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Abstract: In this paper, we propose a useful method without adding any extra parameters to obtain
new probability distributions. The proposed family is a combination of the two existing families of
distributions and is called a weighted sine-G family. A two-parameter special member of the weighted
sine-G family, using the Weibull distribution as a baseline model, is considered and investigated in
detail. Some distributional properties of the weighted sine-G family are derived. Different estimation
methods are considered to estimate the parameters of the special model of the weighted sine-G family.
Furthermore, simulation studies based on these different methods are also provided. Finally, the
applicability and usefulness of the weighted sine-G family are demonstrated by analyzing two data
sets taken from the engineering sector.

Keywords: Weibull model; trigonometric function; family of distributions; simulation; statistical
modeling; engineering data

MSC: 62N01; 62N02

1. Introduction

A challenging work for researchers is to look for flexible probability models to cater to
the analysis of various types of data that possess extreme observations, such as (i) Reliability
data [1], (ii) healthcare data [2], (iii) financial data [3], (iv) hydrological data [4], (v) time-to-
event data [5-7], and (vi) lifetime data analysis [8,9], etc. However, the traditional distribu-
tion does not provide the best fit for the data sets, as it has extreme observations. Based on
the available literature, we know that the heavy-tailed (HT) distributions have proven to
be substantial for the data sets that possess extreme observations. Unfortunately, there are
only a few probability models that possess HT characteristics. Therefore, researchers are
always in search of new probability distributions that possess HT characteristics.

To improve the flexibility of the existing models, new methods have been suggested;
see the truncated burr XG family [10], Fréchet Topp Leone-G family [11], shifted Gompertz-
G family [12], Teissier-G family [13], and Gudermannian-generated family [14], among oth-
ers. Thanks to these methods, they have significantly improved the fitting power of the
existing distributions. However, there are certain deficiencies/problems associated with
these methods, for instance, these methods involve from one to five or more additional
parameters. This fact leads to estimation difficulties and re-parametrization problems.
To avoid the re-parametrization problem, researchers are focusing on generating new meth-
ods without adding extra parameters. In this regard, Kumar et al. [15] suggested a useful
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method using a trigonometric function, namely, a sine-G family. Let X have a sine-G family
with a cumulative distribution function (CDF) K(x;#), if it is given by

K(x;8) = sin(gG(x;ﬂ)), x € R, 1)

where 9 is a parameter vector and G(x; #) is a baseline CDF with respect to Equation (1).
Since G(x;®) is a baseline CDE, it must obey the following properties:

*  G(x;9) is a non-decreasing function.
e The maximum of G(x;#) is when x = co : G(o0;#) = 1.
e The minimum of G(x;#) is when x = —oo : G(—o0;8) = 0.

For more contributed work using the sine function, we refer interested readers
to [16-23]. Ahmad et al. [24] produced further efforts by proposing another method
without any additional parameters. They used the T-X method to generate a weighted T-X
(WT-X) family. For detailed information about the T-X method, we refer to [25]. The CDF
F(x;9) of the WTI-X method is

[1—K(x;8)]

F(x;8) =1- K(x®)

x €R, 2
where K(x; ) is a baseline CDF with respect to Equation (2).

To bring further flexibility to the sine-G and WT-X methods, we propose another
useful approach that possesses the HT characteristics. The proposed approach is obtained
by following the spirit of the WT-X method along with the sine-G family. The proposed
method may be called a weighted sine-G (WS-G) family of distributions. The key features
of the WS-G method are (i) it has no extra parameters and (ii) it provides a useful alternative
to the sine-G and WT-X methods, with possible different aims in terms of modeling.

Suppose X has the WS-G distributions with parameter vector 8, then, the CDF F(x; #)

of Xis
[1-sin(3G(x:9)]

F(;;8)=1- (3R] xeR, 3)
with PDF
a0\ 8(x;8) cos 3G(x;9)) o .
f(x;8) = (2) esin(%G(ZM)) [2—sm(EG(x,0))}, x € R, @)

where %G(x;t?) =gq(x;9).
Furthermore, the survival function (SF) S(x;¢) = 1 — F(x; @), hazard function (HF)

1{ %x(;il)), and cumulative HF (CHF) H(x;®) = —log[1 — F(x;®)] are, respectively, given by

[1—sin(5G(x;9))]

S(x;8) = esin(gc(x,-o)) , x € R, (5)
o (TN &(x;8) cos(FG(x;8)) (T
h(x:8) = (2) [1-— sin(%é(x;ﬂ))] {2 B sm(EG(x,ﬂ))}, *ER, ©

and

—sin(ZG(x; 8
H(x;a):10g<[1 ;:((ZZG(;C(;) ))]>, xR %

The WS-G method has certain advantages while implementing it in practice. The ad-
vantages of the WS-G method are given by

*  Since the WS-G method has no additional parameters, it may reduce the estima-
tion problems.

*  Duetonoadditional parameters, the WS-G method avoids the re-parametrization problems.

*  The WS-G method possesses heavy-tailed (HT) characteristics; see Section 3.
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Besides the above advantages, the WS-G method also has certain limitations. The limi-
tations of the WS-G method are

¢ Due to the complicated form of the PDF of the WS-G method, more computational
efforts are required to derive its distributional properties.

* Since the quantile function of the WS-G method is not in an explicit form, the
computer software must be implemented to generate random numbers from the
WS-G distributions.

Based on the WS-G method, we study an updated form of the Weibull distribution,
namely, a weighted sine-Weibull (WS-Weibull) distribution. Some basic functions of the
WS-Weibull model are obtained in Section 2. Visual behaviors of the PDF of the WS-Weibull
distribution are also presented. Some distributional properties of the WS-G method are
discussed in Section 3. Section 4 is devoted to estimate the parameters of the WS-Weibull
distribution using different estimation methods. The applicability of the WS-Weibull
distribution is shown in Section 5. Some concluding remarks are presented in Section 6.

2. Special Model

This section offers some basic functions of a special member (i.e., WS-Weibull dis-
tribution) of the WS-G method with support (0, c0). Furthermore, the behaviors of the
WS-Weibull distribution are also presented.

2.1. The WS-Weibull Distribution

Suppose X has the Weibull model with support (0,0); then, its CDF G(x;®) is
given by ‘
Gx;#)=1-e™, x>0,AcR", ®)

with PDF

g(x;0) = Al x5,

where # = (5,A) . Using G(x;8) =1 — e in Equation (3), we define the CDF of the
WS-Weibull model. Suppose X has the WS-Weibull model, then, its CDF F(x;#) is

[1 - sin(l (1 - e_’\xé))}
F(x;0) =1— esin(;(1—eAX5)) ,

x>0, 9)

with PDF

e )

For different values of 6 and A, Figure 1 offers different plots: f(x;#) (WS-Weibull),
g(x;®) (Weibull), and k(x;8) (sin-Weibull) distributions. Figure 1 shows that the shapes
of f(x;8),g(x;®) and k(x; @) have different forms such as right-skewed, symmetrical, left-
skewed, and decreasing.
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Figure 1. Plots of f(x;#) of the WS-Weibull distribution for different values of § and A.

Table 1 shows the summation formula exact values for the PDFs of the WS-Weibull,
Weibull, and sin-Weibull distributions for different values of x, ¢, and A at truncated N
terms. From Table 1 and Figure 1, it can be concluded that the PDF value of the WS-Weibull
distribution is less than the PDF values of the Weibull and sin-Weibull distributions for the
same x, J and A. These results are calculated by using R software (version 4.2.2).

Furthermore, the SF, CHF, and HF of the WS-Weibull distribution are

an(3(- )

S(x;8) = {

Fl5m)

7

(11)
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—sin(Z(1 — M
H(x;8) = —log [1 ::zg;(glwea))x»} ' (12)
and 5—1,—Axd ( < Ax? )
OAtx® e ™ cos( Z(1—e M
B (T ) I
respectively.

