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Abstract: The trade distance is an important constraining factor underpinning the emergence of
social and economic interactions of complex systems. However, agent-based studies supported by
the granular analysis of distances are limited. Here, we present a complexity method that places
the actual geographical locations of individual firms in Japan at the epicentre of our research. By
combining methods derived from network science together with information theory measures, and
by using a comprehensive dataset of Japanese inter-firm business transactions, we evaluate the effects
of spatial features on the structural patterns of the economy. We find that the normalised probability
distributions of the distances between interacting firms obey a power law like decay concomitant
with the sizes of firms and regions. Furthermore, small firms would reach large distances to become
customers of large firms, while trading between either only small firms or only large firms tends to
be at smaller distances. Furthermore, a time evolution analysis suggests a reduction in the overall
average trading distances in last 20 years. Lastly, our analysis concerning the trading dynamics
among prefectures indicates that the preference to trade with neighbouring prefectures tends to be
more pronounced at rural regions as opposed to the larger central conurbations.

Keywords: complexity; information theory; network science

MSC: 91B02

1. Introduction

Studies in the fields of economics and complexity science have provided valuable
information on social and economic activities over the past few decades [1,2]. In very
simplistic terms, economics and complexity are complementary fields. The former tends to
be preoccupied with the behaviour of agents with regard to the production, consumption
and distribution of wealth. In contrast, yet in tandem, the latter tends to be focused on the
emerging properties of the interactions among the same agents, leading to structures such as
small-world [3] or scale-free [4] networks, for example. Such agents, however, are usually
located in a real physical world, and, therefore, are subject to the natural constraints of
the Earth’s geography. Critically, this means that spatial features, such as transportation
systems and human communication, could play a notable role in shaping the formation and
structure of social and economic interactions. However, even with the best infrastructure
and with interactions being facilitated by the web (virtual) world, one can hypothesise that
some human, social and historical elements associated with neighbourhood and regional
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culture may still continue to influence trade. In this respect, our work is motivated by the
fact that a robust and granular-level trade distance analysis may well provide quantitative
insights into the influence of these factors at play.

To date, many studies have focused on the spatial and geographical elements of infras-
tructure networks—such as subways and logistics—both empirically and
analytically [5–12]. However, to our knowledge, little research to date has been specifically
designed to quantify the impact of space and geography on the development of real trade
inter-firm networks. Instead, studies have been mostly limited to economic models based
on aggregated data about properties intrinsic to agents, as opposed to granular-level data
related to the interactions among these agents. A classic example of economic analysis is
the transaction cost theory, proposed by Ronald H. Coase [13]. This is one of the theories
that articulates the tendency of firms to gather together in specific areas, such as industrial
agglomerations and industrial clusters. According to this theory, firms tend to be located
close to their business partners, primarily to reduce costs—not only those easily measured,
such as the transportation of goods or services, but also indirect ones, such as costs re-
lated to human communication to promote projects or make adjustments. More recently,
Nakajima et al. [14] conducted an empirical study about the localisation of industries in
Japan in terms of the geometric distances between the whole manufacturing firms using
firm-level datasets. The distance distribution between all pairs of firms on the real network
was statistically compared to that of a randomised network, and it was found that the basis
of the transaction cost theory of firms did not work for every industry, since other common
factors shaping the concentration of industrial activities interacted across countries. The
research also confirmed that geometric distance is undoubtedly a relevant parameter for
firms’ business activities. However, this work did not take the firms’ interactions—such as
business transactions—into account or find any spatial distributions that resembled the
form of earlier empirical studies [6,9–12].

In a complementary manner to these studies, our research is not preoccupied with
the economic behaviour of agents or the associated decision-making logic and rationale.
Instead, we are interested in the questions and phenomena, and we perform tests on a large
available dataset from Japan in order to identify the core emerging properties of inter-firm
business transaction networks. Essentially, our work attempts to address three different
questions: (a) whether there is a generic functional relationship between geometric distance
and the frequency of trade (hereinafter referred to as the ‘trade distance’); (b) whether
distance affects trade in a uniform manner across companies of different sizes and industry
activities; and (c) whether regional characteristics and patterns influence the dynamics of
the trade distance. There are distinct networks that can be constructed and derived from
the interactions among businesses (i.e., trading, shareholding, competition, etc.). In this
research, we centre our work on the inter-firm business transaction layer related to the
activities of customers and the suppliers of products and services. Within our network
(namely, the ‘inter-firm trade network’), firms are represented by nodes, whereas the
resulting money flows arising from the exchange of goods and services between customers
and suppliers form the links (or edges) between these nodes. We note here that the
general statistical properties of such networks have been the subject of extensive study [15],
but without considering the trade distance dimension.

Below, we divide our study into four distinctive yet interrelated analytical meth-
ods, which are presented in Section 3, with the relevant and detailed formulae, steps and
approach described in Section 2, when necessary. Firstly, we present a macro-level data anal-
ysis by providing the reader with an empirical and analytical description of the interplay
and scaling relations between the structure of the inter-firm trade network, the geometric
distance and the size of firms (or agents), measured by their annual sales. We follow with a
second sub-section breaking down the analysis through the lens of industry sectors and
prefectures, as well as adding the time dimension.

In the Section 3, we adopt traditional complexity and network randomisation meth-
ods [16] to measure and in turn highlight the impact of geometric distance on the distinctive
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structural features of the inter-firm trade network from a time and prefecture perspective.
This is done by observing the probability distributions of the trade distances, normalised
by the randomised network.

Lastly, we use the same data and randomisation methods from the previous section
and transport the inter-firm trade network from the company to the prefecture level. We
then make use of mutual information as a theoretical proxy measure to quantify, distinguish
and classify the nature of the relationships among the prefectures [17]. This is done in
order to test the hypothesis that the distinct economic fundamentals of each prefecture may
influence and affect the outcomes of geometric distance trading.

2. Materials and Methods

All data used in this study are collected and provided by Teikoku Databank, Ltd.
(Tokyo, Japan), one of the largest corporate research providers in Japan. It consists of
corporate and business transaction data ranging from 1995 to 2021, generally encompassing
over 1 million companies and over 4 million transactions per year. Whereas we carried
out our analysis for all years within the above range to ensure the consistency of our
findings, we present our results based on the years 2000, 2010 and 2021 as these are good
representations of the evolution of the inter-firm trade network over time, as well as its
core structural features.

Given the interdisciplinary nature of this research, we contextualise and explain here
some of the fundamental principles and concepts underpinning our overall framework,
and the reasons for selecting network science and information theory, before discussing the
detailed mathematical elements.

The primary benefit of network science is that it places an emphasis on both (a) the
mathematical (and the emerging statistical) properties associated with the interactions
(i.e., the edges or links) between agents (i.e., nodes) and (b) the related properties associated
with the agents themselves. In contrast, traditional economic and financial analyses tend to
place an emphasis on the agents themselves and market aggregates. The novel aspect of
our research is that all methods and analyses related to the trade distance are presented
in relation to the edge associations (i.e., the trade) and not to the nodes (i.e., the firms)
in isolation. When dealing with the dynamics of edge formation, the primary aim of
network research is to ascertain whether the nodes are connected randomly or whether
some form of attraction (i.e., preferential attachment) mechanism exists. Specifically, in this
research, we focus on the strength of the role of the trade distance as a sub-component to
the existing observed attraction mechanism for different combinations of company sizes.
To eliminate any effects associated with the heterogeneity of the nodes, it is fundamental
that the analysis is compared to the statistical properties from a configuration where the
edges are generated by a random selection of nodes, but the specific properties of each
node (i.e., geographical location and number of links) are maintained. This is the process
applied in this study and is referred to throughout this paper as the ‘randomised network’.

