26], the (G’ /G)-expansion method and its
extension [27-30], and so on.

The Kadomtsev-Petviashvili (KP) equation [31], shown in Equation (1), was proposed
by Kadomtsev and Petviashvili in 1970 to study the physical model of a two-dimensional
shallow water wave, which describes how the water wave mainly propagates along the
X-direction while the movement is very small in the Y-direction.

(Ug + 611y + Uyxy)  + 01ty = 0 1)

This NLEE has important applications in fluid mechanics [32-34], plasma ion acoustic
wave [35], nonlinear optics [36,37], and other fields. The KP equation is renamed the KPI
equation when ¢ = —1, and the KPII equation when ¢? = 1. Compared with the KPII
equation, the KPI equation has many more types of solutions [38-44]. In this work, we only
discuss the solutions of KPI equation, shown as Equation (2):

(Up +6-u-thy + Uyxy ) — Uy =0 (2)
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To study various complex and diverse evolutionary processes of the KPI equation, we
introduce a method to construct infinite series solutions of the KPI equation by using of
Riccati equation as an auxiliary equation. Firstly, the general Riccati equation is solved to
obtain many new types of solutions through several different function transformations.
Then, we use this general Riccati equation as an auxiliary equation to solve the KPI equation.
Finally, the infinite series exact solitary wave solutions are obtained. In this work, a simple
Riccati equation is used to construct the form of the KPI equation’s solution as f(¢) in
Section 2. In Section 3, three different function transformations of f(¢) are used to obtain
ten sets of infinite-series hyperbolic function solutions, which are used to construct the
infinite series exact solitary wave solution of the KPI equation. In Section 4, the infinite series
exact solitary wave solutions are discussed in detail. Finally, a conclusion is given in Section 5.

2. The Form of KPI Equation’s Solutions

We assume that Equation (2) has the following traveling wave transformation:

u(x,y,t) = u(g)
{ ¢ =kyex+kyytet @)

where ky, k, and c are the wave number in X and Y directions and wave speed, respectively.
Equation (2) can be converted to an ODE, shown as Equation (4):

kw4 <ckx - k;) u+3k2-u? =0 4)
where 1’ represents du /d¢. u(¢) can be assumed as a finite series of defined f(¢), shown

as Equation (5):
(2) =Y f" () %)

where 4; are constants, f(&) is the solution to be constructed later, and 7 can be obtained by

the homogeneous balance between u” and u? in Equation (4).
The highest degree of d”u /dcP is taken as:

O(dpu/dgp):n+p, p=123--- (6)
We can obtain n = 2, and u(¢) can be expressed as:

u(g) = ao + ar-f(&) + ar-f3(Z) @)

a9, a1 and a; in Equation (7) are constants to be determined later, and f(¢) is defined
by simple Riccati equation, shown as:

(&) =) +n ®)

Substituting Equation (8) into Equation (4), and setting the coefficients of f"(¢) to zero,
we get the following equation:

6k}-ap + 3k2-a3 = 0

2k§1(~111 + 6k§-(11(12 =0

8k§-ya2 + cky-ap — kK2-ay + 3k§'a% + 6k2-agay =0 9)
2k%-pay + cky-ag — ky-a1 + 6k2-agay =0

2k} p2ay + cky-ag — k§~a0 +3k3-a3 =0
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By solving these equations, we obtain the two solutions, shown as Equation (10):

ag = —(2kz-p) /3 ag = —2k-p

a) = 0 ap = 0

ap = —2k§ ay = _Zk% 10

c= (k§—4k§-y> Jke O o= (k§+4k;§-y)/kx (10)

ky £0 ky £ 0

ky #0 ky # 0

u(¢) could be expressed as v(¢) in Equation (11) and w(¢) in Equation (12):

(&) = —(2K3-p) /3 — 2k%-f2(0) an
&= kex+kyy + (K2 —4kbp) [kt
w(g) = —2k3-p — 2k%-2(3) 12
&= kex+kyy + (k§ +4k§-y)/kx-t

where ky # 0 and k;, # 0. Obviously, in order to get the solution of u(&), we need to
supplement the definition of f() to obtain the form of f(¢) and the value of .

3. The Definition of £(¢)

According to Equations (11) and (12), different sets of solutions u(¢) could be deter-
mined through different definitions of f({). In the following, we adopt three definitions of
£ (&) to obtain ten sets of infinite-series hyperbolic function solutions for the KPI equation.

3.1. The First Definition of f (&)
f(&) is defined as Equation (13):

f(8) =ko+k1-8,(2)/[8n(8) +7] (13)

where kg, k1, r are constants to be determined later.
While ¢,,({) is defined as Equation (14), and p,, and g,, are constants in these equations.

[84(6)]% = pu-8(E) +4n (14)

Whenn =0, [gé(ij)]z = po-90>(&) + go. Obviously, this equation has three solutions:

801(8) = sinh(g) (po=190=1)
802(¢) = cosh(g) (po=1,q0=-1) (15)
803(8) = sinh(¢) +e-cosh(¢) (po=1,q0 =0,€> =1)

By substituting Equation (13) into Equation (8), using Equation (14), and then setting
each coefficient of g,/ (¢) (i = 0,1,2, - - -) to zero, the following equations can be obtained.

k() = O, n = 0,

klzpn_l’_‘u:(), or k02—|—k12pn:|:2k0k1\/p7+}l:0, (16)
kipur = 2pr, kipnr = 2ko’r £ 2kokq7\/pn + 2ur,

~kiq, = ki’q, + ur%; ko?r? + ur? = 0.

Solving them, we can obtain Equation (17).
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ko =0, anO,1
kl:—%/ ko = £5/Pn

— _Pn or ki = -1, (17)
‘u_ 4 ‘u_ Pn

_ _Gn. Y
r=+ pn’ r #0.