Table 1. The summation formula and the exact value for the PDFs of WS-Weibull, Weibull, and sin-

Weibull distributions for different values of x, §, and A at truncated N terms.

s AN WS-Weibull sin-Weibull Weibull
x
Summation Exact Value Summation Exact Value Exact Value
05 08 12 2 0.4090627 0.6170058
4 0.3950064 0.3946863 0.6167320 0.6167320 0.5535454
10  0.3946863 0.6167320
22 2 0.1841287 0.3880394
4 0.1718327 0.1714237 0.3855453 0.3855445 0.5714233
10 0.1714237 0.3855445
15 12 2 1.0064660 1.1198750
4 0.9908311 0.9906327 1.1198280 1.1198280 0.8327257
10  0.9906327 1.1198280
22 2 0.6842317 1.1132750
4 0.6566751 0.6559729 1.1124090 1.1124090 1.0720057
10  0.6559729 1.1124090
1.0 08 12 2 0.1009522 0.2080368
4 0.0945207 0.0943092 0.2069571 0.2069568 0.2891464
10  0.0943092 0.2069568
22 2 0.0230105 0.0560985
4 0.0201815 0.0201114 0.0530495 0.0530471 0.1950136
10 0.0201114 0.0530471
15 12 2 0.1892854 0.3900691
4 0.1772264 0.1768297 0.3880446 0.3880440 0.5421496
10  0.1768297 0.3880440
22 2 0.0431448 0.1051847
4 0.0378403 0.0377088 0.0994678 0.0994634 0.3656504
10  0.0377088 0.0994634
25 08 12 2 0.0058948 0.0145537
4 0.0049978 0.0049798 0.0133140 0.0133129 0.0657602
10  0.0049798 0.0133129
22 2 0.0003286 0.0008248
4 0.0001409 0.0001402 0.0003815 0.0003809 0.0150408
10  0.0001402 0.0003809
15 12 2 0.0005063 0.0012709
4 0.0001970 0.0001960 0.0005335 0.0005326 0.0247858
10  0.0001960 0.0005326
22 2 0.0000110 0.0000277
4 0.0000001 0.0000001 0.0000004 0.0000004 0.0008725
10  0.0000001 0.0000004

Figure 2 displays HF plots for the WS-Weibull distribution for various J and A values;
it can be observed that the HF shapes of the WS-Weibull distribution can be increasing,
decreasing, and unimodal.
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Figure 2. Plots of hyys_weipun (x;8) of the WS-Weibull distribution for different values of 6 and A.

2.2. The Behaviors of the PDF and HF of the WS-Weibull Model

Here, we discuss the behaviors of the PDF and HF of the WS-Weibull distribution.
The behaviors of the PDF of the WS-Weibull distribution when x — 0 and x — oo are,
respectively, given by

o ifd<,
I A — o5
xgrbf(x,ﬁ) A ifé=1,

0 ifé >1,

and
J}gxgof(x;ﬂ) =0.

Similarly, the behavior of the HF defined in Equation (13) when x — 0 and x — oo are,
respectively, given by

oo ifd <1,
Lim hys—weipunr (X;8) = ¢ TA  if 6 =1,
x—0

0 ifo > 1,

and

0 ifo <1,
Jim hys—weipun (% 9) = {24 if6 =1,

co ifd > 1.

Now, we compare the behaviors of the HF of the Weibull, sin-Weibull (as a special
case from the family in Equation (1)), and WS-Weibull distributions. The behavior of the
HF of the Weibull distribution when x — 0 and x — oo are, respectively, given by

oo ifd <1,
Lm fweipun (6,A) =S A ifd =1,
x—0
0 ifo>1,
and
0 ifo<1,

Lim Aweipu (%;6,A) = ¢ A ifo =1,
oo ifé > 1.
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Now, the behavior of the HF of the sin-Weibull distribution when x — 0 and x — o

are, respectively, given by

oo ifd <1,
lim hs'meeibull(xr' J, A) = %/\ ifo =1,
x—0

0 if 6 > 1,

and

0 ifd<l,
xh_r)rolo hsin —Weibutt (¥; 0,A) = { 20 if 6 =1,

oo ifd>1.

From the above results, we can conclude that the HF behaviors of these distributions
are roughly similar.

Table 2 displays the summary of the HF limits for the WS-Weibull, Weibull, and sin-
Weibull distributions. From the above mathematical results and numerical illustration in
Table 2, we can conclude that the HF behaviors of these distributions are roughly similar.

Table 2. The summary of the HF limits for the WS-Weibull, Weibull, and sin-Weibull distributions.

Limitasx — 0 Limitas x — oo

Distributions

<1 =1 >1 <1 =1 i>1
WS-Weibull () TA 0 0 2A o)
Weibull () A 0 0 A 00
sin-Weibull 1) ZA 0 0 2A 1)

3. Distributional Properties
Here, we give some distributional properties associated with the proposed method.

3.1. Expansion for the CDF

Using the power series representation for sin(x) and e*, we can write the CDF as

3.2. Expansion for the PDF

Using the power series representation for sin(x), cos(x), and ¢* we can write the
PDF as

2n
(=" <727G(X;79)>
Yieo I

(sin (E[G(x;ﬂ))) n=0
Yo
3.3. Quantile Function

We solve for Q(p) in the following, where 0 < p < 1,

f(x;9) = Zg(x;9)
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After some algebraic manipulations, we arrive at

Qp) = 671~ Zsin 11 = Waa((1 - ppe)],

where W_; (+) is the negative branch of the Lambert function.
3.4. Moment-Generating Function

The moment-generating function is defined as

My (f) = i():'/ow ¥ f(x)dx.

For the given family of distributions, we have

Tt Yo
Mx(t) = 2,2(:)r!/o ¥ g(x; ) == 2

(sin (gG(x;ﬁ)) )
Yn=0

= 21+ 1)! *

3.5. Incomplete Moments

The incomplete moments are defined by

M, (x) = /Ox x" f(x)dx.

For the given distribution, we have

M, (x) =

T gy ne0 2]
> | wste)

3.6. The r'" Non-Central Moment

The " non-central moment is defined as

p= [ ¥ fix.
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For the proposed family, we have

2n
n| . 2n+1
yeo -y (ZG(’M)) oo (?G(x;ﬂ))
n=0 21! _ _1\n
2= LV ey |

(sin (gG(x;0)>> n=0
Lo

n!

/:E

o , )
p=73 | ¥so)

Now, we compute the above integral numerically. Table 3 displays the summation
formula and the numerical integration (NI) values for the 7 non-central moments of
the WS-Weibull, Weibull, and sin-Weibull distributions for different values of r, 4, and
A at truncated N terms. From the given results in Table 3, it can be concluded that the
" non-central moments of the WS-Weibull distribution is less than the 7! non-central
moments of the Weibull and sin-Weibull distributions for the same 7, 4, and A.

Table 3. The summation formula and the numerical integration values for the " non-central
moments of the WS-Weibull, Weibull, and sin-Weibull distributions for different values of 7, §, and A
at truncated N terms.

5 A WS-Weibull sin-Weibull Weibull
r
Summation NI Summation NI Exact Integration
1.0 08 12 2 0.2712448 0.4416135
4 0.2560016  0.2556559 0.4294283  0.4294168 0.9020998
10 0.2556559 0.4294168
22 2 0.1271481 0.2070096
4 0.1200027  0.1198406 0.2012978  0.2012924 0.4228660
10 0.1198406 0.2012924
15 12 2 0.4124430 0.5530663
4 0.3983605  0.3980281 0.5457003  0.5456939 0.7994250
10 0.3980281 0.5456939
22 2 0.2753402 0.3692180
4 0.2659389  0.2657171 0.3643006  0.3642963 0.5336831
10 0.2657171 0.3642963
20 08 12 2 0.2331464 0.4881900
4 0.2027422  0.2022463 0.4433054  0.4432577 2.1067990
10 0.2022463 0.4432577
22 2 0.0512301 0.1072717
4 0.0445493  0.0444403 0.0974091  0.0973986 0.4629345
10 0.0444403 0.0973986
1.5 12 2 0.2609388 0.4347446
4 0.2453182  0.2449682 0.4215772  0.4215647 0.9336954
10 0.2449682 0.4215647
22 2 0.1162921 0.1937518
4 0.1093305  0.1091745 0.1878835  0.1878779 0.4161181
10 0.1091745 0.1878779
30 08 12 2 0.4160335 0.9762510
4 0.3061227  0.3051022 0.7563797  0.7561286 8.3717721
10 0.3051022 0.7561286
22 2 0.0428522 0.1005556
4 0.0315312  0.0314261 0.0779084  0.0778826 0.8623072
10 0.0314261 0.0778826
15 12 2 0.2236855 0.4328695
4 0.2024038  0.2019931 0.4071599  0.4071336 1.3888889
10 0.2019931 0.4071336
22 2 0.0665511 0.1287876
4 0.0602193  0.0600971 0.1211385  0.1211307 0.4132231

10 0.0600971 0.1211307
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3.7. Rényi Entropy

The Rényi entropy of a random variable X is a measure of the variation of uncertainty.
It is defined by

I(X) = (1— v)_llog(/o;f(x)vdx>, v>0and v £ 1.

