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Abstract: The suboptimal procedure under consideration, based on the MDR-EFE algorithm, provides
sequential selection of relevant (in a sense) factors affecting the studied, in general, non-binary random
response. The model is not assumed linear, the joint distribution of the factors vector and response is
unknown. A set of relevant factors has specified cardinality. It is proved that under certain conditions
the mentioned forward selection procedure gives a random set of factors that asymptotically (with
probability tending to one as the number of observations grows to infinity) coincides with the “oracle”
one. The latter means that the random set, obtained with this algorithm, approximates the features
collection that would be identified, if the joint distribution of the features vector and response were
known. For this purpose the statistical estimators of the prediction error functional of the studied
response are proposed. They involve a new version of regularization. This permits to guarantee not
only the central limit theorem for normalized estimators, but also to find the convergence rate of their

first two moments to the corresponding moments of the limiting Gaussian variable.
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1. Introduction

This paper is dedicated to the eminent scientist Professor A.S. Holevo, academician of
the Russian Academy of Sciences, on occasion of his remarkable birthday.

The classical problem of regression analysis consists in the search for deterministic
function f, which, in a certain sense, “well” approximates the observed random variable
(response) Y by the value f(X), where X = (Xj, ..., X}) is a vector of factors influencing the
behavior of Y. This approach was initiated by the works of A.-M. Legendre and K. Gauss.
At that time it found application in the processing of astronomical observations. Nowadays
one widely uses the methods involving the appropriate choice of unknown real coefficients
B1,---,Bp for a linear model of the form Y = Zle BiX; + ¢, where ¢ describes a random
error. Clearly, Xy = 1 can be included in the collection of factors, then Y = ¢ + ):le BiXi+e.
For example, books [1,2] are devoted to regression. The close tasks also arise in observations
classification, see, e.g., [3].

Since the end of the 20th century, stochastic models have been studied where the
random response Y depended only on some subset of the factors in the set of X3, ..., X;. So,
in article [4], the LASSO method (Least Absolute Shrinkage and Selection Operator) was
introduced, using the idea of regularization (going back to A.N.Tikhonov), which allowed
to find factors included with non-zero coefficients in a “sparse” linear model. Somewhat
earlier, this approach was used by several authors for the treatment of geophysical data.
Generalizations of the mentioned method are considered in monograph [5]. We emphasize
that the idea of identifying some of the factors having a principle (in a certain sense) impact
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on a response is also intensely developing within the framework of nonlinear models. Such
direction of modern mathematical statistics is called Feature Selection (FS), i.e., the choice
of features (variables, factors). In this regard, we refer, e.g., to monographs [6-9] and also
to reviews [10-14]. In [10] the authors consider filter, wrapper and embedded methods of
FS. They concentrate on feature elimination and also demonstrate the application of FS
technique on standard datasets. In [11] the modern mainstream dimensionality reduction
methods are analyzed including ones for small samples and those based on deep learning.
In [12] FS machinery is considered based on filtering methods for detecting the cyber attacks.
Survey [13] is devoted to FS methods in machine learning (the structured information is
contained in 20 tables). The authors of [14] concentrate on applications of FS to stock
market prediction and applications of FS in the analysis of credit risks are considered, e.g.,
in [15]. Beyond financial mathematics the choice of relevant factors is very important in
medicine and biology. For instance, in the field of genetic data analysis there is an extensive
research area called GWAS (Genome-Wide Association Studies) aimed at studying the
relationships between phenotypes and genotypes, see, e.g., [16,17]. The authors of [18]
provide the survey of starting methods used by genetic algorithms. Review [19] is devoted
to the FS methods for predicting the risk of diseases. Thus, research in the field of FS is not
only of theoretical interest, but also admits various applications.

Note that there are a number of complementary methods for identifying relevant
factors. Much attention is paid to those employing the basic concepts of information theory
such as entropy, mutual information, conditional mutual information, interaction infor-
mation, various divergences, etc. Here statistical estimation of information characteristics
plays an important role. One can mention, e.g., works [20,21]. In this article, the accent is
made on identifying a set of relevant factors in the framework of a certain stochastic model,
when the quality of the response approximation is evaluated by means of some metric.

Recall that J.B. Herrick in 1910 described the Sickle cell anemia (HbS). Later it was
discovered that all clinical manifestations of the presence of HbS are the consequences of
the single change in the B-globin gene. This famous example shows that even the search
of a single feature having impact on a disease is reasonable. Nowadays the researchers
concentrate on complex diseases provoked by several disorders of the human genome.
Even identification of two SNPs (single nucleotide polymorphisms) having impact on a
certain disease is of interest, see, e.g., [22].

Now we turn to the description of the studied mathematical model. All the considered
random variables are defined on a probability space (Q), F,P). Let a random variable Y
map Q) to some finite set Y. We assume that, fork € T := {1,..., p}, a random variable
Xk : O — My, where M; is an arbitrary finite set. Then the vector X = (X, ..., X) takes
the valuesin X = M; x ... x M. ForasetS = {iy,...,i;},where1 < i; < ... <i, < p,we
put Xs := (Xj,..., X, ). Similarly, for x € X, xg denotes a vector (x;,,...,x;, ). A collection
of indices S C T (the symbol C is everywhere understood as a non-strict inclusion) is called
relevant if the following relation holds for any x € Xand y € Y:

P(Y =y|X=x) =P(Y =y|Xs = xs), 1)

whenever P(Y = y|X = x) # 0. In this case, the set of factors X is called relevant as well.
If (1) takes place for some S = Sy then it will be obviously valid for any S containing Sp.
Therefore, the natural desire is to identify a set S that satisfies (1) and has cardinality r < p
(if such a set other than T exists). Note that there are different definitions of the relevant
factors collection, see, e.g., [23,24] and the references therein.

It is assumed that a collection of relevant factors has r elements (1 < r < p), however,
the set S itself, which appears in (1), is unknown and should be identified. We label this
assumption as (A). There is no restriction that S satisfying (1) and containing r elements
is unique. Usually the joint distribution of (X, Y) is also unknown. Therefore, a statistical
estimator of S is constructed based on the first N observations ¢y := (¢ m,..., ¢ (N )) of
a sequence 5(1), 5(2), ..., consisting of i.i.d. random vectors, where, for k € N, §(k) =
(XK, Y(k)) has the same distribution as the vector (X, Y).
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In 2001, the authors of [25] proposed a method for identifying relevant factors, called
MDR (Multifactor Dimensionality Reduction). According to article [26], more than 800 pub-
lications were devoted to the development of this method and its applications in the period
from 2001 to 2014. Research in this direction has continued over the last decade, see,
e.g., [27-29]. In [30], for the binary response Y, a modification of the MDR method was
introduced, namely, MDR-EFE (Error Function Estimation), based on statistical estimates of
the error functional of the response prediction using the K-fold cross-validation procedure,
see also [31]. Later this method was extended in [32] to study the non-binary response.

Recall how the MDR-EFE method is employed. Let a non-random function f : X — Y
be used to predict the response Y by the values of the factors vector X. Further we exclude
considering the trivial case when Y = y, with probability one for some yy € Y (hence, X
and Y are independent). The prediction quality is determined by applying the following
error functional

Err(f) == E[Y = f(X)[p(Y), (2)

where a penalty function ¢ : Y — R. The functional Err takes finite values for the discrete
X and Y under consideration. The function ¥ allows to take into account the importance of
approximating a particular value of Y using f(X).

