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Abstract: The partial slip effects for radiative convective nanofluid flow over a stretching sheet in
porous medium are analytically explored in this work. The Navier–Stokes equations, the momentum
and the energy equations are converted into a set of non-linear ODEs by the similarity transformation.
Using the modified optimal homotopy asymptotic method (OHAM), the resulting non-linear ODEs
are analytically approximately solved. The impact of various parameters, such as: the velocity
exponential factor n, the wall thickness parameter γ, the dimensionless velocity slip parameter δ1, the
Prandtl number Pr, the radiation parameter R, and the dimensionless temperature jump parameter
δ2, on the behaviour of the mass and heat transfer is presented. The influence of these parameters
is tabular and graphically presented. An excellent agreement between the approximate analytical
solution and the corresponding numerical solution is highlighted. The results obtained confirm that
modified OHAM is a useful and competitive mathematical tool to explore a large class of non-linear
problems with applications in various fields of science and engineering.

Keywords: fluid flow; radiation heat transfer; nanofluid; approximate solution; modified optimal
homotopy asymptotic method

MSC: 34A25; 65L99; 76A05; 76D05; 76D10

1. Introduction

The study of the nanofluid flow has gained considerable attention in recent decades
due to its importance in many industrial applications, especially in nanotechnology.

Nanofluids are fluids that contain nanoparticles with superior thermal conductivity
properties (silver, copper, iron, carbon nanotubes, CuO, SiO, etc.) in suspension. The aim of
using nanofluids is to significantly improve heat transfer by increasing the thermal conduc-
tivity of base fluids (ethylene glycol, water, motor oil, acetone, etc.). Solving the equations
that characterize nanofluids is important because they govern a very important class of
common physical processes. Computational techniques and new approximation methods
have made it possible to solve these equations with increasing accuracy, confirming exper-
imental results in broad engineering fields such as: industrial manufacturing processes
in the industry of materials with plastic behaviour (extrusion of polymers, spinning of
polymer fibres, fibre spinning and drawing plastic films), metal casting, hot rolling, metal
spinning, paper manufacture, glass blowing, etc. The equations are also used to model
physical phenomena related to fluid flow in the boundary layer, flow processes in porous
media with applications in wastewater treatment systems and soil de-pollution in drying
beds, in the mining industry.
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Many researchers have carried out both experimental and theoretical approaches
concerning the boundary layer and heat transfer over a stretching sheet.

In recent years several analytical methods for solving the non-linear differential prob-
lem have been used to model the heat and mass transfer in a viscous fluid/nanofluid
flow [1–7] were applied.

Vishalakshi et al. [1] obtained the closed-form exact solutions of highly non-linear
differential equations of the Walters’ liquid B flow. The mass transfer of a chemically
reactive species and the flow of MHD over a stretching plate subjected to an inclined
magnetic field were examined by Maranna et al. [2]. Sarma et al. [3] explored the exact
solution to the problem of a free convective, radiative, viscous, chemically reacting, heat
absorbing, incompressible, and unsteady MHD flow using the Laplace transformation
technique.

Mahabaleshwar et al. [4] and Akhtar et al. [5] developed novel mathematical tech-
niques to build analytical solutions to non-Newtonian Casson fluid flow.

The velocity and thermal slips of MHD boundary layer flow of Williamson nanofluid
was numerically discussed by Reddy et al. [8]. On the other hand, some methods have
given numerical solutions. Abbas et al. [9] proposed a model in terms of partial differential
equations to study the influence of the Darcy–Forchheimer relation on third-grade fluid
flow and heat transfer taking into account the applied magnetic field, Joule heating, ther-
mal diffusion, viscous dissipation, and diffusion-thermo effects. Elbashbeshy et al. [10]
analysed the boundary layer flow of a nanofluid containing gyrotactic microorganisms
over a vertical stretching surface. Nuwairan et al. [11] explored a model governing a
Maxwell nanofluid flow with the effect of activation energy with addition of heat genera-
tion/absorption and thermal radiation. Abbas et al. [12] examined the hybrid nanofluid
flow past a permeable curved surface with non-linear stretching with injection/suction.
Hossein et al. [13] examined the effects of progressive developments in cross-section design,
the fuel cell structure, the output current densities and the flooding phenomenon using the
finite volume method, and so on [14–38].

In the present work, the modified optimal homotopy asymptotic method
(OHAM [39–45] is used to obtain the effective and accurate analytic approximate solutions.
This procedure does not depend on small or large parameters and gives us a simple way to
optimally control the convergence of approximate solutions using a single iteration.

Our paper is organized as: The introduction is followed by a brief description of the
theoretical approach including the steps of the modified OHAM technique in Section 2.
Section 3 presents the heat and mass transfer problem by the modified OHAM. The results
and some interesting discussions about the effects of non-linear stretching on the flow and
heat transfer characteristics are highlighted in Section 4. Conclusions are presented the last
section of this paper.

2. Theoretical Approach
2.1. Equations of Motion

The Navier slip conditions are considered for a steady two-dimensional, incompress-
ible, laminar, hydrodynamic flow of a nano fluid over a stretching sheet with non-uniform
thickness in porous medium. The sheet is along the x-axis direction and y-axis is normal
to it. A non-uniform permeability K(x) = k0 (x + a)1−n, n 6= 1 along with the thermal
radiation effect is taken into account. Viscous dissipation effect is neglected in this study. It
is assumed that the sheet is stretched with the velocity uw(x) = u0 (x + a)n, n 6= 1 and the
wall temperature Tw(x) = T∞ + T0 (x + a)(1−n)/2, n 6= 1. Since the sheet is non-uniform it
is assumed that y = A (x + a)(1−n)/2, n 6= 1, where A is the coefficient related to stretching
sheet and chosen as a small constant to avoid the external pressure. At n = 1 the problem
refers flat stretching sheet case.

The physical model is schematically presented in Figure 1.
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about the effects of nonlinear stretching on flow and heat transfer characteristics are highlighted in

Section 4. Conclusions are presented the last section of this paper.

2. Theoretical approach

2.1. Equations of motion

The Navier slip conditions are considered for a steady two-dimensional, incompressible, laminar,

hydrodynamic flow of a nano fluid over a stretching sheet with non-uniform thickness in porous

medium. The sheet is along the x - axis direction and y - axis is normal to it. A non-uniform
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Viscous dissipation effect is neglected in this study. It is assumed that the sheet is stretched with the

velocity uw(x) = u0 (x + a)n, n 6= 1 and the wall temperature Tw(x) = T∞ + T0 (x + a)(1−n)/2,

n 6= 1. Since the sheet is non-uniform it is assumed that y = A (x + a)(1−n)/2, n 6= 1, where A is the

coefficient related to stretching sheet and chosen as a small constant to avoid the external pressure.

At n = 1 the problem refers flat stretching sheet case.
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Figure 1. Schematic diagram of the physical model.

As per the above assumptions the governing boundary layer equations are given as follows [47],

[48]:

∂u

∂x
+

∂v

∂y
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u
∂u
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+ v

∂u

∂y
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∂2u

∂y2
, (2)

c1 Text added.

Figure 1. Schematic diagram of the physical model.

As per the above assumptions the governing boundary layer equations are given as
follows [46,47]:

∂u
∂x

+
∂v
∂y

= 0, (1)

u
∂u
∂x

+ vs.
∂u
∂y

= ν f
∂2u
∂y2 , (2)

u
∂T
∂x

+ vs.
∂T
∂y

= α
∂2T
∂y2 −

1
(ρcp) f

· ∂qr

∂y
. (3)

The boundary conditions are as follows:

u(x, y) = uw(x) + δ∗1
∂u
∂y , v(x, y) = 0,

T(x, y) = Tw(x) + δ∗2
∂T
∂y

}
at y = 0,

u(x, y)→ 0, T(x, y)→ T∞, n 6= 1, at y→ ∞,
(4)

where u and v are the velocity components along the x and y directions, respectively, ν f is
the kinematic viscosity, T is the temperature of the fluid, k is the thermal conductivity, α
is the thermal diffusivity of the nanofluid, (ρcp) f is the specific heat capacitance, δ∗1 is the
dimensional velocity slip parameter and δ∗2 is dimensional temperature jump parameter,

these are given by δ∗1 =
(

2−b
b

)
ξ1 (x + a)(1−n)/2, δ∗2 =

(
2−c

c

)
ξ2 (x + a)(1−n)/2, ξ2 =(

2λ
λ+1

)
ξ1
Pr . Here ξ1 and ξ2 are mean free paths and λ is the ratio of specific heats, b and

c, respectively, indicating Maxwell’s reflection coefficient and thermal accommodation
coefficient.

