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1. Introduction

Recently, neural networks (NNs) have garnered significant attention and have found
extensive applications across various domains, including image restoration [1], pattern
recognition [2] and associative memory [3]. In practical applications, time delays are
an unavoidable factor stemming from the finite switching speed of amplifiers. It's well-
established that time delays can potentially induce oscillations and instability in systems.
Consequently, the asymptotic behavior of NNs with delays has been a focal point of
research for numerous authors.

The study of asymptotic behavior such as dissipativity [4-7] attracting sets [8], stabi-
lization [9-11] and stability offers potent tools for addressing the problem of controlling
dynamics systems. In the asymptotic behavior analysis, one powerful tool is Lyapunov
function or functional. Wang and Zhu [12] used a novel Lyapunov-Krasovskill functional
to consider the stability of discrete-time semi-Markov jump linear systems with time delay.
Fan et al. [13] using multiple Lyapunov-Krasovskii functionals to investigate the stability
of switched stochastic nonlinear systems. Xu et al. [14] used the improved Lyapunov Razu-
mikhin method to consider exponential stability of stochastic nonlinear delay systems. Zhu
and Zhu [15] constructed the Lyapunov-Krasovskii functional to the stability of stochastic
Highly Nonlinear Systems.

Especially, Cao and Zhou [16], Cao [17], Mohanmad and Gopalsamy [18], Sun et al. [19],
Zeng et al. [7], Zeng et al. [20], Zhang et al. [21], Zhang et al. [22], Zhao and Cao [23], Zheng
and Zhang [24], and Zhou and Zhang [25] used the Lypunov functional to investigate
the stability of delayed cellular NNs with constant coefficient, respectively. Jiang and
Cao [26], Jiang and Teng [27,28], Long et al. [29], Rehim et al. [30], Song and Zhao [6], Yu
etal. [31], Zhang et al. [32], Zhang et al. [33] investigated the stability of recurrent NNs with
variable coefficient by constructing Lyapunov function or functional, respectively. Through
the construction of Lyapunov functions or functionals, one can find some interesting re-
sults. Nevertheless, constructing an appropriate Lyapunov function or functional can be
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a challenging task, particularly in the context of nonautonomous NNs with unbounded
delays [34].

On the other hand, Halanay inequalities can be also used to consider the asymptotic
behavior of NNs [5,29,34-38]. It should be noted that only [5,35,38] considered the un-
bounded coefficient functions, and unbounded delay functions. Hien et al. [35] considered
the generalized exponential stability of one-dimensional Halalay inequalities and gave
application to nonautonomous NNs. Later, Lu et al. [38] studied the global generalized
exponential stability of nonautonomous NNs by multi-dimensional generalized Halanay
inequalities which extended the results in [35]. However, when the coefficient functions
are constants and the delay functions are infinite the works in [35,38] do not work. Hien
et al. [5] considered the global dissipativity of nonautonomous NNs with delays. Howerer,
their delay functions are required to be proportional.

Inspired by the preceding discussion, in this paper, we propose some generalized
Halanay inequalities to investigate the asymptotic behaviour of neural networks with
unbounded variable coefficients and infinite delay, and our assumptions are less restrictive
than most of existing works. Our results not only enhance but also extend the results
initially presented in [5,35,38].

The structure of this paper unfolds as follows. Section 2 provides an introduction
to some preliminaries, definitions and model descriptions. Section 3 investigates the
asymptotic behavior of NNs with delays by means of constructing some generalized
Halanay inequalities. Section 4 offers some examples and simulations to exemplify the
practical utility of our theoretical results. Finally, this paper concludes in the Section 5.

Notations: let N, = {1,2,...,1n} and AT denotes the transpose of matrix A. R”
is the n-dimensional Euclidean space equipped with the norm ||g| = grell%x{\w} for

q=1(91,92,---,qn)T € R". For ty > 0, BC((—o9, o], R") stands for the space of all bounded
and continuous functions ¢ : (—oo,ty] — R" equipped with the norm ||¢|| := sup ||(6)]|.
<ty

For any sets D and E, define D — E := {x|x € D, x ¢ E}. by = max{0,b}.

