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Abstract: Stability is the most relevant property of dynamical systems. The stability of stochastic
differential equations is a challenging and still open problem. In this article, using a fuzzy Mittag—
Leffler function, we introduce a new fuzzy controller function to stabilize the stochastic differential
equation (SDE) v'(y, ) = F(7, 4, v(7,)). By adopting the fixed point technique, we are able to
prove the fuzzy Mittag-Leffler—Hyers—Ulam—Rassias stability of the SDE.
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1. Introduction and Mathematical Preliminaries

Morsi [1] used the concepts of Minkowski functionals of L-fuzzy sets and fuzzy
metric space to introduce the notion of fuzzy (pseudo) normed spaces. Subsequently,
Jager and Shi [2], using random normed spaces, introduced the fuzzy normed spaces.
In the last years, the fuzzy functional analysis and its applications, especially the Hyers—
Ulam-—Rassias stability [3-5] in fuzzy normed spaces, was widely investigated by several
authors [6,7]. Furthermore, several fixed-point (FP) results were obtained, with applications
to nonlinear functional analysis. To learn more about applications of FP theory, please see
references [8-10].

Stability is crucial in any dynamical systems. Specifically, the stability of stochastic
differential equations is a challenging and still open problem. In this paper, we consider
the stochastic differential equation (SDE) of the form:

V(v m) = F(rmvly ). (1)

Using a new fuzzy controller function, constructed based on the fuzzy Mittag-Leffler
(FML) function, we are able to stabilize the pseudo SDE (1). Additionally, by adopting the
FP technique [11-13] we prove the fuzzy Mittag-Leffler-Hyers—-Ulam—Rassias (MLHUS)
stability of the SDE [14,15]. Our findings extend and improve some existing results [16,17]
by using a new fuzzy controller function that allows studying the MLHUS stability of
SDEs in fuzzy normed spaces, and by using the alternative of FP-theorem [18,19].

In the subsequent analysis, for simplicity, we use the notions: IT = (0,1), ] = (0,1],
Q =[0,00] and A = (0, 0).

Definition 1 ([9,20,21]). Consider that S is a linear space and that v represents a fuzzy set from
S x A to ]. Then, the ordered pair (S, 1) is a fuzzy normed (FN) space whenever:
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(FN1) n(g,t)=1, VT € Aiff{ =0;

(FN2) y(aZ,7) = 17(§, \77)' YV € S, Ya € R\{0};
(
(

(EN3) n(C+C,t+¢) > AN((&,1),1(8,6)) V&L eSVrcel;
(FN4) #(g,.) : A — ] is continuous.

A complete FN space is denoted by FB space.
Consider that (S, ||.||) is a linear normed space. If for all ¢ € A

1,6 = e 121,

then (S, 7) is a FN-space.

Consider that (f,%,¢) is a probability measure space. Assume that (T,B7) and
(S,Bs) are Borel measurable spaces, in which T and S are FB spaces. A mapping F :
F x T — Sis called a random operator (RO) if {7y : F(y,{) € B} € forall ¢ in T and
B € Bs. In addition, F is RO if F(v,{) = {(v) is a S-valued random variable for every
¢inT. AROF : F xT — Sis called linear if F(vy,aly + b&y) = aF(v, &) + bF(vy,&)
almost everywhere for each ¢1,¢> in T and a, b are scalars, and bounded if there exists a
non-negative real-valued random variable M(-y) such that

n(F(7,61) — F(7,82), M(7)7) = 11(&1 — 2, T),

almost everywhere for each ¢1,6>in T, T € Aand vy € F.
In this work, we present the FP technique, which is the second most popular tool for
proving the stability of functional equations [22,23].

