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Abstract: Graphene twistronics using multilayer graphene is presented in such a way that it provides
a metamaterial effect. This manuscript also analyzes the prediction of behavior using machine
learning. The metamaterial effect is achieved by twisting the graphene layers. Graphene twistronics
is a new concept for changing the electrical and optical properties of bilayer graphene by applying a
small angle twist between the layers. The angle twists of 5◦, 10◦, and 15◦ are analyzed for the proposed
graphene twistronics design. Tuning in the absorption spectrum is achieved by applying small twists
to the angles of the bilayer graphene. Results in the form of absorption, conductivity, permeability,
permittivity, and impedance are presented for different twist angles. The twisted graphene layers
also demonstrate negative permittivity and negative permeability, similar to metamaterials. These
negative refraction properties of graphene twistronics provide flexibility and transparency, which
can be applied in photovoltaic applications. Machine-learning-based regression models are used
to reduce the simulation time and resources. The results show that a regression model can reliably
estimate intermediate wavelength absorption values with an R2 of 0.9999.

Keywords: twistronics; photonics; graphene; metamaterial; absorption; tuning
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1. Introduction

Graphene is a monolayer sheet of graphite with a a honeycomb structure. Graphene
material has high conductivity with electric and optical properties [1]. Extensive research
is currently being performed on graphene material by various research groups due to its
unique properties and applicability. Graphene is used as a sensing material in biosensor de-
sign to sense hemoglobin and urine biomolecules [2,3]. Graphene can also be used in the de-
sign of solar absorbers to increase their absorbing capacity. Graphene superstructure Bragg
gratings can be an effective reflective surface for use in photovoltaic applications. Metal–
graphene nanostructures can be synthesized and used in photocatalysis [4]. Graphene can
also deliver transparent features which are applicable in the construction of transparent
structures [5,6]. Graphene is also used to increase the absorption of solar absorbers and
THz absorbers [7,8]. Graphene material enhances the absorption of the THz absorber so
that perfect absorption is achieved by the absorber [9]. The perfect absorption of the THz
absorbers can also be tuned by varying the graphene chemical potential [10,11]. Solar cells
and solar absorbers also use graphene as a component for improving the conversion of solar
radiation to electricity and heat energy, respectively [12–14]. Graphene-based antennas
are also currently used in many applications as graphene can be used to reconfigure the
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frequency and radiation pattern of an antenna [15,16]. Graphene material is also used to
explain the mathematical aspects of surface plasmon resonance [17,18]. The optimization of
the metamaterial structures is also achieved by applying parametric optimization methods.
These features of graphene make it a valid candidate for futuristic research approaches.

Twistronics involves changing the electrical properties of 2D materials by a slight
change in the angle between two layers of these materials [19]. This new concept can
be used with 2D materials such as graphene because of its electrical and optical proper-
ties. Graphene twistronics is a new development in graphene nanostructures in which
two graphene layers are placed at different angles to change the behavior of the light falling
onto them. Graphene twistronics can also be applied in van der Waals structures in which
small angle changes between the layers are used to modify the van der Waals structural
properties [20]. Twisted layers of graphene provide changes in properties such as supercon-
ductivity, absorption, reactivity, decoupling, and van Hove singularities [21–24]. With its
magic angle twist and variation in superconductivity, twistronics can be applicable in many
photovoltaic applications [25]. MoS2 is another material that is used in twistronics. The
twist in the angle between two MoS2 layers can continuously change the bandgap of the
material [26]. The twist in a bilayer 2D material can tailor the photonic response when
light interacts with it [27]. The magic angle twist in a bilayer graphene material can be
used as a novel phenomenon for improvement in photonic structures [28]. A review of
these excitonic devices is presented in [29]. These devices demonstrate the van der Walls
interaction, which is used in converting valleytronics to twistronics. Graphene material can
be used for designing twisted blade structures for mechanical applications [30]. Several
resonance conditions have been exploited to achieve acoustic metamaterials, such as Min-
naert resonance [31]. A plasmon resonance-based nanorod structure was analyzed, and the
asymptotic formulae were derived using the localized resonance for the construction of
negative materials [32]. While studying the plasmonic resonance of photonic crystals, the
researcher concluded that the electron relaxation time/filling factor could be controlled [33].
In these works, the metamaterial devices of core–shell structures can also induce invisibility
and transparency due to the so-called anomalous localized resonance [34]. The optical
properties of different two dimensional materials such as MoS2/ZnO are discussed in [35].
The optical properties of dichacogenides and graphene materials are discussed in [36].

