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Abstract: In multiquadratic radial basis function (MQ-RBF) interpolation, shape parameters have a
direct effect on the interpolation accuracy. The paper presents an MQ-RBF interpolation technique
with optimized shape parameters for estimating the parameters of sine wave signals. At first, we
assessed the impact of basic sinusoidal parameters on the MQ-RBF interpolation outcomes through
numerical experiments. The results indicated that the angular frequency of a sine wave is a crucial
determinant of the corresponding MQ-RBF interpolation shape parameters. A linear regression
method was then used to establish the optimal parameter selection formula for a single-frequency
sine wave, based on a large volume of experimental data. For multi-frequency sinusoidal signals,
appropriate interpolation shape parameters were selected using the random walk algorithm to create
datasets. These datasets were subsequently used to train several regression models, which were
then evaluated and compared. Based on its operational cost and prediction accuracy, the random
forest algorithm was chosen to establish the shape parameter selection model for multi-frequency
sinusoidal signals. The inclusion of the Bayesian optimizer resulted in a highly accurate model. The
establishment of this model enabled the adaptive selection of the corresponding shape parameters
for any sine wave signal, providing a convenient means of selecting MQ-RBF interpolation shape
parameters. Furthermore, the paper proposes an MQ-RBF interpolation subdivision least squares
method that significantly improves the estimation accuracy of sine wave parameters. The practicality
of the method was validated by successfully applying it in the calibration of the clock delay mismatch
of a time-interleaved analog-to-digital converter system.

Keywords: multiquadratic; radial basis function; shape parameters; random walk; sine wave; random
forest; least squares; time-interleaved analog-to-digital converter

MSC: 41A05; 65K10; 94A12

1. Introduction

Interpolating a set of ordered data points is the process of constructing a curve that
passes through these points. The quality of the interpolation results is directly impacted by
the selected interpolation basis function. According to Frank [1], among the 29 interpolation
methods tested using different datasets, the MQ-RBF interpolation method yielded the
highest accuracy. Numerous studies have demonstrated that the shape parameters of
the MQ-RBF significantly affect the interpolation accuracy [2–4]. Sinusoidal phenomena,
including vibration, swing, and fluctuation, are common in natural systems. Sinusoidal
waves can be applied in various technologies, such as frequency, amplitude, and phase
modulation in radio, television, communication, and navigation. In signal processing,
the estimation of sine parameters [5] is highly significant and useful, since numerous
problems can be simplified to sine problems. Currently, there is no comprehensive or
efficient technique to determine the appropriate shape parameters of the MQ-RBF for a
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specified sine wave. Therefore, establishing an MQ-RBF interpolation shape parameter
selection model for sine waves has significant scientific and practical significance.

In engineering design, curves are often necessary to approximate a series of real
objects that meet certain requirements. These ordered data points may contain errors
due to various factors, and the curves or surfaces reflecting the experimental data do not
necessarily need to pass through each point. Hence, a fitting method is used to approximate
these discrete points, with the least squares fitting method [6] being the most commonly
used approach. However, sometimes, it is necessary to use original data points as much
as possible, and the accuracy of the fitting calculation also needs to be high, at which
point the least squares method alone cannot meet these requirements. To address this
problem, we proposed a method of least squares sine curve fitting by increasing the data
volume through MQ-RBF interpolation. In this method, we adaptively selected shape
parameters for interpolation through the shape parameter selection model for sine waves,
which is constructed in this paper. From there, we obtained refined values according to
the processing requirements. Finally, we fit the refined values using least squares and
determined the sine wave parameters.

As digital signal processing speed continues to improve, modern communication
and radar systems require increasingly faster analog-to-digital conversion speeds. A
time-interleaved analog-to-digital converter (TIADC) system can effectively enhance the
conversion speed. However, process and device aging can result in a mismatch in clock
delay between adjacent channels, which distorts the output spectrum of the TIADC system
and reduces system resolution. Therefore, correcting the clock delay mismatch is essen-
tial [7]. Two methods are used to calibrate TIADC system outputs [8–11]. The first method
measures the error caused by the clock delay mismatch of the output points of each channel
of the TIADC system through test signals, then uses this error to calibrate the output sam-
pling points of the TIADC system. In contrast, the second method estimates the clock delay
of each channel first, then uses digital signal processing on the output data to calibrate the
system output. These methods have their own advantages and disadvantages: the former
does not require the measurement of the clock delay of each channel but takes hours to
generate the error table, while the latter has a shorter runtime but relies on the algorithm’s
convergence and accuracy. Consequently, accurately estimating the clock delay is essential
for the latter calibration method. In this paper, we propose a model-based method to
obtain an effective sinusoidal signal in the TIADC system output signal by applying our
proposed method to the multi-frequency sinusoidal fitting of the output data. We then
used the relationship between the system’s output spectrum and the effective sinusoidal
signal to determine the clock delay of each channel. Finally, to verify the effectiveness of
this approach, we conducted experimental simulations.