In biomedical research, one often considers the binary response Y characterizing
the patient’s state of health, say, the value Y = 1 corresponds to illness, and ¥ = —1
means that the patient is healthy. In many situations it is more important to consider the
disease detection, so the value of 1 is attributed more weight. Of interest is the situation
when Y = {—1,0,1}. Then the value 0 describes some intermediate state of uncertainty
(“gray zone”). Following [32], we will consider a more general scheme when the set
Y:={-m,...,0,...,m} for some m € N. Lemma 1 in [32] describes for such model all
optimal functions fopt that deliver a minimum to the error functional (2). Note that we can
suppose that the set of values of Y is strictly contained in {—m, ..., m}, i.e., some values are
accepted with zero probability. For such y, we assume that ¢(y) = 0. Thus, it is possible to
study Y taking values in an arbitrary finite subset of Z. In order to simplify the notation,
we further consider P(Y =y) > 0forally € Y = {—m,..., m}.

It is proved that in the framework of model (1) the relation fo,; = f S is valid, where,
forx € Xand U C T, fY(x) = f(xy) and a function f is constructed in a due way. At the
same time, for any U C T such that U = §S (# denotes the cardinality of a finite set) and S
appearing in (1), the following inequality is true:

Err(f%) < Err(fY). ©)

For U C T, the function fY is introduced further. It depends on the joint distribu-
tion of (X,Y) which is usually unknown. Thus we use observations ¢y = {(X1),Y()),
j=1,...,N} for statistical estimates of the functional Err(f!), where U C T, and then
select as an estimator of S the set U on which the minimum of the corresponding statistical
estimate is attained. This approach is described in the next section of the article.

We underline that consideration of all subsets (of the set T) having the cardinality  in
the mentioned comparison procedure (involving regularized estimators, as explained in
Section 2) for statistical estimates of the error functional is practically unfeasible, when p is
large and r is moderately large. Therefore, a number of suboptimal methods of sequential
feature selection have emerged. Such methods are used in various approaches to identify
sets of relevant factors.

Mainly, one aims either to sequentially add indexes at each step of the algorithm for
constructing a statistical estimator of a set S appearing in (1), or to sequentially exclude
features from the general set T. In [33], algorithms of forward selection, i.e., sequential
addition of indexes to the initial set, based on information theory, are considered. The
authors of [33] show that the various algorithms employed can be interpreted as procedures
based on proper approximations of the certain objective function. In [34] the principle
attention is paid to simple models describing the phenomenon of epistasis observed in
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genetics, when individual factors do not affect the response, and some combinations
of them lead to essential effects (in statistics one says “synergy interaction” of factors).
Besides we also demonstrated that a number of well-known algorithms, for instance,
mRMR (Minimum Redundancy Maximum Relevance) using mutual information and/or
interaction information with a sequential procedure for selecting relevant factors can lead
to the identification of the desired set with probability which is negligibly small. In [35] a
variant is proposed for sequential (forward) application of the MDR-EFE method within
the binary response model involving the naive Bayesian classifier scheme. The latter means
that, forany y € {—1,1} and all x € X, the following relation holds:

p
P(X=x]Y =y) = [[P(Xx = x[|Y =y). (4)
f=1

In other words, the factors Xj,..., X, are conditionally independent for a given
response Y. In [35] the joint distribution of X and Y was assumed known.

The principle goal of our work is to derive, for a non-binary, in general, random
response, the probability that a sequential selection of features based on the (forward) appli-
cation of the MDR-EFE method, without assuming the validity of (4), leads to identifying a
suboptimal set that would be constructed by means of the same method from observations
with a known joint distribution of the response and the vector of factors.

This result builds on the central limit theorem (CLT) for statistical estimates of the
prediction error functional for a possibly non-binary response, proved in [32], which extends
the CLT for the binary response model studied by the author previously. In addition, for
the purposes of this work, we found the convergence rate of the first two moments of the
considered statistics to the corresponding moments of the limiting Gaussian variable as the
number of observations tends to infinity.

The article has the following structure. Section 2 describes statistical estimates of
the error functional (for a response prediction) based on the MDR-EFE method. We also
introduce the regularized versions of these estimators. In Section 3, the convergence
rate of the first two moments of the regularized estimators of the error functional to the
corresponding moments of the limiting Gaussian variable is established. Section 4 contains
the main result related to the forward selection of relevant factors. The concluding remarks
are given in Section 5. The proof of elementary Lemma 2 is provided in Appendix A for
completeness of exposition.

2. Error Functional Estimators

Consider, in general, a non-binary response, i.e., letY := {—m,...,0,..., m} for some
m € N. In the framework of the introduced discrete model, Lemma 1 of [32] gives a
complete description of the class of optimal functions fo,: providing the minimum error
Err(f), determined by (2), in the class of all functions f : X — Y. To define such a function
(included in the optimal class) for x € X, we deal with a vector w(x) having components

wy(x) = p(y)P(Y =y, X =x), y€Y.

It can be easily seen that

Er(f)= Y ly—zlpP(Y =y, f(X)=2)=Y Y w'(x)q(2), 5)

y,zeY zeY x€A;

where A; := {x € X: f(x) =z}, q(z) is a column of (2m + 1) x (2m + 1) matrix Q having
elements g, := |y — z| (the element g, —, is located in the upper left corner of the matrix
Q), T stands for the transposition of column vectors. In other words, one employs in (5)
the scalar product of the vectors w(x) and g(z). Thus, search for an optimal function fop;
means finding the partition of X into such sets A;, z € Y, that provide the minimum value
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of the right-hand side of (5). Note also that, according to Formula (13) of [32], the error of
response prediction can be written as follows:

2m—1
Er(f) =) L  ¢@PY =ylf(X)—yl>i). (6)

i=0 i—m<|y|<m

Let, for y € Y, the vector A(y) have the first m + y components equal to 1, and the
remaining m — y + 1 components equal to (—1). For any x € X, we introduce a vector L(x)
with 2m components having the form

Ly(x) := w' (X)Ay), yeY, y>—m. (7)

According to formula (11) of [32] one infers that

Lomy1(x) >0, y=—m,
fopt(x) =y <= Ly+1(x) >0, Ly(x) <0, y#=£m, (8)
Lu(x) <0, Yy =m.

The joint distribution of (X, Y) is, in general, unknown. Therefore, the optimal function
fopt cannot be found in practice, so an algorithm is used to predict it, i.e., to approximate
by means of specified statistical estimators. The response prediction algorithm is defined
as a function fpy = fpa(x,&(W)) given for x € X and a set of observations

EW) :={¢W) = (xW,y0)),j e W}, WCN, W < c. )

The function fp, takes values in the set Y. It is assumed that the value of fpu (x, &(W))
becomes close, in a certain sense, to f(x) for x in a specified subset of the set X when W is
sufficiently “massive”. More precisely, we consider a family of functions pr that depend
on sets (W) of different cardinalities, but we will not complicate the notation. Consider
M={x€e€X:P(X=1x) >0} Forx € X,U C Tand y € Y, introduce a vector w!(x)
with components

Uf) . Yyy)PY =y, Xu=2xu), x€M,
y (x) = 0
; x ¢ M.

Set
Llyl(x) = (wh(x)"A(y), yeY, y> —m. (10)

For U C T, let fU be defined by means of a counterpart of formula (8), where L;I (x)is
now written instead of L,(x). Then, according to Section 5 of [32] (the notation « is used
there instead of U), in the framework of model (1), the optimal function fopt =f s , where S
appears in (1) and #S = r. Therefore relation (3) is valid for f! corresponding toany U C T
with fU = r (the assumption (A) holds).

