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Abstract: In this paper, we present a novel family of soft sets named “soft ws-open sets”. We find that
this class constitutes a soft topology that lies strictly between the soft topologies of soft J-open sets
and soft wo—open sets. Also, we introduce certain sufficient conditions for the equivalence between
this new soft topology and several existing soft topologies. Moreover, we verify several relationships
that contain soft covering properties, such as soft compactness and soft Lindelofness, which are
related to this new soft topology. Furthermore, in terms of the soft interior operator in certain soft
topologies, we define four classes of soft sets. Via them, we obtain new decomposition theorems for
soft J-openness and soft f-openness, and we characterize the soft topological spaces that have the soft
“semi-regularization property”. In addition, via soft ws-open sets, we introduce and investigate a new
class of soft functions named “soft ws-continuous functions”. Finally, we look into the connections
between the newly proposed soft concepts and their counterparts in classical topological spaces.
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1. Introduction and Preleminaries

In today’s complex world, accurate modeling and management of many types of
uncertainty are essential to tackle difficult issues in different fields, including environ-
mental science, economics, engineering, social sciences, and medicine. While well-known
techniques like probability theory, fuzzy sets [1], and rough sets [2] help handle ambiguity
and uncertainty, they are not without limitations. These mathematical methods all share
the same flaw, which is insufficient parameterization capabilities. In 1999, Molodtsov [3]
introduced soft set theory as a solution to the shortcomings of earlier uncertainty-handling
techniques. After that, the interpretation of soft sets for modeling uncertainty has been
conducted; advancements in this area are described in [4,5]. Equipped with soft sets, pa-
rameter sets offer a defined framework that is naturally adaptable, facilitating the modeling
of unclear data. Soft set theory and related fields have advanced greatly as a result very
soon. As may be observed in [6-12], this has led to several applications of soft sets in
real-world fields.

Numerous mathematicians have used soft set theory to introduce various mathe-
matical structures, including soft group theory [13], soft ring theory [14], soft convex
structures [15], and soft ideals [16]. These papers highlight the use of soft set theory in
handling challenging mathematical problems.

Shabir and Naz [17] created soft topology first, and since then, a lot of researchers
have focused on extending the topological concepts to include the field of soft topology.
For instance, soft metric spaces [18-20], soft connected spaces [21], soft covering proper-
ties [22-24], and generalized soft open sets [25-29] are a few of the notions mentioned.
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Recent papers [30-37] show that research in soft topology is currently ongoing and that
there is still an opportunity for important contributions.

The generalizations of soft open sets play an effective role in the structure of soft
topology by using them to redefine and investigate some soft topological concepts such as
soft continuity, soft compactness, and soft separation axioms. This paper follows this area
of research.

The arrangement of this article is as follows:

In Section 2, we define soft ws-open sets. We study the features of sets and show how
they relate to well-known other classes of soft sets, like soft 5-open sets and soft w’-open
sets. Furthermore, we investigate the links between this class of soft sets and its classical
topology analogs. We also investigate several relationships that contain soft covering
properties, such as soft compactness and soft Lindelofness.

In Section 3, we define four new classes of soft sets. We use them to provide novel
decomposition theorems for soft 6-openness and soft 8-openness, as well as characterize
semi-regularized soft topological spaces.

In Section 4, via soft ws-open sets, we define soft ws-continuous functions as a new
class of soft functions and investigate some of their properties. We give several charac-
terizations of it. Also, we investigate the links between this class of soft functions and its
analogs in general topology. Moreover, we show that soft w;-continuity is strictly weaker
than soft «w-continuity.

In Section 5, we give some findings and potential future studies.

Throughout this paper, we will use the concepts and terminology as they appear
in [38,39].

Here, we recall some basic definitions and results that will be needed in this sequel.

Let M be an initial universe and Z be a set of parameters. A soft set over M relative
to Z is a function T : Z — P (M), where P (M) is the power set of M. The collection of
all soft sets over M relative to Z is denoted by SS(M, Z). Let G € SS(M, Z). If G(a) = @
for every a € Z, then G is called the null soft set over M relative to Z and denoted by 0.
If G(a) = M for all a € Z, then G is called the absolute soft set over M relative to Z and
denoted by 1. If there exist x € M and a € Z such that G(a) = {x} and G(b) = @ for
allb € Z — {a}, then G is called a soft point over M relative to Z and denoted by a,. The
collection of all soft points over M relative to Z is denoted by SP(M, Z). If for some a € Z
and X C M, G(a) = Xand G(b) = @ forall b € Z — {a}, then G will be denoted by ay.
If for some X C M, G(a) = X for all 2 € Z, then G will be denoted by Cx. G is called a
countable soft set over M relative to Z if G(a) is countable for all 2 € Z. The collection of
all countable soft sets over M relative to Z will be denoted by C(M, Z). If G € SS(M, Z)
and ay € SP(M, Z), then ay is said to belong to G (notation: 4,€G) if x € G(a).

Soft topological spaces were defined in [17] as follows: A triplet (M, Y, Z), where
Y C SS(M, Z), is called a soft topological space if 07, 17 € ), and ) is closed under finite
soft intersections and arbitrary soft unions.

Let (M, Y, Z) be a soft topological space, and let H € SS(M, Z). Then the members
of Y are called soft open sets. The soft complements of the members of ) are called soft
closed sets in (M, Y, Z). The family of all soft closed sets in (M, Y, Z) will be denoted by
Y¢. The soft interior and the soft closure of H in (M, ), Z) will be denoted by Inty(H) and
Cly(H), respectively. Let (M, A) be a topological space, and let U C M. The interior and
the closure of U in (M, A) will be denoted by Int, (U) and CI, (U), respectively.