2. Selection of Shape Parameters in MQ-RBF Interpolation
2.1. MQ-RBF

MQ-RBF [12–14] is a radial basis function expressed as:

fk(x) =
√

(||x− xk||) 2 + c2 (1)

where c is a shape parameter and the nodes xk(k = 1, 2 . . . , N) are distinct. MQ-RBF
interpolation, defined as [15], MQ-RBF φ : R+ → R is used to obtain an interpolation

function with shape s(x) =
N
∑

k=1
ωkφ(‖x− xk‖) (ωk is interpolation coefficient) to conform

to conditions s(xk) = fk, k = 1, 2, . . . N, given a specific set of sample data {xk, fk}N
k=1 ∈

Rn ⊗ R.
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2.2. MQ-RBF Shape Parameters Chosen Using the Random Walk Algorithm

The following optimization problem can be used to represent the MQ-RBF shape
parameter selection:

Emax(c) = max
x∈(a,b)

|s(x, c)− f(x)| (2)


Find copt
minEmax(c)
s.t. i < 1000, θ< 10−8, ε < 10−9

c > 0

(3)

These parameters include the interpolation basis function s(x, c), the interpolation
primitive function f(x), the maximum error Emax(c), the required optimal shape parameter
copt, the number of walks i, the step control accuracy θ, and the error control accuracy ε.

The shape parameters of the MQ-RBF interpolation are selected through the random
walk algorithm, a global optimization technique [16]. The results of this algorithm selection
have been shown to significantly improve interpolation accuracy. Figure 1 presents a
flowchart of this algorithm.
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The algorithm to select optimal shape parameters (copt) follows these steps:
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Step 1: Specify i(i = 1, 2 . . . , M) as the number of walks, k(k = 1, 2 . . . , N) as the number
of current iterations, accuracy θ for step control, and accuracy ε for error control. Set k = 1
and the initial parameter c0.
Step 2: The initial step length is λ0 for the first walk. Each iteration generates a random
N-dimensional vector uik = (u1, · · · , uj, · · · , un), uik ∈ (−q, q), which is then standardized
to obtain uik

′ = uik√
n
∑

j=1
uj

2
, satisfying c1 = c0 + λ0u1k

′, · · · , ci = ci−1 + λuik
′ · · · .

Step 3: Calculate the value of Emax(ci):

(1) If condition Emax(ci) < Emax(ci−1) holds, it indicates that the ith step has been
successfully completed. Subsequently, we take parameter ci as a new initial value, initiate a
reset of parameter k to 1, and commence the subsequent walk. We repeat the walk process
until either Emax(c) < ε or i = M is met. This marks the termination of the algorithm.

(2) If condition Emax(ci) > Emax(ci−1) holds, it indicates that the current parameter
has not been improved. In the event that k < N holds, the algorithm returns to step 2 to
generate new random vectors (uik+1, uik+2, · · · , uiN−1) and continue the search. Conversely,
in the condition that no better parameter is discovered (k = N), the optimal parameter
(copt) is deemed to be within a sphere with center (ci−1) and a radius (λ). If λ < θ is met, the
algorithm is terminated; otherwise, the value of λ = λ0/2 is set, and the algorithm reverts
back to step 1 to initiate a new cycle of the search.

3. MQ-RBF Interpolation of Sine Waves
3.1. Basic Parameters of Sine Waves

The sine function is paramount in the fields of mathematics and engineering. When
dynamic concepts such as amplitude, angular frequency, phase, and offset are incorporated,
the sine function transforms from a fixed value to a wave. This wave is commonly referred
to as a sine wave or a sine curve in signal processing and can be expressed mathematically
as follows [17]:

y = A sin(ωt +ϕ) + B (4)

where A corresponds to the amplitude of the wave. If an object undergoes linear reciprocat-
ing motion with a trajectory conforming to a sine wave, A equals half the stroke. (ωt +ϕ)
represents the phase and reflects the state of the variable y, and ϕ indicates the initial phase
of t = 0. In practical applications, B denotes the offset and becomes unified with the DC
component (the amplitude of a wave with a frequency of 0). ω represents the angular
frequency, i.e., the number of vibrations per unit radian, and thereby controls the period of
the sine wave.

