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Abstract: The cogging torque reduction methods in permanent magnet (PM) machines are more or
less FEA trial and error-based and cause undesirable side effects, such as distorted back EMF, new
harmonic components, and structure asymmetry. A slot-opening grouping method can address these
issues. However, it needs to model all slots in FEA design validation during practical cogging torque
optimization iterations, and also leads to back-EMF reduction. In this paper, a new grouping strategy,
termed in-phase unit (IPU), is introduced, together with the slot-opening angle-shift method. The
slot openings with the same cogging torque distribution pattern are grouped into an IPU, and the
cogging torque peaks of the slot openings within an IPU can now be interleaved. Thereby, the major
harmonic components of the cogging torque are cancelled out, instead of being summed up. The IPU
grouping principle, the slot-opening shift angle computation, and the selection of the harmonic order
to cancel are analyzed in detail. By comparison, the proposed method not only simplifies cogging
torque optimization iterations by only modeling the slots in one IPU in FEA, but also compensates
for the back-EMF constant reduction. The effectiveness of the proposed methods is validated by two
typical interior PM machine design cases.

Keywords: cogging torque; in-phase unit; slot-opening shift; finite element analysis; interior permanent
magnet machine

MSC: 18B20

1. Introduction

As permanent magnet (PM) machines exhibit high torque density and high effi-
ciency [1,2], they have been widely employed in various electric drive systems [3–5].
Among many challenges in PM machine design, the reduction of motor torque ripple [6] is
of high popularity. A major contributor to PM torque ripples is the cogging torque, which
results in undesired vibration and acoustic noise, and affects control accuracy [7].

Compared with a surface-mounted PM (SPM) machine, the interior PM (IPM) machine
has higher cogging torque due to the salient rotor structures [8]. Additionally, magnetic
saturation has a great influence on torque ripple and machine drive performance [9]. Both
finite-element analysis (FEA) and analytical technique [3,4,6,8–12] are used for the cogging
torque prediction and optimization design processes. In each iteration of the optimization,
the cogging torque is first predicted by the analytical method, and then the reduction
schemes are applied under the analytical model, and finally the time-consuming FEA is
performed for further validation.

Recently, numerous cogging torque reduction methods have been proposed. These
methods can be mostly classified into two categories. The first category is rotor-side opti-
mization. Caruso et al. [13,14] proposed a simple cogging torque minimization procedure
for IPM machines by changing the rotor lamination geometry. The proposed method was
essentially similar to the PM-chamfering method in SPM machines, and the main idea
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of both was to reduce cogging torque by changing the air gap permeance. However, the
mechanism of cogging torque reduction was not explained and the optimal angle between
the lamination openings and the neutral axis could not be computed quickly. Ren et al. [15]
adopted an asymmetrical V-type rotor structure for IPM machines, based on the Taguchi
method. However, the proposed structure led to a lower back-EMF amplitude and a sig-
nificant phase shift of flux density. Wan et al. [16] and Kang et al. [17] proposed auxiliary
slots on the rotor to reduce IPM cogging torque. Nevertheless, the optimized values of
auxiliary slot parameters were entirely dependent on the time-consuming FEA iterations.
Breton et al. [3] introduced the PM asymmetric distribution on cogging torque reduction.
However, this method introduced new harmonic components. Gao et al. [18] proposed a
method of shifting the magnets. However, the back-EMF amplitude and average torque
were reduced, and the back-EMF waveforms also possessed a phase shift. Dosiek et al. [19]
proposed a combined method of magnet shift and pole-arc optimization, in which each
magnet was to be shifted relative to the adjacent magnets. Despite the effectiveness of this
method, it returned the machine asymmetrical rotor structure, which led to mechanical
vibration and back-EMF reduction.

The second category of cogging torque reduction methods is stator-side optimization.
Zhao et al. [20] introduced a stepped slot-opening shift method with the aim to eliminate
the IPM cogging torque. The method is similar to slot skewing, which maintains back-EMF
symmetry while reducing its amplitude. Furthermore, the method has practical limitations
when the stack length is relatively short. Hwang et al. [21,22] proposed a tooth-pairing
method based on the energy perspective. However, only the fundamental frequency com-
ponent of cogging torque was eliminated and the higher harmonics remained. In addition,
the cogging torque would even increase for specific tooth widths. Abbaszadeh et al. [23]
obtained the optimal slot-opening shift angle for cogging torque reduction based on the
response surface method. However, the method can only be applied to PM machines with
an integral number of slots per pole. It is also not straightforward to compute the optimum
shift angle. Wang et al. [7] investigated the uneven tooth distribution option to reduce SPM
cogging torque. However, the three-phase back EMF became slightly distorted.