Theorem 1 ([10]). (The alternative of FP). Assume that (T, p) is a complete generalized metric
space and that A : T — T is a strictly contractive function with the Lipschitz constant 1 < 1. Then,
forevery ¢ € T, either

p(A"E, ATTIE) = oo,

foreachn € N, or there is a ny € N for which:
(i) p(A"E, A"F1E) < oo, Vn > ny;
(ii) the FP ¢* of A is the convergent point of the sequence { A"C};
(iii) in theset V. = {C € T | p(A"¢, ) < oo}, &* is the unique FP of A;
(iv) (1 =1)p(E, &%) < p(E, AL) for every G € V.
Definition 2 ([24]). The Mittag—Leffler function is given by the series:
00 k
K
E(w) =Y -,
1K) k_§ T(gk+1)
where g € C, Re(q) > 0and I'(p) is a gamma function:

T'(u) :/ ettt la,
0

with Re(y) > 0. In particular, if g = 1, we get:

had ‘u] 4]
E g - = —_— = eﬂ
1(#) ];) r(]+1) J;) ]|

Using Definition 2, we introduce the FML function as:

E;(p,7) = , VT >0.

T
T+ Eq(n)
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2. Fuzzy MLHUS Stability
The norm L'(F x E,S) is written 7 (., T) 11 xz)- We prove the fuzzy MLHUS stability

for the SDE V' (v, 1) = F(v, 1, v(v, ).
Theorem 2. Consider thatc € R, r > 0,
E={peR[[p—cl=r},
and F : F x E x R — Ris a continuous RO which satisfies a Lipschitz condition:
T
N(ECr 1 v( 1) = Fo (1), ) 2 (v =, Z)’ )

foranypu € E,t € A,y € F andv,w € R, where L is a constant with rL € I1. If a continuously
differentiable operator v : [ x E — R satisfies the differential inequality:

4 '
o [P v 0) = (2088 7) > By ), ®
forany p € E, T € Aand vy € F, where E; is a FML function,
. T T
InfE4(C.5,) 2 By (#, ;), (4)

foranyu € B, T € A,y € I, then there exists a unique continuous RO vy : |- X & — R such that

vo(r ) = v(r,0) + [ P& w(r, )z,
Furthermore, vy is a solution of (1) and
Ny u) = vy u), 1) 2 Eg(p, (1 = rL)7), ®)
foranyp € E, T €A yEF.
Proof. Consider the space of continuous ROs
Y ={a:F xE— R |waisacontinuous RO}. (6)
Introduce the below function on Y? as,

p(a, p) @)
= inf{A €A n(aly, ) =By, T) 2 E (ﬂ%),\w EETENYE F}-

Mihet and Radu [25] proved that (Y, p) is a complete generalized metric (see also [26]).
We introduce the ROA : Y — Y by:

() () = v(3,0) + [ F(3, 8,00, 0)e, ®

foreverya € Y,y € F and p € E. The continuity of RO a implies the continuity of Ax and
well-defined A.
Consider #, 8 € Y and y € F. Additionally, consider /\a,/g € A such that:

n(a(y, m) = Blv.m),7) > E (“/Q;s) ©)
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Assume that c = @1 < @) < -+ < @ = i, A = @ — @j_1 = V;C‘,i: 1,2,k
and ||Ap|| = maxj<j<k(Ap;), for every y € E, 7 € Aand 7 € F . Utilizing (2), (4), (8), and
(9) we have the following

n((Aa)(y, 1) = (AB) (7, 1), T),
by equality (8)

—y ( /f (F(y, @i, a(y,@;)) — F(y, @3, B(7, @;)))dy, T),

by integral definition

k
=y <|A1;I|ILO Y (F(y, @i a(y,@;)) — F(7y, @i, B(7y, @i))) Api, T>,

i=1

by continuity property of #

k
= lim W(Z(F(%wi,a(%wi))—F(%col-,/%(%coi)))Am,T>,
1A —0

i=1
by triangular inequality

T
> lim An((FCr@na(r,00) = (.00 B(1,00) 8 ).