T = 2π/ω (5)

3.2. Influence of Sine Wave Basic Parameters on MQ-RBF Interpolation

In this section, four numerical experiments are illustrated to explore the effects of the
sine wave characteristics on MQ-RBF interpolation, represented by four parameters labeled
ϕ, B, A and ω. To fit the overall function and consider practical problems, we used one
period of the sine wave as the interval length of the independent variable value in these
experiments.

The MQ-RBF interpolates Function (6) by applying the algorithm flow outlined in
Section 2.2. The results are presented in Table 1, while Figure 2 showcases the interpolation
effect and the absolute error image of Function (6). The shape parameters selected by the
algorithm delivered a well-fitted effect.

y = sinπx (6)
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Table 1. Experimental results of Function (6).

A ω T ϕ B copt MaxError

1 π 2 0 0 0.54027 2.28× 10−7
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• Experiment 1: Changing ϕ.

We arbitrarily transformed ϕ in Function (7). The function was interpolated by the MQ
radial basis function, and its corresponding parameters were determined by our algorithm;
then, this process was repeated. Some experimental results are shown in Table 2. Figure 3
shows the changes in copt and MaxError with the change in ϕ. From the figure, it can be
seen that almost all points were concentrated on the same horizontal line, so ϕ had little
influence on the interpolation results.

y = sin(πx +ϕ) (7)
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Table 2. Partial results of Experiment 1.

ϕ copt MaxError

π/2 0.54215 2.22× 10−7

0.03104 0.54372 2.25× 10−7

−64.6768 0.54372 2.31× 10−7

934.308 0.54374 2.26× 10−7

0.01714 0.53808 2.29× 10−7

7.61477 0.54941 2.27× 10−7

−0.00829 0.54299 2.34× 10−7

−420.971 0.54425 2.29× 10−7

−8.32622 0.54828 2.26× 10−7

27.5818 0.54859 2.30× 10−7
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• Experiment 2: Changing B.

Function (6) was used to carry out MQ-RBF interpolation after adding B (Function (8)).
The relationship between B and copt, MaxError, is shown in Figure 4.

y = sin(πx) + B (8)
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According to Figure 4, based on the interpolation error of Experiment 1, with the
increase in B, the corresponding copt still had no obvious change, but the MaxError contin-
ued to increase. In the practical application of sine waves, B is also called “noise data”, so
making B as small as possible can improve the interpolation accuracy.

• Experiment 3: Changing A.
y = Asin(πx) (9)

For A ∈ [−10, 10], different A and corresponding copt and MaxError values were
determined by our algorithm. Some experimental results are shown in Table 3.

Table 3. Partial results of A ∈ [−10, 10].

A copt MaxError

−10 0.54277 2.27× 10−6

10 0.54220 2.27× 10−6

9.72498 0.54346 2.07× 10−6

8.65799 0.54750 1.91× 10−6

−7.38996 0.54001 1.57× 10−6

6.09465 0.54964 1.29× 10−6

−5.53881 0.54770 1.26× 10−6

4.57121 0.54895 1.07× 10−6

3.60134 0.54661 6.89× 10−7

−2.39507 0.54287 5.64× 10−7

According to Table 3, with the change in A, copt had no obvious change, but the
corresponding change in MaxError was substantial. In order to explore the influence of A
on interpolation accuracy, the amplitude range was amplified or reduced by 10 times, i.e.,
A ∈ [−100, 100] or A ∈ [−1, 1]. Some experimental data are presented in Table 4.

Table 4. Partial results of A ∈ [−100, 100] or A ∈ [−1, 1].

A copt MaxError

−100 0.54335 2.28× 10−5

1 0.54329 2.20× 10−7

98.5413 0.54132 2.08× 10−5

−89.7648 0.54179 1.99× 10−5

−74.0079 0.54297 1.83× 10−5

−69.0902 0.54270 1.47× 10−5

0.53377 0.54217 1.21× 10−7

0.40842 0.54905 1.16× 10−7

−0.36635 0.54351 6.03× 10−8

−0.21247 0.54329 5.28× 10−8

According to the experimental results, the interpolation error accuracy decreased or
increased by approximately one order of magnitude when the range of A was expanded
or contracted by a factor of 10. To ensure the correctness of the error analysis, we further
compared and verified the interpolation accuracy when expanding or reducing the range
by 100 times. Table 5 presents some experimental findings.

The verification indicated that the aforementioned conclusion was still true. Ac-
cording to Tables 3–5, the value of A had a significant impact on the interpolation error
accuracy but minimal impact on the value of the shape parameters. The MaxError changed
proportionately with |A|.
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Table 5. Partial results of A ∈ [−1000, 1000] or A ∈ [−0.1, 0.1].