Definition 1 ([40]). Let (M, A) be a topological space, and V. C M. Then V is said to be a 5-open
set in (M, A) if for every x € V, we find D € A such that x € D C Int)(CIy(D)) C V. A
denotes the family of all 6-open sets in (M, A).

It is well known that (M, As) is a topological space with A5 C A.
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Definition 2 ([41]). Let (M, A) be a topological space, and V. C M. Then V is said to be a ws-open
set in (M, A) if for every x € V, we find D € A such that x € D and D — Int) (V) is a countable
set. Ay denotes the family of all ws-open sets in (M, A).

It is proved in [41] that (M, A.,;) is a topological space.

Definition 3 ([41]). A function ¢ : (M,A) — (N, ) between the topological spaces (M, A)
and (N, ) is called ws-continuous if g1 (V') € A, for every V € .

Definition 4 ([39]). Let (M,Y, Z) be a soft topological space and K € SS(M, Z). Then

(a) K is a soft w-open set in (M, Y, Z) if for any z, €K, we find G € Y such that z,, €G and
G —Ke C(M,Z). Yo will denote the family of all soft w-open sets in (M, Y, Z).

(b) K is a soft w-closed set in (M,Y,Z) if1; — K € V.

It is proved in [39] that (M, Y, Z) is a soft topological space, Y C YV, and Y # Ve
in general.

Definition 5. Let (M, Y, Z) be a soft topological space and H € SS(M, Z). Then

Ref. [42] (a) H is a soft 6-open set in (M, Y, Z) if for any z,€H, we find G € Y such that
zméGiCly(G) CH. The family of all soft 6-open sets in (M, Y, Z) will be denoted by V.

Ref. [43] (b) H is a soft 6-open set in (M, Y, Z) if for any z,,€H, we find G € Y such that
zm€GClInty(Cly(G))CH.

Ref. [39] (c) H is a soft w-open set in (M, Y, Z) if for any z, €H, we find G € Y such that
zm€Gand G— H € C(M, Z).

Ref. [44] (d) H is a soft w®-open set in (M, Y, Z) if for any zy,€H, we find G € Y such that
zn€G and G — Inty(H) € C(M, Z).

Ref. [45] (e) H is a soft wg-open set in (M, Y, Z) if for any z,€H, we find G € Y such that
zm€G and G — Inty,(H) € C(M, Z).

Ref. [46] (f) H is a soft reqular-open set in (M, ), Z) if H = Inty(Cly(H)).

Vs Vs V0, Ve, and RO(Y)) will denote the family of all soft 5-open (resp. w-open,
wV-open, wy-open, and regular open) sets in (M, Y, Z).

It is known that )y, Vs, Vw, V0, and YV, are all soft topologies such that Jy C V5 C
YC V0 CVoand Vo C Vi, € V0.

Definition 6. A soft topological space (M, ), Z) is called:

Ref. [39] (a) Soft locally countable if it has a soft base K C C(M, Z).

Ref. [39] (b) Soft anti-locally countable (soft A-L-C) if Y N C(M, Z) = {0z}.

Ref. [24] (c) Soft Lindelof if for every H C Y such that UgeyH = 15, there is a countable
subcollection Hq C H such that Uyey, H = 17.

Ref. [47] (d) Soft nearly compact if for every H C RO(Y) such that Oy H = 17, thereis a
finite subcollection H1 C H such that OHGMH =1z.

Ref. [47] (e) Soft nearly Lindelof if for every H C RO(Y) such that UyeyH = 1z, there isa
countable subcollection Hy C H such that Uyey, H = 17.

Ref. [48] (f) Soft regular if for every ay € SP(M, Z) and every G € Y such that a€G, there
exists H € Y such that axéH§Cly(H)§G.

Ref. [49] (g) Soft semi-regularization topology if Y = Vs.

Definition 7 ([50]). A soft function fg : (M, Y, Z) — (N, X, W) is called soft w°-continuous
if foo' (K) € V0 for every K € X.

Theorem 1 ([17]). For any soft topological space (M, Y, Z) and any a € Z, the family

(G(a): G eV}
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forms a topology on M. This topology is denoted by V.
Theorem 2 ([38]). For any family of topological spaces { (M, B,) : a € A}, the family

{G € SS5(M,A):G(a) € Baforalla € A}
forms a soft topology on M relative to A. This soft topology is denoted by @,e 4 Ba.

Theorem 3 ([38]). For any topological space (M, A) and any set of parameters Z, the family
{G €SS(M,Z2):G(z) € Aforall z € Z} defines a soft topology on M relative to Z. T(A) denotes
this soft topology.

2. Soft ws-Open Sets

Definition 8. Let (M, Y, Z) be a soft topological space and K € SS(M, Z). Then

(a) K is a soft ws-open set in (M, Y, Z) if for any z,, €K, we find G € Y such that z,,€G and
G — Inty,(K) € C(M, Z). Y, will denote the family of all soft ws-open sets in (M, Y, Z).

(b) K is a soft ws-closed set in (M,Y,Z) if 17 — K € V.

Theorem 4. Let (M, Y, Z) be a soft topological space and H € SS(M, Z). Then H € Y., if and
only if for each z,, €H, we find G € Y and R € C(M, Z) such that z,,€G and G — RCInty, (H).