The constants p,, and gq,, in Equation (14) are the key to obtain the values of constants
ko, k1 and r in Equation (13), so as to determine the f(¢). Therefore, two recursive relations
of g,(¢) are introduced below:

Case 1:
gﬂ(g) = gn—lz(g) +ap1 (18)
Forn = 1:
2
[gll(g)} = pl'glz(g) +q1 (19)
1(8) = &*(¢) +ao
We obtain the following numerical relationship:
4P0 = P1,
4q0 = 2p1a9, (20)
p1ag> +q1 =0

Solving these equations, we get:

p1 = 4po
71 = —q0%/po (21)

a0 = 40/ (2-po)

g1 (8) = sink*(g) + 3 (Po=4,90 = -1)
g12(8) = cosh?(¢) — 5 (po = 4,90 = 1) (22)
213(&) = [sinh(Z) + e~cosh(§)]2 (po=4q0 =0, =1)

Forn > 2:

Due to sinh? () + 3= cosh?(¢) — 3, the infinite series hyperbolic function solutions

for g,1(¢) are the same as that for g,2(&). It is easy to obtain mathematical recurrence
formula satisfying Equation (14), shown in Equation (23):

2

gn(8) = 8u1(0) + 52, (pn = 4py-1,00 = — 251, 23)
Pn—1 Pn—1

We obtain two sets of infinite-series hyperbolic function. The first set is shown as

Equation (24):
— 8n-1'(8) =—p, 1/4n=1,23,---
{fln (6) 2{8;1—1(€)i —%-1/%-1} (l’l pn ! ’ T ) (24)
g1 (&) = §1-12(&) + qn-1/2:pn—1)  (Pn =4Pn-1,9n = —Gu-1>/Pn-1)

The corresponding equations of n = 0 are g9 (&) = sinh(&) when pg = 1and g9 = 1and
20(&) = cosh(&) when pg = 1and g9 = —1.
The second set is shown as Equation (25):

1 evn[sinh(¢&)+e-cosh(&)]"" _
fn(8) = £3vn = @ recosh@ (1= 1230) (25)

where u = —(1/2-112)/4,r £0,v#0,¢ =1.

Case 2:
$n(8) = \/gn1(&) +au1 26)



Mathematics 2023, 11, 1560

50f 25

Forn=1:
{ (@) =prg’@) +m (27)
81(6) = V/80(¢) + a0

We obtain the following numerical relationship:
po/4 = p1
2p1ag +q1 =0 (28)
qo/4 = pyap® + quao

Solving these equations, we get:

p1 = po/4
71 = £2/=poqo (29)
ap = F+/—4q0/ po
g14(§) = \/sinh(g) + ¢ (p1=1/4,q1 = —¢/2,¢ = 1)
§15(¢) = /cosh(g) + ¢ (11 =1/4,q1 = —€/2,& =1) (30)
$16(8) = \/5inh(@) £cosh(@) (p1 =4 =0)
Forn > 2:

It is easy to obtain mathematical recurrence formula satisfying Equation (14), shown
as Equation (31):

gn(g) = \/gnfl(é) + V _qnfl/pnflr (pn = pn71/4/ In = ++/ _pnfl'qn_1/2> (31)

Besides one set of infinite series hyperbolic function solutions being the same to
Equation (25), a new set of infinite series hyperbolic function solutions is provided in
this case.

(@)= gu1'(@) = —pp1/4n =123,
Jol®) = @] F T TP ) (32)

g”(g) = \/gnfl(g) + V _QHfl/pnfl (Pn = pn71/4/ qn = $2\/ _Pnfl‘anl)

The corresponding equations of n = 0 are g (&) = sinh(&) when pg = 1and gp = 1and
20(&) = cosh({) when pg = 1and g9 = —1.

3.2. The Second Definition of f(&)
f(¢) is defined as Equation (20):

F(&) = ko +ki-gn(£)-8,(8)/ [822(&) +7] (33)

where ko, k1,  are constants to be determined later. Similar to Section 3.1, substituting
Equation (33) into Equation (8) and use Equation (14), we get Equation (34), which provides
two sets solutions shown as Equation (35):

ko =0 dn = 0

ki?pn+pn=0 of ko® + k1?pn = 2kok1\/Pn + 1 =0
—k1qn + 2k, pur = k% qn + 2ur 2ky par = 2kor = 2kokyr\ /Py + 2ur
kiq,r = ur? ko*r? + ur? =0

(34)
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ko =0 In =0
k= —1 Ko = £/pn
or¢ ki =-2 (35)
p g=—pn
r=(qn/pn r£0

Corresponding to the first definition of g, (¢) in Section 3.1, shown as Equation (18),
two new sets of infinite-series hyperbolic function solutions are obtained, shown as
Equations (36) and (37):

_ 81008, _ _ o
f4n (g) o gnflz(é)""qnfl/pnfl (l/l o pnil,n o 1, 2, 3I ) (36)
gn(‘:) = gnflz(é) +qn71/(2'Pn71) (Pﬂ =4-py_1,9n = _qnflz/Pnfl)

The corresponding equations of n = 0 are g (&) = sinh(&) when pg = 1and g9 = 1 and
20(&) = cosh({) when pg = 1and g9 = —1.

_ _ 2evn[sinh(&)+e-cosh(&)]*" _ o
f5n (g) - :l:VTl [sinh(§)+s-cosh(§)]2m+r (Tl - 1’2’ 3’ ) (37)
where y = v, r #0,v#0,¢* =1.
Corresponding to the second definition of g, (¢) in Section 3.1, shown as Equation (26),
the infinite series hyperbolic function solutions are same to the f3,(&) and f5,(¢), we do
not get new form of solution.