To introduce an algorithm for predicting the function fY, we employ statistical es-
timators of the penalty function ¢, as well as the values Ly (x), wherex € X,y € Y,
y > —m. Consider

Y(y) :=1/P(Y =y), where P(Y =y) >0, ye Y. (11)

In the case of a binary response, such a choice of the penalty function was proposed
in [36], the justification for this choice is given in [31], see also Section 4 in [32]. For the
specified function ¢(y) and observations ¢(W), where the finite set W C N, we use

1

_ P
by, E(W)) := { Pucw)”
¥y, ¢(W)) {O, 5

(v, ¢(W)) #0,

(v,EW)) =0, (12
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where the frequency estimator of a probability P(Y = y) has the form

P(y,E(W)) := E YW =y}, yeN. (13)
]eW

It is not difficult to see that the strong law of large numbers for arrays of random
variables (see, e.g., [37]) entails for finite sets Wy C N, such that §iWx — oo, the relation

Py, E(Wn)) = $(y) as, N — oo, (14)

Let the prediction algorithm fpﬁf(x, &(Wy)) of a function fY(x) be constructed by
means of formula (8) analogue, where, forx € X,y € Y,y > —m,and Wy C {1,...,N},

one uses now statistical estimators fi,l N (x) of functions Llyl (x) introduced in (10). Namely,
let us define the following random variables:

wy’wN(x) = l,b(ylg(WN))W Y {yW = y,Xg) =}, yeYy,

ﬂ N jEWN

where §(y, &(Wy)) is an estimator of ¢(y) appearing in (12). For x € X,y € Y, y > —m, set

~

L™ (x) := @y "™ (x) T A (y).

Replace the value L (x) in (8) by E;I W (x). Then one can claim that

Ly (x) >0, y=—m
Foll (2, E(WN)) =y = S LN (x) >0, LN (x) <0,y # 4m, (15)
E;I/WN(x) <0, y=m.

For K € N, K > 1, we take a partition of a set {1,..., N} into subsets
Dy(N) :={(k—1)[N/K]+1,...,k[N/K]I{k < K} + NI{K = N}}, (16)

herek =1,...,K, [4] is an integer part of a number a € R, [{ A} is an indicator of a set A.
These sets are applied in the K-fold cross-validation procedure increasing the stability of
statistical inference (cross-validation procedure is studied, e.g., in [38]). Following [32],
the estimator of the functional Err(fY), i.e., a statistical estimator of the prediction error
functional for a function fY and observations ¢y := ¢({1,..., N}), involving the K-fold
cross-validation procedure, is given by the formula:

2m— K
Errn (1) = Z LY By eDN))
i=0 <lylsm ™ k=1
Ly 1yl =y, | (x0, 2(De(N)) — ] > i), 7)

Xi
ﬁDk(N) jeDy(N)

where D(N) := {1,...,N} \ Di(N) and ¢(y, &(Di(N))) are evaluated according to (12)
for Wy = Di(N), k = 1,...,K. The estimator (17) is a natural statistical analogue of
the error functional (2) written in the form (6) when one employs the K-cross-validation
procedure. Namely, instead of () we apply its statistical estimator of the type (12) and
instead of f we use its approximation by means of prediction algorithm based on the part
Dy (N) of observations. To obtain the statistical estimators of the probability appearing in
Formula (6) we write the corresponding average of indicator functions. One employs also
the averaging over different parts of observations.
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By Theorem 2 of [32],if S = {iy, ..., i} is a set of relevant factors, i.e., (1) holds, then,
for each ¢ > 0 and any set U = {my,...,m,} C T, the following inequality takes place
almost sure for all N large enough:

Errgn(f°) < Errgn(fY) + e (18)

Thus, it is natural to consider all subsets U = {m,...,m,} C T and choose as a
statistical estimator of a relevant collection of indices (iy,...,i) a set U on which the
minimum of fﬁK,N (fY) is attained. Here we also note that, for the study of asymptotic
properties of the error functional, the regularization of the prediction algorithm by means of
a sequence of positive numbers (en)yen such that ey — 0, as N — oo, plays an important
role. Namely, for Wy C {1,..., N}, we define

f;l’WN(x) +en >0, y=—m,
Folley (6 EWN)) =y = S LN () +en > 0, TP (x) +en <0,y £ +m, (19)
f;l’WN(x) +en <0, y = m.

As in article [32], we assume that
en — 0+, VNey — 0, N — 0. (20)

Now we introduce a statistical estimator EH'K,N,SN (f") using an analogue of For-
mula (17), where one employs f, P%,SN instead of f}. For the regularized statistical estima-

tors, as mentioned in [32], the analogue of Formula (18) holds. In [32], for estimators fpli, en
constructed when condition (20) is met, the CLT is established. In the next section we apply
a slightly different regularization for the error functional estimates, which will permit us to
specify the convergence rate of the first two moments of these estimators to corresponding
moments of the limiting Gaussian variable. This result is not only of independent interest,
but is also applied in Section 4.

3. Asymptotic Behavior of the First Two Moments of Statistical Estimators of the
Error Functional

As noted in Section 2, we will use the penalty function (11). Therefore, for Wy = Di(N),
as a strongly consistent estimator (v, Dx(N)) of ¥(y) we will employ the variable ap-
pearing in (12), denoted below as @N,k(y), wherey € Y, k=1,...,K, N € N. Recall that
the estimator Errg y(fU) is defined by formula (2). If the regularized version pr,SN is
substituted into this estimator instead of f},{q, where x € X and N € N, then the notation
Err KN,ey (fY) is used. We will apply the following Corollary 3 of [32] established in the
framework of a model satisfying (1).

Theorem 1 ([32]). Let U be an arbitrary subset of T having the cardinality r, the function fY be
defined after formula (10), f},fq/ ey Appear in (19) for observations ¢, and the sequence (eN)NeN
satisfy condition (20). Then

VN (Errioney (F) = Err(f1)) B Z ~ N(0,62(U)), N — oo, (21)

and in this case o*(U) is the variance of a random variable

2m—1 —
V(U) = Z Z M

u ; u ;
Py = ) LX) =yl > i =P(fAX) =y > ilY =y)). 22
i=0 i—m<|y|<m =Y
It is known that the convergence in distribution of random variables, in general, does
not ensure the convergence of their moments even when the moments exist. We will
manage to establish the convergence rate of the first two moments of the error functional
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statistical estimators to the corresponding moments of the limit random variable. For this
purpose we slightly strength the condition of estimates regularization. We require that a
sequence (en)neN satisfies the following condition:

SN\/N
,/logi

Clearly, (23) implies the validity of (20). Relation (23) holds if one takes ey = N -9,
N € N, where § € (0,1/2).

en — 04, — 00, N — oo. (23)

Lemmal. /L\et condition (23) be met. Then, for every K € N, K > 1, and any U C T, the statistical
estimators Errg N e\, (fU) satisfy the following relation:

N E(Errg ey (f) — Err(f1))? = ¢*(U), N — o, (24)
where 0?(U) = var V(U) and V (U) is introduced in formula (22).
Proof of Lemma 1. Let us fix an arbitrary set U C T. For each N € N one has

Zy = VN(Emoney (F1) = En(f)) = VN(Errign ey (1) = (1) (25)
VN (Y = Ta(r4) + V(TN () - En(F9)),

where
To() = 5 Ly 205 gyl =y U x0) g > i), 29
i=0 i—m<|y|<m K k=1 ﬁDk(N) j€Dk(N)
u et 1 & ANk(y) () U /v () .
VU= b . K Loy o O =ul X —v >, @)
1=0 i—m<ly|<m =1

JEDk(N)

@N,k(y) are defined by means of (12) for Wy = D¢(N), k =1,...,K, N € N. The proof is
divided into several steps.
Step 1. At first we consider

Ry = VN(Errgn ey (f1) = Tn(f1)), N eN.