Proof. Necessity. Suppose that H € Y.,. Let z,;€H. Then we find G € Y such that
zn€G and G — Inty (H) € C(M,Z). Let R = G — Inty (H). Then R € C(M,Z) and
G — R = Inty, (H)Clnty, (H).

Sufficiency. Suppose that for each z,€H, we find G € ¥ and R € C(M,Z) such
that z,,€G and G — RClInty, (H). Let z;;€H. Then, by assumption, we find G € Y
and R € C(M, Z) such that z,,€G and G — Rilntyts(H). Since G — Rglntyé(H), then
G — Inty,(H)CR € C(M, Z), and thus, G — Inty, (H) € C(M, Z). Therefore, H € Y. O

Theorem 5. For any soft topological space (M, Y, Z), Vs € Vw; € V0.

Proof. To see that V5 C Y, let G € Vs and z,,€G. Since G € Yy, then Inty, (G) = G.
Thus, we have z,,€G € Y such that G — Inty, (G) = 0z € C(M, Z), and hence G € V.

To prove that Ve, C V0, let G € Ve, andNZméG. Then we find H € Y such that zm€H
and H — Inty,(G) € C(M, Z). Since Inty, (G)CInty(G), then H — Inty(G)CH — Inty, (G),
and so H — Inty(G) € C(M,Z). Hence, G € Y, 0. O

Theorem 6. For any soft topological space (M, Y, Z), (M, Yw;, Z) is a soft topological space.

Proof. Since by Proposition 4.2 of [43], (M, Vs, A) is a soft topological space, then 0z,
1z € V5. Thus, by Theorem 5, 07,17 € V;.

Let K,N € Y., and z,,€KNN. Then z,€K € Y, and z4,€N € Y,,. So, we find
H,L € Y such that z,€HNL € Y and H — Inty,(K), L — Inty (N) € C(M,Z). Since
ITll’yb. (KﬁN) = Intyb. (K)ﬁ[ntyJ(N), then

(HAL) — (Inty,(KAN)) = (HAL) — (Inty,(K)AInty, (N))

= ((HAL) — Inty, (K))O((HNL) — Inty, (N)) € C(M, Z).

Hence, KON € Y.

Let {Gy:a € A} C Yo, and z,€ Ugep Go. Then there exists a, € A such that
zm€Gy,. So, by Theorem 4 , we find H € Y and R € C(M, Z) such that z,,€H and
H - Rilntyé(c%)ilntyd(anAG%). Hence, UycaGa, € Vw;- O

Theorem 7. If (M, Y, Z) is soft locally countable, then V,,; = SS(M, Z).
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Proof. Let (M,)), Z) be soft locally countable. Let H € SS(M, Z) and z,€H. Choose
K € C(M,Z)NY such that z,,EKCH. Thus, we have K € C(M,Z), z4,€K € Y, and
K — Inty (H) € C(M, Z). Hence, H € Vy,;. O

Theorem 8. If (M, ), Z) is a soft semi-regularization topology, then Ye; = Y, 0.

Proof. By Theorem 5, it is sufficient to see that ) o C V. Let H € Y 0 and zm€H. Then
we find G € Y such that z,,€G and G — Inty(H) € C(M,Z). Since (M,),Z) is a soft
semi-regularization topology, then Y; = Y, and so Inty, (H) = Inty(H). This shows that
HE Yy, O

Theorem 9. For any soft topological space (M, Y, Z), Yy € V-

Proof. Let G € Yy, and z,,€G. Then we find H € Y such that z,€H and H — Inty, (G)
€ C(M,Z). Since Inty,(G)ClInty,(G), then H — Inty, (G)CH — Inty,(G), and so H —
Inty, (G) € C(M, Z). Hence, G € Vw,. O

Lemma 1. Let (M, Y, Z) be a soft topological space, and K € SS(M, Z). Then, for eacha € Z,
(Inty,(K))(a) C Int(y, (K(a)).

Proof. Let m € (Inty,(K))(a). Then a,€lnty,(K), and so, we find G € Y such that
4, €GCK. Thus, we have m € G(a) C K(a) and G(a) € (Js),. Since, by Theorem 30
of [51], G(a) € (Va); thenm € Int(y,) (K(a)). O

Theorem 10. Let (M,Y, Z) be a soft topological space. Then, for every a € Z, (Vew;)a € (Va)ws-

Proof. Leta € Z. Let V € (Vuw;)a and m € V. Then, there exists K € ), such that
V = K(a). Thus, a,€K € Y,,, and by Theorem 4, we find G € Y and R € C(M, Z)
such that 2,,€G and G — RCInty, (K). So, we have m € G(a) € Y,, R(a) is a countable
set, and G(a) — R(a) = (G —R)(a) C (Inty,(K))(a). On the other hand, by Lemma 1,
(Inty,(K))(a) C Inty,) (K(a)). This shows that V € (Va)w,- O

Corollary 1. Let (M, Y, Z) be a soft topological space, and K € Y. Then K(a) € (Va)ew, for all
ze€Z.