Information theory—and, more specifically, mutual information I—is introduced in
this study as a method to compute the level of attraction between nodes. Mathematically, I
is effectively a measure of how close the observed joint distribution of two variables is to
an independent joint distribution. An edge can be seen as a single observation resulting
from joint distributions between target and source nodes. It follows by mathematical calcu-
lation (Equation (14)) that the pointwise mutual information formula can be adapted to the
network context and be computed as the weighted divergence in the observed occurrence
of an edge compared to the expected value if a specific attribute of nodes were to combine
independently. In this way, the computation becomes a robust proxy to evaluate the level
of attraction (for instance, the preferential attachment) between two node attributes. An ad-
ditional concept within this research, the structural mutual information SMI, corresponds
to the computation of the mutual information for the randomised network.
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2.1. Scaling Relations between Interacting Firms

In this subsection, all references to panels relate to those shown in Figure 1.

Figure 1. The frequency of trade and distance D highly depends on the annual sales of customers Sc

and annual sales of suppliers Ss. (A) is a heatmap showing the frequency trades among the Sc and
Ss pairings, where the dotted diagonal line is the symmetry Sc = Ss. (B) is the equivalent heatmap
quantifying the median m(D) of the Sc and Ss pairing, where the horizontal and vertical lines indicate
the breakage of the Sc ≃ Ss symmetry. (C) shows the scaling of the median distance m(D) of firms at
different Ss levels (above and below the symmetry break) with fixed Sc, and (D) is an equivalent plot
with fixed Ss and variable Sc levels. Each black circle and red triangle represent firms where S < 105

and S ≥ 105, respectively. Figures are plotted on a log–log scale for 2021.

An individual business transaction is represented by an edge eij within the set of all
transactions E. Two firms, a customer i and a supplier j (within the set of firms F), form a
pair of nodes within a given edge.

Within panels (A) and (B), individual edges eij are aggregated into groups Bm,n based
on the annual sales S of the firms i and j,

Bm,n = {eij | km < log10(Si) < k(m + 1) , kn < log10(Sj) < k(n + 1) , eij ∈ E } (1)

where k = 1, m = N and n = N.
The first panel (A) simply represents the trade frequency between the groups, i.e., the

cardinality |Bm,n|.
The second panel (B) relates to the median of the trade distance ˜ϵ(Bm,n) for each

pairwise group Bm,n. This is calculated by the Euclidean distance of the Cartesian latitude
and longitude coordinates (ilat, ilon) and (jlat, jlon) for the pair i and j, respectively. This
results in a set D containing the (converted) metric distance for all pairwise combinations
Dij, where
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ϵ : {e1,1, e1,2, . . . , ei,j} → {D1,1, D1,2, . . . , Di,j} (2)

By construction, it follows that Dij = Dji; however, eij ̸= eji.
The edge aggregation for panel (C), where S = Si, and panel (D), where S = Sj,

follows the construct

Bm,c = {eij | km < log10(S) < k(m + 1) , c , eij ∈ E } (3)

where k = 0.3, m = N, c = {S < 105 (black circles), S ≥ 105 (red triangles)}.
The normalised Mantel test Zn, as shown in Figure 2, is computed by the following:

Zn =
1

n − 1

n

∑
i=1

n

∑
j=1

(ζij − ζ)

σ(ζ)

(Dij − D)

σ(D)
(4)

where Dij is each pairwise distance of a given set D, and ζij is the corresponding absolute
difference | log10(Si)− log10(Sj)| for each pair of sales Sij, with σ representing the standard
deviation for each relevant set and n being the number of lengths of the sets.

We generate 10,000 random permutations of ij and compute a collection of Z̃n to
validate that the p-value < 0.001.

Figure 2. Splitting of customers by the mean trade distance D for larger and smaller suppliers
and normalised Mantel tests Zn. (A) provides a breakdown of the percentages of companies where
suppliers that are smaller in relative terms (Ss < Sc) have lower average trade distances than
larger ones (Ss > Sc), i.e., D(Ss < Sc) < D(Ss > Sc) (dark cyan). When the opposite occurs,
D(Ss < Sc) < D(Ss > Sc), dark magenta is used for representation. (B) shows the values for the
normalised Mantel test (Zn) for the whole population (black at bottom left) as well as for each subset
of the four areas resulting from the combination of areas above and below the symmetry break from
Figure 1.

2.2. Geometric Proximity between Interacting Firms: Industry Sectors and Prefectures

Single edges eij within the set E are aggregated by paring groups Bpre f ,ind of prefectures
and industry categories.

Bpre f ,ind = {eij | pre f , ind ∈ {(Pre fi, Indi), (Pre f j, Indj)} , eij ∈ E } (5)

In a similar manner to the edges E for a real-world network, the trade distances Drand
ij

are calculated for each of the edges erand
ij from the randomised network Erand with the

corresponding functional mapping ϵrand; see Equation (2). The randomised network Erand

is also clustered in accordance with Equation (5), resulting in equivalent groups Brand
pre f ,ind.
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For each combination (pre f , ind), the ratio of the mean distances µ(D)/µ(Drandom)
between the real-world and randomised networks is then calculated

µ(D)

µ(Drandom)
pre f ,ind =

µ(ϵ(Bpre f ,ind))

µ(ϵrand(Brand
pre f ,ind))

(6)

Each panel of Figure 3, therefore, fixes the industry category and constitutes a his-
togram of the ratio for each prefecture, as calculated by Equation (6).

Bpre f ,ind,≥105 = {eij | Si ≥ 105 , Sj ≥ 105 , eij ∈ Bpre f ,ind } (7)

Bpre f ,ind,<105 = {eij | Si < 105 , Sj < 105 , eij ∈ Bpre f ,ind } (8)

It follows that each datapoint within each panel represents the Cartesian coordinates
µ(ϵ(Bpre f ,ind, fsize

)) for the years 2021 and 2000, respectively.

Figure 3. Trading proximity decreases with the years in all sectors. Industry sector analysis for
geometric proximity between interacting firms, clustered by prefecture for 2000, 2010 and 2021. Each
plot shows a histogram, where each prefecture is an item, for different bands µ(D)/µ(Drandom) as
calculated by the mean trade distance within the real network µ(D) and the equivalent values in
the randomised network µ(Drandom). This is done for (A) all industries and the following economic
sectors: (B) construction industry, (C) manufacturing industry, (D) wholesales and retailing industries,
(E) transport and communications industries and (F) services industry. Magenta, cyan and navy blue
bars in each plot refer to the years 2000, 2020 and 2021, respectively. Moreover, the overall mean ratio
for each year is shown within the insets for each plot.