2. Preliminaries and Model Description
This paper investigates the following NNs with delays

1)

qi(t) = ¢i(t)' te (—OO, tO]/ i€ Nn/

where g;(t) is the neuron state variable of the neural network, ¢(t) = (¢1(t),..., Pu(t))
is the initial value, q(t,v) = (q1(t),...,qn(t))T € BC((—o0,ty] denotes the solution (1)
with initial value ¥, sometimes we write g(t) for short. «;(t) stands for self-feedback
coefficient, B;;(t) and 7;j(t) stand for neuron connect weight. 7;;(t) > 0 represents the
transmission delay. /;(t) is the external bias, f; and g; stand for the activation functions. If
the initial value of g;(t) defined on [I};ltl(‘)l{t — ()}, to], define q;(t) = qj(rtréit?{t - Ti(t)})

fort < rtI;itn{t —T;(t)}, then (1) is clearly defined.
Zt0
Now, we introduce four definitions of asymptotic behavior.

Definition 1 ([5]). A compact set () C R" is called to be a global attracting set of (1), provided

limsupd(q(t, ), Q) = 0, where d(q,Q) = in(f2 llg — x|| represents the distance between g
t—4o0 xe

and Q).

Definition 2 ([5]). A compact set () C R" is called to be a global generalized exponential attracting
set of (1), provided there exists a p(y) > 0 satisfies that

d(q(t,p), Q) < p(p)e ), t> 1, )
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= {t|77i

where A(t) > 0 is a nondecreasing function satisfies that thrf A(t) = o0
—r+00o

Remark 1. Substituting A(t) with A(t — to), Aln(t —tg + 1), and Aln(In(t — to +e)), (A > 0),
respectively, results in Q) becoming a global exponential, polynomial as well as logarithmic attracting
set of system (1), correspondingly.

Definition 3 ([5]). System (1) is called to be globally dissipative, provided there is a bounded set
B C R" satisfies that for any bounded set ¥ C R", there exists a time tg = tg(¥) satisfies that
for any initial value ¢ € ¥, q(t) = q(t, ) € B for t > tg('¥). Then B is called an absorbing set
of (1).

Remark 2. If Q) is a global generalized exponential attracting set of (1), this implies (1) is globally
dissipative. For any bounded set ¥ C R", there exists an absorbing set of (1) such that B, = {x €
R":d(x, Q) < e}.

Definition 4 ([38]). System (1) is called to be globally generalized exponential stable, provided
for any two solutions gV () = (qgl) (t),... ,q,gl)(t))T and g (t) = (qu)(t),. .. ,qﬁz)(t))T, each
having distinct initial values p1), p(2) € BC((—o0, tg], R™), there exists a non-negative function
o(pM) — ) and a non-decreasing function A(t) > 0 with property tEI—Poo A(t) = o0 such that

g () =@ (D] < oV —yp@)e 0, 1>k,
where A(t) represents the decay rate.

3. Main Results

In this section, the asymptotic behavior of (1) is discussed by means of generalized
Halanay inequalities.

Theorem 1. Let the following conditions hold
C.1) Fori,j € Nyand t > ty, a;(t) > 0, B;i(t), vii(t), hi(t) are all integrable functions.
J i i 8
(C.2) Forj € Ny and q1,q2 € R, there exist constants F;, G; such that

filar) = fi(@2)| < Fila1 — 92|, Igj(q1) — &j(q2)| < Gjla1 — q2|-

(C.3) For each i € Ny, there exist positive constants 11,12, . .., fjn, (max{n1,n2,..., 4} = 1)
and non-negative constants y; such that

nii(t) — i(‘ﬁij(t)“:j + 173 (DIGj)n; =20, >t

j=1

and .

{j§1(|l3i]’(f)ﬁ(0)| + 17 (£)g; (0)]) + |1 (t)]
sup m = ‘Hi,
{tl=to} =D 771'“1'( ) ]51 |:sz( )|F + |')’l]( )|Gj)77j

where

wi(t) - i(%( JIE + |73i(0) 21 Bi(DF0)] + [1ii(Dgi(0)]) + hs(r)] = o},
1= =

iuﬁwwon + 11080 + 1(8)] 1= (o).

j=1
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sup [ (0)]
Then systems (1) is globally dissipative and max { =h Ta— yk} is an absorbing set of (1).

kEN,

Remark 3. Conditions (C.1)—(C.3) imply the local Lipschitz condition and local linear growth
condition. So the existence and uniqueness of solution can be guaranteed.

Proof. Assume q(t) = (q1(t),...,qn(t))T is the solution of (1) with initial value ¥ =
(1, ..., Pn)T. Let

z(t) = (z1(t), ., za()T = (7 1 (1), g (1) T, 3)

then

{dZ"E”=—ai<t>zi<t>+n;1ﬁ1[m<tm<qj<t>>+w<t>gj<q]-<t—n]<>>>1 RO "

d
zi(t) = 7 i(t), £ € (—oo,t].