3.3. The Third Definition of f({)

Obviously, the function a1/ f () also satisfies Equation (8) when a; = —pu. We can easily
obtain five new sets of infinite-series hyperbolic function solutions, which are shown below:

{fen(é‘) = — tacgltng(g ] (1= —pua/dr =2V=01 p0) g
g”(é) = gn—lz((:) + ‘7n—1/(2'pn—1) (pn =4py1,9n = _Qn—lz/pn—l)
where n = 1,2,3,- - -. The corresponding equations of n = 0 are go(¢) = sinh(¢) when
o =1and g9 = 1 and g¢(&) = cosh(¢) when pg = 1 and g9 = —1.
P q 8 P q
— [sinh(&)+e-cosh(§)]" + —
fm(8) = (iéfiils [sinh(é)cii-cosh(é)]y’?jﬁr (n=123-) (39)

where u = — (v2n?) /4,1 #0,v #0,6% = 1.

f8n(€) = _% (V = —pup_1/4,7v ==Ly —%71/}%,71) (40)

gd@::VEFMC%tv—ﬂw4/m71 (pn = Pn-1/% G0 = F2y/=Pn-1-Gn-1)

where n = 1,2,3,- - -. The corresponding equations of n = 0 are go(¢) = sinh(¢) when
po =1land g9 = 1 and go(&) = cosh(¢) when pp = 1and g9 = —1.
_ pialga i t@)+] L _
{ﬁﬂ@" 801003, 1 @) (1= =P 7= it/ Pra) (41)
g‘ﬂ(g) = gnflz(g) +qn71/(2'pn71) (Pn = 4'pn71/ an = _anlz/pnfl)

where n = 1,2,3,- - -. The corresponding equations of n = 0 are go(¢) = sinh(¢) when
po =1land qo = 1 and go(&) = cosh(¢) when pp = 1 and qo = —1.

_ vnsinh(&)+e-cosh(Z)|*"+vnr o o
fxn(€) = (£1—2¢) [sinh(&)+e-cosh (&))" £r (n=1,23,-) (42)

where y = 2%, r £0,v#0,¢2 =1.
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Through the definition of three different functional forms of f(¢), we obtain ten sets of
infinite-series hyperbolic function solutions satisfying the Riccati equation (Equation (8)),
which provide the base for the solution for the KPI equation shown as Equation (7).

4. The Discussion of u(¢)

Due to the space limitation of the article, we only discuss n < 4 of the ten sets of
infinite-series hyperbolic function solutions (&) and w(¢) shown as Equations (11) and (12).
Because the wave described by The KPI equation mainly propagates along the X-direction,
we only consider v(¢) and w(§) vs. (x,t) by assuming y = 0.

4.1. The First Set of Solutions

According to the Equation (15), g01(¢) = sinh(¢) when pgp = 1 and g9 = 1 and
g02(¢) = cosh(¢) when pg = 1 and g9 = —1. Whenn > 1, g,,1(¢) are the same as g,2(¢).
So, we only discuss the case of g2 (&) = cosh(¢) here, and discard the imaginary number
solutions. When n = 1, we get Equations (43) and (44).

o sinh(¢ o o
{fll(?) —*W((@)H] (n=-1/4r==1) (43)
81(8) = cosh*(§) —=1/2  (p1=4,q1 = —1)
_ g _Ksini®(g) _B Resinh®(@)
Ull(g) 6 2-[cosh(&)+r]? and wll(g) T2 2-[cosh(&)+r]? (44)
&= kex+kyy+ (k24K /et &= kex+kyy+ (k2= k) /et

For the convivence of description, we assume ky = 1, ky = 1and r = 1. Figure 1 shows
bright solitary wave evolution of v11(¢) (left figure) and w11(¢) (right figure) vs. (x,¢).
The structure of these two solitary waves is roughly the same, except for the amplitude
and the position of the wave crest. The difference between v11(¢) and w11 (&) is caused by
the constant terms and the coefficient of ¢, which will not affect the general structure of
solitary waves.

Figure 1. Bright solitary wave evolution of v11(&) (left figure) and w11 (&) (right figure) vs. (x,f)
whenky =1,ky=1,r=1andy = 0.

When n = 2, we get Equations (45) and (46).

__ sinh(&)-cosh(&) _ _
f12(8) = T as(@) 1207 (n=-1Lr==%1/2) (45)
92(&) = cosh*(&) — cosh*(&) +1/8 (pa = 16,00 = —1/4)
_2k2 2kE-sinh®(E)-cosh? (&) n12  2k2-sink?(E)-cosh®(E)
v == — w = 2k; —
12(5) 3 [cosh2(§)71/2+r]2 and 12 (g) x [coshz(é’)fl/2+r]2 (46)
&= kextkyy+ (K + 4k ) /oot &= kex+kyy+ (K —4k4) /ret

Bright solitary wave evolutions of v15(¢) (left figure) and w1, (&) (right figure) are
shown as Figure 2.
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v12(x,t)

w12(x,t)

Figure 2. Bright solitary wave evolution of v1(&) (left figure) and w1, (&) (right figure) vs. (x,f)
whenky =1,ky=1,r=1/2andy = 0.

When n = 3, we get Equations (47)-(49). Bright solitary wave evolutions of v13(&) (left
figure) and w3(¢) (right figure) are shown as Figure 3:

_ 2-sinh(&)-cosh® (&) —sinh(&)-cosh(Z)
f13(§) o cosh* (&) —cosh? (&) +1/8+r
83(&) = cosh®(&) — 2-cosh®(&) + 3-cosh* (&) — L-cosh* (&) + 135

128 (47)
,u == _4/r == i%/p3 = 64/‘72 = _ﬁ

v13(¢) = %i — 2k2-4505h8(§)—8005h6(C)+5msh4(§)—cosh2(g)

x [cosh‘l(é‘)fcoshz(é’)Jr%Jrr]z (48)

w13(g) _ Sk%( . Zki‘ 4cosh® (&) —8cosh® (&) +5cosh* (&) —cosh® (&)

[cosh4(§)—605h2(¢)+%+r]2 (49)
£ = kexthyy+ (K- 16k) kot

v13(x,t)

(il HIIH
L
g
| ll |||‘"J"“;!;|‘LI‘Hw}lil‘ ) '.'fﬂ,W\'ﬂl!!.}u'\;u:ri,\l\li,
A

ey
il

Figure 3. Bright solitary wave evolution of v13(&) (left figure) and wi3(&) (right figure) vs. (x,f)
whenky =1,ky=1,r=1/8andy = 0.