A copt MaxError

−1000 0.54306 2.23× 10−4

0.1 0.54288 2.23× 10−8

993.922 0.54387 2.13× 10−4

839.581 0.54742 1.98× 10−4

−710.5849 0.54194 1.88× 10−4

674.022 0.54008 1.52× 10−4

0.05656 0.54846 1.49× 10−8

0.04163 0.54921 1.15× 10−8

0.03244 0.54245 6.95× 10−9

• Experiment 4: Changingω.

In order to explore the relationship between copt and T, the ω of Function (10)
was changed.

y = sin(ωx) (10)

Letω = π/k,ω = kπ(k = 2, . . . , 10), that is, compared with Function (6), T was expanded
or reduced k times. Some experimental results are shown in Tables 6 and 7.

Table 6. Partial results ofω = π/k(k = 2, . . . , 10).

ω T copt MaxError

π/2 4 1.08075 2.23× 10−7

π/3 6 1.62036 2.22× 10−7

π/4 8 2.16131 2.26× 10−7

π/5 10 2.70135 2.22× 10−7

π/6 12 3.24163 2.21× 10−7

π/7 14 3.78189 2.24× 10−7

π/8 16 4.32217 2.20× 10−7

π/9 18 4.86243 2.22× 10−7

π/10 20 5.40251 2.23× 10−7

Table 7. Partial results ofω = kπ(k = 2, . . . , 10).

ω T copt MaxError

2π 1 0.27014 2.23× 10−7

3π 2/3 0.18009 2.22× 10−7

4π 1/2 0.13506 2.25× 10−7

5π 2/5 0.10805 2.23× 10−7

6π 1/3 0.09004 2.20× 10−7

7π 2/7 0.07718 2.22× 10−7

8π 1/4 0.06753 2.24× 10−7

9π 2/9 0.06003 2.21× 10−7

10π 1/5 0.05403 2.22× 10−7

In Tables 6 and 7, the error results are basically consistent with those in Tables 1 and 2,
so the change in T had little influence on the interpolation accuracy. The T value was
proportional to the copt value. We enlarged or reduced T by 10 · k(k = 1, 2, . . . , 10) times to
continue verification, and some experimental results are shown in Tables 8 and 9.

From Tables 8 and 9, copt still changed in correspondence with the change in T, which
again verified the above conclusion.
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Table 8. Partial results ofω = π/10k(k = 2, . . . , 10).

ω T copt MaxError

π/20 40 10.8055 2.23× 10−7

π/30 60 16.2075 2.22× 10−7

π/40 80 21.6114 2.26× 10−7

π/50 100 27.0127 2.22× 10−7

π/60 120 34.4161 2.21× 10−7

π/70 140 37.8192 2.24× 10−7

π/80 160 43.2217 2.20× 10−7

π/90 180 48.6246 2.22× 10−7

π/100 200 54.0269 2.23× 10−7

Table 9. Partial results ofω = 10kπ(k = 2, . . . , 10).

ω T copt MaxError

20π 1/10 0.02701 2.24× 10−7

30π 1/15 0.01802 2.26× 10−7

40π 1/20 0.01351 2.22× 10−7

50π 1/25 0.01084 2.20× 10−7

60π 1/30 0.00904 2.20× 10−7

70π 1/35 0.00772 2.21× 10−7

80π 1/40 0.00675 2.22× 10−7

90π 1/45 0.00603 2.26× 10−7

100π 1/50 0.00541 2.28× 10−7

3.3. Shape Parameter Selection Model for Single-Frequency Sine Wave and Its Verification

From the numerical experiments in Section 3.2, it can be seen that the T of a single-
frequency sine wave is a factor that directly affects the copt, and they display a positive
correlation. The copt of any single-frequency sine wave was selected by the RW algorithm,
and the model (Equation (11)) was fitted by a linear regression method under a large
amount of data. Figure 5 is a schematic diagram of the linear model.

copt = 0.272619 · T + 0.1668 (11)
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For any single-frequency sine wave (see Table 10 for some test functions), Formula (11)
determines the shape parameters, which are then compared to results obtained directly by
our algorithm (refer to Table 11). From the experimental findings, it can be deduced that
the predicted shape parameters were precise.

Table 10. Test function.

No. Function

1 f(x) = 0.0478 sin(159.58x + 0.6578) + 0.6276
2 f(x) = −0.7024 sin(60.166x− 674.62) + 0.0050
3 f(x) = 7986.9 sin(29.568x− 0.7312) + 0.48157
4 f(x) = −8.4447 sin(7.0582x− 8667.2) + 0.91681
5 f(x) = 0.0047 sin(4.1222x− 0.0750) + 0.0022
6 f(x) = −953.89 sin(0.8483x + 0.0384) + 0.2979
7 f(x) = 0.0744 sin(0.5686x− 0.8661) + 0.0089
8 f(x) = 686.43 sin(0.0710x− 0.0095) + 0.78021
9 f(x) = 0.9193 sin(0.0277x + 5606.2) + 0.36172
10 f(x) = 4337.9 sin(0.0047x− 9263.1) + 0.4201
11 f(x) = 574.92 sin(0.00063x + 68.223) + 0.35844
12 f(x) = 0.6012 sin(0.0002x + 0.5863) + 0.026393

Table 11. Results of verification experiment.