by property of infimum

> 51611: q((F('y,ﬁ,uc('y,ij)) - F('y,gf,ﬁ(’y,ij)))/ kAT‘ul>

> éﬂ{ﬂ((P(’)’rgla(’)//C» - F(’)/,C,ﬁ(’)ﬂé)))/ k|AV|)

k
> érelfn((F(%C,w(%C)) —F(%Cfﬁ(%é)))/wlid)'
by equality (2)

T
> lnfﬂ( ( ‘:) 7:[%('7/';()/ (er))’

geB

by equality (9)

> -
érelf Eq <§ (ZrL) ﬁ>
by equality (4)

T
ZE‘f(”'(rL)w)’

forevery y € &, 7 € Aand 7y
conclude that p(Awa, AB) < (rL)
a strictly contraction mapping.

€ F, thatis, p(Aa, AB) < (rL)A4 . Therefore, we can
p(a, B) forany &, B € Y, in which (L) € I1. Therefore, A is
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By (3), (5), (8), and v € Y, we obtain:

n((Av) (v, 1) = v(v, 1), T),

by equality (8)

= (ven)+ [ Flng v e~ vl ),
by property of integral

=1 (/Cy [F(v,&v(v,0) —v'(7,6)]d¢, T>,

by equality (3)

(4 3)
forany u € E,7 € Aand 7y € F. Thus, (7) implies that
o(Av,v) <1, (10)
and hence,
(A", A"v) < 1 < 0.

Now, Theorem 1 implies that:
(i) there is a continuous RO vy : F X E — R where Avy = vy, that is, vy is FP of A,
which is uniqu in the set
V={aecY:pav) <o}

(i) A"v = 1vpin (Y,p) as n — .
(iii) using (10) we obtain:

1
1—rL’

1
p(v, ) < T=—p(Av,v) <

which implies the validity of (5) foreachy € 5,7 € Aandy € . O

Consider that (Y, ) is a FN space. We introduce the fuzzy set 15 as:
. T _
np(a(y,¢),7) = égé{iy(a('y, ), eTC) 0eNEC R+},

forevery y € E,7 € Aand y € F. Then, (Y, #p) is a FN space (Bielecki FN space). In fact,
(FN1), (FN2), and (FN4) are obvious. Now, we prove only (FN3). Observe that:

1@ p),0, ) ]
= slat H)r8), (v +6),

forany y € &, T € Aand 7y € [, which proves the triangle inequality (FN3).
Now, we prove the fuzzy MLHUS stability of the random Equation (1) via the Bielecki
fuzzy norm.



Mathematics 2023, 11, 2154

60f 11

Theorem 3. Assume that ¢ € R, v > 0and & = {p € R | |y —c| <r}. Consider that F :
F x E xR — Ris a continuous RO which satisfies in the Lipschitz condition:

n(F(y, uwv(yv,w) = F(r,ww(y, ), t) > U(V - w, %)

forany y € E, T € A, v € F and where L is a constant with rL € 1. If a continuously
differentiable function v : - x B — R satisfies the differential inequality:

o [ 1FE v v (0 2dE ) = g,

forany p € &, T € Aand vy € |, where E; is a FML function; then, with the Bielecki fuzzy norm,
the fuzzy MLHUS stability is verified for the Equation (1).

Proof. By the same method used in the proof of Theorem 2, we assume that c = @; <

@) < - <@ =p, A =@ — @1 = |y;c|, i=1,2- kand ||[Ap| = maxi<i<k(Ap;).
Now, we show the contraction of A on Y with respect to the Bielecki fuzzy norm introduced
in (6):

1 ((A&) (v, 1) = (AB) (1, 1), T)
by equality (8)

M
=1 (/C (F(y, @i a(y, @i)) = F(y, @i, (v, @) )dp, r)
by integral definition
k
=n{ dim Y (F(y,@;a(y, @) = F(y,@; B(y,@))Api, T
[Apl—0;=5
by continuity property of %
k