When n = 4, we get Equations (50)—(52). Solitary wave evolutions of v14(¢) (left figure)
and wy4(&) (right figure) are shown in Figure 4.

f14(9)

_ 8esinh(&)-cosh” (£)—12-sinh(&)-cosh® (&) +5-sinh(&)-cosh® () —sinh(&)-cosh(&) /2
o 2. [cosh8(§)72-cosh6 (€)+3-cosh* (&) — L -cosh® (&) + . +r]

2
(&) = [coshg(g) - 2-cosh6(¢§) + g-cosh‘L(g) - %-coshz(g) + %} — 3;% (50)
(1= 16,7 = 135, pa = 256,04 = — grk303 )
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”211((:) = <7% + %)v2n2k§ + 2AK2v2n? [sinh (&) +e- cosh Cf.) v { cvn[sinh(&)+e- cosh((;‘)] }2
( E=kux+kyy+ctc= (k§ Fu n2k4)/kx,y -

32 [cosh8(§)72cosh6(§)+%cosh4(§)f%coshz({f)fé%}275%
{coshs(§)72cosh6(§)+%cosh‘i(é)f%coshz(é)f6l4+r}2 (51)
&= kex +kyy + (2 + 64K ) /et

12
v14(8) = 323](’“ — K2

32 {coshs(é)—2cosh6(§)+%cosh4(§)—%coshz(é‘)—ﬁ%]z %
[Coshg(r:)—2605h6(§)+%cosh4(§)——cosh (€)— 14 ]2 (52)
& = kex+kyy + (K — 64k% ) /et

w14(8) = 32:k3 — k-

With the increase of 7 in v1,({) and wy,(¢), the amplitude of v1,(&) and w1, (¢)
increases, and the bandwidth in space-time decreases.

‘ 500 -
il £
I

500 .. ! 500 ..
0.05 e 0.05

500 -

v14(x,t)
w14(x t)

Figure 4. Solitary wave evolution of v14(¢) (left figure) and w4(¢) (right figure) vs. (x,t) when
ky=1ky=1,r=1/128andy = 0.

4.2. The Second Set of Solution

According to f»,(¢) given by Equation (25), the second set of solution 1, (¢) is given
by Equation (53).

[sinh(&)+e-cosh(¢ [sinh(&)+e-cosh(&)]"" +r

2 A2 1e_1) 9

Here, we only consider the case of A =1, v =1, e = 1 and r = 1. The expressions of
v(¢) and w({) are shown as Equations (54) and (55):

_1.2:2 2k§n2[sinh(§)+cosh(§)]n _ [ kensinh(&)+cosh(g)]" 2
{ vau(§) = 3” kx [sinh(&)+cosh(&)]"+1 2{ }

[sinh(&)+cosh(&)]"+1 (54)
& =kex+kyy+ (k§ + n2k§) [kt
_ 2k2n?[sinh(&)4-cosh(¢)]" kxn[sinh(&)+cosh(¢)]" 2
won(8) = [sinh(¢)+cosh(O)]"+1 2{ [sinh(&)+cosh(€)]"+1 } (55)
&= kex+kyy+ (K2 —n2kd ) fect

Figures 5-8 show the structure of bright solitary wave of Equations (54) and (55) when
n = 1 to 4. Under these conditions, with the increase of #, the amplitude of the bright
solitary wave increases and the bandwidth in space-time decreases. The solitary wave
structure is relatively stable under low-n conditions. Under high-n conditions, v2,(¢) and
Wy (&) increase sharply in a small space-time range and becomes unstable.

4.3. The Third Set of Solutions

Here, we only consider the examples corresponding to go(&) = cosh({). According
to the recurrence relation of Equation (32), we obtain the expressions of f3,,(¢) and g, (¢)
corresponding to different n. These expressions are brought into Equations (11) and (12) to
find the two solutions v(&) and w(&). The cases of n < 4 are shown below.
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When n = 1, Equation (56) is the same as Equation (44), in which » = £1. The
solutions are shown as Figure 1, which will not be repeated here.

_ K Ksink?(E) _ K Ksink?(§)
031 (€> =% 2-[cosh(Z)+r]? and ws1 <C) =72 2-[cosh(Z)+r]? (56)
&= kex+kyy+ (k24K /et &= kex+kyy+ (k2 =K /et

When n = 2, the solutions are shown as Equation (57), in which r = +24/2. The
corresponding solitary wave evolution is shown as Figure 9 with ky = 1,k, = 1and y = 0.

2 2 _7.72 2 2 _7.42
032(6) _ Izc_ii _ ki-cosh(g)—7-ky ; w32('§) _ % __kg-cosh(g)—7-ky ;
8[ cosh((’j)+1+r] and 8[ cosh(§)+l+r] (57)
4
&= kex+kyy+ (I + ) koot ¢ =kex+hyy+ (8- %) ket

When n = 3, the solutions are shown as Equation (58), in which r = +4+/2. The
corresponding solitary wave evolution is shown as Figure 10 with ky = 1,k, = 1and y = 0.

033((:) _ Kk k2 /cosh(g)+1—15v/2-k2 ZU33<§) _ K2-\/cosh(&)+1-15v2.k2
= 2 = P
° 32 [, /A /cosh(§)+1+2ﬁ+r] and ? 32. {, /A /cosh(g)+1+2ﬁ+r] (58)

4 4
&= kex +kyy + (k§ + ’{—6) kgt &= kex+kyy + (k§ - ’1‘—6) [kt

When n = 4, the solutions are shown as Equation (59), in which r = £4+v/ 2v/2. The
corresponding solitary wave evolution is shown as Figure 11 withky = 1,ky = 1and y = 0.