Proof. Let s € S. Since G € Y, then G(s) € (Vu;)s- Thus, by Theorem 9, G(s) €
(yS)W§' D

Theorem 11. Let {(M, B:) : z € Z} be a collection of topological spaces. Then (zezBz),,, =
EBZGZ (ABZ)(U(;'

Proof. To show that (®:czB:),, C Drez(Bz)y, let H € (DzezBz),,- Letb € Z. We
will show that H(b) € (By),,- Let m € H(b). Then b,,€H. Since H € ($:e2pz),,,, we
find G € @czB: and R € C(M, Z) such that b,,€G and G — RClnt (g 5, (H). Now,
by Theorem 31 of [51], (P.ezBz); = ®zez(Bz)s- Thus, G — Rglnt@zez(ﬁz)é(H) and so
G(b) —R(b) = (G—R)(b) C (Int@zez(ﬁz)g(H)) (b). In contrast, by Lemma 4.9 of [52],

(I”t@zez(ﬁz)é(H))(b) = Int(g,) (H(b)). Therefore, we have m € G(b) € By, R(b) is a
countable set, and G(b) — R(b) = Int(g,) (H(b)). Hence, H(b) € (Bp)

wg* _
To show that @,e7(Bz)y, © (PzezPz)y, let H € @2ez(Bz),,- Let byu€H. Then

m € H(b) € (Bp)y,- So, we find V € B such that m € V and V — Int(g,) (H(D))
is a countable set. By Lemma 4.9 of [52], (Intéazez(ﬁz)&(H)) (b) = Int,) (H(b)) and
S0 (bv - (I”t®zez(ﬁ2)5<H)>)(b) =V- (Int@zez(ﬁz)(g(H))(b) is a countable set. There-
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fore, we have b,,Eby € @®,czB; and by — (Int@zez<ﬁz)§(H>) € C(M, Z). This shows that
He (EBZGZ.BZ)%«' O

Corollary 2. For any topological space (M, p) and any set of parameters Z, (T(B)) ,.; = T(Bw,)-

Proof. Let B, = f§ for every z € Z. Then 7(B) = @,czp-. Thus, by Theorem 11,

(T(ﬁ))wé = (@Zézﬁz)w{5
= EBZEZ(ﬁZ)wo-
= T(ﬁwa)'

O

The following examples show that equality cannot be used to replace either of the two
soft inclusions in Theorem 5:

Example 1. Let M = Q, A =N, Y = {04} U{K € SS(M, A) : M — K(a) is a finite set for
every a € A}. Since (M, Y, A) is soft locally countable, then by Theorem 7, Y,,; = SS(M, A).
Therefore, Cz, € Ve, — Vs.

Example2. Let M =R, Z = {a,b,d},and Y = {Oz,lz,b(ofm)}. Suppose that Inty, <b(0,00)> #*
0z. Then we find m € (0,00) such that by, €Inty, (b(0,00)>' So, we find K € Y such that
bmEKCInty(Cly(K))Ch(ge). Thus, K = byge), and so Inty(Cly(K)) = Inty(lz) =
1Z§b(0,oo). Hence, Inty), (b(O,oo)) = 0z. Suppose that b(O,oo) € Yws, then we find H € Y
such that by€H and H — Inty, <b(O,oo)> = H € C(M,Z). Since H € Y—{0z}, then H €

{1215(0,00)}- But {1215(0,00)} NC(M,Z) = @. Therefore, by o) & Vws In contrast, by
Theorem 5 of [44], b(o,oo) € 0.

Additionally, Example 2 demonstrates that ) need not always be a subset of ),;.
The inclusion in Theorem 9 need not be equality in general:

Example 3. Let M =R, Z =N, and

Y={KeSS(M,Z):K(a) e {O,M,QN (1,2),R-Q,(QN(1,2))U(R—-Q)} forall
aeZ}.

Then CR_@ € Vws — Vewy-

Theorem 12. Let (M, )Y, Z) be a soft topological space. If Cy € (¥ NYw,) — {0z}, then

Proof. LetK € (Y.,)v and z,,€K. Choose T € Y, such that K = TNCy. Since Cy € Yu,,
then K € Y. So, we find D € Y and E € C(M, Z) such that z,,€D and D — E Clnty,(K).
So, we have ZméDﬁCV € Yy, EﬁCV S C(V,A), and (DﬁCV) — (EﬁCV)i(D — E)ﬁCV
élntyé(K)ﬁCvilnt(yvb (K). This shows that K € (Vy)w,. O

Corollary 3. Let (M,)Y,Z) be a soft topological space. If Cy € Vs — {02}, then (Vws)v C
(yv)w5

Theorem 12 requires the condition “Cy € Y N J),,”, as the following example
demonstrates.
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Example 4. Let M = R, V = R—-Q, Z = N, A be the usual topology on M, and Y =
{Cw : W € A}. Since Ceo) € Y, then by Theorem 5 of [44], C(s,oo) € Y, 0. Since (M, Y,Z)
is soft regular and C(g,w) € Y, then by Theorem 8§, C(3,oo) € Yws. Thus, C(3,oo)ﬁCV =
Coo)n®—Q) € (Yw,)v. Suppose that C3e0)qr—q) € (Vv)w,. Let a = 1. Then we find
W € Aand K € C(V, A) such that a 7 € Cyy and Cyy — KC1Inty,,. (c(gfw)m(R_Q)) Clnty,

(C(3,oo)m(R—@)> = 0y. Thus, Cy CK, and hence Cyy € C(V,A). Therefore, W is a countable set,
which is impossible. This shows that C 3 e)n(r—q) & (V) ;-

Theorem 13. Let (M,),Z) be soft Lindelof. Then for every W € Yy, N Y€, we have W —
Inty (W) € C(M, Z).