Using the WS-Weibull density, we obtain

(1)

N

o0 (0=1) p=Avx (oo (7 (1 _ o=AX v
f(x8)" = (%ﬂ) evsf(w(_ze(m) ))) [z_sin(n

Then, the Rényi entropy of the WS-Weibull density takes the form

5)\7() v /oo §U(6=1) p—Avx? (COS(% <1 _ efoﬁ) ) ) v

I(X)=(1— v)*l log ( 5 0 usin(l(l—e*AXJ))
e 2

f-sm(Z 1))

Table 4 displays the summation formula and the NI values for the Rényi entropy of
the WS-Weibull, Weibull, and sin-Weibull distributions for different values of v, 4, and A at
truncated N terms. From Table 4, we can observe that the values of the Rényi entropy for
the WS-Weibull distribution is less than the Rényi values of the Weibull and sin-Weibull
distributions for the same v, §, and A.

Table 4. The summation formula and the numerical integration values for the Rényi entropy of
WS-Weibull, Weibull, and sin-Weibull distributions for different values of v, J, and A at truncated

N terms.
WS-Weibull sin-Weibull Weibull
v ) A N

Summation NI Summation NI Exact Value

05 08 12 2 0.3572427 0.7321667
4 0.2645767 0.2631333 0.6566993 0.6564579 1.4347754

10 0.2631333 0.6564579

22 2 —0.4004269 —0.0255028
4  —04930927 —0.4945364 —0.1009705 —0.1012118 0.6771066

10 —0.4945364 —0.1012118

1.5 12 2 0.3055993 0.4904644
4 0.2511143 0.2501745 0.4488667 0.4487522 0.8705198

10 0.2501745 0.4487522

22 2 —0.0984913 0.0863738
4  —0.1529758 —0.1539160 0.0447768 0.0446617 0.4664292

10 —0.1539160 0.0446617

20 08 12 2 —1.0818547 —0.3444082
4 —1.0767934 —1.0767260 —0.3439980 —0.3439978 0.3118210

10 —1.0767261 —0.3439978

22 2 —1.8395245 —1.1020779
4  —1.8344632 —1.8343958 —1.1016677 —1.1016675 —0.4458487

10 —1.8343958 —1.1016675

1.5 12 2 —0.2044980 0.1123635
4  —0.1918153 —0.1916098 0.1136098 0.1136103 0.5103751

10 —0.1916098 0.1136103

22 2 —0.6085886 —0.2917271
4  —0.5959058 —0.5957003 —0.2904808 —0.2904803 0.1062845

10 —0.5957004 —0.2904803
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Table 4. Cont.
WS-Weibull sin-Weibull Weibull
v ) A N
Summation NI Summation NI Exact Value
40 08 12 2 —1.7438683 —0.9049445
4  —1.7437275 —1.7437268 —0.9049410 —0.9049410 —0.3185747
10 —1.7437268 —0.9049410
22 2 -2.5015382 —1.6626142
4 -2.5013973 -2.5013966 —1.6626107 —1.6626107 —1.0762445
10  -2.5013966 —1.6626107
1.5 12 2 —0.3274484 0.0083556
4 —0.3237034 —0.3236696 0.0085064 0.0085064 0.3971834
10 —0.3236696 0.0085064
22 2 —0.7315390 —0.3957349
4  —0.7277940 —0.7277602 —0.3955842  —0.3955842 —0.0069071
10 —0.7277602 —0.3955842

3.8. The HT Characteristics of the WS-G Method

Here, we provide a complete mathematical description to derive the HT characteristics
of the WS-G method.

3.8.1. The Regularly Varying Characteristics of the WS-G Method

The regularly varying characteristics (RVC) play an important role in defining HT
distributions. This subsection offers the RVC of the WS-G method. Using Karamata’s
theorem [26], in terms of SF S(x;#), we have

Theorem 1. Suppose K(x;8) = 1 — K(x; ) represents the SF of a regularly varying function
(RVF), then S(x;8) = 1 — F(x; @) also represents the SF of a RVF.

K(tx;8)
K(x;8)
by incorporating the expression in Equation (5), we have

Proof. Assume limy_,o0 = 7(t) is a finite and nonzero function V f > 0. Then,

S(tx;8) [1 —sin(%G(tx;ﬂ))] y Sin(3G(x:8))
S(x,'ﬂ) o esin(%G(tx;ﬂ)) [1 _ Sin(%G(x;ﬂ))] ’

S(tx;8)  [1—sin(ZG(tx;8))]  n(Z6GD)

%
S8  [1-sin(3G(x;8)]  sn(360x)’

S(tx;8)  [1—K(tx;8)]  n(360)
S(x;8)  [1—K(x;8)]  ysin(3G(txd))° (14)

e
Applying limy_,« on both sides of Equation (14), we obtain
S(tv;8) .. [1—K(tg#)]  esn(26(8)

Pt S(x; ) Pt [1—K(x;8)] x esin(gc(tx;ﬂ))’

S(tud) - en(3600)
xgrolo S(x,'ﬂ) a T( x esin(%G(too;ﬂ))'

(15)

As we mentioned earlier, G(co;#) = 1. Thus, from Equation (15), we obtain

i S(tx;®) esin(%)
xX—00 S(x,'ﬂ) o T(t) x esin(%)'
S(tx;9)

i Sey - (16)
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The expression in Equation (16) is finite and nonzero V ¢ > 0. Therefore, S(x;#) is
an RVE. [

3.8.2. The Regular Variational Result

Suppose X possesses the power law behavior, then, we have
K(x;8)=1—K(x;8) =P(X > x) ~x7.
By implementing the results of Karamata’s characterization theorem, we can write
S(x;9) as
S(x;8) = x “L(x),
where L(x) is a slowly varying function (SVF). Note that

[1—-K(x;8)]

esin( z G(tx;ﬂ))

S(x;8) = (17)

Since 1 — K(x;8) ~ x~7, from Equation (17), we obtain

X7
el—x"7’

S(x;8) =

S(x;8) =x"L(x),
where L(x) = ﬁ
Now, if we demonstrated that L(x) is a SVF, the RVC of the WS-G method derived
above is true. In order to demonstrate that L(x) is a SVF, we must show that

L(tx)
x—oo L(x)

=1, Vt>0. (18)

Now, we use
1
L(tx) =
L(x) L’

el—x—7

L(tx)  e'™*"
L() e (19)

Appling limy_, on both sides of Equation (19), we obtain

. L(tx) et
T A,

fim 2 _
X—s00 L(x)

4. Eight Estimation Methods for the WS-Weibull Parameters

Eight estimation methods have been opted for in this section to estimate the WS-
Weibull parameters, namely, the weighted least-squares (WLSE), ordinary least-squares
(OLSE), maximum likelihood (MLE), the maximum product of spacing (MPSE), Cramér-von
Mises (CVME), Anderson-Darling (ADE), right-tail Anderson-Darling (RADE), and per-
centile estimator (PCE).
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4.1. Maximum Likelihood

Suppose that x1, xy, ..., X, are given values of a random sample of size n from the

WS-Weibull distribution with parameters 6 and A. The log-likelihood function for the
WS-Weibull model with PDF in (10) is given by

((8) =nlog(7 ) +nlog(s2) /\Zx + 210g< —sin(Z (1))
+(0-1) élog(x,-) — ;Sin(f (1 - e‘“f))

O e )]

where 8 = (5,A)7.

(20)

The function provided in Equation (20) can be numerically solved
by using the Newton-Raphson method (iteration method). The partial derivatives of
Equation (9) with respect to the parameters § and A are

14

n T n B
5 =3 A fo log(x;) — EA fo log(x;)e Ax
i=1 i=1

] tan(g (1 — e*)‘xf))
B ZAgxf log(x;)e COS(2 (1 — M )) +§ log(x;)

n xf log(x;)e” A cos 1—e M
— Ay~ ; (3( )

2-sin(F(1-eM))

I
—

and

z (1 - e—Ax;")) _ g ixfe_w tan(g (1 B e—M?))