The bilayer graphene material twist can be used for different photonic applications.
Our aim here is to design graphene twistronics to tune the absorption waveform. This tun-
ing is achieved by changing the small angle between the two graphene layers. The tuning
is observed for 5◦, 10◦, and 15◦ angle differences between the two layers. The graphene
twistronics design, its results, and conclusions are discussed in the following sections.

2. Graphene Twistronics Design

A graphene twistronics design with bilayer graphene placed on a silicon dioxide
substrate is presented in Figure 1. The two monolayer graphene sheets were placed above
this substrate at different angles (θ◦). The angle between the graphene layers was observed
for 0◦, 5◦, 10◦, and 15◦. The top view of the design, with an angled twist of θ◦, is shown
in Figure 1c. The angle was slowly increased to determine the effect of the twist. The
area of the silica material was kept at 25 × 25 µm2. The graphene layer area and width
were 25 × 25 µm2. The thickness of the silica was 0.6 µm. The thickness of a single-layer
graphene sheet was 0.34 nm. Furthermore, an xy plane periodic boundary condition with
light coming from the z-direction was applied, and a Delaunay Tessellation tetrahedral
meshing condition was used for the simulation. The simulations were carried out using
COMSOL Multiphysics software [37]. The main aim of the proposed design was to observe
the tuning in the spectrum using graphene twistronics. Calculations of the reflectance,
absorption, and graphene conductivity are presented in this section.
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Figure 1. Graphene twistronics: (a) three-dimensional model of bilayer graphene placed on silica
substrate without twist; (b) bilayer graphene without twist placed on silica substrate (top view);
(c) bilayer graphene with twist angle θ◦ placed over silica substrate (top view); (d) bilayer graphene
place on silica substrate (side view), L = 25 µm.

Graphene monolayer sheet design and conductivity:
The graphene model has been investigated numerically in different studies in the

literature. The numerical modeling of graphene is presented in [38]. The surface plasmon
resonance-based graphene model is presented in [39]. Monolayer graphene in cylindrical
configurations is presented in [40]. Graphene conductivity is presented in the following
equations: Equations (1)–(6). The parameters are presented in [41]. Here, we have uti-
lized the formulation resulting from Kubo’s formula [42]. The dependence of graphene’s
potential on its conductivity is presented below.

Here, we have utilized the formulation resulting from Kubo’s formula [42]:

σ (ω, µc, Г, T) =
je2(ω− j2Г)kBT

π}2

[
1

(ω− j2Г)2

∫ ∞

0
ε

(
d fd(ε)

dε
− d fd(−ε)

dε

)
dε−

∫ ∞

0

fd(−ε)− fd(ε)

(ω− j2Г)2 − 4
(

ε
}
)2 dε

]
(1)

where −e is the charge of an electron, } = h/2π is the reduced Planck’s constant,

fd(ε) =
(

e(ε−µc)/kBT + 1
)−1

is the Fermi–Dirac distribution, and kB is the Boltzmann
constant. We assume that no external magnetic field is present; therefore, the local conduc-
tivity is isotropic (i.e., there is no Hall conductivity). The first term in Equation (1) is due to
intraband contributions, and the second term is due to to interband contributions. For an
isolated graphene sheet, the chemical potential µc is determined by the carrier density ns:

ns =
2

π}2v2
F

∫ ∞

0
ε[ fd(ε)− fd(ε + 2µc)]dε (2)

where vF ≈ 9.5 × 105 m/s is the Fermi velocity. The carrier density can be controlled by
the application of a gate voltage and/or chemical doping. For the undoped, ungated case
at T = 0 K, ns = µc = 0. The intraband term in Equation (1) can be evaluated as:

σintra(ω, µc, Г, T) =
−je2kBT

π}2 (ω− j2Г)

(
µc

kBT
+ 2 ln

(
e

µc
kBT + 1

))
(3)
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The interband conductivity can be approximated for kBT << µc, as

σinetr(ω, µc, Г, 0) =
−je2

4π} ln
(

2|µc| − (ω− j2Г)}
2|µc|+ (ω− j2Г)}

)
(4)

σs = σinter + σintra (5)

ε(ω) = 1 +
σs

ε0ω∆
(6)

A single-layer graphene model was presented in Equations (1)–(6), and a twisted
graphene mathematical model is derived in Equations (7)–(25).