The cogging torque reduction methods in permanent magnet machine design are
more or less FEA trial and error-based and cause undesirable side effects, such as distorted
back EMF, new harmonic components, and structure asymmetry. A slot-opening grouping
method [24] by Liu et al. addresses these issues. A few adjacent slot openings are divided
into a group. All of the slot openings in one group are shifted relative to the other groups in
order to eliminate specific cogging torque harmonics. However, it needs to model all slots
in FEA validation during the practical cogging torque optimization iterations. In addition,
the fundamental frequency amplitude of back EMF and average electromagnetic torque
were reduced based on the method.

In this paper, a new grouping strategy, termed in-phase unit (IPU), is introduced,
together with the slot-opening angle-shift method. By comparison, the proposed method
not only solves the stator asymmetry issue, as with the existing slot-opening grouping
method, but also simplifies the cogging torque optimization iterations, since it only needs
to model the slots in one IPU in FEA design validation. In addition, the proposed method
is applicable for both PM machines (IPM or SPM machines) with fractional and integral
numbers of slots per pole.

In Section 2.1, the IPU concept is proposed, and the slot openings with the same
pattern of cogging torque distribution around the circumference are grouped into an IPU.
Subsequently, in Section 2.2, the slot openings within an IPU are shifted with the proposed
shift angle derivation method, so that the major cogging torque harmonics of each IPU
are cancelled out, instead of being summed up. In Section 2.3, it is derived that some
orders of cogging torque harmonics of all the IPUs are inherently cancelled out, while the
other orders of harmonics are added up when all IPUs’ cogging torques are summed up.
Therefore, these harmonic orders are screened as the ones to cancel by the proposed slot-
opening angles shifting in each IPU. In Section 2.4, the complete process of cogging torque
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reduction is introduced, where the pole-arc coefficient optimization-based pre-process and
post-process steps are introduced before and after the IPU slot-opening shift. Therefore,
back-EMF reduction caused by IPU slot-opening shift is well compensated. In Section 3,
the effectiveness of the proposed method is validated numerically using two interior PM
machine design cases. Notably, only slot openings of one IPU are needed in FEA to validate
the cogging torque reduction in design iterations. Section 4 concludes the paper.

2. The Proposed IPU-Based Slot-Opening Shift Method
2.1. The Introduction of IPU

In PM machines, the cogging torque generated from a single-stator slot opening could
be expressed as

Tss(α) =
∞

∑
n=1

Tss_n sin(2p · n · α) (1)

where n is the harmonic order, Tss(α) is the cogging torque generated by a single slot
opening, Tss_n is the Fourier expansion coefficient of Tss(α), p is the pole-pair number, and
α is the relative angle between the stator slot opening and the rotor.

As for the cogging torque distribution of the adjacent slot opening, there is a phase an-
gle offset from (1), so that the cogging torque for any slot opening indexed by i (1 ≤ i ≤ Ns)
can be expressed by

Tss_i(α, i) =
∞

∑
n=1

Tss_n sin{2p · n · [α + 2π · (i− 1)/Ns]} (2)

where Tss_i(α, i) is the cogging torque generated by the ith slot opening, and Ns is the slot
number.

By defining Nc as the least common multiple among 2p and Ns, κ = Nc/Ns and
λ = Nc/2p, where both κ and λ are prime numbers for each other. Equation (2) could be
rewritten as

Tss_i(α, i) =
∞

∑
n=1

Tss_n sin{n · [2p · α + 2π · (i− 1) · κ/λ]} (3)

From (3), the phase angle ∆ϕ between the ith and (i + j)th slot openings can be
expressed as

∆ϕ(j) =
2π · j · κ

λ
(4)

Observed from (4), ∆ϕ(j) is an integral multiple of 2π only when j is an integral
multiple of λ. It indicates that the stator slot openings with λ slot pitches apart have the
same cogging torque distribution pattern, i.e., the harmonic components of the patterns are
all in phase. As discussed in the Introduction, the first category of cogging torque reduction
methods is on the rotor side, where magnets can be shifted [18], or magnet spans (pole-arc)
can be changed [19]. Since our proposed shift method is of the first category, only the stator
slot openings are to be shifted here.