The radiative heat flux qr under the Rosseland approximation has the form [48]:

qr = −
4σ∗

3k∗
· ∂T4

∂y
, (5)

where σ∗ is the Stefan–Boltzmann constant and k∗ is the mean absorption coefficient. The
temperature differences within the flow are assumed to be sufficiently small such that T4
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may be expressed as a linear function of temperature. Expanding T4 using a Taylor series
and neglecting higher-order terms yields

T4 ∼= 4T3
∞T − 3T4

∞. (6)

The governing Equations are converted into a set of non-linear ordinary differential
equations by means of the following similarity transformation [46,47]:

ψ(x, y) =
( 2ν f u0

n+1

)1/2
· (x + a)(n+1)/2 · f (η), η =

(
(n+1)u0

2ν f

)1/2
· (x + a)(n−1)/2 · y, n 6= 1, θ(η) = T−T∞

Tw(x)−T∞
, (7)

where ψ(x, y) is a stream function which satisfies the continuity Equation (1) with

u = ∂ψ(x,y)
∂y and vs. = − ∂ψ(x,y)

∂x . (8)

Taking into account of Equations (5)–(8), Equations (2) and (3) become:

f ′′′ + f f ′′ −
(

2n
n+1

)
( f ′)2 = 0, (9)

1
Pr

(
1 + 4

3 R
)

θ′′ −
(

1−n
1+n

)
f ′θ + f θ′ = 0, (10)

with the transformed boundary conditions

f (0) = γ
(

1−n
1+n

)
[1 + δ1 · f ′′(0)], f ′(0) = 1 + δ1 · f ′′(0),

θ(0) = 1 + δ2 · θ′(0), f ′(∞)→ 0, θ(∞)→ 0, n 6= 1,
(11)

where γ = A ·
(
(n+1)u0

2ν f

)1/2
, δ1 =

(
2−b

b

)
· ξ1 ·

(
(n+1)u0

2ν f

)1/2
, δ2 =

(
2−c

c

)
· ξ2 ·

(
(n+1)u0

2ν f

)1/2
,

the prime indicates the differentiation with respect to η, Pr = ν f /α is the Prandtl number,

R = 4σT3
∞

kk∗ is the radiation parameter, n is the velocity power index parameter, γ is the
wall thickness parameter, δ1 is the dimensionless velocity slip parameter, and δ2 is the
dimensionless temperature jump parameter.

For engineering the shear stress coefficient or friction factor (C f ) and local Nusselt
number (Nux) are given by

Re0.5
x C f = 2

(n + 1
2

)0.5
f ′′(0) ,

and
Re−0.5

x Nux = −
(n + 1

2

)0.5
θ′(0) ,

where Rex = uw(x+a)
ν f

is the local Reynolds number.

2.2. Steps of the Modified Optimal Homotopy Asymptotic Method (OHAM)

The OHAM technique [39] has the following steps:
(i) The non-linear differential equation has the general form:

L
(

F(η)
)
+N

(
F(η)

)
= 0, (12)

with the boundary/initial conditions

B
(

F(η),
dF(η)

dη

)
= 0, (13)
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where L
(

F(η)
)

and N
(

F(η)
)

describe the linear part and the non-linear part, respectively,

and B is an operator describing the boundary conditions, while F(η) is the unknown
smooth function.

(ii) The homotopic relation is given by:

H
[
L
(

F(η, p)
)

, H(η, Ci), N
(

F(η, p)
)]

= L
(

F0(η)
)
+ G(η) + p

[
L
(

F1(η, Ci)
)
− H(η, Ci)N

(
F0(η)

)]
, (14)

where G(η) is a known function, p ∈ [0, 1] is the embedding parameter and H(η, Ci) 6= 0
is an auxiliary convergence-control function depending on the variable η, the parameters
C1, C2, ..., Cs, and choosing the unknown function F(η) in the form:

F(η, p) = F0(η) + pF1(η, Ci), (15)

and by equating the coefficients of p0 and p1, respectively, yields:
the zeroth-order deformation problem

L
(

F0(η)
)
+ G(η) = 0, B

(
F0(η),

dF0(η)

dη

)
= 0, (16)

the first-order deformation problem

L
(

F1(η, Ci)
)
= H(η, Ci)N

(
F0(η)

)
,

B
(

F1(η, Ci),
dF1(η,Ci)

dη

)
= 0, i = 1, 2, ..., s.

(17)

(iii) The initial approximation F0(η) can be obtained by solving the linear Equation (16).
(iv) In order to compute F1(η, Ci) by Equation (17), for the non-linear operator N was

chosen general form

N(F0(η)) = ∑n
i=1 hi(η)gi(η), (18)

where n is a positive integer, and hi(η) and gi(η) are known elementary functions that
depend on F0(η) and N.

The computation of the first approximation F1(η, Ci) leads to:

F1(η, Ci) = ∑m
i=1 Hi(η, hj(η), Cj)gi(η), j = 1, ..., s, (19)

or
F1(η, Ci) = ∑m

i=1 Hi(η, gj(η), Cj)hi(η), j = 1, ..., s,

B
(

F1(η, Ci),
dF1(η,Ci)

dη

)
= 0.

(20)

The above expressions of Hi(η, hj(η), Cj) contain linear combinations of the elementary
functions hj, j = 1, ..., s and the parameters Cj, j = 1, ..., s. The summation limit m is an
arbitrary positive integer.

(v) The first-order analytical approximate solutions of Equations (12) and (13), taking
into account Equation (15), could be written as:

F(η, Ci) = F(η, 1) = F0(η) + F1(η, Ci). (21)

The convergence-control parameters C1, C2, ..., Cs can be optimally identified by
various methods, such as: the Kantorowich method, the collocation method, the Galerkin
method, the least square method, or the weighted residual method.

Therefore, in this case we construct an analytic approximate solution using the modi-
fied optimal homotopy asymptotic method (OHAM).
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3. Heat and Mass Transfer Problem by the Modified OHAM

OHAM procedure will be apply in order to obtain approximate solutions to Equations
(9) and (10) with the initial/boundary conditions in Equation (11).

For this purpose, for the non-linear Equation (9), we choose the linear operator of the
form:

L f (η) = f ′′′(η)− K2
1 f ′(η) + G(η), (22)

where the given arbitrary function G(η) = ae−K2η + c1e−K0η + c2e−2K0η + c3e−3K0η and K0,
K1, K2, a, c1, c2, c3 are some unknown positive parameters to be determined later.

The initial approximation f0(η) can be obtained from the following problem:

f ′′′0 (η)− K2
1 f ′0(η) + G(η) = 0,

f0(0) = γ · 1−n
1+n · f ′0(0), f ′0(0) = 1 + δ1 f ′′0 (0), f ′0(∞) = 0,

(23)

with the solution:

f0(η) = b0 + b1e−K1η + b2e−K2η + d1e−K0η + d2e−2K0η + d3e−3K0η , (24)

where

d1 =
c1

K3
0 − K0K2

1
, d2 =

c2

8K3
0 − 2K0K2

1
, d3 =

c3

27K3
0 − 3K0K2

1
, b2 =

a
K3

2 − K2K2
1

,

b1 = − 1
K2

1 + K1
·
[
1 +

a(1 + K2)

K2
2 − K2

1
+

c1(1 + K0)

K2
0 − K2

1
+

c2(1 + 2K0)

4K2
0 − K2

1
+

c3(1 + 3K0)

9K2
0 − K2

1

]
,

b0 = γ
1− n
1 + n

·
(
− b1K1 − b2K2 − d1K0 − 2d2K0 − 3d3K0

)
− b1 − b2 − d1 − d2 − d3 .

The non-linear operator N f (η), corresponding to the non-linear differential Equa-
tion (9), is defined by:

N f

(
η
)
= f f ′′ − 2n

n+1 ( f ′)2 + K2
1 f ′ . (25)

For the initial approximation f0(η) given by Equation (24), the non-linear operator
Equation (25) becomes:

N f0(η) = f0 f ′′0 − 2n
n+1 ( f ′0)

2 + K2
1 f ′0 =

= m1e−K0η + m2e−2K0η + m3e−3K0η + m4e−4K0η + m5e−5K0η + m6e−6K0η + m7e−K1η+

+m8e−2K1η + m9e−K2η + m10e−2K2η + m11e−(K1+K0)η + m12e−(K1+2K0)η + m13e−(K1+3K0)η+

