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Abstract: We investigate the process of quantum measurements on scattered probes. Before
scattering, the probes are independent, but they become entangled afterwards, due to the
interaction with the scatterer. The collection of measurement results (the history) is a
stochastic process of dependent random variables. We link the asymptotic properties of this
process to spectral characteristics of the dynamics. We show that the process has decaying
time correlations and that a zero-one law holds. We deduce that if the incoming probes are
not sharply localized with respect to the spectrum of the measurement operator, then the
process does not converge. Nevertheless, the scattering modifies the measurement outcome
frequencies, which are shown to be the average of the measurement projection operator,
evolved for one interaction period, in an asymptotic state. We illustrate the results on a
truncated Jaynes—Cummings model.
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1. Introduction and Main Results

We consider a scattering experiment in which a beam of probes is directed at a scatterer. The probes
are sent to interact sequentially, one by one. Before the scattering process, they are identical and

independent. The interaction of each probe with the system is governed by a fixed interaction time
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7 > 0 and a fixed interaction operator V. After interacting with the scatterer, a quantum measurement
is performed on each “outcoming” probe. The result of the measurement of the n-th probe is a random
variable, denoted X,,. The stochastic process { X, },,>1 is the measurement history. Due to entanglement
of the probes with the scatterer, the X, are not independent random variables. We analyse the asymptotic
properties of this process.

A concrete physical set-up is given by atoms (being the probes) shot through a cavity containing an
electromagnetic field, the modes that interact with the atoms forming the scatterer. We assume that the
incoming probe states are stationary with respect to their isolated dynamics.

We study systems with only finitely many degrees of freedom involved in the scattering process. This
means that the Hilbert spaces of pure states, both of the system and each probe, are finite-dimensional.
The measurement of a probe is a von Neumann, or projective, measurement associated with a self-adjoint
probe measurement observable M. The eigenvalues m of M are the possible measurement outcomes.
Due to finite dimensionality, the random variables X, have a finite range.

The present work can be viewed as the continuation of recently developed techniques for the
mathematical analysis of repeated interaction quantum systems [1—4]. In these references, asymptotic
properties of the scatterer have been investigated, without considering the fate of the outcoming probes
and without quantum measurements. While the set-up of our present work is similar to the one in the
given references, our focus here is on the measurement outcomes process. We show that, generically, this
process does not converge. We describe the fluctuations on the measurement history, provoked by the
scattering process, by analysing the measurement frequencies. A more detailed comparison to related
works is given at the end of this section.

As explained in the references above, in absence of quantum measurements on probes and under a
generic ergodicity assumption, one shows that the scatterer approaches a so-called repeated interaction
asymptotic state after many interactions. We keep this assumption in the present work.

(A) Assume that if no measurement is performed ()M = 1), then, under the repeated interaction with

the probes, the scatterer approaches a final state. The convergence is exponentially quick in time.

The precise mathematical formulation of this assumption is given in Section 2.4; see before
Equation (27). It is a condition on the spectrum of a reduced dynamics operator and necessitates
the introduction of some technicalities, which we want to avoid in this introduction. Condition (A)
is generically satisfied and is not hard to be verified explicitly, and one even calculates the rate of
convergence for concrete models (see the above references).

We now explain our main results. Denote by o(X,, ..., X;) the sigma-algebra generated by the
random variables X, ..., X,, 1 <r < s < co. We denote by P the probability measure associated with
the process { X, }>1-

Theorem 1 (Decay of correlations). Suppose that Condition (A) holds. There are constants ¢, 7' > 0,
suchthatfor1 <k <l<m<n<oo, A€ o(Xy,...X;)and B € 0(X,,,...,X,), we have:

|P(AN B) — P(A)P(B)| < cP(A) ¢ (m=) 1)

We give a proof of the theorem in Section 4.1. Intuitively, the system starts relaxation to its asymptotic

state during the time m — [ between two consecutive measurements and, hence, erases correlations
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between the two measurements. The rate 7/ in Equation (1) is linked to the convergence rate in
Assumption (A); see Section 2.4.
The tail sigma-algebra is defined by 7 = N,>10(X,,, Xpn41,...). Decaying correlations imply the

following zero-one law.

Corollary 2 (Zero-one law). Assume that Condition (A) holds. Any tail event A € T satisfies P(A) =0
or P(A) = 1.

In textbooks, the Kolmogorov zero-one law is usually presented for independent random
variables [5]. However, an adaptation of the proof yields the result for random variables with decaying
correlations; see [6] (and also Section 2.4). The tail sigma-algebra captures convergence properties. For
instance, given any outcome m € spec(M ), the set {lim,, X,, = m} is a tail event; hence, according to
Corollary 2, it has probability zero or one.

We now explain why fluctuations in the process persist generically, for all times. Let w;, be the
state of the incoming probes; denote by FEg the spectral projection of the measurement operator M
associated with S C spec(M), and denote E,, = E{,,; for m € spec(M). In absence of interaction
(V. = 0or71 = 0), the X; are independent random variables. We show in Proposition 12 that the
dependence generated by the interaction with the scatterer is small for small interactions, uniformly in
time. Therefore, since P(X,, = m) = win(Ey) + O(||V]]), we have P(X,,;1 = m, X,, = m) =
P(X,41 =m)P(X,, =m)+ O(||V||), and consequently,

P(Xpn1 =Xa) = D wi(Ea) +O(IV])

mespec(M)

The numbers w;,(E,,) are probabilities. Thus, Y w?2 (FE,,) = 1 if and only if for a single m, we

) = 1, while for all other m, wi, (F,,) = 0. This means that P(X,,,; = X,,) < 1 for small

V', whenever there are several m with w;,(E,,) > 0. Together with the zero-one law, this implies that

have wiy (Fim,
P(X,, converges) = 0 whenever the incoming state is not localized in a single subspace of M (and V'
is small enough). If m is a simple eigenvalue of M with associated eigenvector 1,,, then wi, (F,,) = 1
is equivalent to wi,(-) = (¢, - 1y,). Statistical fluctuations in the incoming probes (mixture of states
localized w.r.t. measurement values) thus get transferred to outcoming probes, even in the limit of large
times. The following is a more general statement of this fact.

Theorem 3. Assume Condition (A) holds. There is a constant C' s.t., for any S C spec(M) with
win(Es) # L if [|[V] < C(1 — win(Es)), then:

P(X, € S eventually) =0

The result on non-convergence of X,, explained before Theorem 3 is a special case of Theorem 3,
when S = {m}, m € spec(M). We mention that our analysis also gives a condition under which
P(X,, € S eventually) = 1; see Lemma 11.

The process X, carries information about the scattering process, encoded in the relative occurrence
of a particular measurement outcome. We define the frequency of m € spec(M) by:

fm = 7}1_}120 %{number of ke {1,...,n}st. Xy =m}

fm 1s a priori a random variable, and the existence (and type) of limit has to be clarified.
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Theorem 4 (Frequencies). Assume Condition (A) holds, and denote the final scatterer state under the
evolution without measurements by w,. Let H be the interacting Hamiltonian of a single probe with
the scatterer. Then, the frequencies f,, exist (as almost everywhere limits) and are deterministic (not
random), given by:

fm = w, ® Wiy (ei‘rHEme—iTH)

Remark: The proof of Theorem 4, given in Section 4.3, can be readily generalized to yield the
following result: For any m > 1, Sy, ..., S, C spec(M),

1
lim —{ numberof j <mns.t. X; € 5,...,X;4m € Sm}

n—oo N,

= wy ® Wi+ - ® wip (e17'H1 L. elTHmEsl L. ES e—lTH1 . e—l’?’Hm)

m

Here, H; is the Hamiltonian describing the free motion of S and m probes P, plus the interaction of
S with the j-th probe.