The prior discussion can be illustrated with an 8-pole, 12-slot machine, as in Figure 1,
where the cogging torque of each stator slot opening is shown in Figure 2. It is determined
that the cogging torque distribution of the slots 1, 4, 7, and 10 are in phase. It is hence
proposed that these stator slots are defined as an in-phase unit (IPU). Two more IPUs exist
for this machine, i.e., IPU2 with the slots 2, 5, 8, and 11, and IPU3 with the slots 3, 6, 9,
and 12.
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Figure 2. The cogging torque generated by each stator slot opening of an 8-pole, 12-slot machine.

As shown in Figures 1 and 2, the cogging torque spatial distribution of the slot
openings in different IPUs only differs by angle offset.

2.2. The Proposed IPU Slot-Opening Shift

As discussed above, all the slot openings within an IPU have the same overlapped
pattern of cogging torque spatial distribution around the circumference. It is proposed
here that the cogging torque peaks of the slot openings within an IPU are to be interleaved.
More specifically, the harmonics of the cogging torque can be cancelled out, instead of
being summed up. Basically, the slot openings within an IPU are to be grouped up in some
way that would shift their angles to cancel out a specific order of harmonic. Multiple orders
of harmonics are to be cancelled out, with multiple iterations of grouping and shifting.

First, as illustrated in Figure 3, the number of slot openings in an IPU (η) is to be
factored out as

η =
x

∏
υ=1

fυ (5)
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where each factor must be a prime number. The factor x indicates the number of iterations
of the slot-opening shift. In each iteration, the slot openings of an IPU are to be grouped up
and shifted in order to cancel out one harmonic in the cogging torque.
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Additionally, as illustrated in Figure 3, each factor indicates the number of basic units
in each group for one iteration. In the first iteration, the basic units are the slot openings
in an IPU, these units are grouped up with the adjacent ones along the sequence, and the
number of units in a group is the factor f 1. Each unit within a group is to be shifted by a
certain angle to cancel out one order of harmonic in the total IPU cogging torque. In the
second iteration, each group in the preceding iteration becomes a basic unit for the second
round of grouping. Again, the adjacent units are grouped up, and the number of units in
each group in the second iteration is factor f 2. Each unit (with corresponding slot openings)
within a group is to be shifted by a certain angle to cancel out the next order of harmonic in
the total IPU cogging torque. The iterations are performed x times.

Taking a 6P48S motor as an example, each IPU has six slot openings, so it will be
factored out as two and three. The first iteration uses the groups of two units (slot openings),
and the second iteration uses the groups of three units. As for the example of a 12P36S
motor, each IPU has 12 slot openings, so it will be factored out as 2, 2 and 3. There will be
three iterations.

In the first iteration, one specific order of harmonic is eliminated by incrementally
shifting the slot openings in a group. Additionally, note that these slot openings should all
have the same initial angle. Therefore, the nth harmonic expression of the cogging torque
of the group is established in (6) with the unknown shift angle, which is then solved by
setting (6) as zero.

TIPU_group
cog_n(α, n) = Tss_n ·

f1

∑
i=1

sin[2p · n · (α + i · θshift_n)] (6)

where the cogging torque harmonic expression of a few single slot openings within a group
of the IPU are summed up.