+m14e−(K2+K0)η + m15e−(K2+2K0)η + m16e−(K2+3K0)η + m17e−(K1+K2)η ,

(26)

where

m1 = b0d1K2
0 − d1K0K2

1 , m2 = d2
1K2

0 + 4b0d2K2
0 − d2

1K2
0 ·

2n
n + 1

− 2d2K0K2
1 ,

m3 = 5d1d2K2
0 + 9b0d3K2

0 − 4d1d2K2
0 ·

2n
n + 1

− 3d3K0K2
1 ,

m4 = 4d2
2K2

0 + 10d1d3K2
0 − 4d2

2K2
0 ·

2n
n + 1

− 6d1d3K2
0 ·

2n
n + 1

,

m5 = 13d2d3K2
0 − 12d2d3K2

0 ·
2n

n + 1
, m6 = 9d2

3K2
0 − 9d2

3K2
0 ·

2n
n + 1

,

m7 = b0b1K2
1 − b1K3

1 , m8 = b2
1K2

1 − b2
1K2

1 ·
2n

n + 1
,



Mathematics 2023, 11, 2199 7 of 28

m9 = b0b2K2
2 − b2K2K2

1 , m10 = b2
2K2

2 − b2
2K2

2 ·
2n

n + 1
,

m11 = b1d1K2
0 + b1d1K2

1 − 2b1d1K0K1 ·
2n

n + 1
,

m12 = 4b1d2K2
0 + b1d2K2

1 − 4b1d2K0K1 ·
2n

n + 1
,

m13 = 9b1d3K2
0 + b1d3K2

1 − 6b1d2K0K1 ·
2n

n + 1
,

m14 = b2d1K2
0 + b2d1K2

2 − 2b2d1K0K2 ·
2n

n + 1
,

m15 = 4b2d2K2
0 + b2d2K2

2 − 4b2d2K0K2 ·
2n

n + 1
,

m16 = 9b2d3K2
0 + b2d3K2

2 − 6b2d3K0K2 ·
2n

n + 1
,

m17 = b1b2K2
1 + b1b2K2

2 − 2b1b2 ·
2n

n + 1
.

Comparing Equations (18) and (26), one obtains:

h1(η) = m1 , g1(η) = e−K0η

h2(η) = m2 , g2(η) = e−2K0η

h3(η) = m3 , g3(η) = e−3K0η

h4(η) = m4 , g4 = e−4K0η

h5(η) = m5 , g5 = e−5K0η

h6(η) = m6 , g6 = e−6K0η

h7(η) = m7 , g7 = e−K1η+
h8(η) = m8 , g8 = e−2K1η

h9(η) = m9 , g9 = e−K2η

h10(η) = m10 , g10 = e−2K2η

h11(η) = m11 , g11 = e−(K1+K0)η

h12(η) = m12 , g12 = e−(K1+2K0)η

h13(η) = m13 , g13 = e−(K1+3K0)η

h14(η) = m14 , g14 = e−(K2+K0)η

h15(η) = m15 , g15 = e−(K2+2K0)η

h16(η) = m16 , g16 = e−(K2+3K0)η

h17(η) = m17 , g17 = e−(K1+K2)η .

(27)

The first approximation f1(η) given by Equation (19) becomes:

f1(η, Ci) = H1(η, Ci)e−K0η + H2(η, Ci)e−2K0η + H3(η, Ci)e−3K0η + H4(η, Ci)e−4K0η+
+H5(η, Ci)e−5K0η + H6(η, Ci)e−6K0η + H7(η, Ci)e−K1η + H8(η, Ci)e−2K1η + H9(η, Ci)e−K2η+

+H10(η, Ci)e−2K2η + H11(η, Ci)e−(K1+K0)η + H12(η, Ci)e−(K1+2K0)η + H13(η, Ci)e−(K1+3K0)η+

+H14(η, Ci)e−(K2+K0)η + H15(η, Ci)e−(K2+2K0)η + H16(η, Ci)e−(K2+3K0)η + H17(η, Ci)e−(K1+K2)η ,

(28)

where there are many possibilities to choose the convergence-control functions Hi, i =
1, 2, · · · , 17 as follows (see Marinca and Herisanu [39]):

H1(η, Ci) = C1η2 + C2η3 + C3η4 , H2(η, Ci) = (C4η2 + C5η3) · e−α1η ,
H3(η, Ci) = (C6η2 + C7η3) · e−α2η , H4(η, Ci) = (C8η2 + C9η3) · e−α3η ,
H5(η, Ci) = (C10η2 + C11η3) · e−α4η , H6(η, Ci) = (C12η2 + C13η3) · e−α5η ,
H7(η, Ci) = · · · = H17(η, Ci) = 0

(29)

with C1 = −(C10 + C12 + C4 + C6 + C8), α1 > 0, α2 > 0, α3 > 0, α4 > 0, α5 > 0.
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Inserting Equation (29) into Equation (28) results:

f1(η, Ci) = (C1η2 + C2η3 + C3η4)e−K0η + (C4η2 + C5η3)e−(α1+2K0)η + (C6η2 + C7η3)e−(α2+3K0)η+

+(C8η2 + C9η3)e−(α3+4K0)η + (C10η2 + C11η3)e−(α4+5K0)η + (C12η2 + C13η3)e−(α5+6K0)η .
(30)

The first-order approximate solution given by Equation (21) is obtained from Equa-
tions (24) and (30):

f (η, Ci) = f0(η) + f1(η, Ci) = b0 + b1e−K1η + b2e−K2η + d1e−K0η + d2e−2K0η + d3e−3K0η+

+(C1η2 + C2η3 + C3η4)e−K0η + (C4η2 + C5η3)e−(α1+2K0)η + (C6η2 + C7η3)e−(α2+3K0)η+

+(C8η2 + C9η3)e−(α3+4K0)η + (C10η2 + C11η3)e−(α4+5K0)η + (C12η2 + C13η3)e−(α5+6K0)η .
(31)

where the unknown constants Ci, i = 1, · · · , 13, b0, b1, b2, d1, d2, d3, K0 > 0, K1 > 0, K2 > 0,
α1 > 0, α2 > 0, α3 > 0, α4 > 0, α5 > 0 will be optimally identified, with K0 6= K1 6= K2.

In this way, other approximate analytic solutions could be found.
The linear operator Lθ(η) for Equation (10), with initial/boundary conditions given

by Equation (11) (for the unknown function θ), is chosen as:

Lθ(η) = θ′′ − K2
3θ, (32)

where K3 > 0 is an unknown parameter at this moment.
Equation (16) can be written in the form:

θ′′0 − K2
3θ0 = 0, θ0(0) = 1 + δ2θ′0(0), θ0(∞) = 0 (33)

and has the solution

θ0(η) =
1

1 + K3δ2
e−K3η . (34)

The non-linear operator Nθ corresponding to the unknown function θ is obtained from
the expression Equation (10) in the form:

Nθ(η) = K2
3θ +

Pr
1 + 4

3 R

(
f θ′ − 1− n

1 + n
f ′θ
)

. (35)

For the initial approximation θ0(η) given by Equation (34), the non-linear operator
Equation (35) becomes:

Nθ0(η) = K2
3θ0 +

Pr
1+ 4

3 R

(
f θ′0 − 1−n

1+n f ′θ0

)
=

=
K2

3
1+K3δ2

e−K3η + Pr
1+ 4

3 R

(
− K3

1+K3δ2
· f · e−K3η − 1−n

1+n · 1
1+K3δ2

· f ′ · e−K3η
)

,

(36)

where f (η) is given by Equation (31).
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In comparing Equations (18) and (36) one can obtain:

h∗1(η) =
K2

3
1+K3δ2

− b0K3
1+K3δ2

· Pr
1+ 4

3 R
, g∗1(η) = e−K3η ,

h∗2(η) =
(
− b1K3

1+K3δ2
+ b1K1

1+K3δ2
· 1−n

1+n

)
· Pr

1+ 4
3 R

, g∗2(η) = e−(K1+K3)η ,

h∗3(η) =
(
− b2K3

1+K3δ2
+ b2K2

1+K3δ2
· 1−n

1+n

)
· Pr

1+ 4
3 R

, g∗3(η) = e−(K2+K3)η ,

h∗4(η) =
[
− K3 · (d1 + C1η2 + C2η3 + C3η4) + K0 · (d1 + C1η2 + C2η3 + C3η4) · 1−n

1+n−
−(2C1η + 3C2η2 + 4C3η3) · 1−n

1+n

]
· Pr

1+ 4
3 R
· 1

1+K3δ2
, g∗4(η) = e−(K0+K3)η ,

h∗5(η) =
(
− d2K3

1+K3δ2
+ 2d2K0

1+K3δ2
· 1−n

1+n

)
· Pr

1+ 4
3 R

, g∗5(η) = e−(2K0+K3)η ,

h∗6(η) =
(
− d3K3

1+K3δ2
+ 3d3K0

1+K3δ2
· 1−n

1+n

)
· Pr

1+ 4
3 R

, g∗6(η) = e−(3K0+K3)η ,

h∗7(η) =
[
− K3 · (C4η2 + C5η3) + (α1 + 2K0) · (C4η2 + C5η3) · 1−n

1+n−
−(2C4η + 3C5η2) · 1−n

1+n

]
· Pr

1+ 4
3 R
· 1

1+K3δ2
, g∗7(η) = e−(α1+2K0+K3)η ,

h∗8(η) =
[
− K3 · (C6η2 + C7η3) + (α2 + 3K0) · (C6η2 + C7η3) · 1−n

1+n−
−(2C6η + 3C7η2) · 1−n

1+n

]
· Pr

1+ 4
3 R
· 1

1+K3δ2
, g∗8(η) = e−(α2+3K0+K3)η ,

h∗9(η) =
[
− K3 · (C8η2 + C9η3) + (α3 + 4K0) · (C8η2 + C9η3) · 1−n

1+n−
−(2C8η + 3C9η2) · 1−n

1+n

]
· Pr

1+ 4
3 R
· 1

1+K3δ2
, g∗9(η) = e−(α3+4K0+K3)η ,

h∗10(η) =
[
− K3 · (C10η2 + C11η3) + (α4 + 5K0) · (C10η2 + C11η3) · 1−n

1+n−
−(2C10η + 3C11η2) · 1−n

1+n

]
· Pr

1+ 4
3 R
· 1

1+K3δ2
, g∗10(η) = e−(α4+5K0+K3)η ,

h∗11(η) =
[
− K3 · (C12η2 + C13η3) + (α5 + 6K0) · (C12η2 + C13η3) · 1−n

1+n−
−(2C12η + 3C13η2) · 1−n

1+n

]
· Pr

1+ 4
3 R
· 1

1+K3δ2
, g∗11(η) = e−(α5+6K0+K3)η .