A low-energy Hamiltonian continuum model with two single-layer Dirac–Hamiltonian
terms refers to two isolated graphene sheets, and hopping between two layers is referred
to using a tunneling term [43,44]:

hk(θ) = −vk

[
0 ei(θk−θ)

e−i(θk−θ) 0

]
(7)

Tαβ
kp′ = 〈Ψ

(1)
kα |HT |Ψ

(2)
p′β〉 (8)

|Ψ(1)
kα

〉
=

1√
N

∑
R

eik(R+τa)|R + τa〉 (9)

|Ψ(1)
pβ

〉
=

1√
N

∑
R′

eip(R′+τ′β)|R′ + τ′β〉 (10)

Here, τa = 0 and τβ = τ. R represents the summed-up triangular Bravais lattice.
Substituting Equations (7) and (8) in Equation (6):

〈R + τa|HT |R′ + τ′β〉 = t(R + τa − R′ − τ′β) (11)

Tαβ
kp′ = ∑

G1G2

tk+G1

Ω
ei[G1τa−G2(τβ−τ)G′2d]δk+G1,p′+G′2

(12)

where G′2 = MG2

Tαβ(r) = w ∑3
j=1 exp

(
−iqj.r

)
Tαβ

j (13)

where w = tkD /Ω

T1 =

(
1 1
1 1

)
, T1 = e−iς(2)

′
.d
(

e−iφ 1
eiφ e−iφ

)
(14)

T3 = e−iς(2)
′
.d
(

e−iφ 1
eiφ e−iφ

)
(15)

Hk =


hk

(
θ
2

)
Tb Ttr Ttl

Tk
b hkb

(
− θ

2

)
0 0

Tk
tr 0 hktr

(
− θ

2

)
0

Tk
tl 0 0 hktl

(
− θ

2

)

 (16)

The renormalized velocity v∗ = ∂k c∗k
∣∣
k=0; consider k = 0

Ψj = −h−1
j Tk

j Ψ0 (17)

as
Tjh−1

j Tk
j = 0 (18)
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The equation for the Ψ0 spinor is h0Ψ0 = 0; given that |Ψ(j)
0 | = 1, the wave eq. can be

normalized by |Ψ|2 = 1 + 6α2.
The effective Hamiltonian matrix is then provided as:〈

Ψ(i)|H(1)
k |Ψ

(j)
〉
=

−v
1 + 6α2 Ψ(i)k

0 [σ.k + w2 ∑j Tjh−1k
j σ.kh−1k

j Tj]Ψ
(j)
0 = −v∗Ψ(i)k

0 σ.kΨ(j)
0 (19)

v∗

v
=

1− 3α2

1 + 6α2 (20)

The Hamiltonian is equivalent to a single-layer graphene Hamiltonian, and using
Kubo formula, we can find:

σCF =
4e2

π ∑kµ
|〈Ψk|vx

CF|Ψj〉|
2[Im{Gr

kµ(CF)}]2 (21)

where

vx
CF = −v


σx 0 0 0
0 −σx 0 0
0 0 −σx 0
0 0 0 −σx

 (22)

The valence band can be neglected for an electron-doped system.

σCF ≈ e2gτv∗(CF)
∫ dθk

2π
|〈Ψkµ|vx

CF|Ψkµ〉|
2 (23)

The vertex function is given as:

|〈Ψk|vx
CF|Ψj〉| = vCF cos θk (24)

where vCF = v
(
1 + 3α2)/(1 + 6α2).