2.3. Location Dependency of Trade Distance Distribution: Prefectures and Economic Regions

Individual edges eij with the set E are aggregated into groups Bpre f ,d based on the
prefectures and related trade distances Dij,

Bpre f ,d = {eij | pre f ∈ {Pre fi, Pre f j} , kd < log10(ϵ(eij)) < k(d + 1) , eij ∈ E } (9)

where k = 0.1, m = N.
The cardinality |Bpre f ,d| for each set is therefore the frequency of point d with the

distribution frequency ϕpre f , which is in turn transformed into a probability density Ppre f .
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The same method within Equation (9) and thereafter is then applied to the randomised
network set Erand, ultimately resulting in a probability density Prand

pre f . The ratio Ppre f /Prand
pre f

therefore forms the data for Figure 4.

Figure 4. Trade distances generally follow a truncated power law at the prefecture level (generated
by QGIS 3.6 software [18]). Normalised probability distributions of trade distance for each selected
prefecture in 2000 and 2021, on a log–log-scale plot. Each curve of filled magenta squares, empty
magenta squares, filled dark cyan circles and empty dark cyan circles shows the distribution below
and above the radius for each prefecture in 2021 and 2000, respectively. The dotted lines indicate
power law distributions. Each panel corresponds to the distribution generated by firms located in
(A) Japan and (B) Hokkaido, (C) Miyagi, (D) Tokyo, (E) Aichi, (F) Osaka, (G) Kyoto, (H) Fukuoka
and (I) Okinawa prefectures, respectively.
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Figure 5 follows a similar process for the selected prefectures with the distinction that
all subsets Bpre f ,d and Brand

pre f ,d are split into two subsets, conditional on Si < 105 or Si ≥ 105.
Each size of a given economic zone by the firms’ location (xi, yi), expressed in longi-

tude and latitude of form i, is calculated as follows:

R = (x, y) =

(
1
N

N

∑
i=1

xi,
1
N

N

∑
i=1

yi

)
, (10)

⟨R⟩ = log10

(
τ

N

N

∑
i=1

√
(xi − x)2 + (yi − y)2

)
, (11)

where N is the total number of firms and τ is the conversion factor from the geographical
degree to the metric distance (km).

Figure 5. Firms of different sizes closely resemble each other at longer distances, but have very
distinctive patterns at shorter distances. Normalised probability distributions of trade distance for
selected prefectures with fixed annual sales of customers (million yen) in 2021, on a log–log-scale plot.
Each curve of filled shapes shows the distribution below the radius D = 10⟨R⟩ km for each prefecture
in 2021, whereas non-filled shapes are datapoints above the radius. The dotted lines indicate power
law distributions. Each panel contains the normalised probability distributions Pt/Pr for (A) Japan
as a whole, (C) Miyagi, (D) Tokyo and (H) Fukuoka. Each curve of black circles and red triangles
shows the normalised probability of existence of a trade within distance D in 2021, categorised by the
amount of annual sales of companies as S < 105 and S ≥ 105, respectively.
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2.4. Prefectures and Communities: A Mutual Information Approach

Individual edges eij within set E are coarse-grained by prefecture as (customer, sup-
plier) pairings as follows:

LPre fi ,Pre f j
= {ei,j | (ipre f , jpre f ) = (Pre fi, Pre f j) , eij ∈ E)}} (12)

The probability distributions Pij for each pairing of prefectures, the probability distri-
bution of a prefecture being a customer Pi and the probability distribution of a prefecture
being a supplier Pj are

Pij =
|Lij|
|E| , Pi =

∑47
x=1 |Lix|
|E| , Pj =

∑47
x=1 |Lxj|
|E| (13)

noting here that the Japanese prefectures are given specific numbers, and, therefore, i and j
are a range [1–47].

The pointwise contribution to the mutual information for each pair of prefectures
is therefore

Iij = Pij log 2(
Pij

PiPj
) (14)

3. Results
3.1. Scaling Relations between Interacting Firms

The scaling relation is a fundamental tool originating from physics that is commonly
used to reveal the laws governing the functional relationships between distinct, but related,
physical quantities. Its application tends to lead to a better understanding of systems
that have complex structures, as well as to a more comprehensible description of their
inherent mechanisms. Examples are biological [19] and economic [20] systems, both of
which typically reveal power law scaling behaviours. Many studies that have focused on
the characteristics of firms have reported various types of scaling relations [21–27]. For
example, it was observed that there are scaling laws in firms between the median of annual
sales (million yen) S, the number of employees E, and the number of business transactions
k. It has been found that S ∝ E1.3, S ∝ k1.3 and E ∝ k1.0 [24]. Here, we specifically analyse
the scaling relations between customers and suppliers within the inter-firm trade network
in order to better quantify and interpret the relations between the geometric distance and
different sizes of firms. Our results are shown in four distinct panels within Figure 1.

Before delving into the analysis, we indicate here that the description of ‘customer’
and ‘supplier’ is always used for a single trade relationship, i.e., every single edge within
the inter-firm trade network. A customer may be a supplier in another edge and vice versa.
Moreover, the term ‘annual sales of customers’ relates to the reported annual sales of a
company that are classified as a ‘customer’ in the specific edge in question. It follows that
the frequency of trade refers to the cumulative number of all trades (i.e., edge) that have a
customer of size α and a supplier of size β. In a similar manner, the median trade distance
refers to the median of all trades (i.e., edges) that have a customer of size α and a supplier
of size β.

Firstly, we compare and contrast the two heatmaps at the top of Figure 1 with the
methodological details described in Section 2.1. These show (A) the frequency of trades and
(B) the median trade distances m(D) binned by the pairing of the annual sales of customers
Sc and those of suppliers Ss for all existing edges within the inter-firm trade network.

It is noticeable that, whereas panel (A) is found to be almost fully symmetrical through-
out the boundary Sc = Sp, a similar pattern in panel (B) is only observed below the bound-
ary Sc ≃ Sp ≃ 105 (represented by the horizontal and vertical dotted lines). Panel (A) also
highlights the existence of the relative dominance of middle-scale companies in the overall
number of business transactions within the inter-firm trade network.
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Following the observed abrupt break in symmetry, we classify and separate the set
of edges, or business transactions, into two distinct subsets, where Si < 105 (black circles)
and Si ≥ 105 (red triangles), for the distinct roles of suppliers (Si = Ss) in panel (C) and
customers (Si = Sc) in panel (D). From these panels, it possible to observe the existence of
scaling relationships D ∝ S0.5±0.1

s in panel (C) and D ∝ S0.3±0.1
s in panel (D) for the firms

with annual sales below the boundary Si < 105, and a roughly similar inverse decay for
Si ≥ 105.

Here, we emphasise that we make use of the word ’association’ in a neutral manner
and we do not imply that the individual agents, or firms, are necessarily expressing specific
behaviours and preferences as a result of logical decision-making processes endogenous
to the agents. Instead, we solely focus our attention on the influence of the geographical
distance on the emerging properties of the inter-firm business network from a structural,
and systemic, perspective.