By setting gg =0and af{ = 0, one can solve them numerically to obtain the MLEs of
the parameters J and A.
4.2. Ordinary and Weighted Least-Squares
function with respect to 6 and A

The OLSE of the WS-Weibull parameters can be obtained by minimizing the following

n

; 2
V(A =Y, [F(xi|(5,)\) - )

= n+1

Further, the OLSE of the WS-Weibull parameters can also be obtained by solving the
non-linear equation

3 [Flilo )

i
L , —n+1}As(xi5,)\)—O, s

1,2,
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where

0

Bi(x(;)|0,4) =55F(x(3)]6,A)
. oy (1)
—Azx()log( ())cos<2 (1 —e <l))>e

X [2—sm<2<1—e Axéi)))], (21)

and
0
Bo(x(3)|0,4) =55 F(x(3)]6,A)

T s T s, f)xx‘(’l.)fsin<g (17643‘(1)))
270 C°S<2 (1—6 ))e
) [2—sm<2<1_e—w>>>]‘ (22)

The WLSE of the WS-Weibull parameters are obtained by minimizing the following

¢ (n+1)3(n+2) i 1?
W(é,A) —EM[F(MM)— n+1} ,

with respect to 6 and A. Moreover, the WLSE can also be obtained by solving the non-linear
equation

i (n+1)%2(n+2)
b iln—i+1)

[F(xié,/\) ]As(xl) =0, s=1,2,

n+1
where A1 (|5, A) and A;(+|d, A) are, respectively, defined in Equations (21) and (22).

4.3. Maximum Product of Spacing

The MPSE is considered an alternative to the maximum likelihood method. Let
D;(6,A)=F (x |6, /\) - F(x(i_l) |6, /\), fori =1,2,...,n+ 1, be the uniform spacing of a

random sample from the WS-Weibull model, where F (x(o) |6, )\) =0,F (x(n +1) |5, )\) =1

and Y"7!'D;(6,A) = 1. The MPSE of the WS-Weibull parameters can be obtained by
maximizing the “geometric mean of the spacing”

n+1 %‘H
11 Di((sl/\)] ,
i=1

with respect to § and A, or by maximizing the "logarithm of the geometric mean" of sample-
spacings given by

l n+1
i=1

Moreover, the MPSE can be obtained by solving the following nonlinear expression

1 n+1 1

n—i—ll.Z: D;(3,7)

[8s(x16,1) = Aslx1)[0,4)| =0, s=1,2,

where A1 (-|6,A) and Ay(-|4, A) are defined in Equation (21) and Equation (22), respectively.
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4.4. Cramér-Von Mises Estimation Approach
The CVME of the WS-Weibull parameters is obtained by minimizing

2i — 172
2n ’

C(6,A) = +Z[ (xi|6,A) —

with respect to 6 and A. Moreover, the CVME can be numerically obtained by solving the
following non-linear equation
1 2i—1

Y |Flxilo, A) -

i=1

]As(xi|(5,/\) =0, s=1,2,

where A1(|0,A) and Ay (+|d, A) are, respectively, presented in Equations (21) and (22).

4.5. Anderson—Darling and Right-Tail Anderson-Darling
Suppose that x(1), X(3), ..., X(,) is the ordered random sample from F(x|d, A) of the
WS-Weibull model. The ADE of the WS-Weibull parameters can be obtained by minimizing

n
AGA) = —n — % Y (2i — 1)[log F(xi/4, A) + log S(x;16,A)],
i=1

or by solving the non-linear equation

1o As(x;) Ai(Xpi1-i)
1— — =0, s=1,2,
2 Flxi0,A) ~ S(tyr1_i10, A)

i=1

Moreover, the RADEs of the WS-Weibull parameters can be obtained by minimizing

1 n
R(5,A) = E—ZZFx,nM/\ EZZz—llogS Xpi1_im|6,A),

with respect to § and A, which are equivalent by solving the non-linear equations
S As(Xpt1-inld,A)

n
1 _
=2 Ag(xp|0,A) + = 2i—1 . =0, s=1,2,
& Al ) ) o)

where A1 (-6, A) and Ay(+|9, A) are presented in Equation (21) and Equation (22), respectively.

4.6. Percentile
From (8), the PCE of the parameters of WS-Weibull model can be obtained by mini-
mizing the following function

2

Fipie) i [ - <_)1\10g {1 - %Sin*l(l - Wi ((1- p)e))Dl/(s] )

with respect to 6 and A, where 0 < p < 1.

4.7. Simulation Study

In order to explore the performances of the estimators of the WS-Weibull distribution,
we consider some detailed simulation studies. The performances of the estimators are
judged by considering several statistical tools. These tools include

*  The absolute value of biases given by

N —~
|Bias(8 Z |®—
i=1
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¢  The mean square error of the estimates given by

MSE(8) = % %(19 —9)%

. The mean relative estimates
. 1 N
MRE = (8) = =) |8 —-8|/9.
(B) -7 L

The values of the estimators are calculated for different samples of sizes, say
n = {30,80, 120,200,350}, taken from the WS-Weibull model. We use R codes throughout
the simulations with the nlminb function within the stats package [27].

The simulation studies are carried out for the following parameter combinations:
0 = {0.45,0.75,1.50,4.00} and A = {0.50,1.00,1.75,3.00}. For each setting, the process is
repeated N = 5000 times and the average values of |Bias|, MSE, and MRE for 6 and A are
obtained. To save space, four out of sixteen simulated outcomes are reported in Tables 5-8.
The numbers in each row have superscripts giving the ranks of the estimates of all methods,
and the ) Ranks is the partial sum of the ranks. Furthermore, Figures 3-6 display the
heatmaps of the |Bias|, MSE, and MRE for the § and A of the simulation results.

Table 9 gives the partial and overall ranks of the estimates, thus indicating that the
MPSEs outperform all other estimates for the WS-Weibull model distribution, with an

overall score of 117.5.

Table 5. Simulation results for # = (6 = 0.45,A = 0.50)T.