Equation (6) can be transformed into
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TIPU_group
cog_n(α, n) = Tss_n ·

f1

∑
i=1

sin(2p · n · θshift_n · i + 2p · n · α)

= Tss_n ·
f1

∑
i=1

[sin(2p · n · θshift_n · i) · cos(2p · n · α) + cos(2p · n · θshift_n · i) · sin(2p · n · α)]

= Tss_n ·
[

cos(2p · n · α) ·
f1

∑
i=1

sin(2p · n · θshift_n · i) + sin(2p · n · α) ·
f1

∑
i=1

cos(2p · n · θshift_n · i)
] (7)

To simplify the summing up expression, the following mathematical relations are needed.
B
∑

i=1
sin(A · i) = sin(B·A/2)·sin[(B+1)·A/2]

sin(A/2)

B
∑

i=1
cos(A · i) = sin(B·A/2)·cos[(B+1)·A/2]

sin(A/2)

(8)

When A and B in (8) are substituted with 2p · n · θshift_n and f1 terms in (7), Equation (7)
can be rewritten as

TIPU_group
cog_n(α, n) = Tss_n ·

{
cos(2p · n · α) · sin(p·n·θshift_n · f1)·sin[p·n·θshift_n ·( f1+1)]

sin(p·n·θshift_n)

+ sin(2p · n · α) · sin(p·n·θshift_n · f1)·cos[p·n·θshift_n ·( f1+1)]
sin(p·n·θshift_n)

}
= Tss_n · sin(p·n·θshift_n · f1)

sin(p·n·θshift_n)
sin
[
2p · n ·

(
α + f1+1

2 · θshift_n

)] (9)

Therefore, by setting (9) as zero, i.e., the specific order of harmonics of the cogging
torque of a group of slot openings in an IPU is cancelled out, the shift angle can be solved as

θshift_n =
π

p · n · f1
(10)

In the second iteration, a new order of harmonic is to be cancelled out. Even though
the slot openings of each unit in the second-round group have f 1 different angles (increment
step of θshift_n), the other units also have slot openings with the same set of different angles.
Therefore, in the second iteration, a group has f 2 units, each unit has one slot opening
with the same angle as one slot opening in the other units, so that there will be f 2 slot
openings with the same angle. Thereafter, if the units are shifted to cancel out a new order
of harmonic, the shift angle (incremental step) can be similarly obtained with the derivation
in (6)–(9), and the same Equation (10) applies for subsequent iterations.

The sequence of the units within a group should be assigned with a shift angle with
an increment step of θshift_n, starting from the first one in the sequence. However, in each
iteration, the number of units in each group (f1, f2 . . . or f x) can be either two, or another
prime number. Therefore, there are two different ways of shifting angle assignments along
the unit sequence within a group.

In the case of a group of two, two adjacent units are paired up and the slot-opening
shift angle is set as ±θshift_n/2.

In the case of the other prime numbers k (such as three, five, seven, etc.), the shift angle
assignment is different. Taking three units per group, for example, the shift angles of the
three adjacent units are −θshift_n, 0, and θshift_n, respectively. As for the case with k units per group, the
shift angles of the k units are −(k − 1) θshift_n/2 . . . , −θshift_n, 0, θshift_n, . . . (k−1) θshift_n/2,
respectively. Note that the shift angle of the unit in the middle of the sequence is zero, in
order to keep symmetry.

Note that the same set of shift angles for each slot opening of an IPU obtained in one
iteration is also applied to other IPUs. Obviously, all of the slot openings in the motor are
shifted in each iteration, so that the final shift angle of each slot opening is the sum of x shift
angles obtained in x iterations.
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2.3. Screening for the Right Harmonic Orders to Cancel

As discussed above, the number of harmonic orders to cancel is limited, since it is the
number of factors from the number of IPU slot-opening. Therefore, it is important to screen
for the harmonic orders to cancel. The cogging torque spatial distribution of different IPUs
differs by angle offsets. It is derived here that some orders of harmonics are inherently
cancelled out, while the other orders of harmonics are added up, when all IPUs’ cogging
torques are summed up. Therefore, these harmonic orders are the ones to cancel, by shifting
slot-opening angles in each IPU, as discussed in Section 2.2.