These results seem to indicate that geometric distances tend to play a stronger role
in shaping the associations (with business partners) of middle- to large-sized (or scaled)
companies in comparison to small or very large companies. By considering the information
across all panels, one can also suggest that large customers have a tendency to associate
with small suppliers at smaller distances (average 100 km), while small customers are
usually supplied by firms located at places beyond the average distance (over 200 km).
In addition, it appears that the trade distances D between large companies, expressed in
the upper right of panel (A) and as a tail of red triangular distributions (D), are short.

We highlight some interesting findings resulting from our analysis.
Firstly, it would be intuitive to expect that longer trade distances result in a lower

frequency of trade. However, this is not a simple linear relationship. Instead, such a
hypothesis will only be valid for certain combinations of sizes of customers and suppliers,
with a notable asymmetric relationship where smaller customers travel long distances to
trade with large suppliers but the opposite is not true. Therefore, the intricate nature of
the relationships between the trade distances among companies of different sizes calls for
further analysis. Figure 2 extends the analysis and provides important additional insights
into the practical effects of these dynamics. In panel (A), we can observe inverse tendencies
in the supplier structure between small customers (Sc < 104) and large customers (Sc > 105.
For around 75% to 60% of the small customers, suppliers that are smaller in relative terms
(Ss < Sc) have lower average trade distances than the larger ones (Ss > Sc), i.e., D(Ss <
Sc) < D(Ss > Sc) (dark cyan in panel (A)). However, this tendency reverses for large
customers (increase in dark magenta proportion in panel (A)). Essentially, this means that,
on average, there is a smaller benefit of cross-trading between large and small companies
than inter-trading between companies of similar sizes.

To further substantiate these observations, and to reassert the general threshold of
S ≈ 105 as a transition point for distinct dynamics, we have also applied the normalised
Mantel test [28] Zn (as per Equation (4)) for the whole population, as well as a subset of the
four areas resulting from the combination of areas above and below the general threshold.
The results shown in panel (B) clearly indicate that there is a higher level of trade distance
influence for inter-trading between large companies (Z22 = 0.42) and, to a lesser extent,
between small companies (Z22 = 0.18). In contrast, the Mantel tests related to cross-sizes
yield results close to zero (Z21 = −0.06 and Z12 = 0.09), thereby suggesting that the trade
distance plays a minimal role in shaping these combinations of customer and supplier sizes.
We note here that although the Mantel test is a widely used method [29] in ecosystems to
ascertain the geographical location as a potential predictor variable for species attributes,
it is, in essence, a test akin to the Pearson correlation and hence subject to a number of
limitations, particularly when scaling properties are present. Therefore, the values above
are taken as proxies to evaluate tendencies rather than any precise and specific measure.

Despite the above, it is important to draw the reader’s attention to the fact that the
overall Zall of 0.23 suggests a limited influence (or a more localised effect from a network
perspective) of the distance in shaping the inter-firm trading network. This is not surprising
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given that a number of studies were able to replicate inter-firm networks without the need to
take into account distance as a fundamental model parameter [25,30,31]. More interestingly,
studies that make use of a geographical mechanism [32] to explain network formation
rely on limited data, solely from large firms. The data themselves might lead to an over-
reliance on the mechanism given that it is related to a sample taken from the area where
the influence is the highest, i.e., Z22 = 0.42.

Secondly, from an economic analysis perspective, an interesting insight about struc-
tural competition may be obtained by the joint analysis of Figures 1 and 2. As already
stated, small firms tend to engage in trading with larger firms over greater distances, which
is also confirmed by the Mantel tests Z21 and Z12, nearing zero levels. However, Figure 2A
implies a benefit in engaging with smaller companies (assuming the minimisation of the
transport costs). We hypothesise that the main reason for such behaviour results from
the fact that larger companies tend to act in markets where competition is restricted to a
few players, and most of these companies are located in a few urban centres. As a result,
the possibility for smaller customers to engage with local or even mid-range suppliers is
severely limited.

All the above structural features can also be better understood in the context of the
findings described in Section 3.4. This is because the core clusters of Tokyo and Osaka have
a much smoother decay than the other clusters. In addition, larger companies—and the
related transactions among these companies—are heavily concentrated within the same
core clusters (of Tokyo and Osaka). For instance, 70% of large companies (whose sizes
are over S = 106) are located in Tokyo, and they account for over 50% of the business
transactions between these companies. In short, the behaviour of middle-scale companies
is heavily influenced by the communitarian and midway clusters, where the behaviour of
larger companies is mostly shaped by the core clusters.

3.2. Geometric Proximity between Interacting Firms: Industry Sectors and Prefectures

Extensive research has been carried to evaluate industrial localisation, with several
methods developed to quantify trade preferences [33–35]. However, these studies are
based on aggregated, coarse-grained data, effectively inhibiting and limiting the analysis
of the structural, systemic features of trade among businesses and firms. In any case,
and unsurprisingly, the empirical results from these previous studies suggest that the
geographical location of a firm is undoubtedly a relevant parameter in shaping its business
partners’ trading activities. Thus far, however, to our knowledge, no study has attempted
to articulate this phenomenon and quantify it by making use of comprehensive datasets
that include a nationwide business transaction network. Within such an objective in mind,
we attempt to observe whether geometric proximity influences, in a different manner, the
generation of business interactions depending on the industry sector. Furthermore, we aim
to better understand the potential evolution of trade distances over a relatively long time
period (i.e., over 20 years).

Our approach within this and the subsequent sections consists of evaluating the key
structural features of the real-world inter-firm trading network by normalising, comparing
or contrasting it to a ’randomised network’. The latter is synthetically built through swap-
ping links randomly while preserving the degree distributions of each of the firms [16]. In a
conceptually similar manner to other studies, we opt to maintain the degree distributions
to keep the basic quantities held by the agents consistent with the network structure [17].
This approach is required since different quantities within agents (i.e., annual sales, number
of employees, number of business connections) scale in a similar manner to the power law,
like the degree distribution of companies. Therefore, consistency among these attributes
can only be maintained if the degree distributions are kept fixed.

One method to address this issue is graph randomisation. The most commonly used
such approach for biological networks is based on performing edge exchanges [4,8,9]. This
algorithm (illustrated in Appendix, Figure A1 by construction preserves the network’s
degree distribution exactly.
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Figure 3 shows how the geometric proximity between interacting firms behaves by
industry sector and is coarse-grained by prefecture for the years 2000, 2010 and 2021.
Each subplot is a histogram of the frequency distribution of the Japanese prefectures as
a function of the ratio µ(D)/µ(Drandom) for the years 2000 (pink), 2010 (cyan) and 2021
(navy blue), with the overall mean ratio for each year shown within the insets. The detailed
methodology of the analysis is described in Section 2.2. These results suggest that the
average trade distance for the real network D is—and has historically been—consistently
and considerably shorter than that of the controlled randomised network Drandom.

Such an observation is obviously consistent with our previous findings within
Figure 1, and it methodologically corroborates the empirical observation that firms tend to
be influenced by their business partners’ distances when forging trade links. In addition,
this analysis adds to previous factual knowledge.