(37)

The first approximation θ1(η, Di), given by Equation (19), becomes:

θ1(η, Di) = H∗1 (η, Di) · e−K3η + H∗2 (η, Di) · e−(K1+K3)η + H∗3 (η, Di) · e−(K2+K3)η+

+H∗4 (η, Di) · e−(K0+K3)η + H∗5 (η, Di) · e−(2K0+K3)η + H∗6 (η, Di) · e−(3K0+K3)η+

+H∗7 (η, Di) · e−(α1+2K0+K3)η + H∗8 (η, Di) · e−(α2+3K0+K3)η + H∗9 (η, Di) · e−(α3+4K0+K3)η+

+H∗10(η, Di) · e−(α4+5K0+K3)η + H∗11(η, Di) · e−(α5+6K0+K3)η ,

(38)

where Di are unknown parameters, and the unknown auxiliary functions H∗1 (η, Di), ...,
H∗5 (η, Di) can be of the form:

H∗1 (η, Di) = D0η, H∗2 (η, Di) = D1 + D2η + D3η2, H∗3 (η, Di) = D4 + D5η + D6η2,

H∗4 (η, Di) = D7 , H∗5 (η, Di) = D8 + D9η + D10η2 , H∗6 (η, Di) = · · · = H∗11(η, Di) = 0 .
(39)
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Inserting Equation (39) into Equation (38) one obtains:

θ1(η, Di) = D0η · e−K3η + (D1 + D2η + D3η2) · e−(K1+K3)η + (D4 + D5η + D6η2) · e−(K2+K3)η+

+D7 · e−(K0+K3)η + (D8 + D9η + D10η2) · e−(2K0+K3)η ,
(40)

with D7 = −D1 − D4 − D8.
From Equations (34) and (40), the first-order approximate solution given by Equation

(21) has the form:

θ̄(η, Di) = θ0(η) + θ1(η, Di) =

=
1

1 + K3δ2
e−K3η + D0η · e−K3η + (D1 + D2η + D3η2) · e−(K1+K3)η+

+(D4 + D5η + D6η2) · e−(K2+K3)η + D7 · e−(K0+K3)η + (D8 + D9η + D10η2) · e−(2K0+K3)η ,

(41)

where the unknown parameters K3 > 0, Di, i = 1, · · · , 10 are optimally identified.
Taking into account of the analytical approximate solutions f̄ (η) and θ̄(η) given by the

Equations (9) and (10), respectively,the residuals from Equation (31) and (41), respectively,
are:

R f̄ (η) = f̄ ′′′ + f̄ f̄ ′′ −
(

2n
n+1

)
( f̄ ′)2, (42)

and
Rθ̄(η) =

1
Pr

(
1 + 4

3 R
)

θ̄′′ −
(

1−n
1+n

)
f̄ ′ θ̄ + f̄ θ̄′ . (43)

4. Numerical Results and Discussion

By comparison of our approximate solutions with numerical results obtained via
the fourth-order Runge–Kutta method in the following cases: n ∈ {0.5, 2.5, 5}, γ ∈
{0.25, 0.5, 1}, δ1 ∈ {0.2, 0.5, 0.75}, Pr ∈ {6, 7, 8}, R ∈ {0.5, 1, 1.5}, δ2 ∈ {0.2, 0.4, 0.6},
demonstrating the advantages of the modified OHAM technique, in terms of accuracy,
flexibility, validity and efficiency.

The obtained analytic approximate solutions for the displacement f̄ and correspond-
ing velocity f̄ ′, and the temperature θ̄ are presented below. The effects of the different
parameters are discussed. The precision of these solutions are shown in Tables 1–4 for the
skin-friction coefficient f̄ ′′(0), the heat transfer coefficient θ̄′(0), the displacement f̄ (η), the
corresponding velocity f̄ ′(η) and the temperature θ̄(η) when n = 0.5, γ = 0.25, δ1 = 0.5,
R = 1, Pr = 6, δ2 = 0.2, the limit-value f (∞) := lim

η→∞
f (η).

Table 1. Values of the skin-friction coefficient f̄ ′′(0) obtained from Equation (31) by the OHAM
and numerical results, for different values of n, γ and δ1 (relative errors: ε f ′′(0) = | f ′′numerical(0)−
f̄ ′′OHAM(0)|).

n γ δ1 f ′′numerical(0) f̄ ′′OH AM(0) ε f ′′(0)

0.5 0.25 0.2 −0.7333855928 −0.7333855918 10−9

0.5 0.25 0.5 −0.5639692215 −0.5639692205 10−9

0.5 0.25 0.75 −0.4764796954 −0.4764796944 10−9

0.5 0.5 0.5 −0.5784360410 −0.5784360310 10−8

0.5 1 0.5 −0.6070808644 −0.6070808634 10−9

2.5 0.25 0.5 −0.6216320348 −0.6216320248 10−8

5 0.25 0.5 −0.6367180731 −0.6367180631 10−8
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Table 2. Values of the heat transfer coefficient θ̄′(0) obtained from Equation (41) by the OHAM and
numerical results, for different values of n, γ, δ1, R, Pr, and δ2 (relative errors: εθ′(0) = |θ′numerical(0)−
θ̄′OHAM(0)|).

n γ δ1 R Pr δ2 θ′numerical(0) θ̄′OH AM(0) εθ′(0)

0.5 0.25 0.5 1 6 0.2 −0.9865380801 −0.9865379801 10−7

0.5 0.25 0.5 1 7 0.2 −1.0639948406 −1.0639947406 10−7

0.5 0.25 0.5 1 8 0.2 −1.1340917886 −1.1340916886 10−7

0.5 0.25 0.5 0.5 6 0.2 −1.1604012664 −1.1604012564 10−8

0.5 0.25 0.5 1 6 0.2 −0.9865380801 −0.9865379801 10−7

0.5 0.25 0.5 1.5 6 0.2 −0.8681344977 −0.8681344877 10−8

0.5 0.25 0.5 1 6 0.2 −0.9865380801 −0.9865379801 10−7

0.5 0.25 0.5 1 6 0.4 −0.8239638179 −0.8239637179 10−7

0.5 0.25 0.5 1 6 0.6 −0.7073908656 −0.7073907656 10−7

2.5 0.25 0.5 1 6 0.2 −0.3797410596 −0.3885966996 8.855639 ·10−3

5 0.25 0.5 1 6 0.2 −0.0997737511 −0.0997737411 10−8

0.5 0.5 0.5 1 6 0.2 −1.0438247676 −1.0438246676 10−7

0.5 1 0.5 1 6 0.2 −1.1564371927 −1.1564370927 10−7

0.5 0.25 0.2 1 6 0.2 −1.0625520610 −1.0625520510 10−8

0.5 0.25 0.75 1 6 0.2 −0.9401404517 −0.9401403517 10−7

Table 3. Values of the analytic approximate solutions f̄ (η) and f̄ ′(η) from Equation (A3) and θ̄(η)

from Equation (A4) obtained by the OHAM and corresponding numerical results, for the values
n = 0.5, γ = 0.25, δ1 = 0.5, R = 1, Pr = 6, and δ2 = 0.2 (relative errors: ε f = | fnumerical − f̄OHAM|,
ε f ′ = | f ′numerical − f̄ ′OHAM|, εθ = |θnumerical − θ̄OHAM|).