To simplify the notation, we do not write that Ry also depends on K, ¢y and ey. Our
aim is to show that if (23) holds then

ERZ — 0 as N — co. (28)

In the light of formula (71) of [32], under condition (20) the following relation is valid:

Ry 50, N — co. (29)

Taking into account (29), by Theorem 5.4 of [39], relation (28) holds if (and only if) the
sequence (R%;)yen is uniformly integrable. Due to theorem by De La Vallé - Poussin (see,
e.g., Theorem 1.3.4 of [40]) it is sufficient to verify that

sup E(RY) < 0.
NeN
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ForxeX yeY,ieZ4, k=1,...,Kand N € N we introduce the following random
variables:

P () = T{| FBl o), (6, EDni0) =yl > i} = {4 (x) — y| > i}, (30)

1 . N
Y Y0 =y} (x0),y), (31)

S
(l y) ﬂDk( )]GDk(N)

where, for W C N, {(W) is defined by Formula (9). Write Ry = Uy 1 + U 2, here

=1 i=0 i—m<|y|<m

1 K 2m—1
Un1 = Z ) Y. vwSkGy) ),

1K2m1

Uny = ( )y Y (lﬁN,k(y)—w(y))Sk(i,y))-

=1 i=0 i—m<|y|<m

Now note that, for any real numbers ay, ..., a,, every v € N and an arbitrary v > 1,
the Holder inequality implies that

v T 4
Yolal | <07 Y a7 (32)
r=1 r=1
Evidently, (32) is true for v = 1 as well. Consequently, we get
R < 8(Uf, +Ul,), NeN (33)

Clearly, forallx e X,y € Y, Wy C {1,...,N}and N € N, one has

FUW FUW. ~UW,

Lyeg"(x) :=Ly "N (x) +en = Ly (x) + (@ "N (1) —wy(x) TAQY) +en,  (34)

where the functions appearing in (34) were introduced in Section 2. For any x € X and
y € Y, the inequalities L{/(x) > 0, L, 2.1 (x) < 0 are satisfied if and only if, for arbitrary
On(x,y;U) > 0 such that dx(x,y; U) — 0, as N — oo, and all sufficiently large N € N,
the following inequalities are valid: L]y(x) +on(x,;U) >0, Lyﬂ(x) +on(x,y;U) <0
(the analogous statement is true for inequalities corresponding to coordinates y = m and
y = —m in Formula (19)). Obviously,

(@ "™ (x) = wy (x)) " Ay)]

< [0, E(Wn)) = 9()] + 9y )‘wlv Y XY = x, YO g} - P(Xy = v, Y = ),

qgeEWN

where 9 (y, ¢(Wy)) is defined in (12). One has

1
Z(w ¥ WX = xu, YO =y} - P(Xy = xu, Y = y))

xu ﬁ N qeEWN

0 Y YW =y} —P(Y =y)

N gewy

=P(y,€( Wyn)) —P(Y =y). (35)
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Forx e X,y €Y, Wy C {1,...,N}and N € N, consider the following event
1 281\]
Awy (%) = { ave L ] = Y0 =y - (X = xu Y = y)‘ < r;oﬁx} (36)
geEWN

where py = min,cy P(Y = y) (we assumed that P(Y = y) > 0 for y € Y). More precisely
one can write Aw, (x,v) = Aw, (x,y, U; {(x@),y@),5 € Wy}). We will not include a set
U in the list of arguments since this set is fixed. Then, for w € Ay, (x,y), in view of (35),
we get

2
P(y,&(Wn) = P(Y = )| < BB, (7)

Then by virtue of (37), forany y € Y and all N large enough, i.e., for N > Ny(Y, (eN)nen),
one has

Bl c(W)) = P(Y =) — PN 5 by =) - N5 P =0

and hence the following relation holds

5 _ P W) PO =yl . "5 _en
P, EW) =¥l = = P =) S P(Yj_y)z < 69

Thus if w € Aw, (x,y), where x € Xand y € Y, then according to (36) and (38), for all
N large enough, we can write

_UWN T en | (1) Pgen _ en
(@ ) =) T80 < P+ () B < B

Taking into account that the sets X and Y have finite cardinalities, we ascertain that,
forany x € X,y € Y and all N large enough, for w € Aw, (x,y), one has

Foai(x) = fH(x). (39)

Consequently, forany x € X,y € Y, i = 0,1,...,2m — 1, w € Aw,(x,y), where

Wy = Di(N),k =1,...,K, forall N large enough (i.e., N > Nj), the following inequality
holds: "

Fxx (0 ) H{ Ap, o (%, )} = 0. (40)

Applying (32) we come to the inequality

|UNl\4<N2

I Mw

4
Z Y, ! (ﬁDl( X Yy ]I{Y(j)ZJ/}Fz(\;,)k(X(f),y)).

i—m<|y|<m j€D(N)

Let X denote the summation over all xj € X for j € Dg(N). For N > Nj one has

4
E( MR VEE y}Fﬁ?k<X<f>,y>)

JEDK(N)

4
= E i( Y YV =y} (x ) { N {x® }
j€DK(N) jEDy(N)
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4
= E i( Y YO = yhEQ (x4, ) H{Ap, (x],y)}) H{ N {X(j)—xj}}

JEDK(N) jeD(N)

4
= E[ ¥ 1{yW = y}EJ (XY, )I{Ap ”),y)})

JEDk(N)

IN
m

4
Y. {Ap, (XY, )}),

JEDK(N)

here we employ (40) and take into account that |F (l) (x,y)| < 1. We see that

2m6 K
Uyt < N2 3

m—1 4 B | )
K )y D w[ll)]:(ylz])y;( Y H{A5N<k)(X(]),y)}). (41)

k=1 i=0 i—m<|y|<m j€Dk(N)

For Wy C {1,...,N},y € Yandj=1,...,N, introduce the functions

gy (XU, y) = {Aw, (XU, )} = HAp, (XU, {(x', YD), g € Wy )}

It is known (see, e.g., formula (15) in Chap. VI of [41]) that if a bounded Borel function
g :R"xR"™ = R, ¢ and { are independent random vectors taking values in R” and R",
respectively, then

E(8(¢,0)Ig =2) = Eg(g,z), z€R".