The counterflow conductivity then can be derived as:

σCF = σ0

(vCF
v∗
)

(25)

where σ0 ∼ e2CFτ/π is the single-layer isolated graphene sheet.
The permittivity and permeability equations of the metasurfaces are presented in

Equations (26)–(30). These parameters are obtained from the impedance and the refractive
index, as presented in the equations [45]:

z = ±

√√√√ (1 + S11)
2 − S21

2

(1− S11)
2 − S21

2
(26)

eink0d =
S21

1− S11
z−1
z+1

(27)

n =
1

k0d

[{[
ln(eink0d)

]′′
+ 2mπ

}
− i
[
ln(eink0d)

]′]
(28)

ε =
n
z

(29)

µ = nz (30)

The reflectance and absorption of the structure has a strong relevance to the angle of
incidence, which is presented in the following Equations (31)–(37) [41,46]:
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r(ω, θi) =
cos θi ∏00(ω, θi)

2ick2 + ω cos θi ∏00(ω, θi)
(31)

σ||(ω, k) = X = −i
ω

4π}k2 ∏00(ω, k) (32)

r(ω, θi) =
2π cos θiσ||(ω, k)

c + 2π cos θiσ||(ω, k)
(33)

R(ω, θi) = |r(ω, θi)|2 (34)

R(ω, θi) =
4π2cos2θi

[
Re2X + Im2X

]
[c + 2πcosθiReX]2 + 4π2cos2θiIm2X

(35)

R(ω) = R(ω, 0)

=
4π2[Re2σ(ω)+Im2σ(ω)]

[c+2πReσ(ω)]2+4π2Im2σ(ω)

(36)

A(ω) = 1−R(ω)− T(ω) (37)

Since the suggested structure operates in the optical wavelength, it is essential to
have a firm grasp on the options available to you when developing metal–insulator–metal
(MIM) for ultraviolet (UV)–visible (VIS)—near infrared (NIR) and dielectric layers with
a high temperature stability and correct optical properties. In this three-layer structure,
tungsten, as a metal, has a high temperature stability (3422 ◦C), and is thus the best choice
for a base metal for an MIM. SiO2 acts as a dielectric layer between the resonator and the
metal layer, reducing the structure’s resonance frequency while still allowing for adequate
capacitance and inductance coupling [47], The structure is helped along the path to greater
absorbance and a wider bandwidth by the low refractive index. The high melting point
of SiO2 (1710 ◦C) will also aid in the structure’s resistance to the intense electromagnetic
waves produced by the sun.

The graphene twistronics modeling was achieved using the Kubo formula defined in
Equations (1)–(6). In the process, the bilayer graphene sheets were designed. Furthermore,
the process of graphene deposition on an insulator medium is a tough process, and is
recently a process in which the graphene can be deposited on a glass substrate at a rate of
34 nm in 5 min. This process can be followed for the fabrication of the proposed structure.
Later, the quantities provided in Equations (7)–(11) are utilized for calculations of the
impedance, refractive index, permittivity, and permeability. The proposed model was
defined as two-port network; for this, the S11 and S21 were calculated, and the rest of the
quantities were calculated from these two values. Furthermore, the twist in the bilayer
graphene model was introduced to achieve higher results; these results were then calculated
to identify the highest-performing twist angle. This process is described in the flowchart in
Figure 2.
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Figure 2. Flowchart describing the graphene twistronics modeling and investigation methodology
for achieving the optical properties.

3. Results and Discussion

The graphene twistronics design is shown in Figure 1. The design of graphene twistron-
ics with an angled twist between the two layers was analyzed using COMSOL Multiphysics.
The analyzed results, such as the absorption, permittivity, permeability, conductivity, and
impedance, are provided in Figures 3–6. The response for the twist angle of 5◦ is provided
in Figure 3. The absorption response for this 5◦ twist is provided in Figure 3a. The absorp-
tion response was more than 60% for the whole wavelength range observed. The peak
absorption was achieved at 1.2 µm. The conductivity response for this 5◦ twist is provided
in Figure 3b. The conductivity response is provided in real and imaginary forms. The
conductivity is on the higher side because of the graphene. The impedance, permeability,
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and permittivity values are provided in Figure 3c–e, respectively. The permittivity and
permeability demonstrated negative real values for some wavelengths, which created
negative refraction, just like the metamaterials. The negative metamaterial propoerties
were visible at 0.85 µm, 1.05 µm, and 1.39 µm. A similar effect was produced using twisted
graphene nanoribbons in a recently published study [27]. This behavior was observed due
to the twisting bilayer graphene material. We also observed whether the effect was noticed
in increased angles or not, and its response is provided in Figures 4 and 5 for twist angles
10◦ and 15◦, respectively.