η fnumerical f ′numerical θnumerical

0 0.0598346157 0.7180153892 0.8026923839
0.25 0.2226712355 0.5883987717 0.5777496315
0.5 0.3557863062 0.4798072617 0.3992585355
0.75 0.4641079810 0.3896154306 0.2660675341
1 0.5519132878 0.3152605148 0.1718011819
1.25 0.6228576040 0.2543456969 0.1079932864
1.5 0.6800247596 0.2047029048 0.0663727087
1.75 0.7259884392 0.1644214653 0.0400386110
2 0.7628774926 0.1318523678 0.0237854503
2.25 0.7924400119 0.1055954914 0.0139544082
2.5 0.8161029111 0.0844773589 0.0081040406
2.75 0.8350253351 0.0675246921 0.0046679539
3 0.8501452478 0.0539367909 0.0026710288

η f̄OHAM f̄ ′OHAM θ̄OHAM

0 0.0598346158 0.7180153897 0.8026925039
0.25 0.2226712379 0.5883987726 0.5777441370
0.5 0.3557863072 0.4798072319 0.3992654139
0.75 0.4641079768 0.3896154196 0.2660663722
1 0.5519132871 0.3152605436 0.1717963676
1.25 0.6228576084 0.2543457448 0.1079934516
1.5 0.6800247641 0.2047028870 0.0663767004
1.75 0.7259884379 0.1644214414 0.0400411532
2 0.7628774882 0.1318523684 0.0237837569
2.25 0.7924400080 0.1055954999 0.0139493825
2.5 0.8161029111 0.0844773812 0.0080983796
2.75 0.8350253396 0.0675247036 0.0046641177
3 0.8501452547 0.0539367945 0.0026702523
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Table 3. Cont.

η ε f ε f ′ εθ

0 4.166664 ·10−11 5.000001 ·10−10 1.200000 ·10−7

0.25 2.338812 ·10−9 8.500138 ·10−10 5.494534 ·10−6

0.5 9.967847 ·10−10 2.982538 ·10−8 6.878355 ·10−6

0.75 4.282139 ·10−9 1.095087 ·10−8 1.161948 ·10−6

1 6.948758 ·10−10 2.880794 ·10−8 4.814365 ·10−6

1.25 4.403408 ·10−9 4.789489 ·10−8 1.652118 ·10−7

1.5 4.521325 ·10−9 1.783327 ·10−8 3.991710 ·10−6

1.75 1.352115 ·10−9 2.390061 ·10−8 2.542265 ·10−6

2 4.420232 ·10−9 6.084595 ·10−10 1.693424 ·10−6

2.25 3.888561 ·10−9 8.512293 ·10−9 5.025664 ·10−6

2.5 2.571165 ·10−12 2.233086 ·10−8 5.660951 ·10−6

2.75 4.493213 ·10−9 1.154742 ·10−8 3.836207 ·10−6

3 6.906006 ·10−9 3.618723 ·10−9 7.764704 ·10−7

Table 4. Comparison between the limit-value f (∞) := lim
η→∞

f (η) obtained from Equation (31)

by the OHAM and numerical results, for different values of n, γ and δ1 (relative errors: ε f (∞) =

| fnumerical(∞)− f̄OHAM(∞)|).

n γ δ1 fnumerical(∞) f̄OH AM(∞) ε f (∞)

0.5 0.25 0.2 0.9946172010 0.9946172997 10−7

0.5 0.25 0.5 0.9097559921 0.9097561021 10−7

0.5 0.25 0.75 0.8592107287 0.8592108288 10−7

0.5 0.5 0.5 0.934115512 0.93411561078 10−7

0.5 1 0.5 0.984325561 0.98432566179 10−7

2.5 0.25 0.5 0.754168409 0.75416850866 10−7

5 0.25 0.5 0.709166712 0.70916736175 6.496262 ·10−7

For Figures 2–13, the OHAM solutions are displayed with thin lines and numerical
solutions by dashing lines.

4.1. Influence of the Parameter n

The behaviour of the displacement and velocity f̄ (η) and f̄ ′(η), respectively, with
the increase in n for fixed values of R = 1, Pr = 6, δ2 = 0.2, γ = 0.25 and δ1 = 0.5, are
represented in Figures 2 and 3, respectively. On the another hand from Figure 4 one can
observe an increasing in temperature θ̄(η) with n.
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n = 0.5, 2.5, 5

2 4 6 8
Η

0.2

0.4

0.6

0.8

1.0

f
�
HΗL

Figure 2. The influence of n on the behaviour of the displacement f̄ (η) (given by Equations (A3),
(A17) and (A19) for γ = 0.25, δ1 = 0.5: OHAM solution (thin lines) and numerical solution (dashing
lines).

n = 0.5, 2.5, 5

2 4 6 8
Η

0.2

0.4

0.6

0.8

f
�
'HΗL

Figure 3. The influence of n on the behaviour of the velocity profile f̄ ′(η) obtained from Equations
(A3), (A17) and (A19) for γ = 0.25, δ1 = 0.5: OHAM solution (thin lines) and numerical solution
(dashing lines).
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n = 0.5, 2.5, 5

0.5 1.0 1.5 2.0 2.5 3.0
Η

0.2

0.4
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0.8

1.0
Θ
�
HΗL

Figure 4. The influence of n on the behaviour of the temperature θ̄(η) given by Equations (A4), (A18)
and (A20) for R = 1, Pr = 6, δ2 = 0.2, γ = 0.25, δ1 = 0.5: OHAM solution (thin lines) and numerical
solution (dashing lines).

The slope and asymptotic limit decreases with the increasing values of η.

4.2. Influence of the Wall Thickness Parameter γ

Figures 5 and 6 display the behaviour of the displacement f̄ (η) and variation of the
velocity f̄ ′(η), respectively, with increasing γ for fixed values of n = 0.5, R = 1, Pr = 6, and
δ2 = 0.2, δ1 = 0.5; while Figure 7 shows the variation in the temperature θ̄(η) decreases.

Γ = 0.25, 0.5, 1

2 4 6 8
Η

0.2

0.4

0.6

0.8

1.0

f
�
HΗL

Figure 5. The influence of γ on the behaviour of the displacement f̄ (η) given by Equations (A3),
(A13) and (A15) for n = 0.5, δ1 = 0.5: OHAM solution (thin lines) and numerical solution (dashing
lines).
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Γ = 0.25, 0.5, 1

2 4 6 8
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0.8
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Figure 6. The influence of γ on the behaviour of the velocity profile f̄ ′(η) obtained from Equations
(A3), (A13) and (A15) for n = 0.5, δ1 = 0.5: OHAM solution (thin lines) and numerical solution
(dashing lines).

Γ = 0.25, 0.5, 1

0.5 1.0 1.5 2.0 2.5 3.0
Η

0.2

0.4

0.6

0.8

Θ
�
HΗL

Figure 7. The influence of γ on the behaviour of the temperature θ̄(η) given by Equations (A4), (A14)
and (A16) for n = 0.5, R = 1, Pr = 6, δ2 = 0.2, δ1 = 0.5: OHAM solution (thin lines) and numerical
solution (dashing lines).

The slope and asymptotic limit increases for increasing values of η.

4.3. Influence of the Slip Parameter δ1

The behaviour of the displacement and velocity f̄ (η) and f̄ ′(η), respectively with the
increasing of the parameter δ1 for some fixed values of the parameters n = 0.5, R = 1,
Pr = 6, δ2 = 0.2, γ = 0.25, is represented in Figures 8 and 9, respectively. In the Figure 10
can be observe an increasing of the temperature θ̄(η) with this parameter δ1.
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∆1 = 0.2, 0.5, 0.75
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Figure 8. The influence of the parameter δ1 on the behaviour of the displacement f̄ (η) given by
Equations (A1), (A3) and (A11) for n = 0.5, γ = 0.25: OHAM solution (thin lines) and numerical
solution (dashing lines).

∆1 = 0.2, 0.5, 0.75
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Figure 9. The influence of δ1 on the behaviour of the velocity profile f̄ ′(η) obtained from Equations
(A1), (A3) and (A11) for n = 0.5, γ = 0.25: OHAM solution (thin lines) and numerical solution
(dashing lines).
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∆1 = 0.2, 0.5, 0.75

0.5 1.0 1.5 2.0 2.5 3.0
Η
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HΗL

Figure 10. Profile of the temperature θ̄(η) given by Equations (A2), (A4) and (A12) when increasing
the slip parameter δ1 for n = 0.5, R = 1, Pr = 6, δ2 = 0.2, γ = 0.25: OHAM solution (thin lines) and
numerical solution (dashing lines).

The slope and asymptotic limit decreases for increasing values of η.

4.4. Influence of the Prandtl Number Pr

Figure 11 displays the decrease in the temperature θ̄(η) with the increase in the Prandtl
number Pr for fixed values of n = 0.5, R = 1, δ2 = 0.2, γ = 0.25, δ1 = 0.5.