Based on the expression of the single-slot-opening cogging torque (3), any specific
order of harmonic in the cogging torque of an IPU is expressed as

TIPU_i
cog_n(α, n, i) = η · Tss_n · sin[2p · n · α + 2π · n · (i− 1) · κ/λ] (11)

Thereafter, any specific order of harmonic in the total motor cogging torque is ex-
pressed as

Tcog_n(α, n) =
λ

∑
i=1

TIPU_i
cog_n(α, n, i) =

λ

∑
i=1

η · Tss_n · sin[2p · n · α + 2π · n · (i− 1) · κ/λ] (12)

where the harmonic of each IPU cogging torque is summed up. To further simplify (12), it
is first expanded to

Tcog_n(α, n) =
λ

∑
i=1

η · Tss_n · sin
[(

2π · i · κ · n
λ

)
+

(
2p · n · α− 2π · n · κ

λ

)]
(13)

and further transformed trigonometrically as

Tcog_n(α, n) = η · Tss_n · cos
(
2p · n · α− 2π·n·κ

λ

)
·

λ

∑
i=1

[
sin
(
2π · κ · n

λ · i
)]

+η · Tss_n · sin
(
2p · n · α− 2π·n·κ

λ

)
·

λ

∑
i=1

[
cos
(
2π · κ · n

λ · i
)] (14)

When the ratio of n/λ is an integer, sin(2π · κ · n · i/λ) becomes zero, and cos(2π · κ ·
n · i/λ) becomes one. Therefore, (13) becomes

Tcog_n(α, n) = λ · η · Tss_n · sin(2p · n · α) (15)

When the ratio of n/λ is a non-integer, (13) needs to be further simplified according to
the following formula as

λ

∑
i=1

sin(A · i) = sin(λ·A/2)·sin[(λ+1)·A/2]
sin(A/2)

λ

∑
i=1

cos(A · i) = sin(λ·A/2)·cos[(λ+1)·A/2]
sin(A/2)

(16)

Therefore, (13) becomes

Tcog_n(α, n) = η · Tss_n ·
{

sin(πκn)·sin[πκn(λ+1)/λ]
sin(πκn/λ)

}
· cos

(
2p · n · α− 2π·n·κ

λ

)
+η · Tss_n ·

{
sin(πκn)·cos[πκn(λ+1)/λ]

sin(πκn/λ)

}
· sin

(
2p · n · α− 2π·n·κ

λ

) (17)

As both κ and λ are prime numbers, the sin(πκn/λ) term is non-zero, while the
sin(πκn) term is zero. Therefore, (13), or its derived (17) becomes zero when the ratio of
n/λ is a non-integer.

Tcog_n(α, n)= 0 (18)
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Therefore, only the harmonic orders of the IPU cogging torque Tcog_n(α, n) making
integer n/λ ratios are present in the total motor cogging torque, when the harmonic
amplitudes of all IPUs are added up. These harmonic orders are screened out as the ones
to be cancelled by multiple iterations of IPU slot-opening shifts, as in prior discussion. As
seen from (13), or its derived (17), when the harmonic orders make non-integer n/λ ratios,
these harmonics present in the IPU cogging torque will be inherently cancelled out in the
total motor cogging torque.

2.4. The Complete Cogging Torque Reduction Process

In the existing slot-opening grouping methods, the fundamental frequency ampli-
tude of back EMF was reduced. Therefore, this paper further discusses the leakage flux
by the proposed IPU slot-opening shift and the resulting back-EMF reduction, and fur-
ther proposes the pole-arc coefficient-optimizing steps before and after the IPU shift pro-
cess, as illustrated in Figure 4, so that the back-EMF amplitude remains unchanged in
practical design.
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2.4.1. Initial Pole-Arc Coefficient Optimization

Optimizing the pole-arc coefficient can reduce cogging torque during the machine
design. The equation used to obtain the optimal pole-arc coefficient for both SPMs and
IPMs [25] is

αp =
k + ν

Nsp
< 1, 0 < ν < 1 (19)

where αp is the pole-arc coefficient, k is an integer, ν is a parameter associated with min-
imizing cogging toque, and Nsp is the number of slots per pole. For a given k value, the
proper values of ν will be obtained by the FEA method [26]. Therefore, before our proposed
IPU shift method is applied, the pole-arc coefficient is first optimized in order to set up
a baseline.

2.4.2. Final Pole-Arc Coefficient Optimization

In previous studies of slot-opening shift methods, the resulting back-EMF reduction
mechanism is not analyzed. Herein, the mechanism is analyzed from the leakage flux
perspective and the pole-arc coefficient adjustment is then proposed in order to compensate
for the leakage flux.

Figure 5 shows the no-load flux distribution of the 8P12S IPM machine. It can be seen
that the flux distribution symmetry is well maintained using the proposed IPU slot-opening
shift method. However, obvious zigzag leakage fluxes on the stator teeth appear.
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the IPU slot-opening shift.