The next result describes the process {X,,} of the empirical average:

1
(X1_+_...+Xn)

X, =L

n
Theorem 5 (Mean). Assume Condition (A) holds and adopt the notation of Theorem 4. We have a law
of large numbers,

lim X, = Lhoo ‘= Wi ® Win (eiTHMe’iTH)
n—oo

The limit is in the almost everywhere sense. Note that [l = Y 1 [y,

Relation to other work: The literature on repeated interaction systems we are aware of can be
classified into two categories. In the first one, effective evolution equations are derived by taking
continuous interaction limits [7—13]; and in a second category, the dynamics is left discrete, but the
time-asymptotics is investigated [1-4,14—17]. To our knowledge, repeated interaction systems have been
first proposed in [18,19] and in [7,8] as approximations for system-environment type models, where it
is proven that the discrete evolution converges to that of a quantum Langevin equation, in the limit of
ever shorter system-probe interaction times. The study of the time-asymptotics was initiated in [1] (and
continued in [2—4]). It is shown there that the (reduced) system state converges to a final state, and this
state’s thermodynamic properties were analysed rigorously.

The mathematical formalism in [1-4] is based on a spectral approach to the time-asymptotics of
open quantum systems, expressed in the language of operator algebraic quantum theory. The present
work extends this formalism to the setting of repeated probe quantum measurements. A review of the
above-cited works, as well as an announcement of some of the results of the present work, can be found
in [20].

In [21], a result similar to Corollary 2 is shown. There, the authors discuss ergodic properties of
quantum counting processes, described by unravelling of a Lindblad generator. The analysis is based on
the assumption that the dynamics, without taking into account the counting, is ergodic (i.e., converges in
the mean to an equilibrium state). On the other hand, our system is mixing due to Condition A (i.e., it

converges ‘pointwise’).
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In [14,15], an energy conserving model is considered, where the dynamics is assumed to be such that
there exists a basis of special stationary states (‘pointer states’). Then, the system converges to one of
these states, determined by the measurement outcomes. Many physical systems do not fall into this class.
Whenever there is the exchange of energy between probes and the system, there is only one invariant
state (under generic conditions). An important example of an energy-exchange system is the ‘one atom
maser’, where atoms (probes) interact with modes of the electromagnetic field in a cavity (system)
by exciting the field modes, leading to subsequent photon emission [22]. A famous mathematical
model describing this situation is the Jaynes—Cummings model, a simplification of which we discuss
in Section 3.

2. Quantum Dynamical System Set-Up

2.1. Formalism

The general formalism of quantum dynamical systems is presented in [23,24] (see also [1]). Both &
and P are described as quantum (WW*) dynamical systems in standard form. The states of such a system
are given by unit vectors in a Hilbert space H, observables form a von Neumann algebra 9t C B(H ) and
the dynamics given by a group of *automorphisms o' on 901, ¢ € R. There is a distinguished (reference)
vector ¢ € H, which is cyclic and separating for 9)t and such that the dynamics is represented as
at(A) = el Ae L, for A € 9, and where L is a self-adjoint operator on H satisfying L) = 0. This
operator is called the standard Liouville operator.

Accordingly, the system S is determined by a Hilbert space Hs, a von Neumann algebra Mg, a
cyclic and separating vector 1s and a dynamics oy = e''ls - e7iLs with Lgsi)s = 0. A single probe
is described by the same ingredients (with index S replaced by P). We assume throughout the paper
that dimHs < oo, dimHp < oo. The Hilbert space of the chain of all probes is the tensor product
He = ®@pn>1Hp, stabilized on the reference vector ¢p € Hp. The von Neumann algebra of observables
of C is Me = ®,>1Mp and its dynamics is af = ®y,>10k.

The full system is described by the Hilbert space:

H=Hs®Hec (2)
on which acts the von Neumann algebra of observables:
M =Ms @ Me 3)
The non-interacting Liouville operator is given by:

Lo=1Ls+» Lup 4)
n>1
where L,, p is the operator acting trivially on all factors of H, except on the n-th factor of H¢, on which it
acts as Lp. The interaction between S and the n-th probe lasts for a duration of 7 > 0 and is determined
by an operator V/,, acting trivially on all factors of H, except Hs, and the n-th one in H., where it acts
as a fixed self-adjoint operator:
V=V"eMs®Mp (5)
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Let Wy € H be an initial state of the full system. Then, the state of the system at time-step 7 is given
by the vector:
U, = Uy, - U2U1 ¥ (0)

where:
Un _ e—iT(LoJrVn) (7)

is the unitary generating the one-step time evolution at instant n.

We consider initial states of the form:
Vo = Vs ®p>1 BYp ()
where B is an operator in the commutant von Neumann algebra:
M, ={Ae€B(Hp) : AX =XAVX € M}

such that |Byp|| = 1 and LpB = BLp (normalized, invariant state). Since ¢p is cyclic for
9, (< separating for Mp, where N, the commutant of Np) and since dim Hp is finite, every ) € Hp
is exactly represented as ¢ = B1p for a unique B € M},

Remarks: 1. Since both Hs and Hp are finite-dimensional, one can work in a less general framework
and analyse the measurement process based on a density matrix description of the system and the probes,
as opposed to work in the (GNS) Hilbert space representation. Such an analysis can be carried out even
for some systems having infinitely many discrete energy levels; see [25]. Nevertheless, we adhere to the
present set-up. It will come in handy (and necessary) when one considers models where the system is
large (e.g., some membrane or screen) subjected to an incoming beam of scattering probes.

2. We have presented in this section the chain Hilbert space as an infinite tensor product of
single-probe spaces and similarly for the evolution and reference state. All quantities we are examining
involve the whole system up to arbitrary, but finite times, involving only finitely many probes.
Consequently, we could define our Hilbert space to be time-dependent, having n probe factors only,
but with n arbitrarily large. The expressions for the probabilities of the measurement process, or the
reduced state of the scatterer, or the exited probes would not change. Whether we take an infinite tensor
product or a finite one, with arbitrary factors, does not influence the physical properties we describe.
Nevertheless, mathematically, there is a slight difference between these two cases; see e.g., [1-4,20]. As
an example, strictly speaking, the vector W, given in Equation (8) does not belong to the Hilbert space
‘H unless B = 1 (because H, is “stabilized” along 1)p). What we mean is that, at arbitrary time n, the
vector W has the form Vs ® Byp @ Byp ® - - - ® Bip (n probe factors) and, as such, belongs to the
Hilbert space Hs @ Hp @ Hp @ - - - @ Hp.

Let J and A denote the modular conjugation and the modular operator associated with the cyclic
and separating vector /s ® 1p for the von Neumann algebra s @ Mp. By the Tomita—Takesaki
theorem [5], we know that A(9s @ Mp) A~ = Ms @ Mp forall t € R (A~ is a group of unitaries)
and that J(Ms @ Mp)J = M ® M. Consequently, JA'VATE] € My @ My, where V is the
interaction operator defined in Equation (5). In the finite-dimensional case, as considered here, an easy

analyticity argument shows that the last relation stays valid for any ¢ € C. In particular,

JAYVPVATY2 ] € M @ MY, )
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It will be convenient to represent the joint dynamics of the system S and the probe P interacting at
the given moment with S by the following operator acting on Hs ® Hp (see Subsection 2.3),

K =Ls+ Lp+ AV = AJAYV2VA2] (10)

Here, A € R is a coupling constant. Due to Property (9), we have:

eitKAe—itK _ eit[Lg-l—L'p—i-)\V}Ae—it[Ls—‘er—‘r)\V] (11)

forall A € Ms ® Mp and all t € R, as is not hard to see, for instance, by using the Trotter product
formula. The term —\JA'Y2V A~'/2J in Equation (10) is introduced in order to have the property:

Kys @ 1pp =0 (12)

The latter relation follows from (Ls + Lp)tbs @ ¢p = 0 and the fact that JAY2VATV2 Jihs @ hp =
Vibs @ 1p (which, in turn, is implied by A=Y/2J = JAY2 and JAY2 Arhs @ p = A*1hs ® 1p for all
A € Ms @ Mp). The operator K has been used in [26] for the study of non-equilibrium open quantum
systems and in the setting of repeated interaction open systems in [1—4].