2 K21/ /cosh(Z)+14+2/2—7 V/2-k2 2 K2/ A/ cosh (&) +1+2/2—7 V/2-k2
034(8) = 381 — 2 w34(8) = 135 — 2
128 W \/ A /cosh(B)+1+2v2+4¥2+r|  and 128 W \/ A/Cosh(E)+1+2v/2+4 ¥/ 2+r (59)
4 4
E=kex+kyy+ (kg + ’g—4) Skt &= kex+kyy+ (k§ - %) Jkyot

v21(x,t)

Figure 5. Bright solitary wave evolution of vp1(¢) (left figure) and wy () (right figure) vs. (x,t)
whenky =1,ky=1,r=1andy = 0.

wzz(x,t)

Figure 6. Bright solitary wave evolution of vy, (&) (left figure) and wy, (&) (right figure) vs. (x, f)
whenky =1,ky=1,r=1andy = 0.
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w23(x,t)

Figure 7. Bright solitary wave evolution of vp3(¢) (left figure) and wy3(¢) (right figure) vs. (x,t)
whenky =1,k, =1,r=1andy = 0.

M ‘aj,!u \
Wf" I

Figure 8. Bright solitary wave evolution of vy4(&) (left figure) and wy4 (&) (right figure) vs. (x,f)
whenky =1,ky=1,r=1andy = 0.
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Figure 9. Bright solitary wave evolution of v3 (&) (left figure) and wsy (&) (right figure) vs. (x,f)
whenky =1,k, =1,7r = +2y/2and y = 0.
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Figure 10. Bright solitary wave evolution of v33(&) (left figure) and w33(&) (right figure) vs. (x,¢)
whenky =1,k, =1,7r = +4v2and y = 0.
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0.005 +

= 0.006

34 (X,

= 0004

0.005

0.002 -

100 g T 7 . L Rl

0 0
50 100100 50
X t X t

Figure 11. Bright solitary wave evolution of v34(¢) (left figure) and w34(¢) (right figure) vs. (x, f)
whenky =1,k, =1,r = +4v/2v2and y = 0.

In this set of solutions, with the increase in 1, the amplitude of the bright solitary wave
decreases and the bandwidth in space-time increases. It would be easy to conclude that
the solitary waves have relatively stable structures for different n.

4.4. The Fourth Set of Solutions

When n = 1, the solutions are shown as Equation (60). The corresponding solitary
wave evolution is shown as Figure 12 with ky = 1,ky, = Tand y = 0.
W (§) = 242 — 2eodt(@)

_ 2k 2.k2-cosh? (&)
oa(8) =53 sin?(€) and sinh?(¢) (60)
&= kex +kyy + (I + 4k ) feect &= kex+hyy+ (I —4k4) fect

4160

=

1:;i M’\{ 2 g\(J f'hlﬂhl nH

o 1

=)
=3

t 2 2

Figure 12. Dark solitary wave evolution of vy (&) (left figure) and wy; () (right figure) vs. (x,t)
whenky =1,ky =1andy = 0.

When n = 2, the solutions are shown as Equation (61). The corresponding solitary
wave evolution is shown as Figure 13 with ky = 1,k, = land y = 0.

g2 32:k%-[cosh?(e)— 3] ) 32-k§-[cosh2(§)—%]2
v = L2 w =8ky — ———"75—
42(6) 3 4[cosh2(§)f—] -1 and 42(6) 4[cosh2(§)f—] -1 (61)
E=kex+kyy+ (k§ + 16kj‘c) Jky-t =kex+kyy+ (kf, — 16k§) Jkyot

When n = 3, the solutions are shown as Equation (62). The corresponding solitary
wave evolution is shown as Figure 14 with ky = 1,ky, = 1and y = 0.

043(6) = 326 512k§-[cosh4(§),coshz(§)t%]

was(§) = 32k2 — 5122 [cosh* (§) —cosh? (@) + 3]
3 prm—

16[cosh* (&) —cosh*(&)+§] ~1 and T 16[cosh* (&) —cosh? (&) + %]2 i (62)
& = kex +kyy + (2 + 64K ) /et &= kex+kyy + (K — 64k% ) /et
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w 42(x.t)

- 60 -
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- 100
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Figure 13. Dark solitary wave evolution of vy (&) (left figure) and wy, (&) (right figure) vs. (x, f)
whenky =1,ky =1andy = 0.

t -004  -0.04

Figure 14. Dark solitary wave evolution of v43(¢) (left figure) and w3(¢) (right figure) vs. (x,t)
whenky =1,k, =1andy = 0.

When n = 4, the solutions are shown as Equation (63). The corresponding solitary
wave evolution is shown as Figure 15 with ky = 1,ky, = 1and y = 0.

108 k2 8192:k3: [coshs(C)—2cosh6(£§)+%cosh‘l(@)—%coshz(g)— 71?

044(G) = 3+ — 2 2
64 [coshs(@)—2cosh6(é§)+%cosh‘l(ij)—%cosh &)- 7] e
&= kex+kyy + (K2 + 256K} ) /et

8192-k2- | cosh® (&) —2cosh® (&) +3 cosh* (&) — L cosh™ (&) — &
wa(§) = 128:k3 — | ; ; 264

64 [coshs(C)—2cosh6(ij)+%cosh‘l(g)—%cosh @)- 7] 1
E=kex+kyoy+ (k§ - 256k;§) Jkyot

1000

500 -

v44(x,t)

-500

-1000
0.04

2
T 0,02
004 004

X

Figure 15. Solitary wave evolution of v44 (&) (left figure) and w4 (&) (right figure) vs. (x,t) when
kx=1ky=1andy = 0.

Figures 12-15 show the dark solitary wave evolution for n = 1 to 4, respectively. The
space—time width of the solitary wave decreases with the increase in n. However, under
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certain conditions, this set of infinite solutions has singularities in some specific space-time
positions, which makes the solitary wave structure unstable.