No.
copt MaxError

Model Algorithm Model Algorithm

1 0.177533 0.176142 4.27× 10−6 4.27× 10−6

2 0.195270 0.193445 2.31× 10−7 2.31× 10−7

3 0.224731 0.223564 2.84× 10−3 2.83× 10−3

4 0.409484 0.417821 2.44× 10−5 2.43× 10−5

5 0.582334 0.582365 7.17× 10−9 7.17× 10−9

6 2.186033 2.187564 3.06× 10−7 3.06× 10−7

7 3.179314 3.278312 4.31× 10−8 4.30× 10−8

8 24.29237 24.78781 2.26× 10−2 2.26× 10−2

9 62.00492 61.98731 9.74× 10−5 9.74× 10−5

10 364.6165 365.8971 1.57× 10−3 1.59× 10−3

11 2719.081 2721.782 9.62× 10−3 9.61× 10−3

12 8564.745 8566.898 6.12× 10−5 6.10× 10−5

4. Shape Parameter Selection Model for Multi-Frequency Sinusoidal Signal
4.1. Shape Parameter Selection for Multi-Frequency Sinusoidal Signal

A multi-frequency sinusoidal signal [18] refers to a periodic signal that represents the
summation of various discrete frequency sinusoidal signals. Typically utilized to rapidly
test the frequency properties of linear systems, the multi-frequency sine signal can be
expressed mathematically as follows:

x(t) =
N

∑
k=1

Ak cos(ωkt + θk) (12)

where N is the number of harmonics contained in the signal, and Ak,ωk, θk are the am-
plitude, angular frequency, and initial phase of the kth harmonic, respectively. Through
experiments, combined with the exploration of the single-frequency sine wave signal in
Section 3.2, it was finally verified that theωk of the multi-frequency sine wave signal was
still a factor that directly affected the value of its shape parameters.

This section employs the random walk algorithm to select MQ-RBF interpolation
shape parameters for one million mixed sinusoidal signals with varying frequencies to
accumulate preliminary data. In this experiment, to fit all frequency characteristics of the
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signal, the independent variable values were taken from one period of the maximum period
(the lowest angular frequency).

Several test findings and their corresponding MQ-RBF interpolation effect diagrams
(refer to Figure 6) are presented below. It was apparent that the fitting effects of the
form parameters determined in this study remained excellent, even when there was the
superposition of numerous frequency signals.

• Two-frequency superposition signal:

y = −2.4516sin(1.7927πx)− 15.3975sin(17.8744πx)
copt = 0.03578, MaxError = 4.87× 10−5 (13)

• Three-frequency superposition signal:

y = 84.877 sin(0.00097πx)− 1.0142 sin(0.00371πx) + 3.8966 sin(0.11562πx)
copt = 4.6985, MaxError = 1.55× 10−4 (14)

• Four-frequency superposition signal:

y = 0.08092 sin(19.8758πx) + 0.9401 sin(46.6415πx) + 0.4338 cos(67.435πx)
+ 71.5436 sin(1031.146πx)

copt = 0.000142, MaxError = 6.69× 10−4
(15)

• Five-frequency superposition signal:

y = 571.54 sin(0.00000424πx) + 11.6523 sin(0.000098πx) + 204.79
sin(0.000056πx)− 1.121 sin(0.000092πx)− 57.2577 sin(0.00011πx)

copt = 4258.002, MaxError = 1.80× 10−4
(16)

• Six-frequency superposition signal:

y = 9.4471sin(0.00058πx) + 0.8724sin(0.00136πx) + 3.8422cos(0.01027πx)
−0.46931sin(0.00453πx)− 0.14899sin(0.14761πx)− 0.4148cos(0.02485πx)

copt = 14.3633, MaxError = 1.20× 10−4
(17)

4.2. Selection of Regression Model

Over one million multi-frequency sinusoidal signals and their corresponding shape pa-
rameters were segmented using the Pandas library in Python 3.10. Of these, 900,000 pieces
of data were chosen to form the training sets. Subsequently, the random forest (RF), multi-
ple linear regression (MLR), gated recurrent unit (GRU) networks, support vector machine
(SVM), and long short-term memory (LSTM) models were trained using the aforemen-
tioned sets [19–23]. The remaining 100,000 pieces of data were used to form the test set and
to compare and evaluate the effectiveness of the different models (refer to Table 12). The
evaluation indices primarily included training time, goodness of fit (R2), mean square error
(MSE), and mean absolute error (MAE).