2.2. Multi-Time Measurement Process

In this subsection, we describe the process of multi-time measurement of the outcoming probes.
We refer to [27-30] for a detailed introduction to quantum measurement theory, outlining here
only a few particularities pertaining to repeated interaction systems. Consider a quantum system
described by a density matrix p and a self-adjoint “measurement operator” M having eigenvalues
spec(M) = {m4,...,m,} with corresponding eigenprojections P,...,P,. When the system
undergoes interaction with the measurement apparatus and we know that the measurement result is one

of the eigenvalues from a set S C spec(M), then the state after measurement is given by:

pl=> PP (13)
{jim; €S}

This corresponds to a non-selective measurement [29]. In the repeated interaction setting, the
following experiment is performed: the entire system evolves according to U; (interaction between the
first probe and the system), and then, a measurement of the observable M is made on the outcoming
probe, yielding a value in S; C spec(M). Then, the system evolves according to U, (interaction with
second probe), and after this evolution, a measurement of M is made on the outcoming probe and
yields a result lying in Sy C spec(M); this procedure is repeated n times. Let ij — e=i7H; where
H j = Hs+ Hyp+---+ H,p + V; and Vj is the interaction operator, acting on the system and the
j-th probe only. The expectation of a system observable Og after n probe measurements have been
performed, knowing that measurement j has yielded a result in the set S; C spec(M), is given by:

1 7/ ] % 7%
wsi.5.(08) = pra——a D D, T(Pulh-PulhpUi P - ULF;,O5)
1y yOn {jn:mjnesn} {jlimjl 651}

(14)
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Here, P(Si,...,S,) is the probability that the measurement outcomes at time j lies in the set S;, for
j=1,...,n,and is determined by wg, g, (1) = 1. Using the cyclicity of the trace and the structure of
the Hamiltonians H;, j = 1,...,n, one readily sees that:

1

ws,...5,(0s) = mTr(p UNUEs, - U'Es, OsEs, U, - -+ Es,U; U;) (15)
where Es = 3 o P U =77 25=20=VHP and Y; = e~ I7(Hs+H;p+Vi) Tt follows directly from
Equation (15) that if we do not know about the outcome of any of the measurements, which corresponds
to S; = spec(M) and Es, =1, forall j = 1,...,n, then the dynamics of the system is the same as if
no interaction with the measurement apparatus took place. This phenomenon is particular to the set-up
of repeated interactions and is not true for general quantum systems. Indeed, Relation (13) with the sum
extended over all j does not yield p’ = p in general.
Relation (15) implies that:

P(S1,. s S0) = Te(p @) Uy By, - U B, Uy -+ Es U UL ) (16)
The stochastic process associated with the measurements is constructed as follows. Let:
Q=" ={w=(w,ws,...) : w; €spec(M)}
and let F be the o-algebra of subsets of {2 generated by all cylinder sets of the form:
{fwe rwed,...,w, €85, neN, S; Cspec(M)}

On (2, F), we define the random variables X, : 2 — spec(M) by X,,(w) = w,, forn =1,2,.... The
random variable X, represents the outcome of the measurement at time-step n. The finite-dimensional
distribution of the process {X,, },>1 is given by:

P(Xl651,...,Xn65n):P(Sl,...,sn) (17)

for any n € N, any subsets Sp,...,S, of spec(M) and where the right-hand side is defined in
Equation (16). P extends uniquely to a probability measure on (2, F) by the Kolmogorov
extension theorem.

2.3. Representation of Joint Probabilities

In the (GNS) Hilbert space setting, the multi-time measurement process introduced in the previous
paragraph is formulated as follows. Let M € 9p be a self-adjoint “measurement” operator on Hp
with spectrum spec(M) = {my,...,m,}, where 1 < p < dim?Hp (distinct eigenvalues). Let S be
any subset of spec(M), and denote by Es the spectral projection of M associated to S. Suppose that
the entire system is in a state ¥y € H initially (see also Remark 2 in the previous paragraph). The

state of the system after n measurements, viewed as a state of s, is given by (see Equation (15))
A= (A), = (V,, AV,), where:

U, =||V,||"'W, and W, = Egc ... Bge MU, (18)
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Here,
Lij=Ls+ Ljp+V; (19)

acts non-trivially only on the Hilbert space of S and the j-th probe Hilbert space, and we introduced

the unitary:

Ut =exp [—iT > G- 1)Lj,p] (20)
=2
Recall that Vg = (Is ® B ® B+ )V, with Ui = 1hs ® ¥p ® ¢p---. The operator

C; = e U=DLP Beiri—1Li» belongs to the commutant 90, since B does and since the dynamics

generated by L, p leaves 917, invariant. We obtain:

<\T/n,A\T/n>
= (Cy++-CyVy, €™ Eg, e Eg ABEg e ™ Eg e TNC - O W)
= (Upe, OOy - CrCLe ™ Eg, - - ™ By AW, p)
= (U, [PICIC1€™ Eg Py] -+ [P, CrCe™ " Eg, P, ] AV ) 1)

where P} is the projection acting trivially on all factors of H, except on the j-th Hp, where it acts as the
rank-one orthogonal projection onto ¢»p. We define the operator T = P;C CemHi Es, P;, which, under
the hypothesis that ¢'/» Be s> = B, becomes T; = P; B*Be'™™ Eg P;. We identify T} as an operator

on the Hilbert space H s and, as such, write:
Ts = PB*Be™  E¢P (22)

where P the orthogonal projection onto ¥p @ H¢, S C spec(M) determines the measurement performed
at the given time-step, and where K is given in Equation (10). We write simply 1" for T,e.(ar). Remark
that since Es; € 9Mp and ¢p is separating for Mp, we have Es, P; # 0 for all j. With this definition,
we arrive at:

<‘T’naA‘T’n> = (Ys,Ts,Ts, -+ Ts, Ats) (23)

In particular, measurement probability can be expressed as:
P(S1,...,5,) = (s, Ts, - Ts,1s) (24)

2.4. Analysis of Joint Probabilities

Lemma 6. The spectrum of 'I's, Equation (22), lies in the closed unit disk centred at the origin of the
complex plane. For S = spec(M), i.e., Eg = 1, we have in addition T"s = s.

We consider the probability P(X,, € S eventually), for S C spec(M ). This quantity can be expressed
using the Riesz spectral projections II and IIg of the operators 7" and T’s associated with the eigenvalue
of one. They are defined by:

1

[Ig = D (z — Ts) *dz, IT = Hgpec(ar) (25)
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where the integral is over a simple closed contour in the complex plane encircling no spectrum of
Ts, except Pointl. If one is not an eigenvalue, then IIg = 0. For the next result, we recall the

following definition,
{X,, € Seventually } = {w]| there exists a k s.t. X,,(w) € Sforalln > k}

Lemma 7. We have P(X,, € S eventually) = (5,11 11g 9s).