n Est. Est. Par. WLSE OLSE MLE MPSE CVME ADE RADE PCE
30  |BIAS| ) 0.0599514}  0.064501¢  0.0568203}  0.05619{1}  0.06912{7}  0.0565312}  0.0620015}  0.13974{8}
A 0.0884414}  0.0918316}  0.0887915}  0.0767811}  0.1012917}  0.0867612}  0.08707{3}  0.12877{8}
MSE ) 0.0060214}  0.0068816}  0.0056013}  0.00472{1}  0.0084617}  0.0053312}  0.0066015}  0.02904{8}
A 0.0141815}  0.0153316}  0.0139514}  0.0094711}  0.0199617}  0.0131612}  0.0132413}  0.0263018}
MRE 5 0.13322{4}  0.1433416} 01262713} 0.12487{1}  0.1536117}  0.12562{2}  0.13777{5}  0.31052{8}
A 0.17688141  0.1836616}  0.1775815}  0.1535611}  0.2025917}  0.17352{2}  0.1741513}  0.25754{8}
Y Ranks 2515} 3616} 23{3} 61} 4217} 1212} 2414} 4818}
80  |BIAS| ) 0.0346414)  0.03822{6}  0.03195{1}  0.0331012}  0.0391017}  0.0337713}  0.0363115}  0.10987{8}
A 0.0533915)  0.0555816}  0.0524712}  0.0489711}  0.0577117}  0.0526914}  0.0525313}  0.11998{8}
MSE ) 0.0019214}  0.0023216}  0.0016511}  0.0016612}  0.0024917}  0.001823}  0.002125}  0.01895{8}
A 0.0049215}  0.0054116}  0.0045712}  0.003781}  0.0059817}  0.0046814}  0.0046013}  0.02945{8}
MRE ) 0.07698141  0.0849416}  0.071001"}  0.0735512}  0.0868817}  0.0750413}  0.0806815}  0.24415{8}
A 0.1067915}  0.1111716}  0.1049312}  0.0979411}  0.11542{7}  0.1053814}  0.1050513}  0.23997{8}
Y Ranks 2715} 3616} 9{1.5} 9{15} 4217} 2113} 2414} 4818}
120  |BIAS| ) 0.0286114  0.03150{6}  0.02625{1}  0.0270912}  0.03195(7}  0.0279613}  0.0299415}  0.09873{8}
A 0.04350(5}  0.0456716}  0.04224{2}  0.0403711} 0.04672{7} 0.04320{4} 0.04294(3} 0.11737{8}
MSE 5 0.0013114}  0.00158(6} 0.00112{1} 0.00113%} 0.00165(7} 0.00124{3} 0.00145(5} 0.01581{8}
A 0.00304(5}  0.00333{6}  0.00288{2}  0.00255(1} 0.00354{7} 0.00297{4}  0.00296{3} 0.03116{8}
MRE 5 0.06358(41  0.0699916}  0.05834{1}  0.06019{2} 0.07099(7} 0.06212{3} 0.06653(5} 0.21941{8}
A 0.08699(5}  0.09135{6}  0.08447{2} 0.08073{1} 0.09345{7} 0.08639{4} 0.08588{3} (0.23474(8}
Y Ranks 2715} 3616} 9{15} 9{1.5} 4217} 2113} 2414} 4818}
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Table 5. Cont.
n Est. Est. Par. WLSE OLSE MLE MPSE CVME ADE RADE PCE
200 |BIAS| ) 0.021574%  0.0240916}  0.01990{1}  0.0205812}  0.0243017}  0.0212813}  0.02262{5}  0.08542{8}
A 0.0325015  0.0342616}  0.03147{2}  0.03055(1}  0.03475(7} 0.03224{4}  0.03205(3} 0.1078118}
MSE 5 0.0007314}  0.0009118}  0.00062(1}  0.00065(2}  0.00094(7} 0.00071{3} 0.00081{5} 0.01231{8}
A 0.00168(5}  0.00187(6}  0.00158{2}  0.00146{1} 0.00194(7} 0.00165(4} 0.00163{3} 0.02986(8}
MRE 5 0.0479314}  0.05353(6}  0.04422{1}  0.04574{2}  0.05399(7} 0.04728{3} 0.05027{5} 0.18983(8}
A 0.0650115  0.0685216}  0.06294{2} 0.0611111}  0.06950(7} 0.06449(4} 0.06410{3} 0.21563(8}
Y Ranks 2715} 3616} 9{15} 9{15} 4217} 2113} 2414} 4818}
350 |BIAS| ) 0.0162514  0.018191}  0.0150311}  0.01551{2}  0.0182617}  0.0161413  0.01703{%}  0.0742618}
A 0.0242615}  0.0255716}  0.0236412}  0.0233011}  0.0257717}  0.0241814}  0.0239913}  0.09992{8}
MSE ) 0.0004214}  0.0005216}  0.0003611}  0.0003812}  0.0005317}  0.0004113}  0.0004615}  0.00954{8}
A 0.0009615}  0.0010616}  0.0009112}  0.000861}  0.0010917}  0.0009514}  0.00094{3}  0.0275018}
MRE ) 0.0361214}  0.0404216}  0.0334111}  0.0344712}  0.0405917}  0.0358713}  0.03784{5}  0.16503{8}
A 0.0485315})  0.0511416}  0.0472912}  0.0466011}  0.0515417}  0.0483614}  0.04797{3}  0.19983{8}
Y Ranks 2715} 3616} 9{15} 9{15} 4217} 2103} 2414} 4818}
Table 6. Simulation results for # = (§ = 0.45, A = 3.00)T.
n Est. Est. Par. WLSE OLSE MLE MPSE CVME ADE RADE PCE
30 |BIAS| ) 0.05971{4)  0.0642016}  0.05651{3)  0.0558111}  0.0686417}  0.0562112}  0.0615815}  0.136678}
A 11219615} 12170916  1.0837313}  0.8424611} 15132417} 1.0107912} 1.1156714  1.6333918
MSE 5 0.0060914}  0.0069316}  0.0055613}  0.00466(1}  0.0085017}  0.00525{2}  0.0065815} 0.0283218}
A 42206315 54920216} 31505313} 1.3129111}  10.36952{8}  2.49643{2}  4.12599{4}  9.25795{7}
MRE ) 0.132701%)  0.1426716}  0.1255713)  0.124011%  0.1525270  0.1249112}  0.136851%)  0.3037018}
A 03739915} 04057016}  0.3612413} 0280821} 05044117} 0.33693(2}  0.3718914)  0.5444618}
Y Ranks 27145} 3616} 1813} 6l 4317} 122} 27145} 4718}
80  |BIAS| 5 0.0340214)  0.0379616}  0.0316011}  0.03287{2}  0.03885(7}  0.03293{3}  0.03535(5}) 0.1126718}
A 05717214 0.6456916} 05344112} 0.48778(1}  0.6967317}  0.5488013} 0.5722315}  0.7947918}
MSE 5 0.0018814}  0.0023216}  0.00163(1-5}  0.00163115}  0.0025117}  0.00176{3}  0.00204(5}  0.0217118}
A 06177215} 08063416} 05185712} 03683911} 1.0038017}  0.5449713} 0.6029014} 1.00973{8}
MRE ) 0.0755914}  0.08435(6}  0.07021{1}  0.0730412}  0.0863417}  0.0731813} 0.07855{%} 0.25038{8}
A 0.1905714 02152316} 0.1781412}  0.1625911}  0.2322417}  0.18293{3}  0.19074{5}  0.26493(8}
Y Ranks 2514} 3616} 9.5{2} 851} 4217} 1813} 29{5} 4818}
120 |BIAS| ) 0.027474  0.0303916}  0.02559{1)  0.0265512}  0.03090{7}  0.0268613}  0.0286515}  0.1042618}
A 0.4499014} 05030116} 04195112} 03981111} 052717170 0.43823(3}  0.45485(5)  0.7045818}
MSE 5 0.0012114}  0.0014716}  0.00107{1}  0.00108(2}  0.00155("}  0.00116{3 0.00134{3} 0.0186118}
A 03643314} 0.45494(6} 03185012} 02545911} 0.52517(70 03423913}  0.3742015) 0.76800{8}
MRE 5 0.0610514)  0.0675416}  0.0568611)  0.0590012}  0.0686617}  0.0596913}  0.0636715) 0.2316918}
A 0.149974}  0.1676716}  0.1398412}  0.13270(8  0.17572{7}  0.14608{3} 0.15162{5} 0.2348618}
Y. Ranks 2414} 3616} o{15} 9{15} 4217} 1813} 30(5} 4818}
200 |BIAS| ) 0.02204{4}  0.02465(¢}  0.02002{1}  0.0209912}  0.02480{7}  0.0215913}  0.0225015}  0.0884518}
A 03529215} 03991616}  0.3182812)  0.31005(10 04101717} 0.34345(3}  0.3465914) 0.5753418}
MSE ) 0.00077{4  0.000961¢}  0.00064{1}  0.00067(2}  0.0009917}  0.00074{3} 0.00082{3} 0.01333(8}
A 02123013 02719616} 0.1727612)  0.1536711F  0.29665(7}  0.19999{3}  0.2051514}  0.4987418}
MRE 5 0.0489814}  0.0547816}  0.0444911}  0.04665(2}  0.0551117}  0.04798(3}  0.050011%} 0.19655(8}
A 0.1176415  0.1330516}  0.1060912}  0.10335(10  0.1367217}  0.11448{3} 0.11553{4} 0.191788}
Y. Ranks 27145} 3616} o{15} {15} 4217} 1813} 27145} 4818}
350 |BIAS| ) 0.0160314)  0.01790(¢}  0.01472{1}  0.0151612}  0.01798{7} 00158313}  0.0167015  0.0755618}
A 02573615 02904516} 0.2333412}  0.22047(1} 0295027}  0.25314{3} 0.25613(4} 0.4553218}
MSE ) 0.000414}  0.000511¢}  0.00034{1}  0.0003612}  0.00052{7}  0.0004013} 0.00044{3} 0.00980{8}
A 0.1085215}  0.1390816}  0.0889012)  0.08355(1}  0.1460617}  0.1041713} 0.1083114} 0.3089118}
MRE 5 0.0356314}  0.0397816}  0.0327111}  0.033692}  0.03995(7}  0.03517{3} 0.03712{5} 0.1679118}
A 0.0857915}  0.0968216}  0.0777812}  0.0734911}  0.0983417}  0.0843813} 0.0853814} 0.15177{8}
Y. Ranks 27145} 3616} o{15} {15} 4217} 1813} 27145} 4818}
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Table 7. Simulation results for # = (6 = 0.75,A = 0.50)T.
n Est. Est. Par. WLSE OLSE MLE MPSE CVME ADE RADE PCE
30  |BIAS| ) 0.0987114}  0.106401¢}  0.0941733}  0.0919911  0.1137417}  0.0932812}  0.1018515}  0.1659218}
A 0.09056%4}  0.0940017}  0.0911505}  0.0783911} 0.1041218}  0.0881612)  0.0885313}  0.0928316}
MSE 5 0.0166814}  0.0193716}  0.0152413}  0.0128311}  0.0236217}  0.0144212}  0.0176815}  0.0437518}
A 0.0159516}  0.01825(7}  0.0152915} 0.01017{1}  0.0243018}  0.0142212}  0.0144213}  0.0146814}
MRE 5 0.1316114}  0.1418616}  0.1255613}  0.12265{1}  0.15166{7}  0.12437{2)  0.1358015}  0.2212218}
A 0.1811214}  0.1880017} 0.1823015} 0.15677{1} 0.20825(8}  0.1763112}  0.17705{3}  0.18565(6}
Y Ranks 2615} 3916} 24135} 611} 4518} 122} 241{35} 4017}
80  |BIAS| ) 0.0583014}  0.0645116}  0.05363{1}  0.0548612  0.0661917  0.0567013}  0.0601315}  0.1191118}
A 0.0531915}  0.0553516}  0.0521812}  0.0489011}  0.05732{7}  0.05259135}  0.05259135}  0.0656718}