= hIﬁL)OT] (2 (F('Y/ (Di,lX('Y, (DZ)) - F(IY/ wj, ﬁ(’)/,(f()l)))Ayl, T)

Y i—1
by triangular inequality
T
> i . ) — . . .
2 HAI;T‘ILO/\W((F(%a)u“(%‘DID F(y,@3, B(7,@1))) Api, 7 )
by property of infimum

> §2£’7 ((F('y, & a(r,8) —F(1.¢B(v.0)), kATV)
> infy ((F('y, & a(1,6) —F(r.¢, B(1.6)), M)

T geR

> int (Pl (1,8) — P8, B0, E) g )

inf klp —c|
by equality (2)
. T
= i (“(% ¢) = B(1.0), (rL))
> giggn (a(% &) —B(1.6), (rLT)eeé)
by definition 75
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then,
T
1A ) = (AB) (), ) = (= By 5 ),

foranyu € E, 7 € A,y € F, thatis, p(Aa, AB) < (vc - B ﬁ) Hence, we can conclude

that p(Aa, AB) < (rL)p(a, B) for any a, B € Y. By letting (rL) € I1, we obtain the strict
continuity.Furthermore, by Theorem 1, we obtain:

1
pv, 1) < 1= —p(Avv) <

1—rL’
so, the fuzzy MLHUS stability of Equation (1) is verified. O
Theorem 4. Suppose that a and b are real numbers such that a < b. Let E = [a,b] and ¢ € E.

Assume that K and L are positive constants such that LK € I1. Consider that F : F Xx Ex R — R
is a continuous RO which satisfies a Lipschitz condition:

1(F(v, ) = Flr,mw),0) 2 (v =, 7 ), a1

foranyp € &, Tt €A, vy € F andv,w € R. If a continuously differentiable operator v : F x & —
R satisfies the differential inequality:

o [ 1FG v 0) = (8088 7) > By ), )
forany p € E, T € Aand vy € F, where E; is a FML function,
. T
égé Eq (¢, = a)) > Eq (% E)’ (13)

forany u € &, T € A, v € F, then there exists a unique continuous RO vy : F X & — R
such that:

vo(r 1) = v(7,¢) + /OV F(y,& wo(7,8))dg.
Furthermore, vy is a solution of (1) and
1wy m) =volr, 1), ) 2 Eq(, (1 = rL)7),
foranyp € E,T€ AN yE[.
Proof. Consider the space of continuous ROs:
Y ={a:F xE— R |waisacontinuous RO}.
Introduce the below function on Y? as,
ol B) =inf{A € A p(a(y,w) =By, 1), ™) = Eg(n 1) Yu€ETENYEF ] (14)

Further, introduce the RO A : Y — Y by:

()0 = vre) + [ &, 8)de, (15)

foreverya € Y,y € | and pu € E. The continuity of RO « implies the continuity of Ax and
well defining A.
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Consider o, € Yand 7y € F. Let )‘mﬁ € A such that:

n(a(y,m) — By, 1), 7) > Eq (ﬂiﬁ) (16)

In addition, leta =0 < @y < -+ < @ = b, Apyj = @; — w;_1 = hk ,i=1,2,--- ,k

and ||Ap|| = maxj<j<x(Ap;), for every y € E, 7 € Aand y € F. Utilizing (11), (13), (14)
and (15) we have the following

1((Aw) (7, 1) = (AB) (7, 1), T),
by equality (15)