Proof: The set {X, € S eventually} is the increasing union of {X,, € S Vn > k}, so
P(X, € Seventually) = limy_,o P(X,, € SVn > k). Next, {X,, € SVn > k} is the intersection of
the decreasing sequence {X,, € S, n=k,...,k +(}, so:

P(X, € Seventually) = lim lim P(X,, € S, n=Fk,...,k+1) (26)

- k—o00 l—00
We have P(X,, € S, n=k,....k+1) = <1/)3, Tk_lTé+1¢3>. Since for each k fixed, the limit of
(s, T*ITE s ) as | — oo exists (it is the probability P(X,, € S Vn > k)), we have:

L
: _ .1 _ 1
fim (s, T M) = Jim 3 (v T3 M) = (15, T Migtss )

where 11 s 1s the ergodic projection of 7s associated with the eigenvalue of one (ﬁs = 0 if one is not an
eigenvalue of Ts). Arguing in the same way for the limit & — oo, we obtain P(X,, € S eventually) =
Vs, T 1Ig w5>. Invoking Lemma 21, we replace the ergodic projections with the Riesz projections. W
The probability is given entirely by information on the spectrum of 7" and 75 at Point 1 (Riesz
projections). The result holds even if 7" or T's have spectrum on the unit circle other than possibly at
one.
Finer information about the asymptotic dynamics depends on all of the spectrum of 7" on the unit
circle. We make the following ergodicity assumption (compare with Lemma 6).
Condition A: The point z = 1 is the unique eigenvalue of 7" with |z| = 1, and this eigenvalue is simple

(with eigenvector 1)s). We define the gap by:

v=1-—sup{|z] : z €spec(T),z # 1} (27)

For A = 0, the operator 7" is e'7"s and has spectrum on the unit circle, with degenerate eigenvalue
of one. Assumption A is verified in practice typically by perturbation theory (A small, non-zero). It is
sometimes called a “Fermi golden rule condition”. In this setting, Condition A implies v > 0 for small
non-zero A. Condition A implies the dynamical behaviour of Assumption (A) stated before Theorem 1.

The random variables X, are not independent, but their correlations decay.

Theorem 8 (Decay of correlations). Suppose Condition A holds. For any € > 0, there is a constant C.,
suchthatfor 1 <k <l<m<n<oo, A€ o(Xy,...X;)and B € 0(X,,,...,X,), we have:

|P(AN B) — P(A)P(B)| < C.P(A) e~ m-0ln(=5)=d (28)
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We give a proof of Theorem 8 in Section 4.1. For fixed ¢ < In(2-), define the function

1—
C:N — R, by:
’ _ —d[In({15)—¢]
C(d) = C.e™ M= (29)

Theorem 8 implies that the random variables X,, have decaying correlations in the following sense:
foralll <k <l<m<m,all A€ o(Xy,...X;)and all B € 0(X,,, ..., X,), we have:

|P(AN B) — P(A)P(B)| < C(m — 1) (30)

where the function C is independent of A, B, k, [, m,n and satisfies C(d) — 0 as d — oc.

Let X;, & = 1,2,... be a sequence of random variables. We denote by o(X,,, X,,11,...) the
sigma algebra generated by {Xj}x>,. The tail sigma algebra of the process { X, },>1 is defined by
T =Np>10(Xo, Xns1s - .).

The following result is a generalization of the Kolmogorov zero-one law, valid for a process { X, },
where the random variables are not independent, but have decaying correlations.

Theorem 9 (Extended Kolmogorov zero-one law). Let X,, be a sequence of random variables with
decaying correlations, as in Equation (30). Then, we have P(A) = 0 or P(A) = 1 for any tail
event A € T.

A proof of this result can be obtained by extending proofs of the Kolmogorov zero-one law for
independent variables; see [6]. Under Condition A, we write the rank-one Riesz projection of 7T’
associated with z = 1 as:

IT = [¢s) (V5] (31
where T)s = s, T*5 = 5 and (%, ¢s) = 1, ||¢s|| = 1. (T™* is the adjoint of 7".)

Corollary 10. Assume that Condition A holds, and let S C spec(M). Then:
P(X, € S eventually) = (5, lgs) € {0,1}

Remark: Both ¢§ and IIs depend on A (15 does not). If Condition A holds for A € I\{0} for
some neighbourhood I C R of zero, then for A sufficiently small, we have P(X,, € S eventually) =
limy—0 (¥5(N), I1s(A)1s). This follows from the facts that the mapping A — (%, Ilg1)s) is continuous
in a deleted neighbourhood of A = 0 and that the image is discrete. We point out that the map
A = (Y%, IIgtbs) is actually holomorphic in a punctured neighbourhood of the origin and stays bounded
there (the only possible image points being 0 or 1, even for complex A, by the identity principle). Hence,
zero is a removable singularity of this map. As objects on their own, 15 and Il are not holomorphic at
the origin in general (eigenvalue splitting), but their combination as in the inner product is.

Theorem 3 gives a criterion for P(X,, € S eventually) = 0. The next result is a characterization of
when this probability is one.

Lemma 11. Assume that Condition A holds. If (¢s,1ls1bs) # 0 for some small enough A, then
P(X,, € S eventually) = 1 for sufficiently small values of \.
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Proof of Lemma 11: The inequality P(X,, € S eventually) > P(X,, € S Vn > 1) is the same as
(Vs, M 1lghs) > (s, lgths) (see also Appendix A). The result now follows from the fact that the left
side can only take the values zero or one, independently of A for A sufficiently small (guaranteeing that
(s, T Tlg1s) is continuous). |

Proposition 12. Let A; € o(X;), j > 1. We have:

Sup [P(Ap, 5 Angr) = P(An) - P(Ani)| < Cil[V]

n>1

for any k > 1 and for some constant Cj,.

Proof of Proposition 12: It suffices to show that:
P(Xn S Sn; cee ;XnJrk S SnJrk) - P(Xn € Sn) o P(XnJrk € SnJrk) = O(HVH)

uniformly in n and where S; C spec(M). Since Ts = PB*Be™ EgP = e™"sw;,(Es) + O(||V]), the
joint probability on the left side is:

<¢8’ TnilTSn T TSn+ka> = win(ESn) e wiH(ESn+k) + O(HVH>

Similarly, P(X; € S;) = win(Es,) + O(||V||), and so, the result follows. |
Let w,, be the state of S at time step n (obtained by reducing the state of the entire system to S).

Lemma 13 (Evolution of the averaged system state). The system state at time step n, wy, is a random
variable (determined by the random measurement history). Its expectation, Ew,|, equals the state

obtained by evolving the initial condition according to the dynamics without measurement.

Proof of Lemma 13: For a given measurement path X; = m,, ..., X,, = m,, the system state is:

Vs, Ty - T, Ats)
(s, Ty - - - Tpbs)

where A is any system observable and 7; = TY,,;. Since P(X; = my,..., X, = m,) =
(s, Ty -+ Ty1bs), this yields:

wn(A) = <

T,---T,A
E[wn(A)] - Z P(Xl =my,..., Xy = mn) <7éi; 71—'1 T ¢i§>
= > (s, Ty TuAus)
= (Ys, T"Ats)

In the last step, we have used that:

> Timy =Y PB*Beé™E P =PB*B™ P =T

The right-hand side is the single-step dynamics operator of the system without probe measurements.
|
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Lemma 13 shows in particular that the expectation of the system state converges to the repeated
interaction state,

lim Elw,(A)] = (%, (A ® 1s)1s)

n—oo
see also Equation (31). This, of course, does not mean that w,, itself converges, in general. However, if
the measurement process converges, then we do have the following result.

Lemma 14 (Asymptotic state of S). Suppose that the measurement outcomes:
X1€8,...,X,1€8,1, Xp,eS k>n (32)

are observed for some n > 1 and that one is a simple eigenvalue of T's with Riesz projection 1lg =
|1) (¢)*|. We have for any observable A of S:

lim w,(A) = we(A) = W, Ads)

n—00 (*, ¥s)

This is an inverse scattering result: knowing that the scattered particles are measured to lie in .S, we
can deduce the state of the scattering object S. The final state does not depend on the initial outcomes
X, forn < k, any k. However, we show in the proof of Lemma 14 that if the eigenvalue of one of T’s
is not simple, then the system converges to a final state, which depends on the whole measurement path
X1, Xo, ...