MSE ) 0.0054414}  0.0066316}  0.0047112}  0.0046211}  0.0071917}  0.0051313}  0.0059115}  0.0232018}
A 0.0046815}  0.0051016}  0.0044912}  0.0037811}  0.0056017}  0.0045513}  0.0045614  0.0078218}
MRE 5 0.07774%14}  0.0860216}  0.0715011}  0.073152}  0.08825(7}  0.0756113%  0.08017{5}  0.1588118}
A 0.106375}  0.1107016}  0.1043712}  0.09780%1} 0.1146417}  0.1051914  0.1051713}  0.1313518}
Y. Ranks 2715} 3616} 102} i1} 4217} 19.513} 25514} 4818}
120  |BIAS| ) 0.0469614}  0.051941¢}  0.04361{1}  0.0447912}  0.05282{7}  0.0461213}  0.0493915}  0.1018618}
A 0.0438615}  0.0460616}  0.0427412}  0.0405911}  0.0472217}  0.0435114  0.0434113}  0.0565118}
MSE ) 0.0034914}  0.0042816}  0.0030111}  0.0030412} 0.0045117}  0.0033413}  0.00387{5}  0.0171718}
A 0.00310%}  0.0034016}  0.0029912}  0.0026111}  0.0036317}  0.00303135}  0.00303135}  0.0058918}
MRE ) 0.0626214}  0.0692516}  0.0581411}  0.0597312}  0.07043{7}  0.0614913}  0.0658615F  0.1358218}
A 0.0877315}  0.0921216}  0.0854712}  0.081171} 0.0944417}  0.0870314  0.0868313}  0.1130318}
Y. Ranks 2715} 3616} 9{15} 9{15} 4217} 20.513} 24,54} 4818}
200 |BIAS| ) 0.0364314}  0.0404916}  0.03307{1}  0.0342612}  0.04082{7}  0.0359313}  0.03793(5}  0.0837018}
A 0.0329615}  0.03447{6}  0.03222{2}  0.03115{8  0.03499(7}  0.0327814}  0.0326313}  0.04497{8}
MSE 5 0.0020914}  0.0025816}  0.00176{1  0.0018012}  0.0026617  0.0020313}  0.0023015}  0.01152{8}
A 0.0017315}  0.0019016}  0.00165%2}  0.0015211}  0.00197{7}  0.0017114  0.0016913}  0.0037518}
MRE ) 0.0485714}  0.0539916}  0.0440911}  0.0456812}  0.0544317}  0.0479113}  0.0505815}  0.1116018}
A 0.0659215}  0.0689516}  0.0644512}  0.0623011}  0.0699917}  0.0655714  0.0652513}  0.0899518}
Y Ranks 2715} 3616} o{15} {15} 4217} 2118} 244 4818}
350 |BIAS| ) 0.0272314}  0.030351¢}  0.02505(1}  0.02571{2}  0.03051{7}  0.0270413}  0.0283715}  0.06672{8}
A 0.0246815  0.0259716}  0.02395(2}  0.0236611}  0.0261317}  0.0246014}  0.02448{3}  0.0350218}
MSE 5 0.0011614  0.001451¢}  0.00099{1}  0.00102{2}  0.00148("}  0.0011413}  0.0012615}  0.0072018}
A 0.00097{3}  0.001071¢}  0.00091{2}  0.00088{1}  0.001091"  0.0009614}  0.0009513}  0.002138}
MRE 5 0.0363114}  0.0404616}  0.03340{1}  0.03428(2}  0.04068("  0.0360613}  0.0378315}  0.0889718}
A 0.04937(5}  0.0519316}  0.04791{2}  0.04732{1}  0.05227{"}  0.0492114}  0.0489613}  0.07005(8}
Y. Ranks 2715} 3616} 9{15} {15} 4217} 2113} 244 4818}
Table 8. Simulation results for ¢ = (6 = 4.00, A = 3.00)7.
n Est. Est. Par. WLSE OLSE MLE MPSE CVME ADE RADE PCE
30 |BIAS] ) 052826150 0.5715917} 04997213} 0.49193{2}  0.6105318}  0.500051%} 0.5503616}  0.4765411}
A 1.1132716} 12097017} 1.0741414}  0.82845{1} 15067918}  1.0122713}  1.09974{5}  (.852441{2}
MSE 5 04726315} 054656177 04264314 03676012}  0.6627118)  0.4128513} 0.5133616}  (0.3508011}
A 44786016} 53003617% 29833914}  1.2239911}  10.1676318} 2.4379513} 34627415}  1.4429412}
MRE 5 01320713} 01429017} 0.1249313}  0.1229812)  0.1526318}  0.1250114} 0.1375916}  (.11914{1}
A 03710916} 04032317} 03580514} 0276151} 05022618}  0.3374213}  0.36658(5} (0.2841512}
Y Ranks 33155} 4217} 2214} 9{1.5} 4818} 2013} 33155} 9{15}
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Table 8. Cont.
n Est. Est. Par. WLSE OLSE MLE MPSE CVME ADE RADE PCE
80  |BIAS| ) 0.31405%%  0.3436517} 02934412} 02992913} 0.3526718}  0.3058914  0.3268910}  0.2866811}
A 05852115} 0.6443117}  0.54668(3} 0.49869(2} 0.69457(8} 0.56545{4} 05855116} (.49536(1}
MSE 5 0.1603315}  0.1900817}  0.1414213}  0.1379412}  0.2055118} 0.1512714) 0.1756516} 0.12673{1}
A 06535615} 0.80065(7} 05611113} 0388731}  0.99591(8} 0.58436{4} 0.65407(6} 0.40210{2}
MRE 5 0.0785115}  0.085917}  0.07336{2}  0.07482{3} 0.08817(8} 0.07647(4} 0.08172{6} 0.07167{1}
A 0.1950715}  0.21477{7}  0.1822313}  0.1662312} 0.2315218} 0.1884814} 0.19517{6} 0.16512{1}
Y Ranks 3015} 4217} 163} 132} 4818} 2414} 3616} 7il}
120 |BIAS| ) 02478501 02756317} 0.2277811}  0.23683(3)  0.2798318}  0.2420814  0.25873{6}  0.23191{2}
A 04627616} 05171417} 04234513} 04016011 05429218}  0.4507014}  0.45972{5}  0.40345{2}
MSE ) 0.0989515}  0.1208117}  0.0837312}  0.0860113}  0.1265718}  0.0941814}  0.1069916}  0.08253{1}
A 0.3854116}  0.4756617}  0.3214713} 0254821} 05474318} 03571914} 03807315}  0.2576612}
MRE ) 0.0619615)  0.0689117}  0.0569511}  0.0592113}  0.0699618}  0.06052{4}  0.0646816}  0.0579812}
A 0.15425(6}  0.17238{7}  0.14115(3}  0.13387{1}  0.1809718} 0.15023{4}  0.15324{5} 0.13448{2}
Y Ranks 33155} 4217} 1343} 12{2} 4818} 244} 33155} 111
200 |BIAS| ) 0.1903215  0.2131017}  0.17553{10  0.1802013}  0.2148518}  0.1877814  0.20132{¢} 0.17810{2
A 0.3490415}  0.3964617}  0.3202613}  0.30712{1} 04072718} 0.34387{4} 03518716} 0.3101012}
MSE ) 0.0573415)  0.0712717}  0.0493611  0.0501813}  0.0736018}  0.0557614}  0.0639616}  0.04942{2}
A 02082315} 0265257} 0.17626{3}  0.15069{1}  0.2898018} 0.19912{4} 0.21183{6} 0.15211{2}
MRE ) 0.0475815}  0.0532717}  0.0438811}  0.0450513}  0.0537118}  0.0469414}  0.0503316}  0.04453{2}
A 0.11635151  0.13215(7}  0.10675(3}  0.10237{1}  0.13576(8}  0.11462{4} 0.11729{6} 0.10337{2}
Y Ranks 3015} 4217} 1212} 1212} 4818} 2414} 3616} 1212}
350  |BIAS| ) 0.1436513)  0.16163(7}  0.13133{1}  0.1346713}  0.1627118}  0.142291%}  0.15007{6}  0.13357{2}
A 02601616} 0.29563{7}  0.23584{3} 0.22725{(1} 0301148} 0.25688{4} 0.25873{5} 0.23506{2}
MSE 5 0.033275}  0.04177(7}  0.02804{2}  0.02876{3} 0.0426118} 0.03259{4} 0.03626{6} 0.02789{1}
A 0.1108716}  0.14275(7}  0.09219{3} 0.08504{1} 0.15033{8} 0.10750{4} 0.10999{5}  0.08680{2
MRE 5 0.0359115}  0.0404117}  0.03283{1}  0.0336713}  0.04068(8} 0.03557{4} 0.03752{6} 0.03339{2}
A 0.0867216}  0.00854{7}  0.0786113} 0.07575{1}  0.10038{8} 0.08563{4} 0.08624(5} 0.07835{2}
Y Ranks 33155} 4217} 13{3} 12{2} 4818} 2414} 33155} 111}
Table 9. Partial and overall ranks of the classical estimation methods for several parametric values.
Al n WLSE OLSE MLE MPSE CVME ADE RADE PCE
30 5 6 3 1 7 2 4 8
80 5 6 1.5 1.5 7 3 4 8
(6 = 0.45,A = 0.50) 120 5 6 1.5 1.5 7 3 4 8
200 5 6 1.5 1.5 7 3 4 8
350 5 6 1.5 1.5 7 3 4 8
30 5 7 3 1 8 2 4 6
80 5 6 2 1 8 3 4 7
(6 = 0.45,A = 1.00) 120 5 6 1.5 1.5 7 3 4 8
200 5 6 1.5 1.5 7 3 4 8
350 5 6 1 2 7 3 4 8
30 5 7 3 1 8 2 4 6
80 45 6 2 1 8 3 45 7
(6 =0.45,A = 1.75) 120 45 6 2 1 7.5 3 45 7.5
200 5 6 1.5 1.5 7.5 3 4 7.5
350 5 6 1.5 1.5 7.5 3 4 7.5
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Table 9. Cont.
a7 n WLSE OLSE MLE MPSE CVME ADE RADE PCE
30 4.5 6 3 1 7 2 4.5 8
80 4 6 2 1 7 3 5 8
((5 =045\ = 3.00) 120 4 6 1.5 15 7 3 5 8
200 4.5 6 15 1.5 7 3 45 8
350 4.5 6 15 15 7 3 4.5 8
30 5 6 3.5 1 8 2 35 7
80 5 6 2 1 7 3 4 8
(5 =075\ = 0.50) 120 5 6 15 1.5 7 3 4 8
200 5 6 1.5 15 7 3 4 8
350 5 6 15 15 7 3 4 8
30 5.5 7 3 1 8 2 4 5.5
80 5.5 7 2 1 8 3 4 5.5
((5 =075\ = 1.00) 120 5 7 2 1 8 3 5 5
200 5 7 2 1 8 3 4 6
350 5 7 15 15 8 3 4 6
30 5 7 3 1 8 2 4 6
80 4.5 6 2 1 8 3 4.5 7
((5 =075\ = 1.75) 120 4.5 6 15 1.5 8 3 45 7
200 4.5 6 15 15 8 3 4.5 7
350 4.5 6 15 1.5 7 3 4.5 8
30 5 6 3 1 8 2 4 7
80 4.5 6 1.5 15 7 3 4.5 8
(5 =075\ = 3.00) 120 4 6 15 15 7 3 5 8
200 4 6 15 1.5 7 3 5 8
350 4 6 1.5 1.5 7 3 5 8
30 6 7 4 1 8 2 5 3
80 6 7 2 1 8 3 5 4
(5 =150,A = 0.50) 120 5.5 7 2 1 8 3 4 5.5
200 55 7 2 1 8 3 4 5.5
350 5 7 1.5 1.5 8 3 4 6
30 6 7 3 1 8 2 5 4
80 5 7 2 1 8 3 5 5
(5 =150,A = 1.00) 120 5 7 2 1 8 3 5 5
200 5 7 1.5 1.5 8 3 4 6
350 5 7 1.5 15 8 3 4 6
30 5.5 7 3 1 8 2 5.5 4
80 4.5 7 15 15 8 3 45 6
((5 =150,A = 1.75) 120 4.5 7 15 1.5 8 3 4.5 6
200 4.5 6 15 15 8 3 45 7
350 5 6 1.5 15 8 3 4 7
30 5.5 7 3 1 8 2 5.5 4
80 4 6.5 2 1 8 3 5 6.5
((5 =150,A = 3.00) 120 4 6.5 1.5 1.5 8 3 5 6.5
200 4 6 1.5 15 8 3 5 7
350 4 6 1.5 15 8 3 5 7
30 5 7 5 2 8 3 5 1
80 6 7 3 2 8 4 5 1
(6 =4.00,A = 0.50) 120 6 7 3 2 8 4 5 1
200 6 7 2 2 8 4 5 2
350 6 7 2 1 8 4 5 3
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Table 9. Cont.