According to [27], the zigzag leakage flux is one of the main contributors to the
machine’s leakage fluxes. Since the back EMF is inversely proportional to the leakage factor,
the increase of leakage due to IPU slot-opening shift leads to slight reduction of the no-load
back EMF.

It is then proposed to increase the pole-arc coefficient to compensate for the back-EMF
reduction after the slot-opening shift. The actual values of the pole-arc coefficient will be
optimized again with FEA tools after applying the proposed IPU slot-opening shift.

3. Numerical Analysis Case Studies

The proposed method is validated numerically with finite element analysis. Both
8-pole, 12-slot (8P12S) and 10-pole, 12-slot (10P12S) IPMs are used as examples. The
parameters are summarized in Table 1. Note that these prototypes are the candidates
we designed for a compact-sized sedan car electric driving system. It has the same OD
(269.24 mm) and ID (161.9 mm) as a 2004 Toyota Prius traction motor, and similar output
peak torque is achieved as that of the 2004 Prius motor. The difference is that the 8P12S or
10P12S concentrated windings are used in our design (instead of the lap windings as used
in the Prius 8-pole, 48-slot motor), in order to simplify the manufacturing process (once
proven mass producible).

Table 1. Main design parameters of the selected machines.

Parameters 8P12S 10P12S

Outer diameter of stator (mm), D1 269.24 269.24
Inner diameter of stator (mm), Di1 161.9 161.9
Outer diameter of rotor (mm), D2 160.4 160.4
Inner diameter of rotor (mm), Di2 110.64 110.64
Machine active length (mm), Le f 83.82 83.82

Rated/peak power (kW) @1200 rpm, P 33/50 33/50
Rated/peak torque (Nm) with MTPA, T 264/400 264/400

Rated/peak current RMS vaule (A), I 127/212 127/212
Maximum speed (r/min), nr 6000 6000

Air-gap length (mm), δ 0.75 0.75
Magnet width (mm), ωm 19 14

Magnet thickness (mm), hm 6.48 6.48
Pole-arc coefficient, αp 0.67 0.58

Slot-opening coefficient, αs 0.19 0.09
Magnet remanence (T), Br 1.191 1.191

Magnet relative permeability, µr 1.03 1.03
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3.1. The Cogging Torque Reduction

The proposed IPU-based slot-opening shift method only needs to design the slot-
opening shift for one IPU. Subsequently, after FEA validation using only the slots in this
one IPU, the same set of slot-opening shift angles is applied to other IPUs.

Herein, taking IPU 1 of an 8P12S machine (λ = Nc/2p= 3, η = Ns/λ= 4) as an
example, the cogging torque harmonic selective elimination process is illustrated in Figure 6.
From (15), it can be obtained that the 8P12S motor has the third, sixth, and ninth cogging
torque harmonics cancelled out by the proposed slot-opening shift within an IPU, while
the other cogging torque harmonics that exist in each IPU will be inherently cancelled out
in the total motor cogging torque.
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By two iterations of slot-opening shift in IPU 1, the third and sixth cogging torque
harmonic can be minimized. The corresponding shift angles are computed by (10) as shown
in Figure 6.

In the first iteration, the third harmonic in the cogging torque is to be cancelled out.
The four slot openings are divided into two pairs (1 and 4, 7 and 10). The two slot openings
in a pair need to be shifted by (10), i.e., θshift_3 = π/(4 · 3 · 2) = 7.5◦. In order to maintain
symmetry, each slot opening is shifted in the opposite direction by θshift_3/2.

In the second iteration, the sixth harmonic in the cogging torque is to be cancelled out.
The shift angle is computed by (10) as θshift_6 = π/(4 · 6 · 2) = 3.75◦. The slot-opening pairs
(1 and 4) and (7 and 10) are to be paired up and shifted. In order to maintain symmetry,
each slot-opening pair is shifted in the opposite direction by θshift_6/2.