Firstly, although some differences can be observed when comparing different industry
sectors, these tend to be limited in nature. The construction sector (panel (B))—with
the smallest ratio µ(D)/µ(Drandom)—tends to be the largest outlier, whereas all others,
including the largest (wholesale and retail sector), tend to be fairly similar to each other.

Secondly, and interestingly, the trend over the last 21 years is the shortening of the
trade distances within the real world network when normalised to the randomised network.
This is a feature that can be observed in all sectors, and it is highly consistent with the
theory of the growth and scaling of cities and urban environments [36].

Furthermore, we tested whether such a decrease in trading proximity with the years
was related to previously existing companies or to newcomers (i.e., the growing number of
new companies in each sector). This was done by reproducing the same method but only
keeping links related to companies that existed in all years (i.e., 2000, 2010 and 2021). We
found that the shortening of distances was related to both existing and new companies in
all industries, with the sole exception of the transport and communications sector, where
the reduction has been solely driven by newcomers.

We also analysed whether potentially different patterns may exist as a function of
the size of firms. This was done by (a) splitting the data from the analysis in Figure 3
into two subsets related to the size of firms, where the annual sales for both customer
and supplier firms were either S < 105 or S ≥ 105; and (b) computing the mean trade
distances within each subset of all edges for a given prefecture and industry for the years
2021 and 2000 (noting that all prefectures are given the same weight). We found that the
average rate of decrease in the trading distance over 21 years between the largest companies
(S ≥ 105) ranged from 10% to 24% (by industry sector), which was generally double that
between smaller companies (S < 105) that vary from 5% to 10%. This is a trend observed
for all sectors, except for transport and communications, where the behaviours are similar
regardless of size, revealing this again to be a contrarian sector.

3.3. Location Dependency of Trade Distance Distribution: Prefectures and Economic Regions

The statistical characteristics of the trade distance within a country will be naturally
affected by the geographical shape of a given country. For example, the trade distance
within Japan—an archipelago resembling a bow-shaped form—as opposed to France—a
rectangular-shaped country—will fundamentally differ simply as a function of their geograph-
ical boundaries. Therefore, normalisation procedures are required in order to reduce and
minimise the above effect. For the analysis of trade distance distributions, such normalisation
can be done by making use of a randomised network.

Here, we normalise the probability distribution Pt of the link distances of a firm
in the real-world inter-firm trade network by dividing each number by its equivalent
probability distribution Pr for the randomised network. In this way, we obtain the resulting
normalised probability distribution Pt/Pr within panels (A) to (I) in Figure 4. The detailed
methodology is described in Section 2.3. For each of these panels, the existence of a
well-approximated power law decay above a certain distance threshold can be observed,
with the exponent γ being estimated by a process similar to the Castillo–Puig test [37,38].
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In order to detect a sensible starting point for the power law decay quantitatively, we
calculate each size of a given economic zone by the firms’ location (xi, yi), in accordance
with Equations (10) and (11). Each R and ⟨R⟩ represent the centre of gravity and the radius
of the selected prefecture, respectively.

In Figure 4, we can see the normalised probability distributions of the trade distance
in (A) Japan and for firms solely located in distinct prefectures: (B) Hokkaido, (C) Miyagi,
(D) Tokyo, (E) Aichi, (F) Osaka, (G) Kyoto, (H) Fukuoka and (I) Okinawa. Filled shapes
(circles and triangles) show datapoints at a distance D < 10⟨R⟩ (as defined in Equation (11)),
whereas empty shapes represent datapoints above the radius, where the power law de-
cay can be effectively observed. We note that the magenta circles, representing data for
2021, almost always reside above the dark cyan triangles, related to 2000. Therefore, it is
reasonable to conclude that few changes have occurred in the probability distributions of
the former at a high macro level. Moreover, the power law decay above a certain distance
is consistent with the statistical findings of previous studies on infrastructure networks,
such as subways and logistics [5–12]. We also note that the decay exponents significantly
differ between prefectures.

Furthermore, it is important to note that the shapes for urban areas, such as Tokyo
and Osaka in panels (D) and (F) of Figure 4, are much flatter than others. This effectively
means that the locations of firms within urban areas tend to bear little relation to the
transaction costs, if one were to assume a direct link between such costs and trade distances,
as advocated for by Coase’s theory of firms [13]. However, Coase’s theory may be too
simplistic for the modern state of human conurbations. In order to obtain more fine-grained
insights into the specific dynamics of the firm-scale dependencies between and across small,
middle-sized and large firms, we generated Figure 5. The plots within the figure are similar
in structure to those of Figure 4. They are distinct, however, due to the splitting of business
transactions (or edges) by the threshold levels (from Figure 1) of the customer annual sales,
Sc < 105 (black circles) and SC ≥ 105 (red triangles). Each panel contains the normalised
probability distributions Pt/Pr for (A) Japan as a whole; (D) Tokyo, the largest prefecture;
(C) Miyagi, a small prefecture; and (H) Fukuoka, a mid-sized prefecture.

The four panels clearly indicate that the normalised probability distributions Pt/Pr of
firms both above (red triangles, SC ≥ 105) and below (black circles, Sc < 105) the threshold
closely resemble each other for all prefectures at longer distances, but they have very
distinctive patterns at shorter distances. By computing the best fit for the slope (in the
same manner as done for Figure 4), it is possible, however, to observe that, quantitatively,
the similarity increases from the largest to the smallest prefectures. Here, however, it is
important to emphasise that the starting point of the fitting curve (radius D = 10⟨R⟩ km)
has some impact on the exact value of the slope. The described tendency, however, is
still valid, but less pronounced, if the starting point is moved to higher distances. Most
importantly, larger companies tend to be much less sensitive to the distance at lower levels
than smaller companies. This behaviour can be noticed in all panels within Figure 5, as the
red triangles are always below the black circles at shorter distances (left side) and have a
much flatter pattern. Assuming some level of validity for Coarse’s theory of firms, and by
combining our observations in Figures 4 and 5, we are able to conclude that, at shorter
distances, small- and middle-scale firms might have stronger concerns about transaction
costs than large-scale companies. However, the gap between these behaviours tends to
disappear at longer distances.

It is reasonable to hypothesise that these observed dynamics may well be influenced
by the high-quality infrastructure in urban areas, since most large companies are located in
the core economic centres of Tokyo and Osaka. Moreover, it is important to note that the
major benefits from improvements in accessibility, such as high-speed rail [39,40], may have
had a ’democratic’ effect for firms across the size spectrum. In this regard, the Japanese
Shinkansen, which started its activities in 1964, may be seen as a truly beneficial transport
policy, equally benefiting all firms.
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3.4. Prefectures and Communities: A Mutual Information Approach

The previous section highlighted distinctive features among prefectures having differ-
ent urban densities, economies and sizes. The boundaries of prefectures, however, are based
upon historical administrative and geopolitical structures that might not always resemble
the real trading partnerships arising from the close associations within economic structures.
With this in mind, we develop a method to aggregate, or coarse-grain, prefectures into
economic regions based on the existing real-world interactions within the inter-firm trade
network. We then follow by comparing and contrasting the resulting distribution of the
geometric trade distances for each of the regions.

Here we summarise the logic and rationale for the application of our method from a
theoretical and empirical perspective. The detailed method and specific steps in developing
our analysis are described within Section 2.4.