4.5. The Fifth Set of Solutions

According to f5,(¢) given by Equation (37), the second set of solution us, ({) is given
by Equation (64):

[sinh(&)+e-cosh (&) +r X\ [sinh(Z)+e-cosh(Z)]* " +r

2
sy (&) = (—23i2) 1/2112](3( i 8)\1{% vzrllz[sinh(é)-&-a'cosh(g)]z”" . 8k2{ vn[sinh(&)+¢-cosh(&)]*" }
( & =kex+kyy+ctc= (kf ¢4v2n2k‘}() ke, A2 =1,62 =1 )

(64)

Here, we only consider the case of A =1, v =1, e = 1 and r = 1. The expressions of
v(¢) and w({) are shown as Equation (65):

2
. 4.212 2 n[sinh(&)+cosh(Z)]*" Q12 n[sinh(&)+cosh(&)]*"
V5n(C) = —3n kx + 8k [sinh(&)-+cosh(&)]*"+1 Sk"{ [sinh(§)+cosh(§’)]2"+1} and
&= kex+kyy + (I + 4n2K3 ) /oot

2 (65)
o2 nz[sinh(§)+cosh(é)]2" Q12 n[sinh(C)-ﬁ-cosh(g)]Z"
wsn (8) = 8Ky [sinh(Z)+cosh(&)]*"+1 8kx{ [sinh(&)+cosh(&)]*" +1 }

&= kex +kyy+ (K = 4n2kd ) flecct

Respectively, Figures 16-19 show the dark solitary wave evolution for n =1 to 4, when

ky =1,ky = 1and y = 0. While n increases, the amplitude of the solitary wave increases,
and the bandwidth decreases.

v51(x,t)

Figure 16. Wave evolution of vs (&) (left figure) and ws (&) (right figure) vs. (x,t) when ky = 1,
ky=1andy =0.

Ve, (Xt
w52(x,t}

Figure 17. Wave evolution of vs; (&) (left figure) and ws (&) (right figure) vs. (x,t) when ky = 1,
ky=1andy =0.
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Wsa(x't)

ky =1andy = 0.

Ve 4(x,t)

Figure 19. Wave evolution of vs (&) (left figure) and wsy (&) (right figure) vs. (x,t) when ky = 1
ky =1andy =0.

4.

6. The Sixth Set of Solutions

Here, we only give the cases of n < 4 for ug, () for Equation (3). When n = 1, the

solutions are shown as Equation (66), in which r = £1. The corresponding solitary wave
evolution is shown as Figure 20 withky = 1,k, =landy =0

61 (5) k2 _ K2:[cosh (;:)Jrr]2 We1 (g) k2 K [cosh(2§)+r]2
2-sinh*(&) and 2:sinh=(g) (66)
& = kex+kyy + (k§ + k‘}c) Jkxot E=kex+ ky-y + (k§ - k‘}c) k-t

When n = 2, the solutions are shown as Equation (67), in which r = +1. The

7 .
corresponding solitary wave evolution is shown as Figure 21 withky = 1,ky =landy =0

7
vm(x,t) 10

2 8K [cosh? (@)~ L]
v62(¢) = 2_3.1_ e (E) s

8k2-[cosh?® (&) —L+r 2
o3 anaq RO =2 4[c£sh2<c>—;22+—1] (67)
E=kex+kyy+ (kf, +4k;§) Jkyot & = kex+kyy + (k§ - 4k§1$ Vgt
- i WWH\/\ W )M ¥
2 J“ M‘lu I‘l. I 1| W M ]U i |~ ! N J

X

Figure 20. Dark solitary wave evolution of vg () (left figure) and wg; (¢) (right figure) vs. (x,t)
whenky =1,ky=1,r=1andy = 0.
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Figure 21. Dark solitary wave evolution of vg; (&) (left figure) and we, (&) (right figure) vs. (x, f)
whenky =1,ky=1,r=1/2andy = 0.

When n = 3, the solutions are shown as Equation (68), in which r = j:%. The
corresponding solitary wave evolution is shown as Figure 22 with ky = 1,ky = 1and y = 0.

8k 128-k§-[cosh4(§)7cosh2(§)+%+r]2 012
63 (é) -3 4cosh8(§)—8605h6(§)+5msh4(§)—coshz({;’) and w63(§) o Skx o
¢ =kex+hyy+ (18 +16kE) /oot

12812 [cosli ) —cosh? (§)+ ]
4coshB (&) —8cosh® (&) +5cosh* (&) —cosh? (&) (68)
& = kex+kyy+ (K —16k% ) /et

o = N o

Vga(x.t) 10°

-10
0.01

f——
_——
———
-
—_—
_—
—_—
—
o
_—
——
———
—
—
—_———
—_—
- =
—
—

" o0t 0.005

> 0 ey e
e 0,008 0.005 T

Figure 22. Dark solitary wave evolution of vg3 (&) (left figure) and we3(¢) (right figure) vs. (x,t)
whenky =1,k =1,r=1/8andy = 0.

When n = 4, the solutions are shown as Equation (69), in which r = :l:128 The
corresponding solitary wave evolution is shown as Figure 23 with ky = 1,k, = 1and y = 0.

32.12 2048-k2- [coshs(é’)72cosh6(§)+%cosh4(§)f icoshz(é)f 6l4+r] ?
vsa(§) = “3* — 5 7
64- [coshs(@‘)72cosh6(cf,)+%cosh4(r§)7icosh (5)7614} —o and
& =kex +kyy+ (k§ + 64k§) Skt

2048~k2-{coshs(1:)72cosh6(5)+5cosh4(§)f—cosh &)—- l+r]2 (69)
wes(8) = 32k — - - :

64- {cosh8(§)72cosh6(g)+%cosh‘l(g)fzcosh &)— l] — 1
&= kex+kyy+ (K — 64k ) /et

Figures 20-22 represent the dark solitary wave solutions of the KPI equation. Due to the
existence of singularities, the solitary wave structure of each solution is completely unstable.

4.7. The Seventh Set of Solutions

According to f7,(&) given by Equation (39), the seventh set of solution uy, (&) is given
by Equation (70).

vn[sin £-cos Y Lunr 2
{ uzn(§) = (% + %)vznzkz —2k2{ [sinh(¢)+e-cosh(§)] "+ } 70)

(2A+4e) Sinh(g)—&-s-cosh(é)]w +2Ar

( &= kex +kyy +ct,c = (k§ F 22K ) Jk A2 = 1,82 = 1. )
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0005 T 0005 -
- i

~—"  -0005
t -001  -001 t -001  -001

Figure 23. Solitary wave evolution of vgs (&) (left figure) and wey (&) (right figure) vs. (x,t) when
ky=1ky=1,r=1/128andy = 0.