Foreachi € N, and t > fg, from (C.2), (3) and (4), we have
D [zi(1)] < —ai(t)|zi(1) + ;" Z |Bij ()| (Fynjlzi(t)] + [ £;(0)])

+; ! ;I’m(tﬂ( sup  (Gynjlzi(s)] + 1g;(0)]) + ;i (1)]

t—r,-]-(t)gsgt

:—ai<t>|zi<t>|+n;1i|ﬁij<t>|%|z,-<t>|+n;1im-(mcmj sup  |z(s)|

j=1 tfnj(t)gsgt

o [ LB OHO]+ 15050 + (o], ®

j=1

where D is the upper-right Dini derivative. Define M := max {sup Wk L e }. Itis clear
€Nn 1<ty

that |z;(t)] < M fort < tgand i € N,. Suppose there exist iy € Ny, €1 > 0and t; > t
such that |z; (t1)] = M + €1, and [zj(t)| < M +e; fort < t; and j € N,. Then we get

Dz ()] > 0. In contrast

t=t

n
D"z, (t)] < —a (t1)|zi ()] + 77{1 Y 1Biyj(t) [Fimjlzi(t1)
t=t; =1

n
+v512|m<t1)lcmj sup  [zj(s)| + 1 iy (1)
]:

b= () <s<h

n n
< —a; (h)(M+e1) + 77{1 Z |Bij(t1) | Fi(M + €1) + ;7 2 17, (F1) |G (M + €1)

j=1 j=1
n
+ iy [“zl t) — ;" Z B (t) | Fi — i b Y 'Yilj(tl)|Gj’7j]
j=1
n
[0611 b) =1 Z |Biyi(t) | Fymy — ;7" Z; |7i1j(t1)|Gj77j] (M — p;, +€1) <0.
]:

This signifies a contradiction, implying that



Mathematics 2024, 12, 155 50f 19

?‘<1tp|‘/’k(9)|
(1] < =0 , t>ty, i€N,.
Izz(>|_g€1§1v>:{ " yk} >ty, i€ Ny
So we get
fgtplwkw)l
(1] < =0 >ty i€N,.
qu()\_g%{ " uk}m >ty, i€ Ny
Then
fgtPWk(G”
] < =0 b, t>t.
la(o)l < max{ = |,z

This completes the proof. [

Remark 4. Condition (max{#1,72,...,1n} = 1) can be omitted, but in order to see our main
results clearly, so we reserve it.

Theorem 2. Assume (C.1)—(C.3) and the following conditions hold:
(C.4) Fori,j € Ny, there exist constants a; > 0 and «(t) such that

t t
0 < aja(t) < ai(t) fort > ty, lim a(s)ds — 400, sup { / tx*(s)ds} 1= Tjj < 409,
t=do0 Jty >ty \Jt=T(t)
where

tx*(t) = { Oé(t), tZ tO/

0, t < fp.

(C.5) Fori,j € Ny,

wp (BORY (6]

[t} (tes (=10 F=0) L %i(E) T et} =g 0lc=0 L i) !
and ;
—1i + ;(051-1) +oi ) <0,
=
where, 11,12, . . ., Iy were introduced in Theorem 1.
Then we have the following assertions:
(1) Fori e Ny,

sup [1(6)] "
i1 < | (max {0 - maxnd ) o O a2 0
Nk + keNy

where A* represents the smallest solution to the following equations

LG 2) At

A E (PZ(]‘ ) + PEJ' )EAT”)U]’
i+l:1 —1=0, i€ N,.
X 1

(2) The set
O:= R": <m
{” € [Jul] < ke?\,’:{ﬂk}}

is a global generalized exponential attracting set of (1).
(3) System (1) is globally dissipative.
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sup
t—Tij(t) <s<t

sup [y (9)]
Proof. When max {Kto} < max{ iy}, the proof is deduce from Theorem (1). Now,
keN, Tk keN,
sup [ (6)]
<tg .
suppose irgf); {W } > g%{ ux } and define
2)
Ki(A) —+77112le PNy 1, A e [0, +co).

n
Note that, for each i € Ny, K;(A) is continuous on [0, +c0), K;(0) = 771-_1 )y (Pzgjl) + PZ(]'Z))Wj -
j=1

1<0,
K/ A _ l -1 3 1. (2) )\T,'j O
i( )_ o +771‘ ZTZ]’?]pij e >0,
i =1

and /\lim Ki(A) = +oco. So fori € N, equation K;(A) = 0 has an unique solution
—>+00
A; € (0, +00). Define A* := Izng\{)\k}, then
€Ny

—+77112p,] +pl] AT’/)U—1<O i€ Ny. (6)