}l
= [ (P @um(r,@)) = FCr. 1 p(1,@0)dp ),
by integral definition
k
=1 lim Z <P(’Y’ @iy D((')/, wl)) o F(,Y’ @i, :B(’yr (Di)))Al’li/ T,
Aul—0;=

by continuity property of 1

k
= oo (Z (F(r, @iy, @) = Fly, @i, (7, @) ) A T>,

i=1
by triangular inequality

> lim  An((F(v,@0(1,@)) — F(v,@1,(7,@)) A, ),

l[Apll—0
by property of infimum
T
> inf ; i) — F(v, @i D) A,
52]7(( (7, @i, a(y, @;)) (%wuﬁ(%@)))’kwi>
T
> 52571((1:(7/(@{,0((’)’,(91‘)) — F('eri/,g(r)//a)i)))’ k”A‘u”)
kt
= 52517(< (7. @iy, @) = F(7, @0 B(1, @), 15— a>>’
by equality (11)
T
> -
> it (a(0.0) ~ B 15 )
by equality (16)
T
> vt
Lk (g L(b—ﬂ))\a,ﬁ>,
by equality (13)

T
—%<%umw>

forany y € &, 7 € Aand y € [, thatis, p(Ax, AB) < (LK)A“,ﬂ. Hence, we can conclude
that p(Aa, AB) < (LK)p(a, B) for all «, B € Y, in which (LK) € I1. Therefore, A is a strict
contraction mapping.
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By (3), (5), (7) and v € Y, we obtain:

n((Av) (v, 1) —v(v,p), 7)),
by equality (15)
= (ven)+ [ Flng v e~ vl ),

by property of integral

— q(/c’*[l-"('y,é,v(%g)) _ V’(%ﬁ)]dé,r),

by equality (12)

= Eq (l‘/ %)
forany i € &, 7 € Aand v € . Thus, (7) implies that:

o(Av,v) <1, )
and hence,
p(A"™ 1y, A"y) < 1 < co.

Now, Theorem 1 implies that:
(i) there is a continuous RO vy : F X E — R where Avy = vy, that is, vy is FP of A,
which is unique in the set
V={aecY:pav) <o}

(i) A"v = 1vpin (Y,p) as n — .
(iii) using (17) we obtain:

1
1—rL’

1
p(v, ) < T=—p(Av,v) <

which implies the validity of (5) foreachy € 5,7 € Aandy € . O

3. Application

Example 1. Consider positive real numbers K and L such that LK € 11, K < b(ba;a). Assume

that & = [a,b]. For an arbitrary polynomial p(<y, u), we let a continuously differentiable RO
v:F X & — Rtosatisfy:

o [ 1FG v 0) —v (80088 7) = g ),

foranyp € &, v € Aand y € F. Ifwe set F(7y, u,v) = Lv(7y, u) + p(v, u), where E; is a FML
function,

P52 5o

forany y € E, T € Aand v € [, then, by Theorem 4, there is a unique continuous RO
vy : F X & — R such that:

() = v(1,0)+ [ (Lv(3,8) + p(r, Oz,

and

n(v(r,u) —vo(y,m), ) > Eq(, (1 —rL)7),
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foranyu e E,t € Aandy € F.
Example 2. Consider that r and L are positive constants with rL € 11 and

E={pueR||u—c| <r, forsomece R}

-
(=

Let a continuous discrete random function v : |- x & — R satisfy the following inequality:

([ 1FeE v ) v (n2dE ) = g,

-

forany p € E, T € Aand v € [, where p(7y,u) is a polynomial. If we set F(7y,u,v) =
Lv(vy,u) + p(7, n), where E; is a FML function,

T T
ot
IntEy(E5,) > B0 ),

forany y € E, T € A, v € [, then, by Theorem 2 there exists a unique random operator
vy : F X & — R such that:

() = v(1,0)+ [ (Lv(3,8) + p(r. Oz,

and

n(w(y, 1) = vo(v, 1), ) = Eg(p, (1 = L)),
foranypy € E, T € Aandy € F.

4. Conclusions

In this paper we introduced a new fuzzy controller function to stabilize the SDE
of the form v' (v, 1) = F(v,,v(7,1)). By adopting the FP technique, we proved the
fuzzy MLHUS stability of the SDE. Some examples were given to illustrate the theoretical
findings and to show the effectiveness of the method. Extension of the method to SDEs of
different types will be further investigated.
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