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1. Introduction

Suppose > denotes the class of all graphs, then a function 7" : Y — R™ is known as a topological
index if for every graph H isomorphic to G, T(G) = T(H). Different topological indices are found
to be useful in isomer discrimination, structure-property relationship, structure-activity relationship,
pharmaceutical drug design, efc. in chemistry, biochemistry and nanotechnology. Suppose G is a simple
connected graph and V' (G) and E(G) respectively denote the vertex set and edge set of G. Let, for any
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vertex v € V(G), dg(v) denotes its degree, that is the number of neighbors of v. Let n vertices of GG be
denoted by vy, v, ...., v,. If the edges of G are (vy,v2), (va, v3)....(Un_1,Vs), (Un_1,v,) then the graph
is called a path graph and is denoted by F,. The wheel graph, denoted by W,,, is obtained by adding a
new vertex to the cycle ), and connects this new vertex to each vertex of C,,. Similarly, a fan graph F,,,
is obtained by adding a new vertex to the path graph P, and connects this new vertex to each vertex of
P,,. The first and second Zagreb indices of a graph, denoted by M, (G) and M;(G) are among the oldest,
most popular and most extensively studied vertex-degree-based topological indices. These indices were
introduced Gutman and Trinajsti¢ in a paper in 1972 [1] to study the structure-dependency of the total

m-electron energy (¢) and are respectively defined as

M(G)= ) de(w) = Y [da(u) + da(v)]

veV(G) weE(G)

and

My(G)= > da(u)da(v)

These indices are extensively studied in (chemical) graph theory. Interested readers are referred
to [2,3] for some recent reviews on the topic. Mili¢eviC et al. [4] reformulated the Zagreb indices in
terms of edge degrees instead of vertex degrees, where the degree of an edge e = wwv is defined as
d(e) = d(u) + d(v) — 2. Thus, the reformulated first and second Zagreb indices of a graph G are
defined as

EMi(G) = X d(e)*and EM5(G) = 3 d(e)d(f)
e€E(G) e~f

where e ~ f means that the edges e and f share a common vertex in G, i.e., they are adjacent. Different
mathematical properties of reformulated Zagreb indices have been studied in [5]. In [6], Ili¢ et al.,
establish further mathematical properties of the reformulated Zagreb indices. In [7], bounds for the
reformulated first Zagreb index of graphs with connectivity at most & are obtained. De [8] found
some upper and lower bounds of these indices in terms of some other graph invariants and also derived
reformulatrd Zagreb indices of a class of dendrimers [9]. Ji ef al. [10,11] computed these indices for
acyclic, unicyclic, bicyclic and tricyclic graphs.

Graph operations play a very important role in mathematical chemistry, since some chemically
interesting graphs can be obtained from some simpler graphs by different graph operations. In [12],
Khalifeh et al., derived some exact expressions for computing first and second Zagreb indices of some
graph operations. Ashrafi er al. [13] derived explicit expressions for Zagreb coindices of different
graph operations. Das et al. [14] derived some upper bounds for multiplicative Zagreb indices of
different graph operations. Azari and Iranmanesh [15], presented explicit formulae for computing the
eccentric-distance sum of different graph operations. In [16] and [17], the present authors obtained
some bounds and exact formulae for the connective eccentric index and for F-index of different graph
operations. There are several other papers concerning topological indices of different graph operations.
For more results on topological indices of different graph operations, interested readers are referred to
the papers [18-22].

In this paper we present some exact expressions for the reformulated first Zagreb index of different

graph operations such as join, Cartesian product, composition, corona product, splice and link of
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graphs. Also we apply our results by specializing components of these graph operations to compute
the reformulated first Zagreb index for some important classes of molecular graphs and nano-structures.

2. Main Results

In this section, we study the reformulated first Zagreb index under join, Cartesian product,
composition, corona product, link and splice of graphs. All these operations are binary, and the join and
Cartesian product of graphs are commutative operations, whereas the composition and corona product
operations are noncommutative. All the graphs considered here are connected, finite and simple. Let Gy
and G5 be two simple connected graphs, so that their vertex sets and edge sets are represented as V' (G;)
and E(G;) respectively, for i € {1,2}.

2.1. The Join of Graphs

The join G; + G is the union G; U G5 together with all the edges joining each vertex of V(G1) to
each vertex of V(Gs). The degree of a vertex v of Gy + G+ is given by
de, (v) + [V(G2)|,v € V(G1)

d +Go V)=
Gr462(?) do (v) + |V (G|, v € V(Ga)

In the following theorem we compute the reformulated first Zagreb index of the join of two graphs.

Theorem 1. The reformulated first Zagreb index of G + G is given by

EM, (G + G2) = EM(Gy)+ EMi(G2) + 5|V (G1)|Mi(Gs) + 5|V (G2)|M1(G1)
HV(GOIIV(G2)|(IV (G| + [V (Ga)| = 2)* + 8| B(Gh) || E(G)|
HA(IV(G)] + [V(G2)| = 2)(IV(G)[E(G2)| + [V(G)[[E(G1)))
+AV (G| E(Ga)| + 4|V (G2)P|E(Gh)| = 8]V (G| B(G2))
—8|V(GL)[|E(Gh)l.