Multiply both sides of (6) by «;(t), we get

Aai(t)

n
o Z PU +‘01] N T'J)iyjoq(t) —w;i(t) <0, t>ty, i€ Ny (7)
i =1

From (C.4), (C.5) and (7), we have
Z ol + o7 e () — i) < —A'a(t), t>ty, i€N, ®)
and
7! Z |Bij()IFj + |7ij(D)[Gje" ) — wit) < —Aa(t), t>ty, i€Nup (9

Fort € R, define

sup [ (0)] e

t) = = e : 1
0= (e )R e

Then

_ _ '(u)du
(v(s) = max{pu}) = (v(t) - in%]):{ﬂk})
A a*(u)du

< () —max{uehe T e N, s e (e, 8,

Hence
{0(s) ~ max{ph} < (o) ~max{uh)e” IO 2, ije N, ay
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By (11) and the definition of 7;;, we get

sup  {o(s) —max{p}} < (o(t) —max{p})e’ ", t>to, ijENs (12)
t—Tjj(t) <s<t €Ny eN,

Thus, for t > tgand i € N, from (C.3)—(C.5), (8)-(10) and (12), we get

Y t<to _ 7/\*j;f a*(s)ds
R S

> [1-g" 2 ) G R | CICOR, S )

> —a(t)o(t) +17112p1] ai(tmo(t) + 170 Y ol (1) (1)e Tigjo(t)

j=1
n
+ [ Z <|51] Finjj + %j(f)lejﬂ max {j}
> —a;(t)o(t) +1;! Z |Bij (t) t)+n; ! Z l7ii(DIGm;  sup  o(s) + 1, pilt). (13)

t— Ti]'(t)gsgt

sup [y (6)]
At last, we show when max { ¢ > max{pg}, |zi(t)] < o(t) fort > tpandi € N,
kEN, Tk keN,

by reduction to absurdity. Clearly, |z;(t)| < v(t) for t € (—o0o,ty]. Suppose there exist
ip € Ny, €2 > 0and tp > tg such that [z, (t2)| = v(f2) + €2, and |z;(t)| < v(t) + €, for

t € (—oo,tp] and j € Ny, then we get D™ (|Zi2(l‘) dv(ﬁ)

< —a;, (B) (|23, (t2) | = 0(t2)) + 77" i |Birj(t2) |[Fimi(|zj(t2)| — v(t2))
=

> 0. In contrast, from (5)
t=ty

and (13), we get

D* Iz (0] - 4 )

t=ty

! 2 TGy sup (Iz(s)] - o)

ta—Tiyj(t2) <5<t
n
{0‘12 ta) — 1, Z |Biyj(t2) | Fymj — 17 Zihizj(tzﬂcj’?j} e <0.
]:

This is a contradiction, the proof is completed. So for each i € N;;, we get

sup [74(6) o
qi(t)lﬁKgaNx{OW} kmaNx{#k}) ffoa(S)S"‘gi]X{Vk}}?ir t >t
and
sup |9y (6)]

< —Ax [t d
||q()||<<ma>< m{}_gaNf{Vk})_f ffﬂ“(s)“rg%{ﬂk}, t>to.  (14)
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Now, we proof the assertion (2). Define

0:0)] tsgtp\llﬂk(w fgf\wk(G)\
su =0 _ =0

ep @ ] e S mad, e S e

0 %aNﬁ BT = tsg}o\wk(G)\

=h
. o { ) <o

By (14), we get

sup pe(0)|

d(q(t), Q) < P(max {tto})eA ﬁoa(s)ds, t > to.
keNy, Nk

This means that Q) = {u eR": lu| < km%x{ yk}} is the global generalized exponential
E€Nn
attracting set of (1). Now, we prove the assertion (3). Obvious, the ball B(0, km?\]x{ Mt +
ENp

€)== qu € R" : |Jul] < lr{ni]x{yk} +e} is an absorbing set of (1) for any ¢ > 0. This
€Ny
completes the proof. [
Remark 5. Hien et al. [5] investigated the dissipativity of the specific instance of the system (1),
namely, the delay functions are proportional. Under condition (C.2) and the following conditions
(C.4")Fori,j € Ny, there exist constants a; > 0 and «(t) such that
t t
0 < aja(t) < wj(t) fort >0, lim [ a(s)ds — +oo, sup { / oc(s)ds} < +o0.
t=+e0 Jo £>0 q;jt
(C.5") Fori,j € Ny, there exist constants Bijr Jij and h; such that
Bii (D] _ o (8] hi(t)] _ 5
< B, < 4, <h;, t>t.
wn P w5 e St b