Proof of Lemma 14: The asymptotic state of the system is:

) l
() — lim (5T T ToAYs)
oo (Ys, Ty Tuo1 Thths)

see Equation (23). Now, <z/13, Ty--- Tn_lTélpg> converges to the non-zero probability of observing
Equation (32). Therefore, by (the proof of) Lemma 21:

lim (s, Ty -+ Ty s Thts) = (6, 71+ Ty aflstis ) = (s, T T, Tlstds)
By simplicity of the eigenvalue of one of T,

(s, Ty - T, 19) (P, As)
<¢57 Tl e Tn—1¢> W’*» ¢$>

If one is not a simple eigenvalue of T, so that Il = > ", [1;) (5], the final state is:

Woo(A) =

22:1 <w87 Ty Tnfle> <w;7 A¢$>
Yoy (s, Ty -+ - Thqths) (UF, bs)

The final state then depends on the whole measurement history. |

Woo(A) =
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3. The Truncated Jaynes—Cummings Model

We consider a simple system where both the scatterer and the probes have only two degrees of freedom
participating in the scattering process. The pure state space of S and P is C?, and the Hamiltonians are
given by the Pauli o, operator,

1 0
Hs=Hp = 33
S P [ 0 —1 (33)
The interaction between S and P is determined by the operator:
AV =X (a5 ®ap + as @ ap) (34)

with coupling constant A € R, and where:

0 0 . [on
GZL o]’ a_[o 0] (53)

are the annihilation and creation operators. In the usual Jaynes—Cummings model (used, e.g., in quantum
optics), the system S has infinitely many levels (harmonic oscillator); see, e.g., [30] and also [25]. Our
model is a truncation, but it still describes energy exchange between S and P. In what follows, we can
treat all values of A, not necessarily small ones only. This is so since the model is essentially exactly
solvable. The total Hamiltonian H = Hgs + Hp + AV describes the exchange of energy between S and
P, while the total number of excitations, N = asas + apap, is conserved (commutes with 7). This
allows for a treatment of the system separately in the invariant sectors N = 0, 1, 2.

For an arbitrary probe observable X € B(C?), we write X;; = (p;, X¢;), where @1, (o are the
orthonormal eigenvectors of Hp (with Hpp; = 7). Incoming states are determined by p € [0, 1] via:

win(X) = pXi1 + (1 — p) Xoo (36)

where X € B(C?) is an arbitrary probe observable.

We will use the notation and definitions of Section 2 in what follows. In particular, the single step
operator T’ is defined in Equation (22). For the following explicit formula, we take the reference state
s to be the trace state.

Theorem 15 (Explicit reduced dynamics operator). Set @;; = ¢; @ @;, and let X be any operator of P.
In the basis {11, P12, P21, Paa }, we have:

PB*Be™ X P = wi,(X) s 4 (37)
(1 — p)XQQG (1 - p)XQIb
—pX12e*Tisin(AT) el (cos(AT) — 1)win(X)
pXore 2Tisin( A7) 0
—pXooa —pXo21b
—(1—p)X12b —(1—p)Xna
0 (1 — p)X12€*Tisin(\T)

e 27 (cos(AT) — Dwin(X)  —(1 — p)Xa1e”*Tisin(A7)
pXi92b pXi1a
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where a = —sin?(\7), b = —isin(\7) cos(\7).

We point out that the vector [p,0,0,1 — p|’ is an eigenvector of the adjoint of Equation (37) with
eigenvalue wj, (X).

Proof: The proof is obtained by an explicit calculation. Since Hg and Hp commute with [ =V — V",
where V' = JAY2V A=1/2 ] (see Equation (10)), it suffices to calculate:

PB*B iTIXP: (17_)n n -1 n—kPB*B k ln—kXP
e ; w ; LD VEV)

Here, it is understood that all operators are considered in the “doubled” (GNS) Hilbert space, e.g.,
V:a}§®ll3®ap®Ilfp+a3®]13®a;p®]lp

Powers of VV and V' can be calculated explicitly. For instance, for & > 2 even, we have VE=nk221®
(1-n)*?2 @1+ (1 -n)"?®1®n"?® 1, where 7 = a*a. One obtains similar expressions for k odd
and for (V')!. Using these expression in the above series, one gets the result of Theorem 15. |

Resonant and non-resonant system: If A7 is a multiple of 7, then Equation (37) reduces to
PB*Be™ X P = w;,(X) diag(1, £1, 41, 1) with plus and minus signs if the multiple is even and odd,
respectively. Then, by using the expression P(X; € Si,..., X, € S,) given in Equation (24), it is
readily seen that the random variables X; are independent, and P(X; € S) = wi,(Eg). When A7 € 7Z,
we call the system resonant [25]; otherwise, we call it non-resonant. One can understand the resonant
regime as follows: consider the dynamics generated on S and a single probe P by the Hamiltonian
H = Hs + Hp + A\V. The probability of transition from the initial state ¢5 ® ¢}, where the S is
in the ground state and P in the excited state, to the opposite state ¢{ ® ¢, at time ¢, is given by
P, = |{¢f ® oF, e pf @ ¢T) ‘2 = sin®(\t). For M\t € 7Z, this probability vanishes. If the interaction
time 7 in the repeated interaction system is a multiple of 7/, then interaction effects are suppressed. It
is not hard to see that in this case, the system does not feel the interaction with the probes in the sense
that w,, (A) = wo(as(A)) forall n > 1, where oS (A) is the reduced dynamics of S alone. We focus now
on the non-resonant situation.

Asymptotics of the measurement process: We suppose the incoming state of the probes is given by
win = |o1)(e1
Let M be a measurement operator, S C spec(M), and let E5 be the projection onto the corresponding

, i.e., they are in the pure spin-up state. This corresponds to p = 1 in Equation (36).

spectral subspace. The operator Equation (37) with X = E has spectrum:
spec(Ts) = (Es)11 {1,€*7 cos(A7),e ™" cos(A7), cos* (A7) } (38)

Since Ej is a projection, we have 0 < (Eg)11 = (¢1, Espr) < 1.

o The equality (Fs)1; = 1 holds if and only if Esv, = 11, so if and only if either Fg = 1 or Eg =
|©1)(p1|. The case Eg = 1 is discarded, since it corresponds to not making a measurement. Hence,
(Es)11 = 1 in the presence of a measurement implies Es = |¢1)(p1|. This forces the measurement
operator M to be diagonal in the basis {¢1, po}, i.e., M = diag(mq, msy). Conversely, if M is diagonal
and Fs = |¢1)(p1|, then (Fg);; = 1. It follows that T has an eigenvalue of one if and only if
M = mq|p1) (1| +ma|p2)(p2| and Es = |¢1)(p1]. In this case, the associated Riesz spectral projection
is IT = v/2|1s) (11| (see Equation (25)), and we have P(X,, = m, eventually) = 1.
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o If the measurement operator M is not diagonal in the basis {¢1, @2}, then (Es)y; < 1 for any S
with |S| = 1 (and again, if |S| = 2, then Fg = 1, which means we do not make a measurement). Then,
one is not an eigenvalue of T, according to Equation (38), and so P(X,, € S eventually) = 0.