Here, we only consider the case of A =1, v =1, ¢ = 1 and r = 1. The expressions of
v(¢) and w(¢) are shown as Equation (71).

2k2

_ n’k n[sinh(&)+cosh(&)]"+n 2 _ n[sinh(&)+cosh(&)]"+n 2
vn(§) = iioaaema) gl om(@ ="7 -2 {EmEt e ints |

71
E=kex+kyy+ (k§+n2k§)/kx-t & =kex+kyy+ (kg—nzk;%)/kx-t 7y
The solutions of n = 1 to 4 are shown as Figures 24-27, respectively. We find that the
structures of these solutions have an abrupt change in their amplitude, which maybe implies
a bistable mode, including those with fractional derivatives [45], which is of particular
interest in optical technology, power networks, and so on [46,47]. Different values of n
can make the amplitude, space-time width, kink direction, and singularity position of the

solitary wave different. In this case, all the solitary waves have relatively stable structures.

vn(x,t)

o

M il ,‘ML.

W‘“*'v,« ﬁ"*"r'i,vw""wm,v;ﬁ“wr*Vﬁ'“

i

Figure 24. Wave evolution of vy (&) (left figure) and wy; (&) (right figure) vs. (x,t) when ky = 1,
ky=1andy =0.

IS

@

o
(=X
/

Figure 25. Wave evolution of vy, (&) (left figure) and wy, (&) (right figure) vs. (x,t) when ky = 1,
ky=1andy =0.
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| ‘ ;jlﬁ\r‘l |

vn(x,t)
wn(x,t)

\LL | JM'

)

il

ky =1andy = 0.

Figure 27. Wave evolution of vy, (&) (left figure) and wy4 (&) (right figure) vs. (x,t) when ky = 1,
ky =1andy =0.

4.8. The Eighth Set of Solutions

The cases of n < 4 for ug, (&) for Equation (3) is given below. When n = 1, the
solutions are shown as Equation (72), in which r = 1. These solutions are to the same as
Vg1 and wg given in Section 4.6, which will not be repeated here.

2 2. 2 2 2. 2
{ vs1(6) = § — % .y { wey (&) = 5 — Keleosh(®)+r]

2-sinh* (&)
&= kex+kyy+ (k24K /et &= kex+kyy+ (k2 =Kk /et

(72)
When n = 2, the solutions are shown as Equation (73), in which r = +24/2. The
corresponding solitary wave evolution is shown as Figure 28 withky = 1,k, = 1and y = 0.

2 kﬁ[ cosh((f)-&-l-i—r]z 2 ki[ cosh(§)+1+r]2
v82(¢) = 35 — z

8-cosh(¢)—56 and wSZ((:) -3 8~cosh(§)4_56 (73)
g = kx’x + kyy+ <k§ — %) /kxt

E=kex+kyy+ (k§ - %) [kt

vsz(x,t)

Figure 28. Solitary wave evolution of vg, (&) (left figure) and wg, (&) (right figure) vs. (x,t) when
ky=1ky=1,r=2v2andy = 0.
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When n = 3, the solutions are shown as Equation (74), in which r = +4+/2. The
corresponding solitary wave evolution is shown as Figure 29 with ky = 1,ky = 1and y = 0.

2
K- [ cosh(§)+l+2\/§+r}

-k _ —k_
vg3(¢) = 6 32-1/cosh(&)+1-480v/2 and ws3 () = 32 32/ cosh(£)+1-480v2 (74)
4 4
&= kex+hyy+ (R +5) ket &= kex+kyy+ (K- 55) koot

2000 - 2000 -

1500 - 1500 -

1000 1000

vga(x.t)
W, (x.t)

500 - 500 -

- 500

- 500 .
0

10

Figure 29. Solitary wave evolution of vg3({) (left figure) and wgz (&) (right figure) vs. (x,t) when
ky=1k,=1r=4V2andy =0.

When n = 4, the solutions are shown as Equation (75), in which r = £4+/ 2v/2. The
corresponding solitary wave evolution is shown as Figure 30 withky = 1,k, = 1Tand y = 0.

2 K2- |:\/\/a/cosh(§)+1+2\/§.+4(1/§+r

2

2
2 K2- {\/\/ /cosh(&)+1+2v/2+4 %/i-i—r}

v = i — w = %
sa(8) = 31 128-/\/cosh(§) +1+2v2-3584 2 and 84(6) = 135 1281/ \/cosh(2) +1+2v/2-3584 /2 (75)
4 4
&= kex+kyy+ (B + 8 ) ket ¢ =kex+hyy+ (8- §) ket
>w 40 gg 40 .|

t -0 -20 % t -0 -20

Figure 30. Solitary wave evolution of vgs({) (left figure) and wgy (&) (right figure) vs. (x,t) when

ky =1k, =1,r=4V2V2andy = 0.

It can be seen that the shape of the solitary wave and the space-time position of
singular points will change with the value of n. vg; () and wg; ({) represent dark solitary
waves. With the increase in 7, it gradually evolves into a traveling wave with two rows of
singular points. The solitary wave structure becomes unstable under high-n conditions.

4.9. The Ninth Set of Solutions

When n = 1, the solutions are shown as Equation (76). The corresponding solitary
wave evolution is shown as Figure 31 with ky = 1,ky, = 1and y = 0.

_2kE 2K sink(E) a2 2K3-sink?(§)
Z)91(§> - 3 COShz(g) and wa1 (g) - 2k.7( COShz(g) (76)
&=lkex+kyy+ (k§ + 4k;t) [kt &=kex+kyy+ (k§ — 4kjt> kxt
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Figure 31. Wave evolution of vg; (¢) (left figure) and woq (&) (right figure) vs. (x,t) when ky =1
ky=1andy =0.

When n = 2, the solutions are shown as Equation (77). The corresponding solitary
wave evolution is shown as Figure 32 with ky = 1,k, = land y = 0.