and for each i € Ny, there exist positive constants 41,42, . .., n, (max{#1,m2,...,4n} = 1) such
that

n
=1 + ) (FiBij + Gji)nj < 0.
j=1
They got the following results

wwsKlww

: - 7) ¢ g (s)ds
mm{ﬂlw--/’?n} m +

§>‘~2>

)

and the global generalized exponential attracting set is

> ‘\Q>

mz%ewwmz

2

N o ) noo.
where 7 = max {hk +j§1(bk]‘|fj(0)| + ijIgj(())I)} and it = min {Uk - El(bkjlfj(O)I +

il O

We mention here that our conditions are less restrictive, i.e., a;(f) can be zero at some
time and the delay functions can be other types of delay functions. Besides our results also
improve the results in [5]. Especially when condtions (C.4") and (C.5’) hold, obvious,
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sup [ (0)|
UL s DA T
keN, Mk ~ min{ny,..., M}’
and for each i € N;;, we get
n o) 1(H)g(0 .
£ (15()50)] + s (Dg; ) + (1) z(ﬁg%”+”&%w)+%%
sup {]_ }: sup {]_1 }
= (D) — Y (1B . 3 N7 {tt>to} |Bij (1) | I%J(f)IG
= ]71 i
N~ oon
hi + ¥ (Bijlfj(0)] + ij1g;(0)])
<=
- Zl(l;ij|fj(0)| + 4iilgi (0) )y
]:
<T
m

So we have inax{ ur} < L, this means that our estimate is sharper than [5]. The above

discussion shows that thls paper improves and extends the results in [5].

Theorem 3. Let ¢V () = (q\"(¢),..., a0 ()T and ¢ (t) = P (1),...,q'P (£))T denote
two solutions of (1) with distinct initial values vV, p2) € BC((—oo,ty], R"). Assume that
conditions (C.1), (C.2), and the following conditions are satisfied:

(C.6) For i € Ny, there exist positive constants 11,1z, ..., 1, (max{y1,n2,...,4n} = 1) such
that

iﬂﬁg(ﬂﬂ + 17 ()1Gj)n; < miwi(t),  t € [to, +00),
=

and there exists T > tg such that

3 (1B (D1E + |73 (D] Gy
sup {]_1 } =p <L
. i (t)

{t\fET}—{th‘“i(f):J_g(\ﬁij(f)\Fj+|’Yij(f)|Gj)’7j:0}

(C.7) Fori,j € Ny, there exist constants a; > 0 and «(t) such that

t t
0 <wju(t) < w(t)fort > T, hm a(s)ds — 400, sup { / a(s)ds} =T < +oo.
—+ooJT >T t Tl](t)

t=1;(t)>
Then,
) sup [y (0) — 4,7 (0
2 )
<
() (1) < max m b el

and
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5" ()4 (1
Proof. For eachi € N,, and t € R, define [;(t) := g g )

. Then for each i € N, and

i
t > tg, we get
DYL(E) < —as (1)) + 17 (2 B3 (6) Bl (6) + 2 i1Gy; _sup o))
t— Tij t)<s<t
< —a; (L) + ;7 Z Bij(1)|Fj + |7ij()|Gj)n; sup  1i(s). (15)
] t*Tl‘j(t)SSSt
Firstly, we prove
1 2
sup [ (0) = 4, (6)]
I;(#) < max =0 }, t>ty, i€ Ny
keN, Nk
sup [ (0)—y (0)]
Obviously, [;(t) < km?\]x { =l m } fort < tgand i € N,. Suppose there ex-
€Ny
tsg}owﬁ”(e)fw,?)(e)\
ist i3 € Ny, €3 > 0 and t3 > tq such that [;,(f3) = giix{ =0 m } + €3, and
sup Wk (9)*% o)
1i(t) < max{ = +e3 fort € (—oo,t3] and j € Ny, then D1, () > 0.
! keN, Mk 3 b=ty
In contrast
n n
D" 1, (t) < =y (83)iy (t3) + 1.0 Y 1B (1) fimili(a) + 11 ) |vin (83) Gy sup 1i(s)
t=t3 j=1 j=1 t3—Tjyj(t3)<5<t3
1 2
sup [y (0) — ) ()]
_ ' t<ty
= —att) (e { F————} +a)
1 2
sup 4" () - 9, 6)]
+771312![313] t3)|Fjy <g§]><{ — " }+€3>
2
sup 4 (6) — 9, (0)
+ 17, 2 |'y,3] ts |G]17] max{ =0 " } + €3)
2
sup [ (0) = 4, (0)]
~a(ts) = 7! 2(\513]<t3>|F 121Gy | (max { S bra) <o
]_ n