97 n WLSE OLSE MLE MPSE CVME ADE RADE PCE
30 6 7 4 1 8 3 5 2
80 6 7 3 1.5 8 4 5 15
(6 =4.00,A =1.00) 120 55 7 2 3 8 4 55 1
200 6 7 1 2 8 4 5 3
350 6 7 1 2 8 4 5 3
30 6 7 4 2 8 3 5 1
80 5.5 7 3 2 8 4 55 1
(6 =4.00,A =1.75) 120 55 7 2.5 2.5 8 4 55 1
200 6 7 2 3 8 4 5 1
350 5.5 7 2 3 8 4 5.5 1
30 5.5 7 4 1.5 8 3 55 15
80 5 7 3 2 8 4 6 1
(6 =4.00,A =3.00) 120 5.5 7 3 2 8 4 55 1
200 5 7 2 2 8 4 6 2
350 5.5 7 3 2 8 4 5.5 1
Y Ranks 404 523 171 117.5 616.5 244 369.5 434.5
Overall Rank 5 7 2 1 8 3 i | 6
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Figure 3. The heatmaps of the simulated biases, MSE and MRE of the eight simulation methods for
6 =0.45and A = 1.00.
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Figure 4. The heatmaps of the simulated biases, MSE and MRE of the eight simulation methods for