We conclude that the measurement process converges if and only if the incoming state is pure and
localized with respect to the measurement operator (i.e., if and only if it is given by an eigenvector of
M, and we measure the corresponding eigenvalue). In the situation where the measurement outcomes
converge, we can determine the asymptotic state of the scatterer S from Lemma 14. It is given by
Woo(A) = win(A), A € B(C?); thus, the state of the incoming probe is copied onto the scatterer.
This copying mechanism has been described before as “homogenization” in [31] (our analysis is more
complete than previous ones, as it describes the entire system of scatterer and probes). Note also that the
asymptotic mean is given by fio, = win(M). The frequencies are f,,, = wi,(F,,) (Expression (55)). This
suggests that the cavity becomes ‘transparent’ for large times (no effect on incoming probes).

Large deviations for the mean: The logarithmic moment generating function [32] is defined by:

Ale) = lim ! log B[] (39)

n—oo M

for a € R s.t., the limit exists as an extended real number. Using Expression (66) and Theorem 15 (with
p = 1), we find that A(«) = log wi, (€M), for a € R. The Legendre transformation of A(«),

A (z) = sup axr — A(«a) (40)
a€R

x € R, is called the rate function. Its usefulness in the present context is due to the Géartner—Ellis
theorem [32], which asserts that for any closed set /' C R and any open set G C R, we have:

1 —
limsup —log P (X, € F) < —inf A*(z)

n—oo T z€F
1 _
hggolf - log P (Xn € G) > xelgrwaA (x) 41)

Here, F denotes the set of ‘exposed points of A*’ (see [32]).

Proposition 16. Suppose that Var(M) = wi,(M?) — wi,(M)?, the variance of M in the state w;, does

not vanish. Then, N* is holomorphic at x = w;, (M), and:

(2 — win(M))*
2Var(M)

A'(z) = +O((x — win(M))")

Proof: Note that A is twice differentiable, and the second derivative w.r.t. « of the argument of the
supremum in Equation (40) is less than or equal to zero. Therefore, for fixed x, the supremum is taken
at o € R satisfying:
win (MeaM)

For a = 0, we have x = w;,(M). If A”(0) = Var(M) # 0, then Equation (42) has an implicit
solution « = a(x), locally around z = wi,(M). Since A’(«) is holomorphic at & = 0, the implicit

r=N(a) = 42)

solution is holomorphic at x = w;, (M) (see, e.g., [33], p. 163, Equation (12.4)). The Taylor expansion of
Equation (42) is:
x = win(M) + aVar(M) + ca® + O(c?) (43)
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where ¢ = 1 {wiy (M?)—3win(M?)win (M) +2w;, (M)3}. We solve Equation (43) implicitly for o = a(z),
which is the point where the supremum in Equation (40) is taken. The explicit formula for the supremum

given in Proposition 16 follows. |

Example: Measuring the outgoing spin angle. Since wy, is the state ‘spin up’, we have wi, (M) = My,
and Var(M) = |My,|?. Imagine an experiment where we measure the angle of the spins as they exit
the scattering process. Let # € [0,7/2) and ¢ € [0, 27) be the angles measuring the altitude (¢ = 0 is
spin-up) and azimuth (¢ = 0 is the plane orthogonal to the axis of the cavity). The measurement operator

“spin-in direction (6, ¢)” is given by:

M= -COS. 0 e ?sinf
e?sinf)  —cosf

see, e.g., [34], Chapter IV, (A-19). The eigenvectors of M associated with the eigenvalues =1 of M are:

X+ = e 2cos(0/2)p1 + e?sin(0/2)p,
X- = —e 92sin(0/2)p; + € cos(0/2)p,

The eigenprojection £, measures the spin in the positive direction (#, ¢). By using Lemma 7, it is
easy to see that:
1 ifd=0

P (X, is in direction (6. twally) —
(X, is in direction (6, ¢) eventually) {O it 40

This is another manifestation of the asymptotic transparency of the cavity.
We obtain from Theorem 5 (with p, = cos ) that for any € > 0,

lim P(|X, —cosf| >¢€) =0

n—o0

The speed of convergence can be estimated using Equation (41) and Proposition 16. It is easy to
see that the logarithmic generating function and the rate function associated with the shifted random
variable X,, — cos f are given by Agiri (@) = A(a) — accos @ and A% (z) = A*(x + cos 6), respectively.
Next, we note that all points in the vicinity of zero belong to the set Fy;, the set of exposed points
of Afe. Indeed, if z = Al (a) for some a € R, then v € Fy, ([32], Lemma 2.3.9). However,
r=0= AL (0),and A, is invertible around zero (as A (0) # 0). This shows that Fys contains
a neighbourhood of the origin.

Take 0 < ¢ < ¢ < 1; set G = (—€,—¢) U (¢,€); and let F' be the closure of G. Then,

infoep Al (r) = infreanr, Aue () = % + O((¢)*) (we use Proposition 16). Combining

(M)
this with the two bounds Equation (41) (for the shifted random variable), we obtain:
2

2sin’ 6

P(e < |X, —cos] <€) ~exp {—n{ + O((e')4)}] , M — 00

which is a large deviation statement for the average X,.
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4. Proofs

4.1. Proof of Theorems 1 and 8

Theorem 8 is a stronger version of Theorem 1, so it suffices to prove the former.

Let A € o(Xy,...,X;) and B € o(X,,...,X,). The range ¥ of the X, is finite,
so o(Xy,...,X;) consists of the collection of all sets of the form {w : (Xj(w),..., Xj(w)) € H},
where H C X!7%+1 ([5], Theorem 5.1). Therefore, we have:

J

A = UX s n-n X {s"h = U4

J=1
I

B = X0 -0 X (0 = L B

where 59), s € %, and A;NA;=0,B;nBj=0fori# j. Thus,
=> P(4)), P ZP P(ANB)=>_ P(A;NBy)
J ,J

Setting 73" := =T, we have:

{ (")}a
P(ANB) =Y (Us, T* ' . =21 T ) (44)
i,J
We now approximate 7™~'=! by its value for large m — [. To do so, let Ps denote the Riesz
spectral rank-one projection onto the eigenvalue of one of 7, and let Ps = 1Is — Ps. We have
Ps = |¢s)(v%|, where ©5 € Hg satisfies T* 5 = ¢% and (¥%,1s) = 1. The operator 7" has the
spectral representation ([35], I§5 ):

d
T = |vs) (W3 + > {zP + D,} (45)
r=1

where P, is the Riesz projection associated with the eigenvalue z; and D, is the associated
eigen-nilpotent. We have D" = 0 (v, is the index of z,). Consequently,

d ver—1

RIS ( ) AP D1 = s (5] + Ry 46)

r=1 q=0

Note that it suffices to consider the non-zero z, in Equation (46). Using the bound ZZ;& (l;) <
vk?=' < k¥, and the fact that for any ¢ > 0, there is a constant C, s.t. k* < C.e* for all k > 1, we
obtain:

| Re|| < CEeEk 112132% |Zr|k < C6egk(1 - 7)k (47)

| < 1 —+. We now replace 7™ '~! in Equation (44) using

Equation (46),
P(ANB) = P(A)Y (05T Ts) (48)

3 W, T T Ry T T ) (49)

n
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The sum in Equation (48) equals:

S Wi, TO - TOys) = S (s, (Jus) Wa)TY - TVws)

(2 3

= ZW& (T = Rypd) T - TDaps)

%

= P(B) =Y (s, Ry TP - TV0s) (50)

2

Lemma 17. There is a constant C' s.t. || >, 7.1 || < C, independently of the range of values of
1, m,n and of the sl(i) defining the Tl(i).