Mathematics 2023, 11, x FOR PEER REVIEW 9 of 18 
 

 

 
Figure 3. Bilayer graphene with twist angle of 5°. (a) Absorption; (b) conductivity (real (Re) and 
imaginary (Imag)); (c) impedance (Re and Imag); (d) permeability (Re and Imag); (e) permittivity 
(Re and Imag). The inset figure shows the schematic of bilayer graphene with a twist of 5°. 

Figure 3. Bilayer graphene with twist angle of 5◦. (a) Absorption; (b) conductivity (real (Re) and
imaginary (Imag)); (c) impedance (Re and Imag); (d) permeability (Re and Imag); (e) permittivity (Re
and Imag). The inset figure shows the schematic of bilayer graphene with a twist of 5◦.

The response for twist angle 10◦ is provided in Figure 4. The response presented
in the figure clearly shows the absorption response in Figure 4a, and its metamaterial
properties, such as permittivity, permeability, conductivity, and impedance, are provided
in other figures. The conductivity presented in Figure 4b shows that the imaginary part
demonstrates two negative peaks at approximately 1.08 µm and 1.4 µm, while the real
part demonstrates a negative peak of slightly less than 0 at approximately 0.85 µm. The
impedance is presented in Figure 4c. The impedance values matched well with the real
values of approximately 1 for the whole spectrum, and the imaginary values were less
than 0 for most of the range. The two other important properties, namely, permittivity
and permeability, are provided in Figure 4d,e, respectively. The real value of permeability
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demonstrated negative peaks at apprxoimately 1.08 µm and 1.4 µm, providing the effect of
the negative permeability of the metamaterial. The permittivity real values demonstrate
negative peaks at approximately 0.88 µm, 1.08 µm, and 1.4 µm, demonstrating its meta-
material behavior for these wavelengths. Thus, the graphene twist of 10◦ demonstrates
metamaterial behavior, with both its permittivity and permeability negative for 1.08 µm
and 1.4 µm. Thus, the twist in the graphene layer demonstrates metamaterial behavior. As
the twist angle increased, the negative behavior was also shifted in wavelength. Thus, the
tuning was achieved using a change in twist angles for the metamaterial properties.
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Figure 4. Bilayer graphene with twist angle of 10◦. (a) Absorption; (b) conductivity (Re and Imag);
(c) impedance (Re and Imag); (d) permeability (Re and Imag); (e) permittivity (Re and Imag). The
inset figure shows the schematic of bilayer graphene with a twist of 10◦.

The response of the graphene twist at 15◦ on the absorption and metamaterial prop-
erties is provided in Figure 6. As can be seen from the results, the negative values of the
permittivity and permeability were available at wavelength around 0.88 µm, 1.08 µm, and
1.41 µm. As the twist angle increased, the negative behavior also shifted in wavelength.
Thus, the tuning was achieved using a change in the twist angles for the metamaterial prop-
erties. This tuning behavior of the structure can be used for sensing different biomolecules
with a high efficiency and sensitivity.
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inset figure shows the schematic of bilayer graphene with a twist of 15◦.
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Figure 6. Comparison of absorption responses for three different twist angles (θ): 5◦, 10◦, and 15◦.
The tuning of the spectrum and wavelength peak is visible in the plot. The wavelength range is
observed from 0.8 µm to 1.5 µm. The absorption is higher than 60% for the whole wavelength range.

A comparison of the absorption response for three twist angles, 5◦, 10◦, and 15◦, is
provided in Figure 6 and Table 1. The comparison clearly shows that the tuning of the
wavelength is possible by changing the twist angles. The initial increase in the twist angle
from 5◦ to 10◦ only shifted the absorption peak for a 10 nm wavelength. The increase in this
twist from 10◦ to 15◦ shifted the absorption peak to 220 nm. This clearly shows that tuning
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increases as the twist angle increases. The twisting presented for these different angles
can be applicable for designing potentially tunable absorber devices as a maximum tuning
of 220 nm was achieved in this design. The tuning presented in the table demonstrates
that there is a potential for application in a tunable device in these graphene twistronics
structures. The fabrication can be achieved by plying two monolayers of graphene structure
separated by different angles.