Our experimental observations revealed that MLR had the poorest prediction accuracy
despite the shorter training time. This inadequacy could have resulted from a lack of a clear
linear relationship between the data. SVM exhibited limitations in managing large-scale
samples, with an average training time and prediction accuracy. On the other hand, with a
comparable training time, the random forest model had the highest accuracy in predicting
the shape parameters of multi-frequency sinusoidal signals compared to GRU and LSTM.
After a thorough comparison, we opted for the random forest model to undertake shape
parameter prediction.
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Table 12. Evaluation results of regression model.

Model Time (min) R2 MSE MAE

RF 2041 0.929578 0.348787 0.457872
LSTM 2092 0.832451 1.323724 2.876757
GRU 1982 0.807843 1.634312 2.487212
SVR 2781 0.738972 5.624245 7.997901
MLR 1867 0.658931 13.63112 16.89777

4.3. Bayesian Optimization-Based Random Forest Method to Construct Shape Parameter
Selection Model

Random forest (RF) [19] is an efficient ensemble learning algorithm grounded in
classification trees. It generates multiple independent decision trees by randomly selecting
training samples and feature subgroups, after which it consolidates the output of these
decision trees. In order to predict a new input, each decision tree is traversed, and the final
averaged results of all trees bestow the model with more dependable prediction capabilities.

Among the parameters of RF, n_estimators is the number of decision trees, and too
few decision trees easily lead to under-fitting. The more decision trees, the better the
algorithm effect, but the calculation time also increases. When the number of trees exceeds
a critical value, the effect of the algorithm is not significantly improved. Max_features is the
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maximum number of features, that is, the maximum number of features considered when
constructing the optimal model of the decision tree. The lower this value, the more the
variance decreases, but the more the deviation increases. Min_samples split is the minimum
number of samples that can be divided into nodes, and Max_depth is the maximum depth
of the decision tree. We needed to optimize the parameters of RF in order to obtain the
best parameters.

The optimization of machine learning hyperparameters can be carried out using a
range of techniques, including grid search, random search, and Bayesian optimization.
Bayesian optimization [24] is commonly utilized in parameter combination optimization
since it can produce superior results with fewer iterations than grid search or random
search and rapidly identify the best solution for hyperparameters.

The Bayesian optimization–random forest (BO-RF) algorithm confers several bene-
fits [25]. It is fast in processing; effective in handling large-scale datasets, such as those
used in this research; and robust to noise in datasets. In contrast to the conventional
machine learning approach, BO-RF is more practical in dealing with nonlinear data. It does
not encounter the multicollinearity problem that ordinary regression analysis faces. The
algorithm is suitable for high-dimensional feature vector space, with the benefits of a high
prediction accuracy, fast convergence rate, fewer modification parameters, and the efficient
avoidance of “over-fitting”.

The optimization of model parameters was carried out through Bayesian optimization,
while the model was trained using the five-fold cross-validation technique. The model
was fed with 589 decision trees, ensuring a maximum feature number of 0.703, a minimum
sample size of 1, a maximum depth of 84, a molecular radius of 1.0, and a molecular
fingerprint length of 128. Subsequently, the effectiveness of the model was tested using
the test set, and Table 13 shows the results of the tests. Without significantly increasing the
computational time, the model significantly reduced its MSE, MAE and R2 values. The
results indicated that the model possessed good generalization and resilience capabilities
as well as a high prediction accuracy. Furthermore, Figure 7 illustrates a line chart that
compares the predicted values with the actual values of some of the data. The chart
demonstrates that the fluctuations in the predicted values and the actual values were
virtually identical, indicating that the model’s fitting accuracy was good.

Table 13. Model accuracy evaluation results.

Model Evaluation Index Result

BO-RF

Time (min) 2144
R2 0.9684

MSE 0.1956826
MAE 0.38006
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5. Application of Model
5.1. MQ-RBF Interpolation Subdivision Least Squares Method
5.1.1. Parameter Estimation of Sine Signal

In signal processing, the estimation of sine parameters is highly significant and useful,
since numerous problems can be simplified to sine problems. Four critical parameters de-
termine a sine wave’s mathematical uniqueness, namely the amplitude, angular frequency,
phase, and DC offset. The estimation of sine parameters aims to determine these factors
accurately. Equation (18) is primarily utilized in sine fitting applications.

y(t) = A1 sin(2πft) + A2 cos(2πft) + B
= A sin(2πft +ϕ) + B

(18)