Pr = 6, 7, 8

0.5 1.0 1.5 2.0 2.5 3.0
Η

0.2
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0.8

Θ
�
HΗL

Figure 11. Profile of the temperature θ̄(η) given by Equations (A4), (A5) and (A6) when increasing
the Prandtl number Pr for n = 0.5, R = 1, δ2 = 0.2, γ = 0.25, δ1 = 0.5: OHAM solution (thin lines)
and numerical solution (dashing lines).
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4.5. Influence of the Radiation Parameter R

Figure 12 shows the increase in temperature θ̄(η) when increasing the radiation
number R for fixed values of n = 0.5, Pr = 6, δ2 = 0.2, γ = 0.25, δ1 = 0.5.

R = 0.5, 1, 1.5

0.5 1.0 1.5 2.0 2.5 3.0
Η

0.2

0.4

0.6

0.8
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HΗL

Figure 12. Profile of the temperature θ̄(η) given by Equations (A7), (A4) and (A8) when increasing
the radiation parameter R for n = 0.5, Pr = 6, δ2 = 0.2, γ = 0.25, δ1 = 0.5: OHAM solution (thin
lines) and numerical solution (dashing lines).

4.6. Influence of the Slip Thermal Parameter δ2

From Figure 13 we notice that the variation in temperature.

∆2 = 0.2, 0.4, 0.6

0.5 1.0 1.5 2.0 2.5 3.0
Η

0.2

0.4

0.6

0.8

Θ
�
HΗL

Figure 13. Profile of the temperature θ̄(η) given by Equations (A4), (A9) and (A10) when increasing
the slip thermal parameter δ2 for n = 0.5, R = 1, Pr = 6, γ = 0.25, δ1 = 0.5: OHAM solution (thin
lines) and numerical solution (dashing lines).

The behaviour of the temperature θ̄(η) with increasing δ2 for fixed values of n = 0.5,
R = 1, Pr = 6, γ = 0.25, δ1 = 0.5 is depicted in Figure 13.

Table 5 presents in detail an error analysis by computing the integral of the square
residual given by Equations (42) and (43).



Mathematics 2023, 11, 2199 19 of 28

Table 5. Integral of the square residual given by Equations (42) and (43) obtained by the OHAM for
different values of n, γ and δ1, R, Pr and δ2.

n γ δ1

∞∫
0

R f̄
2(η) dη R Pr δ2

∞∫
0

Rθ̄
2(η) dη

0.5 0.25 0.2 5.485739 ·10−11 1 6 0.2 1.079470 ·10−5

0.5 0.25 0.5 5.503738 ·10−13 1 6 0.2 4.737834 ·10−7

1 7 0.2 9.489441 ·10−7

1 8 0.2 1.914615 ·10−6

0.5 6 0.2 3.598609 ·10−5

1.5 6 0.2 3.601433 ·10−9

1 6 0.4 2.265013 ·10−7

1 6 0.6 1.504156 ·10−7

0.5 0.25 0.75 2.848927 ·10−10 1 6 0.2 1.139814 ·10−6

0.5 0.5 0.5 1.486587 ·10−11 1 6 0.2 1.787740 ·10−7

0.5 1 0.5 7.256022 ·10−11 1 6 0.2 2.676813 ·10−7

2.5 0.25 0.5 2.500198 ·10−11 1 6 0.2 1.100465 ·10−3

5 0.25 0.5 3.167293 ·10−9 1 6 0.2 8.243077 ·10−5

4.7. OHAM Solutions versus Iterative Solutions

A comparison between the OHAM solutions and corresponding iterative solutions
obtained by the iterative method developed in [49] are presented highlighting the accuracy
of the modified OHAM technique.

Equations (9) and (10) convert in the following system:

F′1(η) = F2(η)
F′2(η) = F3(η)
F′3(η) =

2n
1+n F2

2 (η)− F1(η)F3(η)
Θ′1(η) = Θ2(η)

Θ′2(η) =
Pr

1+ 4
3 R
·
(

1−n
1+n · F2(η)Θ1(η)− F1(η)Θ2(η)

) , (44)

where F1(η) = f (η), F2(η) = f ′(η), F3(η) = f ′′(η), Θ1(η) = θ(η), Θ2(η) = θ′(η).
Integrating the system (44) over the interval [0, η], results in:

F1(η) = F1(0) +

η∫
0

F2(s) ds

F2(η) = F2(0) +

η∫
0

F3(s) ds

F3(η) = F3(0) +

η∫
0

( 2n
1 + n

F2
2 (s)− F1(s)F3(s)

)
ds

Θ1(η) = Θ1(0) +

η∫
0

Θ2(s) ds

Θ2(η) = Θ2(0) +

η∫
0

Pr
1 + 4

3 R
·
(1− n

1 + n
· F2(s)Θ1(s)− F1(s)Θ2(s)

)
ds

. (45)
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The iterative procedure leads to:

F1,0(η) = F1(0) , F1,1(η) = N1(F1,0, F2,0, F3,0, Θ1,0, Θ2,0) =

η∫
0

F2,0(s) ds ,

F2,0(η) = F2(0) , F2,1(η) = N2(F1,0, F2,0, F3,0, Θ1,0, Θ2,0) =

η∫
0

F3,0(s) ds ,

F3,0(η) = F3(0) , F3,1(η) = N3(F1,0, F2,0, F3,0, Θ1,0, Θ2,0) =

η∫
0

( 2n
1 + n

F2
2,0(s)− F1,0(s)F3,0(s)

)
ds ,

Θ1,0(η) = Θ1(0) , Θ1,1(η) = N4(F1,0, F2,0, F3,0, Θ1,0, Θ2,0) =

η∫
0

Θ2,0(s) ds ,

Θ2,0(η) = Θ2(0) , Θ2,1(η) = N5(F1,0, F2,0, F3,0, Θ1,0, Θ2,0) =

η∫
0

Pr
1 + 4

3 R
·
(1− n

1 + n
· f2,0(s)θ1,0(s)− f1,0(s)θ2,0(s)

)
ds ,

· · ·

F1,m(η) = N1

(
m−1

∑
i=0

F1,i,
m−1

∑
i=0

F2,i,
m−1

∑
i=0

F3,i,
m−1

∑
i=0

Θ1,i,
m−1

∑
i=0

Θ2,i

)
− N1

(
m−2

∑
i=0

F1,i,
m−2

∑
i=0

F2,i,
m−2

∑
i=0

F3,i,
m−2

∑
i=0

Θ1,i,
m−2

∑
i=0

Θ2,i

)
,

F2,m(η) = N2

(
m−1

∑
i=0

F1,i,
m−1

∑
i=0

F2,i,
m−1

∑
i=0

F3,i,
m−1

∑
i=0

Θ1,i,
m−1

∑
i=0

Θ2,i

)
− N2

(
m−2

∑
i=0

F1,i,
m−2

∑
i=0

F2,i,
m−2

∑
i=0

F3,i,
m−2

∑
i=0

Θ1,i,
m−2

∑
i=0

Θ2,i

)
,

F3,m(η) = N3

(
m−1

∑
i=0

F1,i,
m−1

∑
i=0

F2,i,
m−1

∑
i=0

F3,i,
m−1

∑
i=0

Θ1,i,
m−1

∑
i=0

Θ2,i

)
− N3

(
m−2

∑
i=0

F1,i,
m−2

∑
i=0

F2,i,
m−2

∑
i=0

F3,i,
m−2

∑
i=0

Θ1,i,
m−2

∑
i=0

Θ2,i

)
,

Θ1,m(η) = N4

(
m−1

∑
i=0

F1,i,
m−1

∑
i=0

F2,i,
m−1

∑
i=0

F3,i,
m−1

∑
i=0

Θ1,i,
m−1

∑
i=0

Θ2,i

)
− N4

(
m−2

∑
i=0

F1,i,
m−2

∑
i=0

F2,i,
m−2

∑
i=0

F3,i,
m−2

∑
i=0

Θ1,i,
m−2

∑
i=0

Θ2,i

)
,

Θ2,m(η) = N5

(
m−1

∑
i=0

F1,i,
m−1

∑
i=0

F2,i,
m−1

∑
i=0

F3,i,
m−1

∑
i=0

Θ1,i,
m−1

∑
i=0

Θ2,i

)
− N5

(
m−2

∑
i=0

F1,i,
m−2

∑
i=0

F2,i,
m−2

∑
i=0

F3,i,
m−2

∑
i=0

Θ1,i,
m−2

∑
i=0

Θ2,i

)
,

m ≥ 2 .
(46)

The solutions to Equations (9) and (10), using the iterative algorithm, can be written as:

F1iter (η) =
∞

∑
m=0

F1,m(t) , F2iter (η) =
∞

∑
m=0

F2,m(η) , F3iter (η) =
∞

∑
m=0

F3,m(η) ,

Θ1iter (η) =
∞

∑
m=0

Θ1,m(η) , Θ2iter (η) =
∞

∑
m=0

Θ2,m(η) .