We give a proof below. Lemma 17 together with Equations (48)—(50) gives:
|[P(ANB) = P(A)P(B)| < CP(A)| Ry
+ 1Y W, T T Ry TD - TO0s) (51)
.3

The remainder R,,_;_; is given by the sum in Equation (46) (with kK = m — [ — 1). We expand:

P.D} = Zw(sv 3I)’XS><XS/‘ (52)

s,s’

in an orthonormal basis {x;}, where w(s,s’) € C are matrix elements (also depending on 7, q). The

modulus of the sum in Equation (51) is bounded above by:

d ver—1 g
2 30 DI G YA ) S{FER0)

r=1 q=0

x> |ws, 7T T (53)
J

Lemma 18. Let A, € Mg be the unique operator s.t. xs = Ass. We have:

> |ws, T T < AIPA)
J

We give a proof of Lemma 18 below. Using the result of the Lemma in Equation (53), we obtain, for
any € > 0, the upper bound P(A)C.e“ ™= (1 — ~)™~! for the sum in Equation (51). Thus, for all € > 0,
there is a C. s.t.:

[P(AN B) = P(A)P(B)| < C.P(A){(1 —5)™e™ + (1 — )" eV}

Since m +— (1 —)™e“™ is decreasing (for € small enough), we get Equation (28). This concludes the
proof of Theorem 8 modulo proofs of Lemmata 17 and 18.
Proof of Lemma 17: Any vector 1) € Hg is of the form ¢ = 121\1/5, for some A € Ms. We have:

= sup
BV s|l=1

ZT,S?"‘T#)A‘I’S

(BUs,> TW--- TV AWg)

— sup |<B\IJS®B\IJ,Pm®...®B\I{Pn’ei7'lm...eiTLmQAX
[BYs|=1

Xe—'LTLm .o -e_ZTLn‘IIS ® B\ijm ® te ® B\Ilpn>‘
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where () :=) . En({sY) - E.({s¥1) is a self-adjoint projection, [|Q|| = 1. Thus:
1Y T TPAY| < ||A]

The result now follows from the uniform boundedness principle. This proves Lemma 17
Proof of Lemma 18: By using the definition ") = P,B*Bc™8 EV' P, where EV) = E,,({s?'})
(see Equation (22)), we see that:

(s, T - TP Aghs) = (U9, A,00))

where UU) = Elij) co El(j)eiTLl el ® B¢p - ® Bip (I probes). To arrive at the form of W),

iTK 3

we replace the action of " in the operators T (see just above) by the action of the Liouville operators

elmlr . e~iTLk: see Equations (11) and (21). Since a positive linear functional on 9is is bounded, with the

norm equal to its value for the observable 1 ([24] Proposition 2.3.11), we have:
(s, T T As)| < 1A (s, T T - T M)
Note that the scalar product on the r.h.s. is non-negative, as it is a probability. It now follows that:

S| ws, T T < AN (W, T T )
J i

the latter sum being P(A). |

4.2. Proof of Theorem 3

We have P(X,, € S eventually) = (s, [ITlg1)s), where IT and TTg are the Riesz projections of 7" and
T respectively, associated with Point 1; see Lemma 7. We know that Ts = wi,(Es) + O(]|V]]). Since
Eg is an orthogonal projection and wy, is a state, wi,(Fg) # 1 means wi,(Fg) < 1. Thus, for small

enough V', Ts does not have an eigenvalue at Point 1, and consequently, 115 = 0. |

4.3. Proof of Theorem 4

The proof is in two parts. First, we show that the expectation of f,, has the indicated limit.
Then, we upgrade this convergence to almost everywhere convergence, using the decay of correlations;
Theorem 1.

Step 1. We show the convergence of the expectation of the frequency,

1
F,, =E[fn] = lim —E [numberof k € {1,...,n} s.t. Xy =m] (54)

n—oo N
Let m € spec(M) be fixed, and define x by x(z) = 1 if z = m and x(x) = 0, otherwise. Then, the

expectation in Equation (54) equals:




Mathematics 2015, 3 112

We have %Z;Zg T7 — Il as n — oo (the ergodic projection that equals the Riesz projection of
T associated with one; see Appendix A) and, due to Condition A (see Equation (27)), II = |¢s) (%],
where ¢% is the unique vector in Hg satisfying 7*¢% = 9% and (1%, ¢s) = 1. Note that the asymptotic

state w of the dynamics without scattering is w, (-) = (%, -1bs). We have:

Fr = (s, T s) = (U5, Tnbs) (55)

Recall that 7,,, = PB*Be'™8 E,. P, so that:

Fn = <¢Z‘ ® ¥p, (B*BeiTKEm)wS ® ¢'P>
= (Vs ®@p, (B*B™ Epe ™ )ihs @ hp)
= W @uwin (e Epe ™) (56)

where L = Ls + Lp + AV; see Equation (11). This finishes the first step of the proof, showing that:
1 . :
lim —E [number of k € {1,...,n} s.t. X}, = m] = wy ® win (™" E e ™) (57)
n—oo 1

Step 2. We upgrade Equation (57) to almost sure convergence, by using a classical fourth moment

method. Introduce the random variable:
Z, = {number of k € {1,...,n}st. X; =m}
We are going to show below that, for any € > 0,

> P(|Zu/n—E[Z,]/n) =€) < 00 (58)
n>1
Then, by the (first) Borel-Cantelli lemma, P(|Z,/n — E[Z,]/n|* > €i.0.) = 0, i.e., there is a set ¥

of measure one, s.t. for all w € ¥, there exists a k with:
| Zo/n —E[Z,])/n]* <e,  VYn>k (59)

From (57), we know that E[Z,]/n converges to v = w, ® wi,(e™ E,,e7™), so Equation (59)
implies that Z,, /n converges to v almost everywhere. It remains to prove the summability (58). By
Chebyshev’s inequality,

1

P(1Z0/n~BIZ:)/nf 2 €) < -

E[|Zn — E[Z,]|] (60)

We get an upper bound on the r.h.s. Set:

n

Z, —E[Z,] = Z{X(Xz =m) — P(X; =m)} = ZYz

i=1
so that E[Y;] = 0. Here, x(X; = m) = 1if X; = m and x(X; = m) = 0, otherwise. We have:

EllZ, —EZJI'| < Y ENYilYlIYlYi] (61)

i:jzkzlzl
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The idea is to control the sum by using that if the indices i, j, k, [ are far apart from each other, then
the expectation is small due to the decay of correlations. Thus, only a few terms in the sum contribute
to its value. Let A > 0 be a given integer “length” scale. All combinations of values of the four indices
1, J, k, [ belong to exactly one of the following five cases: (1) all indices lie inside an interval of length A;
(2) three indices lie within A, the fourth does not; (3) two pairs of indices are separated by more than A,
but within each pair, the indices are apart at most by A; (4) one pair lies within A; the other two indices
are apart from each other and from the close pair by more than A; and (5) all four indices are apart from
each other by at least A. Letn;, j = 1,...,5, be the number of terms in the sum that satisfy Cases (1) to
(5) above. We have ny < 4InA3, ny < 4In2A2, ng < 4In2A2, ny, < 4In2A, n; < 4In*. Next, due to the
separation of indices and Theorem 1, each term of Case (5) is of the form:

E[Y:|[Y;11YallYal) < ENYi[[E[YVIEIVAIE[Yi[] + O(e™*) = O(e™?)

as E[|Y;|] = 0 for all 7. Similarly, each term of Cases (4), (3) and (2) has the same upper bound. Each
term of Case (1) is bounded above by one. We conclude that:

E[|Z, — E[Z,]|Y] < C(ng +ns 4+ ny +n5)e” "™ +ny

Choose now A = n®, with 0 < « < 2/3. Then, using the above bounds on n;, we have that
n~*E[|Z, — E[Z,]|*] is summable over n > 1, i.e., by Equation (60), the inequality Equation (58) holds.
This completes the proof of Theorem 4. |

4.4. Proof of Theorem 5

We proceed as in the proof of Theorem 4. We have:

— 1
E(X, = - n)P(X7] = oo, Xy =My,
(X0 nZ(m1+ +mp) P(Xy = my my,)
m,...,Mn
] — . .
= =) (¢s.TV"'PB*Be™ MPys) (62)
ni
Using that limnﬁmizy;g T3 = 1I and proceeding as in Equation (56), we arrive at

lim,, o E[X,, — tio] = 0. By proceeding as in Step 2 of the proof of Theorem 4 above, one upgrades
this to almost everywhere convergence, X,, — [ioo a.€.
The result follows. u

A. Ergodic and Riesz Projections

Let V' be a power bounded operator on a Hilbert space #, i.e., such that ||V"|| < M for a constant M
independentof n € N. Set F = {¢p € H : Vo =p}and R = Ran(1 — V).