Due to independence of (X(),Y()), j € N, we can apply the lemma on grouping
random vectors (see, e.g., [42], p. 28) to get the relation

L o )y (X9, Y®),q € D)) ] [ (X, YD) = (x5, 5),q € Di(N)))
j€Dk(N

800 (X7 o301 € D)
]GDk

By the Rosenthal mequahty (see, e.g., Theorem 2.9 of [43]), for independent centered
random variables Z1, ..., Z,, having E|Zj|t < oo forsomet € [2,00) and eachj=1,...,7,

one has ) ,
E‘ZZ‘ < C(t (ZE\ZV (;Ezfy) 42)

where C(t) > 0 depends on ¢ but does not depend on v and distributions of variables Z;,
i=1...,v

Set nl(\],?k = gﬁk(N)(X(f),y;{(xq,yq)),q € Dy(k)}),j € N. Note that 0 < q%?k < 1 for
all j € Dy (k). Then according to (42) we come to the inequality

4
E( y w,%'?k—En%?k)) < C(4Dx(N))?,

jEDK(N)

wherek =1,...,Kand C = 2C(4). Hence, applying (32) for 7 = 4 and v = 2, one has

4 4
E[ ¥ 0| <s|cupw)? Y En
JEDK(N) jEDk(N)
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< 8C(D(N))” + 8(HDK(N))* max (E7{[))*

Evidently, we can write
BNy = P(Ap, ) (X0, {(x5,¥9)),9 € De(N))).

Let My = #Dy(N), where My = M(N),k =1,...,K. Set {; = I{X\7 = x;, Y@ =y},
where g € Di(N), 03 = var ;. Clearly, {, depends on xy, y and U. Random variables {,
are identically distributed for g € N. Therefore 03 = 03 (U, x,y), but does not depend on 4.
If 0§ = 0, then the variables (q are a.s. equal to some constant. According to (36), an event

Zﬁk (N) (X0, y; {(x4,y4)),9 € Dx(N)}) occurrence means that the variable which is equal
to zero a.s. turns greater than (pZen)/(84X). Therefore, in the degenerate case one has

P(Zﬁk(N)(X(j)/]/? (xq,¥q)),9 € De(N))) =0

and En%)k =0forallj=1,...,N. Consider now the case when ¢Z > 0. Then we get

, 5 —E 2
P(Ap, (X, y;{(x4,9),q € De(N)}) = P(ZM(N) (& ZF) ’WWEN),

ooV My SﬂXO'O

where pg appeared in (36).

Now we employ the Berry-Esseen estimate of the convergence rate in CLT for ii.d. random
variables. Let Z3,...,Zy, be iid. random variables such that EZ; = 0, varZ; = 02 € (0, 00),
E|Z1]® = p < co. We write F for the distribution function of Z; and F, stands for the
distribution function of (Z1 + ...+ Zy)/(c+/v). Then (see, e.g., Theorem 5.4 of [43]), for
anyv € N,

Cop
sup |Fp(u) — ®(u)| < ,
ueg ’ 3\

where ®(u) is the distribution function of a standard normal random variable, Cy is a
positive constant (Cyp does not depend on distribution of Z; and v). According to [44] one
has Cy < 0,4693. Consequently, taking Z ~ N(0,1), we have

— —E 2 2
p qupk(m(@q ) S PV Mien <pliz| > PV Mien n 3ZCO
oov/Mjx 81X0y 81X ooV My
since E|7; — EZy|*> < 1 for g € Di(N), where {; = H{Xl(j) = x5, YD =y}

It is well-known (see, e.g., formula (29) of Chap. II of [41]), that, for u > 0, the
following inequality is true:

(43)

P(1Z| > u) <

2/ { uz}
—exp )

Therefore, by virtue of an inequality 05 < 1/4 (which is valid for the indicator variance)
and as
(K—1)[N/K] < My <N, (44)

we can write under condition (23) that

2
P |Z‘ > p%\/MkSN < 8ﬁX\/§O’O ex _1 P%\/ngl\l
SﬁXO'O - p(z)\/T[MkEN P 2 SﬁXO'O
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piV/TMen 32 X
2
2V/M
- A )L (v Mien Hog(l) -
Po 7TMk 32 ﬁX EN

and C; does not depend on N.
Introduce

42X ex{ 1<pé¢ATkeN>2}

~2 : 2
- = min 0 u/ X, 7
UCT,xEIX,yGY 0 ( ]/)
where one considers only strictly positive 03 (U, x,y). Then obviously 62 > 0, as there
exists only a finite collection of different variants. Thus in view of (44), for all x, y and U

under consideration, one has
20 _C
B3VMy — VN’
where Cy appeared in (43) and C, does not depend on N.

Therefore, if condition (23) is satisfied then, forallx € X,y € Y,k =1,...,Kand
j € Di(N), the following inequality holds:

N €N,

e
Engy < \/—% N €N, (45)

where C3 does not depend on x, y, k and N. Hence, in view of (44) we come to the relation

4
E( )y ng(N)(X(j)fy;{(X(q)rY(q))rqeDk(N)}))

jEDK(N)

C4
= (8C(ﬁDk(N>)2 +8(ﬁDk(N))4NsZ> Zi P((XD,Y®) = (xg,y4)) < CaN?,
(xq.44))4€DN (k)
where C4 does not depend on x, y, k and N. Thus according to (41), for all N large enough,

we have proved the inequality
EUy, < Cs, (46)

where Cs does not depend on N.
In a similar way (taking into account (42) and (45)), fori = 0,...,2m -1,y € Y,
k=1,...,K,and all N large enough, we get

ESk(i,y)® < Ce(#Dn(k)) %, (47)

where S (7, y) is introduced in (31), and Cg does not depend on N.
We will employ an elementary result for the Bernoulli scheme. Let U, Uy, ..., be a
sequence of i.i.d. random variables such that P(U; = 1) = pand P(U; = 0) =1 — p, where
€ (0,1). Consider the following frequency estimator of a probability p:

. 1Y
pN::N;H{uj:u, N eN.
1=

Define
1 ~
~ = 0,
0, pn = 0.
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Lemma 2. For the Bernoulli scheme introduced above and the estimators P provided by formula
(48), for each t € N, the following relation holds:

t
E<$N—$) :o(&), N — oo. (49)

More precisely, the absolute value of the function in the left-hand side of (49), for all N € N, admits
a bound ¢/ N where ¢ = c(p,t) forp € (0,1) and t € N.

For the sake of completeness the proof of this result is given in Appendix A.
Now we continue the proof corresponding to Step 1. For all considered k, i, y and any
N € N, the Cauchy - Bunyakovsky - Schwarz inequality yields

1

E((#niy) — W))Sk(i )] < (E@nily) — 1)) ESi(i,y)*) -

Due to Lemma 2 one has E(¢nx(y) — ¢(y))® = O(%), N — oco. Employing the
Minkowski inequality (to take into account the summation over i, y, k), for all N € N, we

come to the bound )
1 1 2 C
EU . < N2 R . - =7
ate < Ner(() () = 7 )

where C7 does not depend on N.
Consequently, by virtue of (33), (46) and (50) the uniform integrability of a sequence
(R%,)Nen is established. Thus (28) is verified.