The iterative solutions after six iterations and considering the initial conditions:
F1(0) = γ 1−n

1+n (1 + δ1 · F3(0)), F2(0) = 1 + δ1 · F3(0), F3(0) = −0.5639692215, Θ1(0) =
1 + δ2 · Θ2(0), Θ2(0) = −1.0625520610 (presented in Tables 1 and 2) and the physical
constants n = 0.5, γ = 0.25, δ1 = 0.5, R = 1, Pr = 6, δ2 = 0.2, taking into account of the
Algorithm (46), become:

f1iter (η) =
6

∑
m=0

f1,m(η) = 0.0598346157 + 0.7180153892η − 0.2819846107η2+

+0.0629070468η3 − 0.0065651516η4 − 0.0005435393η5 + 0.0002673026η6 ,

θ1iter (η) =
6

∑
m=0

θ1,m(η) = 0.7874895877− 1.0625520610η − 0.5312760305η2−

−0.1770920101η3 − 0.0442730025η4 − 0.0088546005η5 − 0.0014757667η6 .

(47)
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Figures 14 and 15 and Table 6, respectively, present a parallel between the OHAM
solutions f̄OHAM and θ̄OHAM and the corresponding iterative solutions f1iter , θ1iter given
in Equation (47). This comparative analysis highlights the efficiency and accuracy of the
modified OHAM method using only one iteration.

1 2 3 4
Η

0.2

0.4

0.6

0.8

f
�HΗL

Figure 14. Profile of the approximate analytical solution f̄ (η), of Equation (9) given by Equation (A3),
the iterative solution f1iter (η) given by Equation (47) and the corresponding numerical solution:
numerical solution (thin lines), OHAM solution (dashing lines), and iterative solution (dotted curve).

0.2 0.4 0.6 0.8 1.0
Η
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Figure 15. Profile of the approximate analytical solution θ̄(η), of Equation (10) given by Equation (A4),
the corresponding numerical solution and the iterative solution θ1iter (η) given by Equation (47).
numerical solution (thin lines), OHAM solution (dashing lines), and iterative solution (dotted curve).

The precision and efficiency of the OHAM method (using just one iteration) against
the iterative method described in [49] (using six iterations) arising from the presented
comparison.
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Table 6. Comparison between the approximate analytical solution f̄ (η) given by Equation (A3), the
iterative solution f1iter (η) given by Equation (47) and the corresponding numerical solution.

η fnumerical f̄OH AM f1iter

0 0.0598346157 0.0598346158 0.0598346157
2/5 0.3057767212 0.3057767284 0.3057767378
4/5 0.4831846866 0.4831846939 0.4831857409
6/5 0.6098618368 0.6098618446 0.6098707988
8/5 0.6996261828 0.6996261750 0.6996239146

2 0.7628775161 0.7628774882 0.7625577448
12/5 0.8072661326 0.8072660955 0.8051757704
14/5 0.8383269730 0.8383269310 0.8300974997
16/5 0.8600170821 0.8600170260 0.8362170948
18/5 0.8751415873 0.8751415052 0.8221825663

4 0.8856771883 0.8856770760 0.8010064019

5. Conclusions

Using the modified optimal homotopy asymptotic method (OHAM), the non-linear
ODEs characterizing the radiative convective flow of a nanofluid over a stretching sheet
in porous medium were analytically approximately solved. The equations were used to
model physical phenomena related to fluid flow in the boundary layer, flow processes in
porous media with applications in industry.

The dependence of the mass and heat transfer on the physical parameters was an-
alytically and graphically investigated. The advantages of the OHAM procedure were
highlighted by comparison with an iterative method. The impact of various parameters,
such as: the velocity exponential factor n, the wall thickness parameter γ, the dimension-
less velocity slip parameter δ1, the Prandtl number Pr, the radiation parameter R, and the
dimensionless temperature jump parameter δ2, is presented and summarized.

• The effect of the increasing n enhances the stretching velocity and implies the elevation
of the velocity boundary layer. Moreover, the temperature of the base fluid increases
with n, leading the thickness of the thermal layer to increase;

• If the wall thickness parameter γ increases, then the flow characteristics are consider-
ably reduced and the temperature gradient is lowered;

• An increase in the radiation parameter R causes an increase in the thickness of the
thermal boundary layer supplying more heat to the base fluid;

• An increase in the dimensionless temperature jump parameter δ2 generates a high
surface temperature, decreasing fluid conductance and increasing the thickness of the
temperature profile;

• The influence of Prandtl number Pr on the temperature field in the presence/absence
of joule heating is significant. The temperature and thermal boundary layer thickness
were found to decrease;

• An increase in the velocity slip parameter δ1 implies a decrease in the boundary layer
thickness, and a decrease in variation in the thermal boundary layer thickness.

The effects of the magnetic and electric fields for the radiative convective flow of a
nanofluid over a stretching sheet in a porous medium will be analyzed in future work.
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Nomenclature/Notation

Symbols Names
u, v Velocity components
x, y Cartesian coordinates
n the velocity power index parameter
K(x) Non-uniform permeability
k0 Coefficient related to non-uniform permeability
uw(x) Velocity at the wall
Tw(x) Wall temperature
T∞ Environment temperature
u0, T0 Reference velocity and reference temperature
A Coefficient related to stretching sheet
ν f Kinematical viscosity
T Temperature of the fluid
k Thermal conductivity
α Thermal diffusivity of the nanofluid
(ρcp) f Specific heat capacitance
δ∗1 Dimensional velocity slip parameter
δ∗2 Dimensional temperature jump parameter
b the Maxwell’s reflection coefficient
c the thermal accommodation coefficient
λ the ratio of specific heats
ξ1, ξ2 the mean free paths
qr Radiative heat flux
σ∗ the Stefan-Boltzmann constant
k∗ the mean absorption coefficient
Pr Prandtl number
R Radiation parameter
γ the wall thickness parameter
δ1 the dimensionless velocity slip parameter
δ2 the dimensionless temperature jump parameter
Rex Reynolds number
η Independent dimensionless variable
f (η) Stream function
θ(η) Temperature
f̄ (η), θ̄(η) approximate analytical solution by means of the

modified Optimal Homotopy Asymptotic Method, called OHAM solutions

Appendix A

Example A1. n = 0.5, γ = 0.25, δ1 = 0.2

f̄ (η) = 0.9946172997 + (0.4139772770η2 − 0.6920469873η3)e−1.8862406706η+
+(−0.3183621590η2 + 0.0365731067η3)e−1.1792663699η + (0.1597270243η2 + 0.1524443533η3)×
×e−1.4776951171η + (−0.0042329110η2 + 0.1548907491η3)e−1.9212671996η + (0.0057258538η2+
+0.6348504736η3)e−1.8637713840η + (−0.2568350851η2 + 0.0447155982η3 − 0.0040303481η4)×
×e−1.2169940216η + 0.1884050625e−1.5173282040η − 1.1119121221e−1.0245370781η

(A1)
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Example A1.1. R = 1, Pr = 6, δ2 = 0.2

θ̄(η) = 1.3979533623e−2.5662842234η + (0.7874895997− 1.6452099757η)e−1.3492902017η+
+(−2.0002709304− 0.2400457263η − 720.5014231601η2)e−2.4345962490η + (2.4384372743+
+0.4502081800η − 0.0255707584η2)e−1.2176022273η + (−1.8361197061− 1.3495392047η+
+719.6229654585η2)e−2.4352044546η

(A2)

Example A2. n = 0.5, γ = 0.25, δ1 = 0.5

f̄ (η) = 0.9097561021 + (−0.2869318848η2 − 1.6372238807η3)e−2.1899790308η+
+(−0.2080549264η2 − 0.7158289379η3)e−1.7080419443η + (0.1211881336η2 + 0.1654718251η3)×
×e−2.1387056347η + (−0.24616933011η2 + 0.6431173933η3)e−1.7009112737η + (0.08245133002η2+
+1.4569504253η3)e−2.1950662752η + (0.5375166777η2 − 0.0782666024η3 + 0.0035238270η4)×
×e−1.4790569937η + 0.0767203339e−1.6229736376η − 0.9266418203e−0.9092299210η

(A3)

Example A2.1. R = 1, Pr = 6, δ2 = 0.2

θ̄(η) = 2.9456787532e−2.7080923655η + (0.8026925039− 0.0843842327η)e−1.2290353718η+
+(−0.2865440568− 0.1115968792η − 0.9544376577η2)e−3.4387279254η + (−0.2484410860−
−0.3399227766η − 0.0944851935η2)e−1.7193639627η + (−2.4106936104− 0.6098471315η+
+1.3315794502η2)e−3.1984209564η

(A4)

Example A2.2. R = 1, Pr = 7, δ2 = 0.2

θ̄(η) = 1.0446433437e−2.8306737159η + (0.7872011518− 0.0854789194η)e−1.3516167222η+
+(0.1496653624 + 0.0943652208η − 0.9855368948η2)e−3.7177556309η + (−1.2493619855−
−0.0005601138η − 0.1324666875η2)e−1.8588778154η + (0.0550532792 + 1.3664899912η+
+2.2018621320η2)e−3.3379348091η