0 =0.75and A = 1.00.
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Figure 5. The heatmaps of the simulated biases, MSE and MRE, of the eight simulation methods for

6 =150and A = 1.75.
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Figure 6. The heatmaps of the simulated biases, MSE and MRE, of the eight simulation methods for

6 =4.00and A = 1.75.

5. Data Modeling

In this section, we carry out the practical evaluation of the WS-Weibull model. This
fact is shown by choosing two data sets from the engineering sector. Both the data sets
represent the failure times of the electronic components.
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Using the failure time data sets, we compare the results of the WS-Weibull model with
three other different well-known variants of the Weibull model. These models are given
by the (i) exponentiated Weibull (for short “E-Weibull”), distribution, (ii) new exponential
cosine Weibull (for short “NEC-Weibull”) distribution, and (iii) logarithmic Weibull (for
short “L-Weibull”) distribution. The CDFs of the above-competing probability modes are
expressed, respectively, by

5\ O
G(x;0,8) = (1—e*M") . x>0,0>0,

G<x;ﬁ,0>:1COS(ZL_l@_i;;ZM‘S])' x>0,>0,

and

¢ (1 — e’)‘xd)
¢ —log [1 — A

G(x;a,¢9,8)=1— (1— }) , x>0,a,¢>0.

The comparison of the WS-Weibull, E-Weibull, NEC-Weibull, and L-Weibull distribu-
tions is made using four different selection criteria. The selection criteria are chosen with
the aim of figuring out the most suitable model for the failure time data set. The selection
criteria are given by

*  Akaike information criterion:
The Akaike information criterion (AIC) is a useful method for evaluating how close/well
a model fits the given data. It provides estimates of the relative amount of information
lost by a given probability model. Therefore, a model that loses less information is a
mark of the best fitting. It is calculated as

2k — 24.

e  Consistent Akaike information criterion:
The consistent Akaike information criterion (CAIC) is another useful tool for compar-
ing the quality of the model fitting. It is obtained as

2nk

P ] —24.

*  Bayesian information criterion:
The Bayesian information criterion (BIC) is another statistical criterion for choosing
the best model among a set of competing models. Generally, a model with lower BIC
is preferred. The value of the BIC is obtained as

klog(n) — 2¢.

. Hannan Quinn information criterion:
Another model-fitting criterion is the Hannan-Quinn information criterion (HQIC). It
also measures the goodness of fit of a given probability model. The HQIC is obtained as

2klogllog(n)] — 2¢.

The numerical values of the above selection criteria are computed with the help of
computer software called R-package using the BFGS method.
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5.1. Data 1

The first data set has fifty observations and represents the failure times of 50 (in weeks)
components. These data were originally reported by [28]. Later on, numerous authors
analyzed this data set; see [29-31].

Corresponding to the first failure times data, some basic description measures are skew-
ness = 2.306048, kurtosis = 9.408282, range = 48.092, minimum = 0.013, maximum = 48.105,
mean = 7.821, median = 5.320, variance = 84.75597, standard deviation = 9.2063, 1st quartile
=1.390, and 3rd quartile = 10.043; the size of the data, say #, is 50. A visual description of
the first failure times data set is presented in Figure 7.

Histogram Kernel density Violin plot
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Figure 7. Visual description of the first failure times data set.

After analyzing the first data set, the values of Smre, AMLE, OMLE, AMLE, and 3 MLE are
presented in Table 10. A visual display of the profiles of the LLF of 8y, r and Ay £ of the
WS-Weibull distribution is presented in Figure 8. The plots in Figure 8 reveal a unique
solution of the MLEs of the WS-Weibull distribution.

Table 10. Using the first failure times data, the values of Syvre, AMLE, OMLE, PmLE, &MmLE, and BMLE
of the fitted distributions.

Models SMmLE AmLE OmLe PMLE &MLE BumLE
WS-Weibull 0.84861 0.06628 - - - -
E-Weibull 0.32947 1.39376 5.28710 - - -
L-Weibull 0.55268 0.55492 - 0.48751 1.22066 -

NEC-Weibull 0.42927 1.03216 - - - 2.96768
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Figure 8. The profiles of the LLF of Sypie and Ay p of WS-Weibull using the first failure times data.

Table 11 provides the values of the selection criteria of the WS-Weibull and other
competing probability models. From the numerical description of fitted models in Table 11,
it can be observed that the WS-Weibull is the best probability model for analyzing the
failure data set. The second-best suitable model is the L-Weibull distribution. Whereas,
the third-best model is the NEC-Weibull distribution.

After the numerical comparison of the WS-Weibull distribution and other variants
of the Weibull distribution presented in Table 11, we also provide a visual illustration
of the WS-Weibull distribution. For the visual comparison using the first failure times
data, we select the plots of the fitted CDF, SF, PDF, quantile-quantile (QQ), and probability-
probability (PP); see Figure 9. The visual description in Figure 9 reveals that the WS-Weibull
distribution closely follows the first failure times data.

Table 11. For the first failure times data, the values of selection criteria of the competing distributions.

Models AIC CAIC BIC HQIC
WS-Weibull 306.28000 306.53530 310.10400 307.73620
E-Weibull 315.68840 316.21010 321.42440 317.87270
L-Weibull 309.23860 310.12750 316.88670 312.15110
NEC-Weibull 310.05400 310.57570 315.79000 312.23830
z- jL e e e
R 2 e

5 g \ 5 24 g 29\

Eall N\ !, BN
° \
§ i TS e ] I =

Figure 9. Cont.
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Figure 9. A visual illustration of the WS-Weibull distribution using the first failure times data.

5.2. Data 2

The second failure times data set also consists of fifty observations and represents
the failure times of 50 (per 1000 h) components. These data were also originally reported
by [28].

Linked to the second failure times data, the basic description measures are given by
skewness = 1.416739, kurtosis = 4.084622, range = 15.044, minimum = 0.0360, maximum =
15.0800 mean = 3.3430, median = 1.4140, variance = 17.48477, standard deviation = 4.181479,
1st quartile = 0.2075, 3rd quartile = 4.4988, and n = 50. A visual description of the second
failure time data set is provided in Figure 10.

Histogram Kernel density Violin plot
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Figure 10. Visual description of the second failure times data set.

Corresponding to the second failure times data set, the numerical values of the MLEs
(6mrLE, AMLE, OMLE, &mLE, BrLE) are presented in Table 12. Furthermore, a visual display of
the profiles of the LLF of Smre and Ay g of the WS-Weibull model is provided in Figure 11.
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The plots of the profiles of the LLF in Figure 11 confirm a unique solution of dys; ¢ and
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Figure 11. The profiles of the LLF of Smre and Ay g of WS-Weibull using the second failure
times data.

Corresponding to the second failure times data, the values of the selection criteria
of the WS-Weibull and other competing probability models are presented in Table 13.
From Table 13, again, it can be observed that the WS-Weibull is the best probability model
for analyzing the engineering data set.

In addition to the numerical comparison of the WS-Weibull distribution and other
variants of the Weibull distribution, we show the performances of the WS-Weibull distribu-
tion visually. For the visual illustration of the WS-Weibull distribution, again we plotted
the empirical CDF, SE, PDF, QQ , and PP; see Figure 12. Based on the visual description of
the WS-Weibull distribution in Figure 12, we can observe that the WS-Weibull distribution
closely fits the second failure times data.

Table 12. Using the second failure times data, the values of S, AMLE, OMLE, AmLE, &g, and BMLE
of the fitted distributions.

Models SMLE AmLE OmLE PMLE &MLE BmLE
WS-Weibull 0.69934 0.18176 - - - -
E-Weibull 0.53984 0.76136 1.37903 - - -
L-Weibull 0.10962 0.64226 - 5.09788 8.88077 -
NEC-Weibull 0.52723 0.57884 - - - 0.69887

Table 13. For the second failure time data, the values of selection criteria of the competing distributions.

Models AIC CAIC BIC HQIC

WS-Weibull 208.60920 209.86460 213.43330 211.06550
E-Weibull 210.90750 211.42920 216.64350 213.09180
L-Weibull 212.46140 213.35030 220.10950 215.37390

NEC-Weibull 210.69880 211.22050 216.43490 212.88310
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Figure 12. A visual illustration of the WS-Weibull distribution using the second failure times data.

6. Concluding Remarks

In recent times, the introduction of new families of distributions by using the trigono-
metric function has received great attention, especially thanks to the distributional flexibility
in terms of modeling a wide variety of real data in applied sectors. In this study, we explore
a new natural combination of sine-G and WT-X approaches. This combination led to a
new method for generating new probability models named a weighted sine-G method.
Thanks to the weighted sine-G method, it increases the distributional flexibility of the
existing models without adding any new parameters. Certain distributional properties of
the WS-G distributions are obtained. Based on the WS-G method, a new probability model,
called the weighted sine-Weibull distribution, was studied. Eight different methods were
implemented to estimate the parameters of the WS-Weibull distribution. After presenting
distributional properties and simulation studies, we checked the practical ability of the WS-
Weibull distribution by considering two engineering data sets. The practical applications
demonstrate that the WS-Weibull distribution outperforms some well-established variants
of the Weibull distribution.
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