Table 1. Tuning using twist angles.

Twist angles 5◦ 10◦ 15◦

λ (µm) 1.2 1.19 0.97

∆λ (nm) 10 220

The angle of incidence of the light was varied to observe its effect on the twisted
graphene layers. The response is presented in Figure 7. Here, nine different angles were
observed with their absorption response. The absorption demonstrated a good response
for all the angles except the 30 degree angle. The absorption for all the degrees showed
a similar response, with only small variations which, in a way, indicate that the design
is angle insensitive. Only for a small portion did the light decrease for the 30 degree
angle. This could be because of the metamaterial effect achieved by twisting angles of the
graphene layers. The results in the figure clearly show that there was almost more than 60%
absorption for each angle for the range of 0.8 µm to 1.5 µm. This shows that the graphene
twistronics design demonstrates a wide angle of incidence that can be applicable for many
future absorption devices with these results. The wide angle of incidence also make it a
potential candidate for different solar thermal energy devices.
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Figure 7. Absorption for variations in angle of incidence. (a) Plot indicating the absorption in 0
to 80 degrees. (b) Absorption for variations in wavelength and angle of incidence in which high
absorption is indicated with a red color and low absorption is indicated with a blue color.
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4. Machine Learning Prediction

Modern photonics devices frequently employ machine-learning-based algorithms for
prediction. Many reliable mathematical techniques, such as the recurrent neural network,
the convolutional neural network, the extra tree regression, etc., have been modified for this
purpose [48–50]. A non-parametric, locally weighted linear regression (LWLR) learning
algorithm will be used in this section [51]. We will examine the weighting function and
the predicted function, and then use NumPy, Matplotlib, and seaborn to illustrate the
predictions after first contrasting the parametric and non-parametric learning techniques.
The best theta parameter values for parametric algorithms are sought during data training.
In order to make future projections, we can completely rely on the parameterized model
after determining the best values for these parameters, keeping in mind that the model
serves a purpose as a whole. A non-parametric algorithm must store input data and model
parameters permanently before it can produce predictions.

Due to the non-linear nature of the data, it is not possible to fit a straight line to the
data as we would in a linear regression, which results in inaccurate predictions. A curved
line must be fitted in order to achieve the smallest possible inaccuracy. When using an
LWLR, we provide the model the location (x) at which we want to make a prediction. The
model then provides that location’s nearby x(i) a greater weight (closer to one) and the
remaining x(i) a smaller weight (closer to zero). Finally, the model attempts to fit a straight
line to the weighted x(i) values. This suggests that the model gives greater weight to the
input data if the point is close to or around the circle and fits a straight line solely to the
data that are close to or around the circle if we want to produce a forecast for a specific
point on the x-axis. We will now go into detail about the weight distribution and circle size
processes. The loss function (J(θ)) for linear regression is as follows [51]:

J(θ) = ∑m
i=1

(
y(i) − θTx(i)

)2
(38)

The LWLR’s modified loss function can be expressed as follows:

J(θ) = ∑m
i=1 w(i)

(
y(i) − θTx(i)

)2
(39)

where w(i) is the weight of the ith training example, and it can be given as:

w(i) = exp

−
(

x(i) − x
)T(

x(i) − x
)

2

 (40)

There will be a prediction in the case of x. To identify the ith training exercise that has
been finished, use the notation x(i). This function’s value can neither rise above one nor fall
below zero. Consequently, 2(i) is very close to the number 1 when the difference between x
and x(i) is quite small, as can be seen by looking at the function

∣∣∣x(i) − x
∣∣∣. When

∣∣∣x(i) − x
∣∣∣

is close to zero, w(i) is also close to zero. For x(i) values that are particularly far away from
x, w(i) is very near to 0, but it is very close to 1 for x(i) values that are abnormally close to
x. As a result, for values of x(i) that are very close to x, the error components in the loss
function are raised by virtually one, and for values of x(i) that are extremely far from x,
they are practically nil. For the addition of the error terms, only the values of x(i) that are
reasonably close to x are taken into account.