The data recording sequence is a sample y1, y2, . . . yn at the moment t1, t2, . . . tn. In the
actual signal problem, the signal sampling is usually uniform. When the rate v is known,
the sampling interval is ∆t, tk = k× ∆t = k/v, (k = 1, 2, . . . n), and the angular frequency
isω = 2πf/v, the formula can be changed into the following discrete form:

yk = A1 sin(ωk) + A2 cos(ωk) + B (19)

Therefore, a uniformly sampled sine wave can be uniquely represented by A1, A2, B
and k. This is analogous to knowing the angular frequency of the sampling to be able
to determine the position of each sampling value in the experiment. Many studies have
demonstrated that three-parameter sine wave curve fitting with regard to amplitude,
phase, and DC offset is a closed linear process for a given frequency [26]. The results
may be produced without iteration, and there is no convergence problem; therefore, it has
strong practicability.

5.1.2. MQ-RBF Interpolation Subdivision Least Squares Method for Fitting a Sine Signal

Sine wave parameters can be obtained using the least squares method (LS) [27],
but in some circumstances it may be necessary to employ as many known data points
as feasible. The needs of data processing cannot currently be met by LS alone. The
interpolation approach uses the value of the function at a small number of locations to
estimate the function’s approximate value at other places. This study developed the MQ-
RBF interpolation subdivision–least squares (MQ-LS) fitting method for sine waves based
on the foregoing details. The technique included the following detailed steps:

Step 1: We selected appropriate interpolation shape parameters for known frequencies
using the model.
Step 2: Based on this shape parameter, MQ-RBF was used to interpolate between the
sampled data to increase the data volume.
Step 3: Following interpolation and refinement, the data were fitted using least squares,
and the outcomes were validated.

Simulated experiments were run in the following three groups. Table 14 lists three
practical signal problems’ sample counts and theoretical sine wave expressions. The MQ-LS
method (Table 15) was contrasted with the parameters that LS (Table 16) directly fitted.

Table 14. Test function.

No. Sine Wave Sample Point

13 f(x) = 5 cos(41x + π/6) + 0.3 25
14 f(x) = 2 sin(2x + π/3) + 0.1 58
15 f(x) = 10 sin(0.16x + 5) + 0.7 101
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Table 15. Fitting value and absolute error of MQ-LS.

NO. Result A ϕ B

13
Fitting 4.999999838 0.523598792 0.300000818

AE 1.62× 10−7 1.64× 10−8 8.18× 10−7

14
Fitting 2.000000017 1.047197547 0.100000024

AE 1.70× 10−8 4.19× 10−9 2.40× 10−8

15
Fitting 9.999999513 5.000002217 0.700000034

AE 4.86× 10−7 2.22× 10−6 3.40× 10−8

Table 16. Fitting value and absolute error of LS.

NO. Result A ϕ B

13
Fitting 4.999978884 0.523603403 0.300006379

AE 2.11× 10−5 4.63× 10−6 6.38× 10−6

14
Fitting 1.999999286 1.047198565 0.099999622

AE 7.14× 10−7 1.01× 10−6 3.78× 10−7

15
Fitting 10.00003079 5.000017421 0.700000058

AE 3.08× 10−5 1.74× 10−5 5.80× 10−8

From Tables 15 and 16, it can be concluded that the MQ-LS method had smaller
absolute errors and was closer to the real parameter values compared to the results obtained
through direct fitting using the LS method. Notably, the estimation accuracy of the ϕ in
all three groups of experiments was greatly improved. These findings demonstrated the
effectiveness and practicality of the method employed.

5.2. Application of Model in Channel Clock Delay Problem of TIADC System
5.2.1. Multi-Frequency Sine Fitting and Output Signal of TIADC System

Multi-frequency sine fitting evolved from the single-frequency sine fitting algorithm
and is used to obtain the fitting expression of p sine signals in discrete signals. Each sine
signal in a discrete signal can be expressed as:

yl[n] = Al cos(ωln) + Bl cos(ωln) + Cl, n = 0, · · · , N− 1 (20)

where Cl is a DC component, and l = 0, 1, · · · , p− 1. Al, Bl, Cl,ωl are unknown parameters
to be solved. ωl = 2πfl/fs,fl is the signal frequency, and the sampling rate is fs. The
discrete signal output y[n] by the system is the sum of p sine signals and additional noise
components e[n], namely:

y[n] =
p−1

∑
l=0

yl[n] + e[n], n = 0, · · · , N− 1 (21)

The noise e[n] is Gaussian white noise with a mean value of 0 and a variance of σ2.
Time-interleaved analog-to-digital converter (TIADC) systems can greatly increase

the speed of analog-to-digital conversion. The output signal of a TIADC system is a
combination of discrete signals, which can be expressed as follows:

y[n] =
Mp−1

∑
l=0

sl(n) (22)

Due to the quantization error of each channel of the sampling system and the distortion
of clutter, Equation (22) can be transformed into:

y[n] =
Mp−1

∑
l=0

(yl[n] + el[n]) =
Mp−1

∑
l=0

yl[n] + e[n] (23)
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By comparing Equations (21) and (23), it is evident that the output of a TIADC system
is equivalent to the multi-frequency sine fitting model. Therefore, the sine signal in the
output of the TIADC system can be obtained using the multi-frequency sine fitting method.