It is now well known that the distribution of nodes and edges for the Japanese inter-
firm trade network follows a power law distribution governed by mechanisms associated
with a cumulative advantage [16] and preferential attachment [17], leading to the formation
of a disassortative network underpinned by a power law structure [36]. Previous studies
show that, from an information theory perspective, an amount of mutual information that
can be calculated as a function of source and target pairings will always be different from
zero if the network is disassortative. Therefore, within our framework (where customers
and suppliers are equivalent to sources and targets), it is possible to break down the
computation of the mutual information into two separate but related components: the
structural mutual information, SMI, and the total mutual information, I. The former solely
relates to the degree distribution of the nodes within a given network, whereas the latter
encompasses both the node degree distribution and the disassortativeness of the network.
In our research, SMI is calculated from the randomised network, whereas I is calculated
from the real-world inter-firm trade network. Such a distinction also fits well within the
economics and finance perspective, since SMI is closely related to a theoretical ’free market’,
stock-market-type configuration, where a buyer has a probability of trading with a seller
solely based upon the existing quantities of stock held by the latter. In contrast, I reflects
the natural market-distortion-associated dominance and influence in a real-world situation,
where the ’preferences’ of buyers and sellers are expressed.

Panels (A) and (B) of Figure 6 show, respectively, the pointwise contribution to the
mutual information for the real-world inter-firm trade network and randomised network
for the parings of customers (vertical) and suppliers (horizontal) by prefecture, coarse-
grained in accordance with Equation (12). From analysing the structure of Equation (14),
one can deduce that a positive pointwise contribution indicates that the pairing occurs
in a frequency ‘higher than expectations’, whereas a negative contribution occurs with
a frequency ‘below expectations’. In the context of a trading relationship, this can be
interpreted as the prefectures having a higher level of attraction between the customer and
supplier for the former, whereas the later shows a tendency to repel each other. From (A),
three key features can be observed. Firstly, the more urbanised the prefecture (Tokyo, Osaka,
Nagoya, Fukuoka), the higher the tendency to record a positive pointwise contribution to
the mutual information. Secondly, as the cardinal order of prefectures is closely related
to geographical proximity, it can be clearly noticed that neighbouring prefectures have a
higher frequency of positive pointwise contributions (as identified visually by the shapes
around the diagonal). Thirdly, the relations among prefectures (especially Tokyo) tend to
be relatively symmetrical (visually, horizontal lines similar to vertical lines). In contrast, it
is possible to verify from (B) that a randomised network would have kept some level of
mutual information, SMI, mainly at level of Tokyo only, the largest prefecture, with the
diagonal shapes associated with the neighbourhood being effectively eliminated.

Next, we apply a clustering method where we aggregate into single trade regions
all entities that have positive (in both directions) contributions to the mutual information
among themselves. The clustering process starts by identifying the largest possible number
of prefectures that can be fit into a single cluster with the highest levels of aggregated
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pointwise contribution to the mutual information Iij, followed by segregating it, setting
it aside and repeating the process with the remaining prefectures until a cluster can no
longer be found. Any remaining unallocated prefectures (in our case, only Wakayama and
Tochigi) are then allocated to a cluster if they contain fewer than two negative contributions
Iij between the prefecture and the cluster. The resulting clusters can be observed in the
map in Figure 6.

Figure 6. Pointwise contributions to the mutual information and structural clustering of prefectures
(generated by QGIS 3.6 software [18]). The map on the left is coloured in accordance with the eight
regions that emerge from the clustering method based on the pointwise positive contribution to the
mutual information. The regions are aggregated into three groupings: the communitarian clusters (E),
corresponding to Kyushu (lime green), Chugoku (gold), Shikoku (saddle brown), Tohoku (dodger
blue) and East Chubu (dim gray); the core clusters (D) of the Tokyo sphere (navy blue) and Osaka
sphere (dark orange); and the midway clusters (F) (dark magenta). The panels in the bottom row
show the normalised probability distributions Pt/Pr with distance (similarly to Figure 5), where panel
(G) is a schematic trend-line representation of the three groupings. Panels (A), (B) and (C) present the
heatmaps of the pointwise contributions to the mutual information (calculated in accordance with
Equation (14)) for the real world inter-firm trade network, the randomised network and the clustered
regions, respectively.
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From the analysis, a number of interesting observations can be made.
Firstly, although no geographical feature is enforced at the input level, all clusters are

formed within actual geographical neighbours, and only the remote islands of Hokkaido
and Okinawa remain unclustered.

Second, four clusters emerge as an exact match of Japan’s geographically defined
regions, namely Kyushu (lime green), Chugoku (gold), Shikoku (saddle brown) and To-
hoku (dodger blue). These clusters, together with smaller ones that we name East Chubu
(darkcyan) and West Hokuriku (dim gray), make up the grouping that we define as the
‘communitarian clusters’. Importantly, as can be noted in panel (E), all communitarian
clusters exhibit very similar characteristics in terms of the normalised probability distri-
bution Pt/Pr. It is possible to argue, therefore, that, from a structural trading perspective,
these clusters have remarkable similarity, which cannot be observed at single-prefecture,
administrative level.

Third, we note that a second group, the ‘core clusters’, emerges from the two urban
regions associated with the two largest cities in Japan: Tokyo (East Kanto) and Osaka
(West Kansai). These two clusters also show similar patterns in relation to the normalised
probability distribution Pt/Pr (panel (D)), although some limited divergence exists at
shorter trade distance levels. In the previous section, and in Appendix C, we comment
on the distinct patterns arising between urban prefectures and those with a lower density.
By comparing and contrasting panels (D) and (E), it is possible to obtain an enhanced
picture where the core (urban) clusters have dynamics fundamentally different from those
of the communitarian clusters. Whereas the former tend to have a higher tendency of trade
across the nation (i.e., it is flatter), the latter show a clear regional, geographically limited
tendency (i.e., the decay is very pronounced).

Fourth, a third grouping, the ‘midway clusters’, encompasses two smaller clusters,
namely Southeast Chubu and West Chubu and East Kansai. The prefectures within these
clusters are characterised by a higher prevalence of negative contributions to the mutual
information beyond Tokyo. It is also worth noting that the midway clusters are geographi-
cally located between the two largest urban centres and that the normalised probability
distributions Pt/Pr for the clusters have a hybrid shape, with characteristics close to those
of the communitarian clusters at shorter distances and more similar to the core clusters at
longer distances (as can be observed in panels (F) and (G)).

Fifth, panel (C) shows the computation of the pointwise contribution to the mutual
information coarse-grained at the cluster level, where three general and distinct patterns
can be clearly noticed depending on the grouping. The core cluster of Tokyo is generally
characterised by a significant positive contribution across most of the clusters, whereas the
Osaka cluster has positive contributions with clusters in Central to West Japan, but negative
nearing Tokyo and North Japan. In contrast, the midway clusters tend to be negative in
relation to the communitarian clusters—and between themselves—but positive in relation
to the East Kanto (Tokyo) cluster. Finally, the communitarian clusters indicate a very small
level of contribution among themselves, albeit with some moderate positive contributions
among the neighbouring far west clusters. In brief, East Kanto has a nationwide ‘attraction’
and West Kansai ‘attracts’ the western half of the country, whereas all others have limited
regional reach.