Proof. Let W € Y, N V*. Since W € Y, for every z,,€W, we find T;,, € Y such that
zm€Ty, and Ty, — Inty, (W) € C(M,Z). Since W € Y, W is a soft Lindelof subset of
(M,Y,Z). Set © ={T,, : zn€K}. Since WC U,, zx Tz, then we find a countable subfam-
ily ©1 C © such that WCUges, S. Since &1 is countable, then Ugee, (S — Inty, (W)) €
C(M, Z). Since W — Inty (W)C Uses, (S — Inty (W)), W — Inty, (W) € C(M,Z). O

Theorem 14. Let (M, Y, Z) be a soft topological space, and K € (V) . Then we find H € Y*
and T € C(M, Z) such that Cly, (K)CHUT.

Proof. If K = 1, then KC1,U0, with 1, € Y and 0, € C(M,Z). If K # 1z, then
we find z,,€17 — K € Y,,. So, we find G € Y and T € C(M, Z) such that z,€G and
G — TClInty,(1z — K) = 1z — Cly, (K) and thus Cly, (K)C1z — (G—T) = (1z — G)UT.
Let H=17 — G. Then H € ) and Cly, (K)CHUT. O

Theorem 15. A soft topological space (M, ), Z) is soft A-L-C if and only if (M, Y, A) is soft
A-L-C.

Proof. Necessity. Let (M, ), Z) be soft A-L-C. To show that (M, Ve, A) is soft A-L-C, on
the contrary, we find K € (Y, NC(M,Z)) — {0z}. Pick z,,€K. Since K € Y, then we
find T € Y and N € C(M, Z) such that z,,€T and T — NCInty, (K)CK. Thus, TCKON,
and hence T € C(M, Z). Since z, €T, then T € ) — {0z}. Since (M, Y, Z) is soft A-L-C,
then T ¢ C(M, Z), a contradiction.

Sufficiency. Clear. O

Theorem 16. Let (M,), Z) be soft A-L-C. Then, for every K € V;, Cly(K)iClyw‘s (K).

Proof. Let K € ). By Theorem 5, V,; € YV, 0, and thus ClywO (K)QClywO_ (K). Since
(M, Y, 2) is soft A-L-C and H € YVw; € Y 0, then by Theorem 21 of [44], Clyw0 (K) =
Cly(K). Hence, Cly(K)CCly, (K). O

Corollary 4. Let (M, Y, Z) be soft A-L-C. Then for each K € (Y., )*, then Inty,, (K)CInty(K).

Theorem 17. If (M, Y, Z) is soft Lindelof, then (M, Vs, Z) is soft Lindelof.

Proof. Let K C Y, such that 17 = UkercK. For each z, €1z, choose K, € K such that
zm€Ks,,. For each z, €1y, choose H;,, € Y and T;,, € C(M,Z) such that z,,€H;,, and
H,, — szilntywé (K, )CK,,. Since (M, Y, Z) is soft Lindelof and 1, = 0,1, Hz,, then
there exists a countable subset R € SP(M, Z) such that 1; = U, zrHz,, and so

1Z = UzméRHZm = (OzméR(Hzm - Tznr))O(UZméRsz)i(OzméRsz)O(OzméRsz)'
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Put S = U, =pTs,. Then S € C(M,Z). For each b €S, choose K;, € K such that
bx€Ky . Put N ={K;, : zs € R} U {K,, : bx€S}. Then N is a countable subcollection of K
such that 17 = UnenN. Therefore, (M, Y, Z) is soft Lindelof. O

But the converse of Theorem 17 is not always true:

Theorem 18. Let M =R, Z = N, and Y = {07}U{K € SS(M, Z) : (—o0,1) C K(z) for all
z€Z}. Let H = {C(_m,l)u{m} tmE [1,00)}. Then H C Y, UgeyH = 1z, and for any
countable subcollection H1 C H, OHe?-llH # 1y. Therefore, (M, Y, Z) is not soft Lindelof. In
contrast, since forany G € ¥ —{0z}, Cly(G) = 1z, then Y5 = {0z7,17} and so Yeo; = {02,172}
Hence, (M, Yw;, Z) is soft Lindelof.

Theorem 19. If (M, Yw,, Z) is soft Lindelof, then (M, Y, Z) is soft nearly Lindelof.

Proof. Let K CRO(Y) such that 1; = UgecK. Then K C Vs, and by Theorem 5, K C Vs
Since (M, V.,, Z) is soft Lindelof, then we find a countable subfamily K1 C K such that
17 = Ukek, K. This shows that (M, Y, Z) is soft nearly Lindelof. [J

In general, Theorem 19 cannot be reversed:

Theorem 20. Let M =R, Z = N, and

Y ={07}U{K€e€SS(M,Z):1€K(z)forallz € Z}.

Since Y5 = {02,127}, then (M, Y, Z) is soft nearly Lindelof. Since for each z,, € SP(M, Z),
ZméZ{Lm} € YNC(M, Z), then (M, Y, Z) is soft locally countable. Thus, by Theorem 7, Yy, =
SS(M, Z). Since 17 = U, csp(m,z)Zm and for any countable subfamily H CSP(M,Z), 17 #
U, enzm, then (M, Y,, Z) is not soft Lindelof.

Theorem 21. If (M, Ve, Z) is soft compact, then (M, Y, Z) is soft nearly compact.

Proof. Let K CRO(Y) such that 17 = UkcxK. Then K C Vs, and by Theorem 5, K C Vo, .
Since (M, Yw,;, Z) is soft compact, then we find a finite subfamily K;C K such that
17 = Uge i, K. This shows that (M, ), Z) is soft nearly compact. [

In general, Theorem 21 cannot be reversed.