In order to validate the claim in this paper that the proposed IPU-based slot-opening
shift method only needs to model the slots in one IPU in FEA validation, Figure 7a,b
show the cogging torque FEA pattern the with FFT results of IPU 1 and the total motor,
respectively. In Figure 7a,b, the comparison among the original slot openings, one iteration
of shift, and two iterations of shift is made. It is noted that the FEA validation of an IPU, as
in Figure 7a, will return the cogging torque pattern-containing harmonics that would have
been inherently cancelled out in the total motor cogging torque, as in Figure 7b. Specifically,
the first and second harmonics, as in Figure 7a, are dominantly large, which explains the
fact that the cogging torque of one IPU is not too much smaller than that of the whole motor.
Therefore, these harmonic orders can be ignored in the FEA validation process.

Meanwhile, according to (15), the third, sixth, and ninth harmonics of each IPU in
Figure 7a are simply summed up in order to obtain the cogging torque harmonics of the
total motor. Meanwhile, the reduction of the third, sixth, and ninth harmonics are consistent
between the FFT results in Figure 7a,b, as these harmonics, in Figure 7b, are exactly 3 times
those in Figure 7a.

From the prior discussion, it is obvious that with the proposed method, one IPU is
sufficient for FEA validation of cogging torque reduction. Additionally, instead of making
observation on the cogging torque patterns of an IPU, only the FFT results of the harmonics
screened out by (15) are to be used to evaluate the cogging torque reduction.
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Figure 7. The cogging torque FEA pattern with FFT results: (a) the IPU1 and (b) the total motor.

Note that Figure 7b shows the FEA results of the cogging torques of all slots in
the motor. Herein, the third harmonic is reduced from 1.69 Nm to 0.16 Nm, and the
sixth harmonic is reduced from 1.16 Nm to 0.03 Nm. It is only for comparison purposes
here, however. With the IPU-based method, only slots in one IPU are needed during the
FEA validation process, as shown in Figure 7a.

For the 10P12S machine (λ = Nc/2p = 6, η = Ns/λ= 2), the desired shift angle can
be also be determined, and the values are shown in Figure 8. According to (10), the desired
shift angle is θshift_6 = π/(5 · 6 · 2) = 3◦. Herein, the second iteration is not available.
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3.2. Back-EMF Compensation

Obviously, for the 8P12S machine, the effectiveness of the cogging torque reduction is
also indirectly reflected by the THD of back EMF, which is reduced from 12.62% to 4.72%
after the second shift, as in Figure 9a,b. However, the fundamental frequency amplitude
of back EMF possesses a slight reduction. Subsequently, the back EMF is compensated
by increasing the pole-arc coefficient αp from 0.67 to 0.69. Note that the increase of the
pole-arc coefficient is achieved via changing the angle between V-type magnets, without
increasing the permanent magnet usage. Furthermore, as shown in Figure 9c, when the
pole-arc coefficient is optimized to compensate for the back-EMF reduction, the cogging
torque level remains nearly unchanged.
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torque after back-EMF compensation.

Similarly, the back-EMF compensation after the proposed slot-opening shift is also val-
idated in the 10P12S machine, as shown in Figure 10. Again, the slight back-EMF reduction
is well compensated by the pole-arc coefficient optimization, while this compensation does
not undermine the effect of the prior cogging torque reduction.
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4. Conclusions

In this paper, a new grouping strategy, termed in-phase unit (IPU), in PM machines
is introduced, together with the IPU slot-opening shift angle derivation and the selection
process of the harmonics to cancel in each IPU. Basically, the same cogging torque patterns
produced by the slot openings within an IPU are interleaved, so that the major harmonic
components contributing to the total cogging torque are cancelled out. It is further derived
and discovered that the harmonic orders of cogging torque between multiple IPUs are either
cancelled out or summed up, when all IPUs’ cogging torques are added up. Therefore, these
summed up harmonics are screened as the ones to cancel by the proposed slot-opening
shift within each IPU. Compared with the existing cogging torque reduction methods that
also retain the structure symmetry, the proposed method can realize simplified and rapid
FEA verification during cogging torque reduction design iterations, since it only models
the slots of one IPU; moreover, back-EMF reduction caused by the slot-opening shift can
also be well compensated and no extra harmonic or phase shift is introduced into the back
EMF. The proposed methods are validated by numeric analysis of two IPM machine design
cases. As an extra benefit, the proposed methods can be applied to SPM or IPM machines
with either fractional or integral numbers of slots per pole.
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