(A5)

Example A2.3. R = 1, Pr = 8, δ2 = 0.2

θ̄(η) = 0.1677223956e−2.9458417059η + (0.7731817622− 0.1092859450η)e−1.4667847122η+
+(−1.4114699618 + 0.0170493137η − 0.2356907944η2)e−2.1459838851η + (0.2793534893+
+2.7301443316η + 0.0963407657η2)e−4.2919677703η + (0.9643940768− 0.4778722401η+
+3.2113280122η2)e−3.6250408788η

(A6)

Example A2.4. R = 0.5, Pr = 6, δ2 = 0.2

θ̄(η) = −32.5050621386e−2.9901539452η + (0.7679197587 + 87.0878602251η)e−1.5110969515η+
+(18.9741311586 + 1.7230004007η − 51.5082062592η2)e−2.9561265117η + (−6.1795235553−
−83.9041335593η + 2.3062269196η2)e−1.4770695180η + (19.7104545354 + 3.0879025287η+
+53.8236497240η2)e−2.9541390361η

(A7)

Example A2.5. R = 1.5, Pr = 6, δ2 = 0.2

θ̄(η) = 2.7943652352e−2.5295926714η + (0.8263731124− 0.0440600690η)e−1.0505356777η+
+(−3.4497097475− 0.2372528327η − 0.8627823196η2)e−2.8074987872η + (−0.4491261799−
−0.1800065186η − 0.0374528674η2)e−1.3284417935η + (1.1044706922 + 0.1826813250η+
+1.3808767029η2)e−2.6568835870η

(A8)

Example A2.6. R = 1, Pr = 6, δ2 = 0.4

θ̄(η) = 0.8867806614e−2.7080926564η + (0.6704146128− 0.0618716928η)e−1.2290356627η+
+(0.1725218381 + 0.4069568146η − 1.2897712959η2)e−3.3156952475η + (−0.5248621360−
−0.1634234046η − 0.0671554042η2)e−1.6578476237η + (−0.5344403636 + 0.2452221795η+
+2.0411668097η2)e−3.1369046174η

(A9)
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Example A2.7. R = 1, Pr = 6, δ2 = 0.6

θ̄(η) = 4.3111040224e−2.7080924834η + (0.5755656406− 0.0499255132η)e−1.2290354897η+
+(−0.7275841885 + 0.4774478628η − 1.0862891617η2)e−3.3002236696η + (−0.7032195548−
−0.0340863577η − 0.0704533764η2)e−1.6501118348η + (−2.8803002790− 1.2930950806η+
+1.5769865882η2)e−3.1291688285η

(A10)

Example A3. n = 0.5, γ = 0.25, δ1 = 0.75

f̄ (η) = 0.8592108288 + (0.2070610330η2 + 0.0494307555η3)e−3.9537392065η+
+(0.5164824390η2 + 0.2578257758η3)e−2.3181363056η + (0.5799578912η2 + 0.3827363388η3)×
×e−3.1652763223η + (0.6618028072η2 + 0.5796957297η3)e−2.4457198692η + (0.3054908753η2+
+0.8309626089η3)e−1.9160164060η + (−2.2707950460η2 + 0.2563475757η3 − 0.0073077125η4)×
×e−1.6292493237η + 0.0771076029e−1.5141697991η − 0.8827650793e−0.8602449854η

(A11)

Example A3.1. R = 1, Pr = 6, δ2 = 0.2

θ̄(η) = 5.079842172e−2.7870969063η + (0.8119720296− 0.0833624724η)e−1.1578475826η+
+(−1.8519889589− 2.248636065η − 58.9934609300η2)e−3.2639449810η + (0.4053898668−
−0.572633951η − 0.0637300121η2)e−1.6319724905η + (−3.6332430806− 0.169372153η+
+58.7914066303η2)e−3.2612218142η

(A12)

Example A4. n = 0.5, γ = 0.5, δ1 = 0.5

f̄ (η) = 0.9341156107 + (−0.1390743471η2 − 3.0445723243η3)e−1.8605738407η+
+(0.0168469051η2 − 0.8833160929η3)e−1.5746217259η + (0.2980880214η2 + 0.9671266866η3)×
×e−1.8117128688η + (0.3112024291η2 + 1.3296964905η3)e−1.5476443496η + (1.4402441312η2+
+2.4376920786η3)e−1.8668037907η + (−1.9273071396η2 + 0.2132086651η3 − 0.0073617636η4)×
×e−1.2752945208η + 0.1911543503e−1.3857142064η − 1.0068062970e−0.9690714949η

(A13)

Example A4.1. R = 1, Pr = 6, δ2 = 0.2

θ̄(η) = 0.7923635421e−2.5945283111η + (0.7912351664− 0.0841178629η)e−1.3192337903η+
+(0.0816199379− 0.0151786345η − 0.3254612303η2)e−3.6757124597η + (−1.0051353710+
+0.0044161888η − 0.1554114241η2)e−1.8378562298η + (0.1311518909 + 1.0117021785η+
+1.0256949660η2)e−3.1131507507η

(A14)

Example A5. n = 0.5, γ = 1, δ1 = 0.5

f̄ (η) = 0.9843256617 + (−0.4087537861η2 − 1.9758523669η3)e−2.5346694520η−
−(0.2678754951η2 − 0.0461245614η3)e−1.3840596643η + (0.1608950512η2 + 0.1040290645η3)×
×e−1.7198164890η + (0.3297039955η2 + 0.7559361096η3)e−2.5769297131η + (0.2142519563η2+
+1.2935160470η3)e−2.4993619006η + (−0.0282217218η2 + 0.0034482635η3 − 0.0001162653η4)×
×e−0.9878643345η + 0.0946953564e−1.5962582718η − 0.8468678287e−1.0008855992η

(A15)

Example A5.1. R = 1, Pr = 6, δ2 = 0.2

θ̄(η) = −0.3597167846e−2.4922451268η + (0.7687126814− 0.0954704839η)e−1.5043807923η+
+(−0.0733310801− 0.5892191368η − 0.3250643399η2)e−4.2045319974η + (0.6308197167−
−0.5245411169η − 0.1430808772η2)e−2.1022659987η + (−0.1977718518 + 0.719415004η−
−0.0137485551η2)e−3.0901303332η

(A16)

Example A6. n = 2.5, γ = 0.25, δ1 = 0.5

f̄ (η) = 0.7541685086 + (0.1158185725η2 − 0.4896838798η3)e−1.4427784905η−
−(0.2650992476η2 + 0.3422872956η3)e−1.4736158901η − (0.1361159150η2 + 0.0676280787η3)×
×e−1.0977772584η + (−1.3141822854η2 + 0.1462983332η3)e−0.8922579152η + (−0.0555188904η2+
+0.7846515973η3)e−1.4598016587η + (1.6550977660η2 − 0.1805368975η3 + 0.0013656520η4)×
×e−0.8898656083η − 0.2844288567e−1.1651806024η − 0.5435807934e−0.6581781498η

(A17)
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Example A6.1. R = 1, Pr = 6, δ2 = 0.2

θ̄(η) = 257.5640986648e−1.3008177481η + (0.9240517880− 0.0603655215η)e−0.4109521398η+
+(−90.7596244009− 23.8573078674η − 178261.5920432491η2)e−1.7797390335η+
+(−83.86711073782 + 17.9038061212η − 1.3679947656η2)e−0.8898734252η+
+(−82.9373635260− 42.7181083865η + 178250.3752803285η2)e−1.7797468505η

(A18)

Example A7. n = 5, γ = 0.25, δ1 = 0.5

f̄ (η) = 0.7091673617 + (1.0214662661η2 − 2.2024525481η3)e−2.2888220109η+
+(2.4363488175η2 − 1.1479916570η3)e−1.7177888735η + (0.6130211922η2 + 0.6413035628η3)×
×e−1.8425247246η + (1.4513883678η2 + 0.7195007290η3)e−1.7920503662η + (0.7683703580η2+
+2.6073338327η3)e−2.2759261623η + (−6.2905950018η2 + 0.6005060191η3 + 0.0344934779η4)×
×e−1.7145828237η − 0.1121579464e−1.5730824623η − 0.7106162433e−0.7109424735η

(A19)

Example A7.1. R = 1, Pr = 6, δ2 = 0.2

θ̄(η) = −200.8827425077e−1.8163880731η + (0.9800452497− 0.0204310992η)e−0.1018052494η+
+(−2.0670795815− 0.0778464180η − 0.0657019518η2)e−0.4314687029η + (0.5106635013−
−0.0843065638η − 0.0100304601η2)e−0.2157343514η + (202.4391585879 + 25.2916387690η+
+2.7198689180η2)e−1.9303171751η

(A20)
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