Example 5. Let M = Q, Z = {a,b}, and Y = {0z,1z}. Then Vs = {0z,12}, and thus
(M, Y, Z) is soft nearly compact. Since (M, Y, Z) is soft locally countable, then by Theorem 7,
Vw; = SS(M,Z). Since 17 = U, csp(m,z)zm and for any finite subfamily H CSP(M, Z),
1z # U, epzm, then (M, Y, Z) is not soft compact.

Example 5 and the following example show that the soft compactness of a soft topolog-
ical space (M, ), Z) is neither implied nor imply by the soft compactness of (M, V;, Z).

Example 6. Let M =R, Z = {a} and

Y ={07}U{K € SS(M, Z) : R — K(a) is countable}.

Since V5 = {02,127} = Ve, then (M, Vw,, Z) is soft compact. In contrast, it is clear that
(M, Y, Z) is not soft compact.

3. Decompositions
Definition 9. Let (M, Y, Z) be a soft topological space and K € SS(M, Z). Then K is
(a) Soft wi-open set in (M, Y, Z) if Inty,, (K) = Inty,(K).
(b) Soft wY-open set in (M, Y, Z) if Inty, (K) = Inty(K).
(c) Soft wl-open set in (M, Y, Z) if Inty,, (K) = Inty,(K).
(d) Soft w§ -open set in (M, Y, Z) if Inty,, (K) = Inty,_(K).
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In a soft topological space (M, Y, Z), the collections of soft wi-open sets, soft w3-open
set, soft wY-open sets, and soft w{-open sets will be denoted by w$(Y), wd(Y), wl(Y), and
w§ (), respectively.

Theorem 22. Let (M, Y, Z) be a soft topological space. Then
(@) Yoy € w§ (V).
(0) Vs € wi (¥) N s (V) Nwl(D).
(c) Yo € wj(V) Nwi(¥) N (V) Nw§(P).
(d) w§(Y) C wWi(Y).

Proof. (a) Let K € Vy;. Then I ntywé (K) = K. Also, by Theorem 5 and Theorem 5 of [44],
K € Yy, and so Inty (K) = K. Therefore, Intyw(s(K) = Inty (K). Hence, K € w{ ().

(b) Since by Theorem 5, Vs C V;. Then, by (a), Vs C w{(Y). Let K € Vs. Then
Inty (K) = K. By Theorem 5, K € Y, and thus, Intywé (K) = K. Also, since Y5 C ), then
K € Y, and so Inty(K) = K. Therefore, we have Inty, (K) = Inty, (K) = Inty(K). This
shows that K € wi(Y) Nwd(Y).

(c) Since Yy C Vs, then by (c), Vo C wi(Y) Nw(Y) Nw¥(Y). Let K € Vp. Then
Inty, (K) = K. Since Yy C Vs, then by Theorem 2.3, K € ),,, and so Intwa(K) = K.
Therefore, Inty,, (K) = Inty,(K), and hence K € wi().

(d) Let K € wf(Y). Then Inty, (K) = Inty,(K). In contrast, by Theorem 5, we have
Yo € V5 € Y, then Intye(K)ilntyd(K)élntywé(K). Therefore, we have Inty, (K) =
Inty,, (K)and hence K € W(Y). O

As the next two examples show, in general, none of the inclusions in Theorem 22 can
be replaced by equality:

Example 7. Let M = R, A = {a}, and Y = {04,14,ar_q}. Let K = ay. Suppose that
Inty, (K) # 04. Then there exists x € M such that ax€Inty, (K) € V. So, we find G € Y such
that ax€G and G — K € C(M, A), which is impossible. Therefore, Inty(K) = Inty, (K) = 04.
In contrast, since Vs = Yo = Vs = {04,14}, then Inty,, (K) = Inty,(K) = Inty,(K) = 04
and K & Yo U Vs U V. This shows that none of the inclusions in Theorem 22 (a), (b), and (c),
cannot be replaced by equality in general.

Example 8. Let M =R, Z = {a}, and
Y={KeSS(M,Z):K(a) e {o,M,QN(1,2),R-Q,(QN(1,2))U(R-Q)}}.
Then ag_q € wi(Y) — wl(Y). As a result, equality in general cannot replace the inclusion

in Theorem 22 (d).

For a soft topological space (M, Y, Z), the first and second components of each of the
ordered pairs of classes of soft sets below are not comparable in general, as demonstrated
by the following three examples:
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Example 9. Let M = {1,2}, Z = {a}, and Y = {K € SS5(M,Z) : K(a) € {&,M,{1}}}.
Then agyy € (Y Nws(YV)Nw)(Y) Nwe(Y)) — (Wd(Y)Uwi(Y)) and apy € ws(Y) —
(W3 (V) Vawi(Y)).

Example 10. Let (M, Y, Z) be as in Example 6. Then ag _y € wS(Y) — (03(Y) Uw¥ (V).

Example 11. Let M = {1,2}, Z = {a}, B be the usual topology on R,and ) = {K € SS(M, Z) :
K(a) € B}. Then agyy € (WS(P)NWI(Y) NS (P)NWl(Y)) = Ve

Theorem 23. Let (M, Y, Z) be a soft topological space. Then
(@) Vs = Vo N wof;"(y).
(D) Vs = Ve, ﬁw,;(y)-
(C) yg yw(;ﬁw(s(y)
(d) yf) ng ﬂwg(y)
@Y NwdY) C V.
() Yoy Nwy(V) € V.
() Y NW(Y) = Vo V().