Step 2. Now we study the asymptotic behavior of the variables VN(Tn( U —
Tn(f4)), as N — oo, where Ty (fY) and Ty (fY) are given by Formulas (26) and (27), re-
spectively. Forj e N,i =0,...,2m —1,y € Y, we set Zl-(]) (y) =I{YV) =y, [ (X)) —y| > i}.
One has R

VN(Tn (1) = Tn(f1) = W1 + Wz,

where
VN & 2zt (Pnky) — () (7) ()
Wy, = — : Z —EZ; ,
v L b iimzw S0 (M) jED%N)( 7 (y) —EZ(y))
VN &2t (Pni(y) — 9(y)) () Uiv(j) -
Wy, = YN , P(YD =y, [ FU(XD) —y| >
N,2 K k:X‘i 5 i mTiem ﬂDk(N) jEDZk;,N) ( Y ‘f ( ) ]/| 1)
K 2m—1
- YNy (Praly) — 4P =y U X) g > ). 6D
k=1 i=0 i—m<|y|<m

The purpose of the second step is to prove that
EW}1—0, N — oo (52)
Fork=1,...,K,i=0,...,2m—1and y € Y introduce

1

Gk(iry) = IjDk(N)

Y V) -ezP ).
JEDK(N)

The Cauchy-Bunyakovsky-Schwarz inequality yields

INE
Nl

~

E((fniy) = W)k ()] < (E@niy) — ww))*)” (GG y)* )
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For each considered N, y, i and k, the variables { Z » ( ),j € Dx(N)} are independent
and \Zi(] )( ) — EZ ( )| <1, so by virtue of the Rosenthal inequality (42) we obtain

jEDk(N)

4
E( Y (ZE’”(y)—EZE”(y))) = O(4D(N)?).

Taking into account Lemma 2 for t = 4 and in view of (44), foreachk =1,...,K, we
get the relation

EW}1 =O(N72), N— .
Therefore, the goal of the second step has been achieved.

Step 3. The implementation of steps 1 and 2 permits to reduce the study of the
asymptotic behavior (as N — o0) of Zy given by Formula (25) to the study of variables

N = VN(Tn(fY) — Er(fY)) + Wy, NEN,

where Wy is defined by Formula (51).

The aim of the third step is to prove that E(17y)? — ¢%(U), as N — oo, where ¢2(U) is
the variance of the random variable V(U) appearing in Formula (22).

On this way, we will show that the sum of certain part of the terms in a specified
representation of the variables 7y does not affect (in the sense of L?(Q, F,P)) the limit
behavior of these variables for growing N. Fory € Yand Wy C {1,...,N}, where N € N,
we introduce the event

By (y) := {w : P(y,E(Wn)) # 0}, (53)

where P(y,&(Wy)) is defined according to (13). Then, in view of the independence of
observations ¢(1),#2), .. we have

P(Bwy(y)) =P ( N YV # y}> = (1-P(Y =y))".

JEWN

If w € By (y) then |9 (y, E(Wn)) — $(y)] = p(y). Set

K 2m—-1

f*Z Y L @) W) BNk W) IP(Y =y, If(X) —yI>i),

=1 =0 i—m<|y|<m

where By x(y) := Bp,(n)(y) and an event By, (y) is introduced by Formula (53). Then

2
K 2m-1 B
E(Wyiz — Hy)? = ( LY Y MP(Yzy,|f”<x>y|>i>)

=1 i=0 i—m<|y|<m

4
< N(2;n) max(1—P(Y = y))INKl 0, N — oo,
Py veY
since Dy(N) > [N/K] for N € N, k = 1,...,K and because all P(Y = y) > 0 for each
y €Y, [-] stands for an integer part of a number.
We verify that Hy for large N is approximated in the space L?(Q), F, P) by the
random variable

K 2m—1 =yY)—71
A= YN 2 Y L HBuly (P(Yp(g):;i'k(”)P(Y=y,\f“(X>—yl>i),

=1 i=0i-m<|y|<m
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where By (y) := P(y, &(Dx(N))) and P(y, &(Wy)) was introduced by (13) for y € Y and
Wy C {1,...,N}. Evidently, 0 < P(Y =y, |[fY(X) —y| > i) < 1forallk, i,y and N under
consideration. Consequently,, it follows that

Maiiy) = [VNHBs) 5 = gy P = 9 0~y >
— ) (PSP ey 100 -y > )|
PY=y) = PniW) ||~ 1
NS o)~ =
_ WL i
= R =y v Y R =g
where

7W Y H{Y(j) =y} —P(YV =y)).
]GDk

For any considered k, i, y and N the Cauchy - Bunyakovsky - Schwarz inequality
implies that

. N 1 Bl
E(AN,k(lry))2 < (P(Y:y)zﬁDk(N) (EJ4 <¢)Nk( ) (Y:]/)) ) '

The Rosenthal inequality (42) yields that EJ%; < 2C(4). By means of Lemma 2 (for
t = 4 and multipliers c(p, t) with p = P(Y = y)), for all considered i, y, k and any N € N
we come to the bound

Jn =

‘ N (2C(4)c(P(Y = y),4))?
E(ANi(i,y))? < (P(Y = 1) 5D, (N TN :

Therefore, E(Hy — Hy)? — 0as N — co. N
Let us define the variable Gy by formula similar to Hy but without the multiplier
I{Bnk(v)}. In view of (44) it is easily seen that

S a2 o Nem)? _p(y — /K (1 1
E(Hy — Gn)~ < ot ryng;((l P(Y =1y)) 1 kirlli).(,KﬁDk(N)g)OI N — oo.

Thus E(yy — Qn)? — 0 as N — oo, where
Qn := VN(Tn(fY) —Err(fY)) + Gy, NeN.

Taking into account Formula (6) for the function f = fY, we come to the relation

—fzmil > Ly (H{Y(f)=y,F|)f”(i<(f))—yl>i}

=30 i-mhzn SOKND jepn (Y=y)
Py =y [f1(X) —yl > 1)  (P(Y =y) ~I{YV = y)P(Y =y, |f(X) —y| > i))
P(Y =vy) P(Y = y)2
Zwk ™) Z V (54)

jeDg(N
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where, forj € N,

2m—1 H{y(i) =y}

v .— Z Z

Ux(y — ) — Uixy — Y =
r pr=y) LD =y > D=P(f1(X) =yl > iY = ). 65)
=0i—-m<|y|<m
_ The variables {v(),j € N} are centered, i.i.d. and uniformly bounded for all j (clearly,
V() = v (U)). For each j € N, the distributions of V) and V(U) coincide, where V (U)
is introduced in (22). Thus, one has

var V) =varv(U) = o?(U), jeN. (56)

According to the lemma on grouping independent random variables, for each N € N,
the variables Y jcp, () v, k = 1,...,K, are independent. Since N/#Dy(N) — K as
N — oo, fork =1,...,K, we come to the relation

E(Q%\I) =varQn = N f - Z var V1) = (72(1,1)i i N — OZ(U),
K2 k=1 (th(N»Z j€DL(N) K2 k=1 ﬁDk(N)

as N — co. Hence E%, — 0?(U), N — 0. The goal of the third step has been achieved.

In view of the above approximations (in L?(Q, F, P)) of the initial random variables
Zy, introduced by (25), we conclude that EZ%; — ¢?(U), as N — co. Namely, we apply the
following elementary statement: if Ea%, — 0 and E3, — 02 then E(ay + Bn)? — 02, as
N — oo. Therefore, (24) is established. The proof of Lemma 1 is complete. [

Further we will also employ a result that immediately follows from Theorem 1.

Corollary 1. Let the conditions of Lemma 1 be satisfied. Then the following relations hold:

VNE(Ertiney (1) = Ere(f1)) = 0, N oo, (57)
var (\/NEH'K,N,SN(fu)) — o?(U), N — oo, (58)

where 0®(U) is a variance of the random variable V (U) introduced in (22).