As the final component of our work, we also carried out a comparative performance
analysis of our mutual information clustering approach that included (a) clustering by
the minimal spanning trees (’MST’) method, adopted for the analysis of the economic
complexity of Japanese prefectures [41], and (b) clustering by the officially defined Japanese
regions. We note here, however, that any choice of algorithm will yield different results
based on a specific optimisation problem, and they need to be fit for the specific purpose
in question. As a result, we do not claim in this research that our algorithm is superior
in terms of universal performance. Instead, we simply claim that mutual information is
a very valuable predictor variable to evaluate similarities in trading network structures,
and that the method applied of clustering by the similarity of neighbourhood tiles yields a
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consistent result. Within this context, the optimisation benchmark adopted is the minimum
mean deviation value of the Pt/Pr datapoints between the actual data of the prefectures (as
per Figure 4) and the equivalent aggregate curve of the clusters (as per Figure 4).

Comparing the results shown in Figure 7, we highlight three elements. Firstly,
the benchmark performance shows that our mutual information approach leads to a closer
alignment between the Pt/Pr datapoints of the individual prefectures with the aggregate
curve of the clusters, as expressed by the deviation values ‘Mdv’ and the percentages over
the benchmark within Figure 7. Secondly, the economic complexity clustering based on
MST fails to identify and distinguish the midway clusters. Thirdly, because MST is not
enforced by any geographical constraint, the clustering generates a few ‘doughnuts’ (i.e.,
isolated prefectures), as visually illustrated by the map on the left side. We emphasise
here, however, that more sophisticated methods that use mutual information as a predictor
variable might yield more refined results. At the same time, the results of this analysis
provide reasonable evidence that our approach is effective.

Figure 7. Comparative structural clustering of prefectures by distinct methods (generated by QGIS
3.6 software [18]). The three maps at the top are coloured in accordance with the three highest-order
clusters that emerge from each clustering method: the economic complexity (A), the method applied
in this research (i.e., the mutual information) (B) and the officially defined administrative regions (C).
The colour coding is related to the clusters identified by the legends within the panels below. The
panels at the bottom show the normalised probability distributions Pt/Pr with distance (similarly to
Figure 5).

4. Discussion

As detailed within the Section 1, we designed this research to identify the core emerg-
ing properties of the inter-firm business transaction network by making use of a large, exten-
sive and comprehensive dataset that materially encompasses all transactions within Japan.

Unsurprisingly, we found that there is a generic functional relationship between the
geometric distance and frequency of trade that is largely dependent on the size of the
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firms within a customer and supplier relationship. Surprisingly, however, this is not a
simple linear relationship as the different combinations of sizes of customers and suppliers
lead to a notable asymmetric relationship between smaller customers and large suppliers.
Essentially, small firms will travel large distances to partner with large suppliers. However,
large firms will not travel long distances to partner with one another, as illustrated by
Figure 1. We were able to identify that the observed phenomena may be the result of
two different aspects. Firstly, our data analysis shows that, on average, there is less benefit
in the shortening of the distances by cross-trading between large and small companies
than inter-trading among companies of similar sizes. Secondly, despite such observations,
smaller companies travel across long ranges to trade with large firms. We hypothesise that
the main reason for such behaviour is simply the severely limited choices of smaller firms
when they need to acquire products with restricted competition. This is typical of larger
companies, which also tend to be located in a few urban centres.

A second finding that is somewhat counterintuitive, or against the general expectation,
is the fact that when all trades among companies are taken into account and averaged, it
is found that the mean distance between all customers and buyers within Japan has been
decreasing over time when viewed for a relatively long period of 21 years (between 2000
and 2021). There is some level of general agreement among policymakers that, with the
advances of technology and transport during the 21st century, economic and business
relationships have developed a reduced dependence on geographical proximity. However,
our results suggest that the trading proximity within the physical world still holds an
important role in the optimisation of costs and logistics within companies (as illustrated by
Figure 3), irrespective of the industry sector. Overall, our results give some evidence that
technological innovation may not have substantially affected the dynamics of scaling and
the pace of life in cities [36], as observed by researchers at the turn of the century.

Third, we find that the normalised probability distribution of the trade distance
generally follows a shape that resembles a truncated power law distribution, both at
the prefecture and trade region level—as illustrated by Figures 4–6. From this narrow
perspective, our results are consistent with the statistical findings of previous studies on
infrastructure networks, such as subways and logistics. This suggests weaker concerns
about transaction costs across shorter distances, which are predominantly considered in
terms of frequency within urban areas. This is seemingly influenced by the high-quality
infrastructure in urban areas, which leads to the improved efficiency and attractiveness of
cities as newly connected locations with reduced communication and transaction costs.

Our work also reveals a subtle finding with regard to the influence of regional charac-
teristics and patterns on the dynamics of the trade distance. Specifically, within Japan, we
are able to clearly identify three groupings of structural trading dynamics based on their
similarity (as illustrated by Figure 6): the communitarian, core and midway clusters.

The first grouping, the communitarian clusters, consists of six distinct trade regions
that emerge naturally from our mutual information clustering method and that are very
closely associated with the formally defined Japanese regions. The grouping is characterised
by rural, lower-density areas where trading activity has a very regional, local bias (with
all clusters showing a very similar, relatively high power law decay). In contrast, the core
clusters are composed of the two regions around the two largest urban areas in Japan, Tokyo
and Osaka, where trading distances play a much reduced role (with a much smaller power
law decay). The mutual information analysis also shows clearly the distinction between
these two clusters: whereas the cluster including Tokyo has a nationwide influence, Osaka’s
is mostly concentrated within the western half of Japan. Lastly, the midway clusters, located
between these two urban core areas, are defined by mixed characteristics, between those of
the communitarian and core clusters.

Next, we discuss some of the potential consequences of the observed reduction in
trade distances and speculate on existing options for policymakers. At first sight, a ‘laissez
faire’ market view would conclude that the shortening of trade distances can be seen in a
positive light if one were to assume that this is the result of efficient logistics, leading to
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some natural level of optimisation that reduces transport and commuting efforts and, by
extension, emissions and pollution. However, our view is that such an argument is naive
as these improvements might be simply driven by higher levels of urbanisation, instead of
optimised cross-country logistics, where the second-order effects may well negate, or even
worsen, any of the perceived benefits [42]. Indeed, some academics argue that middle-sized
cities are experiencing an existential crisis [43] with the emergence of super-cities [36].
Therefore, we argue that our research is simply a small step towards a better understanding
of the evolutionary dynamics of the trading distance and its different effects on regions.
However, significant further work is required in the field to ascertain whether optimal
methods can be designed to support the challenges associated with climate change (such as
emissions) as well as social changes (i.e., higher deprivation, lack of opportunities, ageing
population, etc., in smaller and middle-sized cities), which should take equal, if not higher,
importance as economic efficiency.