Proof. (a) By Theorem 5 and Theorem 5 of [44], Vu; € Tw. In contrast, by Theorem
22 (a), Vws; € w§ (V). Thus, YV, € Vw Nw§ (V). To see that YV Nw§ (V) C Y, let
K e YoNw§(Y). Since K € 1, then K = Inty, (K). Since K € w§' (Y), then Intywé (K) =
Inty, (K). Thus, Inty,, (K) = K, and hence K € Y.

(b) By Theorem 5 and Theorem 22 (b), we have V; C YV, N wg(y). To see that
Vs Nwl(Y) C Vs, let K € Y, Nwi(Y). Then K = Inty,, (K) and Inty,, (K) = Inty,(K).
Thus, K = Inty, (K), and hence K € Vs.

(c) By Theorem 5, we have Yy C V5 C V., Also, by Theorem 22 (c), Vy C wg(y).
Thus, Yo € Ve, N wg(y). To see that Y, N wg(y) C Vo, letK € Yo, N wg(y). Then
K = Inty,, (K) and Inty,, (K) = Inty,(K). Thus, K = Inty, (K), and hence K € Y.

(d) By Theorem 5 of [45], Vp C Y, Also, by (c), Vo € wf(Y). Thus, Yy C VY, N
wg(y). In contrast, by Theorem 9 and (c), Ve, N wg(y) C Vs N wg(y) = V.

(e) Let K € Y Nw)(Y). Then K = Inty(K) and Inty,, (K) = Inty(K). Thus,
K= Intywo_ (K), and hence K € V,.

(f) Let K € Yo, Nw)(Y). Then K = Inty,, (K) and Inty,, (K) = Inty(K). Thus,
K = Inty(K), and hence K € ).

(g) We have Y ﬂwg()}) - wg(y). Also, by (e), Y N wg(y) C Yw;- Hence,
YNwd(Y) C Vo, Nwd(Y). In contrast, we have Yy, Nwl(Y) C wI(Y). Also, by (f),
Vws ﬂwg(y) C ). Hence, V., ﬂwg(y) cy ﬁwg(y). O

Corollary 5. Let (M, Y, Z) be a soft topological space and K € w}(Y). Then K € Y if and only
if K € Ve,

Proof. The proof follows from Theorem 23 (g). O

Theorem 24. Let (M, ), Z) be a soft topological space. Then (M, Y, Z) is a soft semi-reqularization
topology if and only if Y Cwd(Y) Nwi(Y).

Proof. Necessity. Let (M,Y,Z) be a soft semi-regularization topology.  Then
Y5 =Y. Thus, by Theorem 22 (b), ¥ Cw?(¥) Nwi ().

Sufficiency. Let Y Cw}(Y) N wi(Y). To see that Y C Vs, let K € Y. Then
K € YNw(Y)Nwi(Y). So, we have Inty(K) = K, Inty,, (K) = Inty(K), and Inty, (K) =
Inty, (K). Thus, Inty, (K) = K. Hence, K € V5. 0

Theorem 25. A soft topological space (M, Y, Z) is soft regular if and only if Y Cw3(Y) Nwi (V).
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Proof. Necessity. Let (M,)Y,Z) be soft regular. Then )}y = ). Thus, by Theorem 22 (c),
Y Cwl(V) nwl(D).

Sufficiency. Let ) gwg(y) N wg(y). To see that Y C ), let K € ). Then
K € Ynaf(Y)Nw§(Y). So, wehave Inty(K) = K, Inty, (K) = Inty(K),and Inty, (K) =
Inty, (K). Thus, Inty, (K) = K. Hence, K € V. O

4. Soft ws-Continuity
Definition 10. A soft function fg, : (M,Y,Z) — (N, X, W) is called soft ws-continuous if
foo' (K) € Y, for every K € X.

Theorem 26. For a soft function fg, : (M, Y, Z) — (N, X, W), the following are equivalent:

(D) foo: (M, Y, Z) — (N, X, W) is soft ws-continuous.

(2) fgo' (T) € (Vuwy)* for every T € X°.

(3) Cly,, (fq—vl(A))i f! (CLy(A)) for each A € SS(N, W),

(4) f! (It (A))Clnty, (fi:'(A)) for each A € SS(N, W),

(5) fqo : (M, Vs, Z) — (N, X, W) is soft continuous.

(6) For each zy, € SP(M, Z) and each G € X such that fgo(z;m)€G, we find H € Yoy such
that z,,€EH and fo,(H)CG.

Proof. (1)—(2): Let T € X°. Then1ly — T € & So, by (1), fq’vl(lw -T)=1y4 —fq’vl(T) €
Vw,- Hence, f,;vl(T) € (V)"

(2)—(3): Let A € SS(N,W). Then Cly(A) € X°. So, by (2), f! (Clx(A)) € (V)"
Since fz;' (A)Cfg' (Cla(A)) € (V)" then Cly,, (fq;l (A)) Cfp' (Cly(A)).