{ sup [y} (0)—y”

t<ty

©)l
This is a contradiction. Then we get /;(t) < max } fort > tgand i € Ny,.

keN, Mk

Construct the following inequalities:

DVi(t) < —a;(1)Li(t) + 577 ,21 |Bij (8) | Fymili(£) 47" le [7ij()|Gmj  sup  Li(s), t>T,
j= j=

t—rij(t)gsgt

li(t) = 1i(t), t€ (—oo,T],
and define

Ti(A) = 07 + Z peTi —
1 ]':
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Similar to the proof of Theorem 2, one can find a A > 0 such that

sup [y (6) P @)
I;i(f) < max< —= }e)‘fT"‘(”)d”, t € [T, +00).

then we have following estimates

sup |yt (0) — 97 (0)]

MW —a@p) < {tgto } telto, T
lg; ' (t) — q; ()I_gel%f " i, t€lt,T),

and

1

‘qlgl)(t) - q(Z)(tﬂ < max { =l }me“ th"‘(S)dSI t>T.

This completes the proof. [

Remark 6. Theorem 3 implies system (1) is globally generalized exponential stable. In fact that for

t € [to, T), from the nonnegativity of a(u), we get

sup |9 (6) -y (6)]

||q(1)(t) _ q(2) (1)]| < max { t<ty }6)\ f‘to a(u)due)\ ftto a(u)du
" keN, Mk
sup [y (0) 97 (O)
— Cpmax t<ty }e—/\ ffo a(u)du
keNy, Nk ’

A* ft-g a(s)ds

where Ct = e . Fort > T, we get

sup |y (0) — wiP (6)]

”q(l)(t) o q(Z) (t) ” < max { t<ty }e_/\ffto tx(u)due)\ftgtx(u)du
keNy Nk
sup [p(0) — 2 (0)]
— Cpmax <ty }e/\ jto uc(u)du'
keN, Nk

So from the above, we get

sup 9" (6) — 92 (0)]
9™ (£) — @ (#)]| < Crmax {
keN,

LS
Then system (1) is globally generalized exponential stable.

Remark 7. Lu et al. [38] considered the globally generalized exponential stability of (1). Under

condition (C.2) and the following conditions

(C.1') Foreachi,j € Ny, a;(s) >0, Bij(s), vij(s) and I;(s) are all continuous functions defined

on [ty, +00).
(C.6") For each i € Ny,
n

2(|ﬁij(t)|l‘"j + 176 (1)1Gj) < ai(t), t € [to, +00),
=
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dq;(t)

and

L |:Bl]( )|F +|')’z]( )‘Gj)

. j=
limsu } < 1.
v 0)

(C.7")Fori,j € Ny, there exists al € Ny, such that

; t
tEToo A a;(s)ds — +oo, sup {/t o ocl(s)ds} < 400, and sup{algg} < oo.

t—=T;;(t)>0 t>tg

Then, system (1) is globally generalized exponential stable. We mention here that if we choose
M =12 =...= 1, =1, then our condtions are similar to the conditions in [38], but less conserva-

tive, the results in [38] do not work if a;(t) = 0 at some time, or ~ sup { ftt—Tv»(t) zxi(s)ds} =
t=T;(t)>to ’

+coforalli € Ny. Besides, sup { fttfr-(t) txi(s)ds} = 400 is quite restrictive. For instance,
t=7;j(t) >to !
when w;(t) = ¢ > 0, and the delay functions are infinite, then the condition
sup { /, LT“( H ai(s)ds} = 400 is not satisfied. However, in such cases, we have the flexibility
t=1;j(t)=to Y
to select a suitable w(t) that aligns with our condtions. so this paper enhances and broadens the
results in [38].

4. Examples

This section gives four illustrative examples to demonstrate the practical applicability
of the theoretical results. To enhance the clarity of the obtained results, we employ a linear
representation instead of a nonlinear one.