8k2 4-[cosh?(&)—1 ’
v92(¢) = 5* _Zk%c'—[[wshz : z

4-[cosh? (&)= 11" =1

1] wop (&) = 8k — 2k2. 4-[cosi?(2) - 3]
2
6=k x+kyy+(kz+16k4)/

dfeosh”(©)=3] 1
T [cosh?(2) -4 (77)

= kex+kyy+ ( - 16k;‘;) Jky-t

and

wgz(x,t)

Figure 32. Wave evolution of vg, (&) (left figure) and wq, (&) (right figure) vs. (x,t) when ky = 1
ky=1andy =0.

When n = 3, the solutions are shown as Equation (78). The corresponding solitary
wave evolution is shown as Figure 33 with ky = 1,ky, =Tand y =0

2 16 coshz(g)_l 2 1 2_1 16 coshz(g)—l 2 2_1
(@) = 2 g O (e gl )
{[cosi?@)-3]*~§}"  and

{[coshz(g)—%]z—%}z (78)
&= kex kg + (G + 64K% ) /ot &= kex +kyy + (2 = 64K% ) /et

When n = 4, the solutions are shown as Equation (79). The corresponding solitary
wave evolution is shown as Figure 34 with ky = 1,k, = land y = 0.

v94(¢) = mk

64 {coshg(g’,)72cosh6(§)+ Scosht (¢ -4 cosh &)— é] g e

[cosh (&) ~2c0sh (€)+3 005h4(§)—1005h ©-4)° and
E=kex+kyy+ (k§ + 256k§) V-t .
2
wos(€) = 128K2 — 2k2. 2 [cosh® (&) 20081 () + §eosh (§)— Lok (@) ;| — ok

[cosh8(§)72cosh6(§)+%cosh‘*(c})f%coshz(é)fl]z
&= kex+kyy + (k§ - 256k§) kgt
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. Y , 42
vn(§) = 3123 — 2k2{ nlsinh(E)+oosh(@)] *”} ) (@) =202 sz{ nfsinh(€) +cosh(2) +n}

&= kex gy + (2 4+ 4n2K4 ) fecct &= kex +kyy+ (I = 4n2k4 ) fhecct

Figure 33. Wave evolution of vg3(&) (left figure) and wo3 (&) (right figure) vs. (x,t) when ky = 1,
ky=1andy =0.

300 -

vg4(x,t)
wg4(x.t}

Figure 34. Wave evolution of vgy (&) (left figure) and woy (&) (right figure) vs. (x,t) when ky =1,
ky=1andy =0.

In this case, the increase in 7 reduces the space-time width of the solitary wave and
changes the space—time position of the singularity. ve;(§) and woe (§) represent bright
solitary waves. With the increase in n, it gradually evolves into a traveling wave with
many singular points. In this case, stable solitary wave structures only exist under low-n
conditions, while they become unstable under high-n conditions.

4.10. The Tenth Set of Solutions

According to fx;,(¢) given by Equation (42), the second set of solution uxy (&) is given
by Equation (80).

2
(44 2),2,212 12 va[sinh(&)+e-cosh(&)|*"+vnr
xn(€) = (3 + S)V okt =2k {(/\—28)[sinh(@)—i—s-cosh(;‘)]z”ir}

(80)
( & = kex + kyy + ct,c = (k§ :F4v2n2k;§)/kx,y =22 A2 2o, )

Here, we only consider the cases of A =1, v =1, & = 1 and r = 1. The expressions of
v(¢) and w(¢) are shown as Equation (81).

—[sinh(&)+cosh(Z)]*" +1 —[sinh(&)+cosh(Z)]*" +1 (81)

Figures 35-38 represent the 10th set of solitary wave solutions of the KPI equation.
The increase in 1 can change the amplitude, space-time width, singularity position, and
propagation direction of the solitary wave. In this case, under low-n conditions, there are
very stable solitary wave structures, while under high-n conditions, the wave structures
become unstable.
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Figure 35. Wave evolution of vy () (left figure) and wx; (&) (right figure) vs. (x,t) whenk, =1
ky =1andy =0.
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Figure 36. Wave evolution of vx(¢) (left figure) and wxy (&) (right figure) vs. (x,t) when ky, =1
ky =1andy =0.
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Figure 37. Wave evolution of vx3({) (left figure) and wx3(¢) (right figure) vs. (x,t) when ky = 1
ky =1andy =0.
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Figure 38. Wave evolution of vx4(¢) (left figure) and wx4 (&) (right figure) vs. (x,t) when ky, =1
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5. Summary

In nature, most nonlinear phenomena can be expressed as corresponding mathemat-
ical models under specific approximate conditions, and be simplified as NLEEs varying
with time and space. In the study of such processes, the accuracy and stability of the
solution is important. Many researchers have developed various methods to obtain the
analytical solutions of NLEEs. The KPI equation is a well-known NLEE. In recent years, its
applications in nonlinear optics, plasma ion acoustic mechanics, and other fields have made
significant progress. Acquiring precise answers to the KPI equation is a crucial research
tool in these fields.

In this paper, a general Riccati equation is treated as an auxiliary equation. Through
different function transformations of f(¢) shown as Equation (13), (33) and a1/ f(&), ten
sets of infinite-series solitary wave solutions of the KPI equation have been constructed via
the auxiliary equation method, which would be helpful to study the nonlinear problems
described by the KPI equation. Unlike some other methods which can only provide a
limited number of solutions, we can construct infinite-series exact solitary wave solutions
with a relatively simple method.

The images of the first four solutions of each set have been plotted to provide intuitive
structure of waves. Among these infinite-series exact wave solutions of the KPI equation,
we find different structures of waves, including bright solitary waves, dark solitary waves,
kink solitary waves and, traveling waves with singular points. Some of these solutions are
stable, and the others are relatively unstable. A simple and intuitive introduction is given
in Section 4. These results not only include known solutions, but also put forward some
new forms of solutions, such as kink mode and traveling wave with many singular points,
which may imply a new evolution mode. The detailed analysis should be combined with
specific research objects, which will be discussed in future research papers. The results
show that this method is simple and effective for the construction of infinite series solutions
of nonlinear evolution models.
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