Lemma 19. We have H = F + R (closure) with F N R = {0}. Moreover, the projection onto F in this

decomposition is the ergodic projection, 11 = limy_, % 25:1 v,
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Proof: Clearly, 3 Zle V™o = @ forall N and all ¢ € F. Furthermore, 27]:[:1 V(1= V) =
V[ — VNy] — 0as N — oo, for any ¢ € H. Thus, if ¢ € ]-"ﬂR_,thengp - %Zﬁle Vn£_> 0 as
N — oo. This shows F "R = {0}. Similarly, one shows that F "R = {0}: let ¢ € F NR. Then,
@ = limy, g, with ¢, € R. We have:

1 & 1 & 1 &
s0=N;V%ZN;V”%—N;V”M—@)

The first equality holds, since ¢ € F. Since V' is power bounded, the norm of the second sum on the
r.h.s. is bounded above by M ||¢ — k|| for some M independent of N, k. The first sum on the r.h.s.
converges to zero as N — oo, since ¢y, € R. Thus, upon taking first £, then N large enough, we see that
¢ = 0. This shows that F N R = {0}.

The equality # = F + R is equivalent to H = F + R. We have:

FleRam(I V), R={peH: V=)

Let o € (F + R)L. Then, o € F: N R*. However, V* is power bounded, and thus, as above,
FLN R+ ={0}. This shows that F + R is dense in H. |

We have {Il = 0 < F = {0}} < {lisnotaneigenvalue of V}. Assume that there is a
neighbourhood U of one in the complex plane that does not contain any spectrum of V', except possibly
Point 1. Let II be the Riesz spectral projection, II = # fr(z — V)~ldz, where I' C U is a simple
closed curve encircling 1. II acts as the identity on F, as does Il Let ¢ = (1 =V)x € R. Then,
Il = (1 — V)IIx. The operator (1 — V')II is the eigen-nilpotent associated with the eigenvalue of one
of V. If one is a semisimple eigenvalue of V, then Iy = 0 for all ¢ € R, and by continuity, IIR = {0},
which coincides with the action of II on R. If the eigenvalue of one is not semisimple (the nilpotent is

non-zero), then the action of II on R does not coincide with that of I1. This shows the following result.

Lemma 20. II = II if and only if 1 is a semisimple eigenvalue of V' (or if one is not an eigenvalue of 'V,
in which case T1 = I = 0 ).

Lemma 21. Suppose that dim H < oo. If one is an eigenvalue of V, then it is semisimple. We thus have
I =1L

Proof: Suppose one is an eigenvalue of V. It suffices to show that z — (z — V')~! has a simple pole
at z = 1. We have (z — V)™! = 11+ (z — V)"{(1 — II), where V = (1 = IDV(1 = I1) o0 i)

z—1

so we only need to show that 1 ¢ spec(V'). Suppose that 1 € spec(V), and take ¢ € Ran(1 — II)
satisfying Vo = ¢, |l¢|| = 1. Since IV = VII, we have Vi = Vi, so (V" — 1) = 0 for all
n=1,2,... By applying + Zgzl and taking N — oo, we obtain (ﬁ —1)¢ = 0. This is in contradiction

to ¢ € Ran(1 — II) with ||¢|| = 1. [

B. Logarithmic Moment-Generating Function

It is possible to give general conditions ensuring that the logarithmic moment generating
function (39) exists. However, these conditions will be rather abstract (see Equation (66) below). They

amount to knowing that a certain operator (R, («) given in Equation (64) below) has a unique eigenvalue
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of largest modulus, with corresponding eigenprojection satisfying a non-vanishing overlap condition.
We show in this section how perturbation theory can be applied to analyse the spectrum of the operator
in question. The formulas established here can be used in the analysis of concrete systems (an example
being the Jaynes—Cummings model of Section 3).

To calculate the logarithmic moment generating function, Equation (39), we write:

]E[ea(X1+"'+X”)] = Z edlmittma) p(xX, —my . X, =my)

= w(e™)" (1, Rx()") (63)
where:

Ry(a) = > e""Tny = PB*Be™  A(a)P (64)

eaM
A(Oé) = w(eo‘M) (65)

The scaling of A(a) by 1/w(e*™) gives the normalization Ry(«) = e'™"s. The existence of the
limit (39) is guaranteed if R)(«) is diagonalizable and has a unique eigenvalue p (), «) of largest
modulus, and the corresponding Riesz projection P, (), «) satisfies (¢, P (A a)) # 0. In this
case, (39) and (63) give that:

Ala) = logw(e™) +log pi (A, a) (66)

In concrete examples, it is usually not possible to explicitly evaluate p, (however, it is possible in
the example considered in Section 3 !), so perturbation theory is in order. We analyse the analyticity
properties of Ry («) in A and a.. Let P; be the orthogonal spectral projections of M. For a € C, we have:

Vs e | Py
525 e EeP]

For a € R, there are constants 0 < ¢ < C' < oo, independent of & € R, s.t. ¢ < [|[A(a)P|| < C.

This cannot be extended to all complex «, since otherwise, A(«)P would have to be constant in « by

[ A(a) Pl =

Liouville’s theorem of complex analysis. However, if the imaginary part of « is small, then the weighted
superposition of the || Pjip||* of the denominator is still bounded away from zero. The growth of the
numerator and denominator as Reaw — +00 is the same. Thus, there is an g > 0 s.t. if |[Ima| < «,
then ¢ < ||A(a)P|| < C' forsome 0 < ¢ < ' < 0.

The operator R, () is holomorphic in (A, @) € C x {z : |Imz| < ao} and has the expansion:

Ry(a) =Y N"R™(a) (67)
n>1
with: . .
R™(q) = i"elmks / dsy - - / ds,PB*BI(s,)---I(s;)A(a)P (68)
0 0
and where [(s) = e'*"*Je L0, The bound ||[R™ (a)|| < ) B*B]| || A(a) P|| implies that:
n [ n
sup [[RO (o) < oL (69)

Imea|<ag n!
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for some C” < oco. Thanks to this bound, we can perform perturbation theory in A uniformly in « s.t.

Ima| < ap.

Proposition 22. There are constants C, \y, both independent of o € C with |Ilma| < ag and of T > 0,
s.t. if |A| < Ay, then:
dist(spec(R,\(a)), spec(eiTL5)> < CIA|T (70)

Moreover, the group of eigenvalues associated with any two distinct eigenvalues €7, €7¢ of

iTe’

and e .

iTe

Ro(a) = eLs belong to disjoint balls centred at e

A proof is obtained from a straightforward estimate of the resolvent (R («) —2z) ! using the Neumann
series and the fact that ||(Ro(a) — 2)7!|| = [dist(z,specRo(c))]™}, since Ry(«) is normal. Due to
Equation (69), the motion of eigenvalues of R,(«) under variation of A is estimated for |A\| < Ay,
Ima| < ag, see [35], Section IT §3. .

uniformly in « € C,
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