Example 1. Consider the following NNs with proportional delays:

e = — (i) + Z By (@(0) + (g (050)| + (), i=12, te04+w),  (6)
where aq(t) = 6(t> + 3t + 1), ap(t) = 4(£ +4t + 1), B11(t) = 2 + 4t + 1, Bo(t) = 2( +
2t+1), B (t) = 2 +6t+1, Boo(t) = 2+ 5t+ 1,y (t) = 2(FP +t+1), y12(t) = 2 +5t +1,
’)/21(t) =2 4+3t+1, ’)/22(t) =t +1, hq (t) = 60t, hz(t) = 60t, ™1 (t) = Tzl(t) = le(f) =
™(t) = 0.5t filg1) = falq) = &1(q1) = ga(q1) = [q], (0) = (15,15). It can be verified
that, F; = B, = G; = Gy = 1. Obviously, 11 = 2 = 1, 3 = 20 and pp = 20. we can find
conditions (C.1)—(C.3) are satisfied, from Theorem 1, we get

(11 (5)] <20, |g2(8)] < 20, £ > 0.
Then system (16) is dissipative, while the ball B(0,20) serves as both a globally attracting and an
absorbing set, as depicted in Figure 1.
Remark 8. All the coefficient and delay functions of Example (1) are unbounded.
Example 2. Consider the following NNs with proportional delays:
da;(t) < ,

o = wait) + Yo (Bii(D)fi(aj(t)) + vij(t)gi(q;(0.58)) | + hi(t), i=1,2, te[0,+00), (17)

=1

where a1 (t) = 8(t+1), ax(t) =
0.5(t+2), Poa(t) =t +2, 711(
t+2, hi(t) = 60(t+ 1), ho(t
filg1) = fo(q1) = g1(q1) =

6(t+2), pua(t) = t+1, Bro(t) = 4(t+1), Baui(t) =
t)=t+1,7y12(t) = 2(t + 1), y21(t) = 0.25(t +2), y22(t) =
) = 25(t+2), Tll(t) = i(t) = 7ot
§2(q1) = |q1] and p1) (0) = (40,20) and (2 (0
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It can be verified that, F; = F, = G1 = Gy =1, pﬁ) = %, pg) = %, pgll) = ﬁ, pg) =

Pgl) 8/952) 4/P£1) 24/P§2) = é

Choose 111 = 1, 11 = 0.5 and a(t) = g7, then sup { f05t s+1ds} =In2, a; = 8and

7

=

ay =6. Onecan find Ay = Ay =1, and p1 = yp = 20 Then conditions of (C.1)—(C.5) are
satisfied, for different initial values Y1) and p2), from Theorem 2, we get

(1) 20 (1) 10

a1 ()I_t+1+20 |9, (t)|<—+1+10

4P ()] <20, |7 (1)] < 10,

(1) ) _ 30 (1) (2) 15
g, /() — a4 (t)’_t+1' g5 (t) — ”’2(>|_t+1'

which are shown in Figures 2—4, respectively.

18.5 T T T T

value

0 a 10 15 20 25
tirne

Figure 1. 41 () and g (t) of Example 1.

40 T T T T T T T T T
—qUJ()
3 — ) I
——— 20(t+11420
— 10/t+11+10
30 B
TE 25 q

25 30 35 40 45 a0
time t

Figure 2. qgw (t) and qél) (t) of Example 2 and their estimates.
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dq;(t)

22 T T T T T T T T T
—

20+
(24
mr o) ||

14 F -

12+ A

value

10F—

D 1 1 1 1 1
a & 10 15 20 25 30 35 40 45 a0

time t

Figure 3. qf) (t) and qéz) (t) of Example 2.

30 T T T T T T T T T
——{g i

2} los el |
——— 30/t+1)
———— 15/t +1)

25 30 35 40 45
time t

Figure 4. |q§1> (t) — qu) (t)| and \qgl) (t) — qu) ()] of Example 2 and their estimates.

Remark 9. All the coefficient, activation and delay functions in Example 2 are unbounded, and
sup fot.St a;(s)ds = +oo, for i = 1,2, which means that the results in [22,26,27,32,33,35-38] can
£>0

not solve this case.

Example 3. Consider the following 2-dimensional NNs with time-varying delays:

2
Ol HORS Z% Bii(t)fi(q;(t)) +vij(t)gi(q;(t — i (+)) | +hi(t), i=1,2, t€]0 +o0), (18)
=

where, aq(t) = 5(1 —sint), ay(t) = 7(1 —sint), B11(t) = 1 —sint, B12(t) = 5(1 —sint),
/321([’) = 04(1 — sin t), ‘Bzz(t) = 2(1 — sin t), Y11 (i’) = (1 — sin t)e_”_z, ’)’12(1’) = 5(1 —
sint)e™""2, y51(t) = 04(1 —sint)e "2, y(t) = (1 —sint)e "2, hi(t) = 20(1 —
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sint)(3 —2e772), hy(t) = 12(1 —sint) (1 — e~ "2), 111 (t)
mtcost], fi(q1) = fo(q1) = §1(q1) = ga(q1) = |qul, 'V (0) =
It can be verified that, F; = F) = Gy = G =1, p%) = %, pg) =10, = %, pg) = %,
2 _ 1 @_ 1 (@ _ _2 (2 _ 1
P11 = genm2s P12 = gnvzr P21 = 3gent2s P22 = Forrz- .
Choose 1 = 1, 11 = 0.2 and «(t) = 1 — sint, then sup ftt—r-]-(t) (1 —sin s) ds =m+2,
>0 !
a1 =5and ay = 7. We can find Ay = Ay =1, and py = pp = 20. Then conditions (C.1)—(C.5)
are satisfied, for different initial values p*) and @), from Theorem 2, we get
|q§1)(t)| < 20e*t+lfcost +20, Mél) (t)| < 4e*t+lfcost +4,
2 2
9P (<20, |92 (1)) <4,

1 2 bl 1 2 bl
047 (8) = g (1)) = 39wt g (1) — g ()] = 7841,
which are shown by Figures 5—7, respectively.

40

— "

-oi
— 20l |
4B-t+1 -cos[t)+4

35

30

25

20

value

15+ A

10+ A

time t
Figure 5. qED (t) and qgl) (t) of Example 3 and their estimates.

22 T T T T T T T T T
— P ||

47 ||

20

18

16
14

12

value

10

time t

Figure 6. q§2> (t) and qu) (t) of Example 3.
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—|q(“() mm

ot -2l ||
399t+1 -cosit) |

— ?_BE-1+1 -cost)

value

Figure 7. |q§1) (t) — qu) (t)| and |q§1) (t) — q§2) ()] of Example 3 and their estimates.

Remark 10. It is worth noting that a;(t) = 0, for t = 5 + 2k, k € Nand i = 1,2 as well as the
delay functions 7t| cos t| lack differentiability at points where t = krt + 7 for k € N, which make
the results in [22,26,28,32,33,36,37] be invalid.

Example 4. Consider the following 2-dimensional NNs with proportional delays:

+Z Bij (1) fj(9;(£)) + 1ij(£)8;(q;(t — T (1)) | + hi(t), i=1,2, t€[0,+00), (19)

where a1 (t) = 8, az(t) = 6, P11(t) = P12(t) = P2a1(t) = y11(t) = 112(t) = y21(t) = 2

for t € [0,5), B11(t) = Bra(t) = B2 (f) = yu(t) = 712(t) = y21(t) = 1 for t > 5,

Bi2(t) = y2a(t) = 1fort 6 [0,5), B12(t) = v22(t) = 0.5 for t > 10, hy(t) = 5, ha(t) = 6,

1 (t) = i(t) = le( ) = m(t) = Vit {(()37 1) = f(q1) = &1(q1) = &(q1) = |q1l,
—1.

YW (k) = (40,8) and ) (t) = (1,1) for t €
It can be verified that, F} = F, = G =

i(!ﬁq( DIE + i (DIG) < ai(t), 1€ [0, +0),
]:
and

n

D (|:sz( )Ei + i (D) Gj)n

]:
su =05<1.
P { niei(t) }
{f|f25}—{f\’7i“i(t):j§1(\ﬁij(f)\Fjﬂ“rij(fﬂcj)’?j:o}

Choose a(t) = %, t >5,thenay =8, ap = 6and sup {ftt_\/m \/E} = 4/10 — 10.
t—V+1>5

We can find A* < 0.245. Then conditions of (C.1), (C.2), (C.6) and (C.7) are satisfied, from

Theorem 3, we get the following estimate

20, te 0,5,
1 2 —
||q( )(t) - ‘7( )(t)H S el(t) L { 20(370245(2@710), te (5’ +OO),
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References

which are illustrated by Figure 8.

— I ]
18} I (1o )
B &, (1) i

20

14+

value

10+

0 5 10 15 20 25 30 35 40
tirne t

Figure 8. g1 () and g2 (t) of Example 4 and their estimate.

Remark 11. We note that sup f tt_ Vi a;(s)ds = +oo, for i = 1,2, which makes the results
£>0
in [38] be invalid.

5. Conclusions

In this paper, we obtained some criteria on dissipativity and globally generalized
exponential stability of a class of NNs with delays by constructing some generalized
Halanay inequalities. We mention here that our coefficient functions and delay functions
can be all unbounded, and our results improve and generalize some existing works [5,35,38].
At last, four numerical examples have shown the effectiveness of our main results.

Our method has its limitations, when the «;(t) is oscillation, such as «;(t) = 0.5 + sint,
our method is invalid in this case. The author will investigate this case in the future.
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