In relation to the clustering method, we emphasise that mutual information is a very
valuable predictor variable to evaluate similarities in trading network structures among
prefectures. However, whereas the method applied of clustering by the similarity of neigh-
bouring prefectures yields a consistent and effective result (when optimised against Pt/Pr
while maintaining reasonable similarity to the officially defined regions), it is reasonable to
speculate that an approach combining additional granularity with the computation of the
mutual information (by breaking prefectures down into divisions and wards) with more
sophisticated clustering methods [44] may well lead to an enhanced perspective. This is an
area, however, for future exploration beyond the aims of this research.

Whereas we carried out our work specifically in Japan, there is a likelihood that similar
fundamental dynamics are present in most other larger countries. However, this remains a
subject for future study, if similar data are available.

We also note that this study is, however, constrained by the fact that companies are
not broken down into smaller sub-units such as branches. Therefore, the geographical
location of a company is based on the ultimate decision-making location—normally the
head office—where the management and governance of commercial transactions tend to
take place (as opposed to the actual point of sale). We emphasise, though, that we do not
regard this approach as a limitation, but simply a method adopted to place a focus on the
decision-making centres rather than on the process-driven activities.
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Abbreviations
The following abbreviations are used in this manuscript:

SMI Structural Mutual Information
I Mutual Information
TDB Teikoku Databank Ltd.

Appendix A. Data Source Context and Description

Business practices in Japan have some unique features. When building relationships
with clients or managing counterparty credit risks, Japanese banks and firms tend to
gather a significant level of corporate information, commonly making use of professional
third-party organisations to collect data and evaluate their potential and existing partners’
credit statuses. Teikoku Databank Ltd. (TDB) is one of the largest corporate research
providers in Japan. The company was founded more than 120 years ago and it has been
assessing the credit statuses of firms since then. TDB’s credit research reports are very
extensive, including detailed information on the financial statements of firms and their
history, business partners, management structures and banking transactions.

Within this research, we make use of the Japanese inter-firm business transaction
networks of money transactions between customers and suppliers developed by TDB and
derived from the underlying credit research activities. In addition to transactions, TDB’s
database also contains the geographical coordinates of almost all firms within their domain.
Therefore, the calculation of the Euclidean geometric distances among all firms becomes a
relatively straightforward computational process. The database contains a register of about
1.5 million corporations with total annual sales beyond 1.4 trillion yen in 2020. Compared
with the reports of the Minister of Finance in Japan and the Statistics Bureau of Japan,
the database covers around 84% of the total number of corporations and about 98% of their
total annual sales, with over 1 million companies with consistent and reliable information
on business transactions and geographical locations.

To our knowledge, no other developed country has such an extensive and granular
database held outside governmental agencies.

Appendix B. Scaling Relations between Interacting Firms

Appendix B.1. Randomised Network

We show four panels in Figure 1 to illustrate the scaling relations between customers
and suppliers within the inter-firm trade network for the actual data in 2021. Here, we
reproduce in Figure A1 the same graphs for the data related to the randomised network,
which was generated by the process described in the Section 2.

As can be noted, the randomisation process generated results consistent with
our expectations.

First, and in contrast to the actual data, the randomised data are virtually symmetrical
for both the frequency of trade and the median trade distance.

Second, the median trade distance significantly increases on average as the geographic
scaling is removed. This can also be observed in the panels in the lower row.

Thirdly, it can be clearly noticed that, even after normalisation, the largest firms retain
a distinct pattern from the smaller firms. This is simply a result of the fact that the network
is dissortative, and the numbers of edges are discrete—natural—numbers. In our research
paper, we explain this feature when elaborating on the concept of the structural mutual
information, SMI.
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Figure A1. The frequency of trade and distance D in a randomised network as a function of the
annual sales of customers Sc and annual sales of suppliers Ss. (A) is a heatmap showing the frequency
of trade among the Sc and Ss pairings, where the dotted diagonal line is the symmetry Sc = Ss. (B) is
the equivalent heatmap quantifying the median m(D) of the Sc and Ss pairing, where the horizontal
and vertical lines indicate the original break in symmetry for the actual data, Sc ≃ Ss, which is not
found in the randomised network. (C) shows the scaling of the median distance m(D) of firms at
different Ss levels (above and below the actual data symmetry break) with fixed Sc, and (D) is an
equivalent plot with fixed Ss and variable Sc levels. Each black circle and red triangle represent firms
where S < 105 and S ≥ 105, respectively. Figures are plotted on a log–log scale for the year 2021.

Appendix B.2. Actual Data for 2010

Figure A2 represents the year 2010, and it was generated on the same basis as Figure 1
(for the year 2021).

We include the year 2010 in this Appendix for a comparative analysis to show that the
resulting computations for both figures are largely similar and that the break in symmetry
and other trends noted in our analysis remain valid regardless of the year in question.
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Figure A2. The frequency of trade and distance D highly depend on the annual sales of customers
Sc and annual sales of suppliers Ss for the year 2010, similarly to 2021. (A) is a heatmap showing the
frequency of trade among the Sc and Ss pairings, where the dotted diagonal line is the symmetry
Sc = Ss. (B) is the equivalent heatmap quantifying the the median m(D) of the Sc and Ss pairing,
where the horizontal and vertical lines indicate the breakage of the Sc ≃ Ss symmetry. (C) shows the
scaling of the median distance m(D) of firms at different Ss levels (above and below the symmetry
break) with fixed Sc, and (D) is an equivalent plot with fixed Ss and variable Sc levels. Each black
circle and red triangle represent firms where S < 105 and S ≥ 105, respectively. Figures are plotted
on a log–log scale for the year 2010.

Appendix C. Correlation between the Exponents of Sizes of Economic Zones, 〈R〉,
and the Decay γ in the Normalised Probability Distributions Pt/Pr

Figure A3 shows the exponents of the sizes of the economic zones <R> and the
power law exponent γ observed in the normalised probability distributions of the trade
distance Pt/Pr for each prefecture in 2021. As described in our research paper, we observe a
significant level of correlation between the pairing (〈R〉,γ), which is illustrated in Figure A3
(with one outlier point).
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Figure A3. Correlation between the sizes of economic zones <R> and the power law exponent γ.
The figure was produced by binning the x-axis into a fixed number of datapoints (5) and calculating
the averages of <R> and γ within each bin. The dotted line represents the best fit line, excluding the
outlier point around (1.5, −1.12).

Appendix D. Distribution of Companies across Prefectures in Japan

The maps within Figures A4 and A5 are solely an illustrative reference for the reader
with regard to basic company statistics in Japan.

It is worth pointing out, however,
(a) the large concentration within the Tokyo prefecture, as described in our research

paper, and
(b) the fact that there is no major difference in the distribution of smaller and middle-

sized firms when compared to that of the largest firms.

Figure A4. Distribution of companies by prefecture in Japan, 2021. (A) shows the relative distribution
of companies in Japan, coloured using natural numbers. In contrast, (B) shows the same distribution
but colour-coded in the log10 scale.
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Figure A5. Distribution of companies by prefecture in Japan, 2021, split by the annual sales, S.
(A) shows the distribution of companies in Japan on a log10 scale for companies with annual sales
below 105 yen, whereas (B) is the equivalent map for the companies with annual sales above 105 yen.
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