Proof. Condition (23) implies (20). Thus, according to Theorem 1, we have

Zn 3 Z ~ N(0,62(U)), N — oo, (59)

where Zy, N € N, are defined in (25). Due to Lemma 1 one has the uniform integrability
of the sequence (Z)nen. Consequently, relation (59) implies (57), i.e.,, EZy — EZ =0, as
N — co. Obviously,

var (VNErrg N ey (fF))

_ E(\/N(E\NK,NW (f4) — Err(fu))2 - (x/ﬁE(ETrK,N,SN (f) - Err(f“>))2'

Therefore, to obtain (58), it is sufficient to use Lemma 1 and take into account (57). The
proof is complete. [J

Note that (59) can be obtained directly under conditions of Lemma 1. For each N € N
andany k = 1,...,K, according to Lindeberg’s theorem applied to arrays { V), j € Dy(N)}
of centered i.i.d. uniformly bounded summands, where a sequence (V) jeN is introduced
in (55), taking into account (56) one has

Yy v Bz~ N(O,c*(U)), N— . (60)

1
T ———
VEDK(N) jepriny



Mathematics 2024, 12, 831

18 of 25

For every N € N, the random variables Vy, k = 1,...,K, are independent and
var Vy x = 0%(U). Since N/#Dy(N) — Kas N — oo, for k = 1,..., K, by virtue of (60) we
come to relation

On 2 Z ~ N(0,6*(U)), N — oo, (61)

where in view of (54) one has Qn = %2{;1 ,/%VMW N € N. Applying (61) and
Slutsky’s lemma, we arrive at (59).

Also note that relation (29) can be easily derived from (36) and (39) without employ-
ment of [32].

4. Forward Selection of Relevant Factors

Now we can turn to the sequential selection of factors based on MDR-EFE method.
At the first step one searches for j; € T a point where the function fr\rK/N,g NG {1}) attains
the minimum over all i € T. If there are several such points, then we take, e.g., one with
the smallest index value. Recall that according to (17) (more precisely, after regularization),
the random variable EEK’N,SN (f{1}) is in fact a function of fp{i}, which is a forecast of
the function f{%}. Then this procedure is repeated, namely, if at (k — 1)-th step the set
Sk—-1:={j1,---,jk_1} is constructed, where k € {2,...,r}, then j, € T\ Sx_1 is selected
at step k in such a way that given jj, ..., ji_1 the function Errg e, (f {5-11}) takes the
minimum value over i € T\ Sy_; for i = ji. It is convenient to assume that an empty set is
taken at the zero step. Then at each next step one new element is added to the previously
constructed sets. If at some step there are several minimum points of the considered
function then we take only one of them, e.g., with the minimal index.

Thus, for each N € N the random sets Sg(N) = Sg(N, w) := {ji, ..., jx} arise, where
k=1,...,rand j; = jm(N,w), m =1,...,r. By construction one can write

] N/ N, = i E\ {Skfl(le)/i} ,
1N @) € (N, @) 8 jen\SeaNw) NS )

where S := @ and {&, i} := {i}. In other words the choice j;(N, w) at step k means that,
fori e T\ S;_1(N,w),

Errgney (f SE V@) < Errg ey (f 1S (N@)iby, (62)

moreover, jx(N,w) =min{i:i € J;(N,w)}, k=1,...,r. If the joint distribution of X and
Y is known, then instead of the described scheme for constructing random sets, Sg(N, w)
we turn to considering the non-random “oracle” sets Ty = {iy,...,ix}, wherek =1,...,r,

i €arg min Err(f{T1id), (63)
iET\Tk,l

Ty := @, and the functional Err is introduced by formula (2). If there are several iy
satisfying (63) we take among them that one which has the minimal value.
Fork € {1,...,r}andi € T\ Ty introduce

Cyi = Err(f {kal'i}) —Err(f Tk).

By construction of the sets T we have C; > 0, wherek =1,...,randi € T\ Tj. We
call a model, satisfying condition (1), regular whenever the following relation is true:

Cii>0, k=1,...,r, ie T\ Ty (64)
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In other words, for each k =1, ...,r, a point i in (63) is determined uniquely. Further
we employ the penalty function introduced in (11). We also use its strongly consistent
estimate of type (48) with

pni=— Y YU =y}, (65)
N jewy

Wy C {1,...,N} and Wy — o0 as N — oo.
Theorem 2. Let the considered model (1) with a collection of relevant factors having cardinality

r < p, be reqular, i.e., let (64) take place. Then, for the random sets S,(N) introduced above, the

following relation is valid
P(S¢(N)=T,) -1, N — oo, (66)

where T, is defined by means of (63) for k =1,...,r. In other words, with probability close to one,
the described procedure of forward selection based on statistical estimates of the error functional
leads to the “oracle” collection Ty, when N is large enough.

Proof. ForarandomsetS,(N,w) = {j1(N,w),...,j-(N,w)}, where ji(N,w) is an element
taken at k-th step, one has

Plw:S5(N,w)=T,) >P(w:ji(N,w) =iy,...,j,(N,w) =i).
Note that
P(w:ji(N,w) =iy,...,jy(N,w) =i) > P(ﬂ Ak(N)>,
k=1

where - - '
Ar(N) := ﬂ {ErrK,N/gN (ka) < ErrK,N/eN(f{Tk_w})},
iET\Tk,l

k=1,...,r. Thus, we obtain:

P(h Ak(N)> =1- P(O Ak(N)> >1-— i P(A(N))
k=1 k=1

k=1
r .
>1-Y ¥ P(Erney (™) = Errigney (f D)), (©7)
k=1 iGT\Tk,l

where, as usual, A := Q\ A for A C Q. Then, fork =1,...,r,i € T\ Tr_; and N € N,
we get

Ari(N) = Erriney (fT) — Errgney (f 1) (68)
= (ErrgNey (f %) — EErrgn,ey (f %)) + (EErri n ey (f ) — Err(f 7))
+ (Err(f ) — Err(f Tevih)) 4 (Brr(f i) — EErrg ey (f {Trih))
+ (EErriney (f o) — Errgoney (f Tetih)).

For U C T, set
T U e u
ZN(U) == ErrgNey (f7) = EErrgney (f7)-

Forany k = 1,...,K,i € T\ Ty_1 and each 6 € (0,1) in light of formula (57) of
Corollary 1, for all N large enough (N > N(4, k, 7)) it holds

P(Aki(N) > 0) < P(VN|ZN(Ti(N))| + VNIZNy({Ti1(N),i})| > VNC; — 6)
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< P<W|ZN(Tk(N))| > M;/NC"> + P<|ZN({Tk_1(N),i})| > W)

where Cy ; are introduced in (66), Ay ;(N) is defined by (68).

Applying the Bienaymé - Chebyshev inequality and taking into account Formula (58)
of Corollary 1, for each U C T and any ¢ > 0, we come, for a centered random variable
Zn(U), to the relation

NvarZyn(U)  varV(U)

P(VN|Zy(W)| 2 eVN) < 2 0

, N — oo, (69)

where V(U) is determined by Formula (22). According to (64), for k € {1,...,r} and
i € T\ Ty, one has C; > 0. Therefore, for all N large enough (N > N3(J,k,i)), the
following inequality takes place:

4(var V(Ty) + var V({Tx_1,i}) '

P(Ax;(N)>0) <

(70)

For a fixed m € N, one can change the summation order over i and y to write
Formula (22) as follows:

v = ¥ = lweu),

y=—m

where

Wy = ¥ (A0 -y > i -PIfX) -y > Y =y). @D

0<i<|y|+m

Thus, for any U C T, one has

a3 W=yl
vaisan £ HE20

Consequently, we come to the inequality

m
1
var V(U) < EV2(U) < 4m? _
W) SEVW i’ L 5o

where a = a(m, (P(Y = y))yey). We see that var V(Ty) + var V({Ty_1,i}) < 2a for all
ke{l,...,r},ie T\Ty_1and N € N. Foreachd € (0,1),anyk € {1,...,r},i € T\ Tx_4
and all N large enough, we get the following bound:

=:a,

8a
P(AL;(N)>0) < ——————.