5.2.2. Channel Clock Delay in TIADC System

Clock delay mismatch between adjacent channels in a TIADC system can occur due
to processing, device aging, and other factors. For the input signal x(t), when there is no
clock delay mismatch between M channels of the TIADC system, if the sampling period of
the system is Ts and the delay between two adjacent channels is equal to Ts, the discrete
sequence of the output of the ith channel of the system can be expressed as:

ui[n] = x(kMTs + iTs) (24)

If the delay between two adjacent channels deviates from Ts, there is clock delay
mismatch in the system, and the discrete sequence of the output of the ith channel of the
system is:

ui[n] = x(kMTs + iTs − ∆i) (25)

where ∆i shows the deviation of the actual sampling time of the channel from the ideal
sampling time. Clock delay mismatch leads to the distortion of the output spectrum of
the TIADC system and reduces the resolution of the system. Therefore, the clock delay
mismatch must be calibrated.

The primary calibration techniques for TIADC systems involve estimating the clock
delay of each channel and processing the output data with a digital signal. While this
technique is efficient, the accuracy and convergence of the clock delay estimation algorithm
have a significant impact on its effectiveness. Therefore, precise clock delay estimation is
crucial. The clock delay of each channel can be determined by obtaining the amplitude and
phase of the sine signal associated with each frequency, based on the characteristics of the
TIADC system’s output spectrum and its relationship with the multi-frequency sine signal
expression. For this research, the following calibration techniques were employed.

Firstly, the model-based selection of shape parameters was performed using the
sampling data. Next, unknown sine parameters were fitted using the MQ-RBF interpolation
subdivision–least squares method. Subsequently, the channel clock delay was calculated
based on these parameters, and the system output was calibrated accordingly. Finally,
the signal-to-noise-distortion ratio (SINAD) [28] of the system was compared before and
after calibration to demonstrate the effectiveness of the algorithm, with improved SINAD
serving as proof of its efficacy. The reduced channel clock delay mismatch resulting from
improved SINAD further confirmed the viability of the proposed approach. Equation (26)
was used to compute the system SINAD.

SINAD = ∑
∧
y2[n]/∑

(
y[n]− ∧y[n]

)2

(26)

where
∧
y[n] is the ideal output without channel mismatch, and y[n] is the actual output.

The proposed approach was implemented to determine the clock delay of both two-
channel and four-channel TIADC systems. All sampling channels of the TIADC system
were sampled with no stray noise present. The input signal was a mixed sine wave, and
the clock delays between neighboring channels were not equal. After the calibration of
the system based on the clock delay of each channel computed using this method, the
improvement effect of the system SINAD for both two-channel and four-channel TIADC
systems was analyzed. Figures 8 and 9 show the effect of the improvement, with the abscissa
representing the deviation sum of the clock delays of adjacent channels. This approach
exhibited the ability to successfully calibrate TIADC systems and was not limited by the
number of channels, as SINAD was enhanced by at least 15 dB before and after calibration.
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6. Conclusions

This paper proposed an innovative sine wave parameter fitting method: the MQ-
RBF interpolation subdivision–least squares method based on optimal shape parameters.
Initially, the random walk algorithm was used to select the MQ-RBF interpolation shape pa-
rameters for both single-frequency and multi-frequency sinusoids. Exploratory experiments
revealed that the angular frequency of a sine wave signal determines its corresponding
shape parameters. By using linear regression and the Bayesian optimization–random
forest method, the data were trained, and a model for selecting MQ-RBF interpolation
shape parameters was created for each sinusoidal signal. The adaptive selection model for
MQ-RBF interpolation shape parameters could be used for arbitrary sine waves, making
the MQ-RBF interpolation subdivision–least squares method more effective and convenient.
The test results showed that this strategy significantly enhanced the accuracy of sine wave
parameter estimation. The simulation results demonstrated successful clock delay deter-
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mination for each channel, without any upper limit on the number of channels, making
it a promising solution for the TIADC system channel delay problem. Thus, this method
possesses broad application prospects.
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