We employ a weighting function that has a hyperparameter symbolized by the symbol
tau (τ) to determine the circle’s radius. Circle diameters can be changed to be wider
or narrower by adjusting the hyperparameter’s value. The formula for computing the
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modified weight can now be written as follows, which also refers to the range over which
the weighing function’s Gaussian bell-shaped curve varies:

w(i) = exp

−
(

x(i) − x
)T(

x(i) − x
)

2τ2

 (41)

The following formula can be used to determine the value of the parameter theta
immediately, without using model training, because there is a closed-form solution available
for this technique.

θ =
(

XTWX
)−1(

XTWY
)

(42)

Using the formula below, we can make predictions after knowing the value of theta:

θTx (43)

The predictive ability of the regression model is assessed using the R2 score, which
may be computed using Equation (19).

R2 = 1− ∑N
i=1(Predicted Valuei − ActualValuei)

2

∑N
i=1(ActualValuei − AverageValue )2 (44)

An absorption prediction was carried out for different twist angles, and the impact of
hyperparameter τ on the absorption prediction was also investigated. The detailed results
with a heatmap are provided in Figure 8. For this particular study, the hyperparameter, τ
was varied for three values, i.e., 0.02, 0.2, and 2. The results make it abundantly evident that
the capability of the LWLR model to predict the intermediate values with a high accuracy
declines when the hyperparameter τ is increased. This, in turn, results in a lower R2 score.
For τ = 0.02, we achieved the near-unity R2 score, indicating the high performance of the
model, as shown in Figure 8a,d,g. When we increase the hyperparameter to 0.2, the R2

score decreases slightly but still yields a high performance, as shown in Figure 8b,e,h and
indicated by the R2 score in the range of 0.9914 to 0.9928. However, when we set τ equal
to 2, the whole picture shifts, as can be seen in Figure 8c,f,i in which the actual values
compared to the anticipated values vary widely. The accuracy of the prediction is also
influenced by this, as is shown in the heatmap displayed in Figure 8j.
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Figure 8. Actual vs. predicted values of absorption for different values of twist angle and hyper-
parameter: (a) for twist angle = 5◦ and τ = 0.02, (b) for twist angle = 5◦ and τ = 0.2, (c) for twist
angle = 5◦ and τ = 2, (d) for twist angle = 10◦ and τ = 0.02, (e) for twist angle = 10◦ and τ = 0.2, (f) for
twist angle = 10◦ and τ = 2, (g) for twist angle = 15◦ and τ = 0.02, (h) for twist angle = 15 and τ = 0.2,
and (i) for twist angle = 15◦ and τ = 2. (j) Heatmap depicting higher prediction accuracy for τ = 0.02;
as we increase it to 2, prediction accuracy drops.
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5. Conclusions

A novel numerical approach for using graphene material was analyzed, and a metama-
terial effect was achieved in this research. We proposed a new graphene twistronics concept
to achieve tuning in the absorption spectrum. Small-angle twists of 5◦, 10◦, and 15◦ were
applied to a bilayer graphene material. The twist in the angle tuned the absorption result.
The peak of absorption shifted from 10 nm to 220 nm for different angle twists. A twist with
a higher degree angles decreased the conductivity values. The twisted graphene layers also
demonstrated negative permittivity and negative permeability, similar to metamaterials.
The metamaterial-like properties of the low-cost graphene material, which has transparency
and flexibility, can pave the way for new photovoltaic applications. This research opens a
new door for research on graphene material and metamaterials. Using an LWLR analysis,
we estimated the absorption values for intermediate/missing wavelength values. Using
the hyperparameter τ = 0.02, we acquired an R2 score of 0.9999, indicating the model’s
strong performance.
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Nomenclature

v Dirac Velocity
k momentum measured from the layer’s Dirac point
θk momentum orientation relative to the x axis
Ω unit cell area
tq Fourier transform of the tunneling amplitude t(r)
G1, G2 Summed over reciprocal lattice vectors

Ψ0 one of the two zero energy state of Ψ(1)
0 and Ψ(2)

0 of the isolated layer
σCF Counterflow conductivity
v∗ Density Of States of the twisted bilayer
T Temperature
r Reflectance
θ Angle of incidence
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