Hence, for each § € (0,1) and all N large enough, by virtue of (67) the following
inequality holds:

B B 8ar _r+1
P(S;,(N)=T,) >1 N(1—5)2C§<P+1 7 ) (72)

where C(Z) = MiG_y e eT\T, C,% ; > 0according to (64). Thus relation (72) implies the
validity of (66). O
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Now note that according to (69) the following relation is true:
1
P(VN|Zn(U)| > cVN) —O<N>, N — co. (73)

The question arises whether this probability decreases like C/N where C is a positive
constant or more rapidly. The answer depends on the variance of the random variable
V(U) given by Formula (22). In view of (70) we will determine when the variable V(U)
is degenerate, i.e., equal to a constant a.s. This is also of independent interest for the CLT
established in Section 6 of [32] and given above as Theorem 1. The following result provides
a simple characterization of the V(U) degeneracy.

Lemma 3. For an arbitrary set U C T, the variance of the random variable V (U), appearing in
Formula (22), is zero if and only if, for every y € Y, there is ko(y) € {0, ..., m + |y|} such that

P(IfY(X) =yl =koly), Y =y) =P(Y =y). (74)

Thus, for each y € Y, on the set {Y = y} the random variable fY(X) does not necessarily take a
constant value. Moreover, the values of ko(y) need not coincide for different y.

Proof. Fory =0, ..., m and a random variable W(y, U), introduced by Formula (71), one
can write

wu) = Y (HIFX) -yl > ik = PUfAX) —yl > Y = )

0<i<y+m

= ¥ L (MM -yl =k PO -yl = KY =)

0<i<y+m i<k<m+y

_ ’g’:z:(uﬂfwx) —yl =K = P(fIX) —yl = KY =)
_ tik(ﬂﬂf”(}() —yl =K}~ PFUX) —yl = kY =)
- tilkﬂ{If“(X) ~yl = K — E(AU ) — yllY = ).
In a similar way we consider y = —m, ..., —1. Thus, for all y € Y, one gets
Wy, U) = iilkﬂ{f”(X) —yl =k} — () — vy = ).

Recall that P(Y = y) > Oforally € Y. If, for some y,k,j € Y, k # j, we have
PIfY(X) —yl=kY=y) >0, P(f(X)~yl=jY=y) >0,

then on the events {|fY(X) —y| = k,Y = y} and {|f%(X) —y| = j,Y = y} the variable
W(y, U) takes different values. Therefore, V(U) takes different values on these events.
Hence var V(U) > 0, if (74) is not valid. Thus (74) is a necessary condition to guarantee
that var V(U) = 0. Suppose now that, (74) holds. In this case we get

E(fY(X) —yllY =y) =ko(y), y €Y.

Clearly, ko(y) depends on U as well. We see that V(U) on each set {Y = y} takes
(up to the set of measure zero) the value @(ko (y) —ko(y)) = 0,y € Y. Therefore,

var V(U) = 0. Note that ko (y) need not coincide for different y € Y. The proof is complete. []
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5. Concluding Remarks

The established asymptotical result (Theorem 2) is rather qualitative in nature, since
relation (66) assumes increasing values of N. Relation (72) is more precise. However, (72)
demonstrates that, loosely speaking, one has to employ N >> rp. As previously, we assume
that assumption (A), introduced on page 2, is valid. Evidently, the sequential choice of
relevant variables based on statistical estimators of the error functional (of response approx-
imation), is attractive for implementation, although suboptimal. In this regard Theorem 2
shows that under certain conditions, forward (random) selection with a high probability
leads to the same collection of factors, which is provided by the sequential procedure with
known joint distribution of the vector of factors X and the response Y. In the future work,
it would be reasonable to supplement the theoretical results by computer simulations (see,
e.g., [45]).

Consideration of the proximity of the results of optimal and suboptimal procedures
requires a separate study. In addition, we note that within the framework of linear models,
estimates of the probability of correct identification of relevant factors are considered, e.g.,
in [46,47]. Theorem 2 does not assume the linearity of stochastic model. Presumably for
the first time, in our work a forward selection of relevant factors affecting the non-binary
random response is treated on the base of MDR-EFE method. It would be interesting to
extend the conditions allowing to establish relation (66). Moreover, stability problems of FS
deserve special attention, see, e.g., [48-50]. Algorithms stability for classification problems
in the framework of random trees is treated in [51].

Finally, we emphasize that the problem of statistical estimation of the cardinality of a
set of relevant factors appearing in definition (1) is very important and complex. Along
with dealing with the deterministic number of selected factors, there is a research approach
based on developing the rules for stopping the procedures used to identify the relevant set.
In this regard, we indicate, e.g., article [52], dedicated to information methods for selecting
relevant factors. The study of non-discrete stochastic models is also of undoubted interest,
see, e.g., [53].

Further it would be interesting to study other functionals than (2) to measure the
quality of a response approximation by means of functions defined on various collections
of factors. One can also consider a random number of observations. In this regard we refer,
e.g., to [27,54].
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Appendix A. Proof of Lemma 2
Proof. For any t € Nand p € (0,1), one has

N . .
E(fy) = Nfzi(fj)pfu—p)’v—f

=1/

Nt No(j+1)...(j+1) (N + t) oIt (1 — p)(N+H=(+)

P(N+1)...(N+1) & jt jtt

1 N+t a at N+t i i
= —(1+mh(N (1+,+...+,>( , )p’l—pN”l,
pt( t( ))i:;‘l_l it (l—t)t ; ( )
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where 1i;(N) = O(1/N),as N — o0, and a1, ..., a; € N. We do not use the explicit formulas
ay = t(t+1)/2,...,a; = t. Note that

N+t N+t ) iy t N+t ) w
Y (MTpa-eveioi-p (Y e —eri =g
i=t+1 i=0

where g;(N) := Y!_,¢;;(N) and, fori =t +1,...,N +t, one has

N+t

0 < gti(N):= < )pi(l —p)NTT < (N+ 1) (1-p)Y = O(1/N), N — .

Foreachk =1,...,t, introduce

N+t
qt,k(N) = i ; (N + t> pi(l _ p)N+t7i

B (el S LN
_ 1 NEE(i+1)... (i +k) <N‘+t+k> P (1 — p) (NHH)— (i),
PPN+ t4+1) .. (N+t+k) 57, (=t i+k

Obviously, one can write g; x(N) = O (1 /Nk) ,as

(+1)...(i+k)G—)F<A4+t+kF < @+20)

foralli>t+1,k=1,...,t and since

N+t ) )
Y (N%Hk) o k(1 p) (NGt < 1.
it \ itk

Consequently, for any ¢ € N, we get

E(n) =

(1+h(N)) (1 —8t(N) + Zt: %,k(N)> = lt + R¢(N),
p = p

where R;(N) = O(1/N), as N — co. Evidently, E(¢y)° = 1 for N € N. For each N € N,
set Ro(N) = 0. Thus, for t € N, one has

c(he-5) -5 (e () =L )G () ()

OGN G =G-2) —0 506) -0+

max |Ry(N)| =0O(1/N), N — oo.

v=0,...,t

and

The proof of Lemma 2 is complete. [
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