(3)—>(4): Let A € SS(N, W). Then, by (3),

12— Inty, (fal(4) = Cly, (12— f'(4)
Cly,, (fi' (1w — 4))
fqv (Clx(lw A)

fqv (1w — Intx(A))
= 1z fp'(Intx(A))

[l 1m

and so flﬁl(lnt;((A))ilnty% (fq_vl(A))
(4)—(5): LetK € X. Then Inty(K) = K, and by (4), ;! (K)CInty, ( fq;}(K)). Thus,
qu,l (K) = Inty,, (fq;}(K)) Hence, fq;, (K) € Y, This shows that fo : (M, Ve, Z) —

(N, X, W) is soft continuous.
(5)—(6): Letz;; € SP(M, Z) and G € X such that fg, (/) €G. Then, by (5), fq_vl(G) €

Vew;- Put H = quvl(G) Then H € Y, such that z,,€H and f;,(H) = fg (quvl(G))iG

(6)—(1): Let K € X. To show that fq_z,l(K) € Y, let Zméfq_vl(K). Then fyo(zm)€K,
and by (6), we find H € Y, such that z,,€H and f;,(H) CK. Thus, we have z,,EHC fq_v1
(o)) E f3 (K). Hence, fi! (K) € Ve O

Theorem 27. If f,, : (M,Y,Z) — (N, X, W) is soft ws-continuous, then q : (M,Y,) —
(N, XZ,(,Z)) is ws-continuous for every a € Z.

Proof. Suppose that f;, : (M,Y,Z) — (N, X, W) is soft ws-continuous, and let a € Z. By
Theorem 4.2 (5), foo : (M, Vws, Z) — (N, X, W) is soft continuous. So, by Proposition 3.8

of [38], g : (M, (Vw;),) — (N, Xv(a)) is continuous. Since, by Theorem 10, (Vw,)a €
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(Va)ws, then q = (M, (Va)w,) — (N, Xv(a)) is continuous. Hence, by Theorem 4.2 (5)
of [41],q: (M, V:) — (N, Xv(a)) is ws-continuous. [
Theorem 28. Let {(M,B;) :z € Z} and {(N,ay) : w € W} be two collections of topological

spaces. Let q : M — Nand v : Z — W be functions where v is bijective. Then fg :
(M, @2¢zB2,Z) — (N, Byewttw, W) is soft ws-continuous if and only if q : (M, Bs) —>

N, ty(q) ) is ws-continuous for all a € Z.

Proof. Necessity. Let fgp : (M, @2czBz,Z) — (N, pewaw, W) be soft w;-continuous.
Let a € Z. Then, by Theorem 27, q : (M, (®ezBz),) — (N/(@wewl’tw)v(ﬂ)) is ws-
continuous. But by Theorem 3.11 of [38], ($:c2p:), = Ba and (Bweww)ym) = %o(a)-

Hence, q: (M, Ba) — (N, ocv(a)) is ws-continuous.

Sufficiency. Let q : (M,B,) — (N,ocv(a)) be ws-continuous for all 2 € Z. Let
K € ®yewrw. By Theorem 11, it is sufficient to show that (fq’vl (K)) (a) € (Ba)y, forall
a€Z Letac Z Sinceq: (M,Bs) — (N, ocv(a)) is w;-continuous and K(v(a)) € ay(,),
then (fz!(K)) (@) = 471 (K(0(a))) € (Ba)y,e O
Corollary 6. Let q: (M,i) — (N, ¢) and v : Z — W be two functions where v is a bijection.

Then q : (M, ) — (N, ¢) is ws-continuous if and only if fo, : (M, T(), Z) — (N, T(¢), W)
is soft ws-continuous.

Proof. Foreachz € Zand w € W, put B, = ¢ and ay, = ¢. Then 1(a) = B,czp, and
T(¢) = Pweww- By using Theorem 28, we get the result. [

Theorem 29. Let f, : (M, Y,Z) — (N, X, W) be soft ws-continuous and surjective. If
(M, Yw;, Z) is soft Lindelof, then (N, X, W) is soft Lindelof.

Proof. Let H C X such that UgcyH = 1. Then fq’vl (OUpenH) = OHerq’vl(H) =
fq’vl(lw) = 1z. Since fp : (M, V,Z) — (N,X,W) is soft ws-continuous, then
{ fq’vl(H ):He€ H} C Yuw,- Since (M, Vw,, Z) is soft Lindelof, then we find a countable sub-
family H; C H such that Upeyy, foo' (H) = foo' (Unen, H) = 1z. S0, fgo (fq’vl (OH€H1H)> =
fao(17).Since fgo is surjective, then fgo(17) = 1. Thus, 1y = foo (fq_vl (DHGH1H)) §L~JH€H1H,
and hence 1yy = Upeyy, H. This shows that (N, X', W) is soft Lindelof. [

Corollary 7. Let fgo : (M, Y, Z) — (N, X, W) be soft ws-continuous and onto. If (M, Y, Z)
is soft Lindelof, then (N, X', W) is soft Lindelof.

Proof. The proof follows from Theorems 17 and 29. O
Theorem 30. Every soft ws-continuous function is soft w®-continuous.

The following illustration shows that Theorem 30 s converse need not always hold
true:

Example 12. Let (M, Y, Z) be as in Example 2.14. Let g : M — Mandv : Z — Z be
the identity functions. Since fq@l (b(O,oo)> = bo,0) € Voo — Yy, then foo : (M, YV, Z) —
(M, Y, Z) is soft w -continuous but not soft ws-continuous.
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5. Conclusions

We introduced five types of soft sets. Also, we introduced soft ws-continuous functions
as a new class of soft functions. We gave several characterizations, relationships, and
decomposition theorems. In addition, we investigated the links between our novel soft
topological notions and their classical topological analogs.

We intend to do the following in the next work: (1) To define soft separation axioms
via our new classes of soft sets; (2) To define new soft classes of functions via our new
classes of soft sets.
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