Proof of Theorem 1. We have

EMi(Gi+G) = > (derre,(u) + dayra, (v) — 2)?
uUEE(G1+G2)
= Z (dG1+G2 (u) + d 46 (U) - 2)2 + Z (dG1+G2 (u) + da 46 (U) - 2)2
weE(Gr) uwweE(Ga)
+ > (day+6, (1) + da, 46, (v) — 2)°

wwe{uvueV(G1),weV(Ga)}
= Ji+J+Js
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where J;, Jo and J3 denote the sums of the above terms in order. Next we calculate .J;, J> and

J3 separately.

i

Similarly,

J2

Finally,

= Z (dG1+G2 (U) + dG1+G2 (U) — 2)2

weFE(G1)

= ) (dey(u) +da (v) +2|V(Ga)| - 2)*

weE(Gr)

= Y (day(u) +da,(v) =2 +4IV(G)| Y (dey(u) +de (v) - 2)

weFE(G1) weF(G1)
+4 Y [V(Gy)P
weE(Gy)

= EM(Gh) +4|V(G2)P|E(G1)| + 4V (Ga2)|(M1(Gh) — 2| E(Gh))].

= Y (dore (W) + de ve,(v) — 2)°
uwweF(G2)

= Y (doy(u) + doy(v) + 2V (G)| - 2)?
weFE(G2)

= Y (a(u) +da,(v) =2 +AV(G)] Y (dey(w) + da, (v) = 2)

UUEE(GQ) u’UEE(Gg)
+4Y  VIG)P
weE(G2)
= EM(G2) +4[V(GP|E(Gy)| + 4|V (G1)|(Mi(G2) — 2| E(Gy)]).-

Z (dG1+G2 (U) + dG1+G2 (U) - 2)2
uwwe{uvueV (G1),0eV(Ga)}

> (e, (u) + [V (Ga)| + dey (v) + [V(Gh)| = 2)°
uEV(Gl),’UEV(Gg)

> {de, (u)* + da, (v)" + 2dg, (u)de, (v) + ([V (G| + [V (Ga)| - 2)°
ueV(G1),veV(G2)

+2(de, (u) + de, (v))(|V(G1)| + [V(Ga)| = 2)}
[V (G2)|M1(Gr) + [V(G1)|My(G2) + 8|E(GL)||[E(G2)| + [V(G)||[V(Ga)|(IV(GL))
+V(G2)| = 2)* + 4(|[V(G1)] + [V(Ga)| = 2)([V (G| E(G2)| + [V (G2) || E(GY))).

Adding Ji, J5 and J3, we get the desired result. [

Example 1. The complete bipartite graph K, , is defined as join of K, and K,, so that, from Theorem
1, its reformulated first Zagreb index is given by EM,(K, ;) = pq(p + q — 2)°.

The suspension of a graph G is defined as G + K. Thus the reformulated first Zagreb index of a graph

1s calculated as follows.
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Corollary 2. The suspension of a graph G is given by
EM,(G + K,) = EM,(G) + 5My(G) +n® — 2n* + n — 8m + 4nm.

Example 2. The fan graph F,, on (n + 1) vertices is the suspension of P,. So, using Corollary 2, its
reformulated first Zagreb index is calculated as

EM,(P, + K;) = n® + 2n* 4+ 13n — 32.

Example 3. The wheel graph W,, on (n + 1) vertices is the suspension of C,,. So, its reformulated first
Zagreb index is given by
EM,(C, + K;) =n*+2n* + 17n.

Example 4. The Dutch windmill graph or flower graph is the suspension of m copies of K», denoted by
mKs. So its reformulated first Zagreb index is calculated as

EM,(K; +mKjy) = 8m?® + 4m.

2.2. The Cartesian Product of Graphs

Let (G; and G, be two connected graphs. The Cartesian product of (G; and (G5, denoted by G; X G,
is the graph with vertex set V(G1) x V(Gz). Any two vertices (u,,v,) and (u,,vs) are adjacent if
and only if [u, = u, € V(G;) and v,v, € E(Gy)] or [v, = vy € V(G>) and wyu, € E(G1)] and
r,s=1,2,..,|V(Gs)|.

In the following theorem we obtain the reformulated first Zagreb index of the Cartesian product of
two graphs.

Theorem 3. The reformulated first Zagreb index of G, x G5 is given by
EM,(Gy x G3) = |V(G1)|EM,(Gs) + |V (G2)|[EM(Gy) + 12| E(G1)| M1 (Gs)
12 B(Ga) My (Gr) — 32| E(G)I [ E(Ga)l.
Proof of Theorem 3. We have,

EMl(Gl X Gg) = (dGleg (aa l’) + dG1><G2 (b7 y) - 2)2
= (dG1 xGa (a, :C) + dG1 xGa (CL, y) - 2)2

2
+ Z (dG1><G2(a7x> +dG1><G2(b7 l‘) - 2)
(a,z)(b,x),abe E(G1)
= A+ A
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where A; and A, denote the sums of the above terms in order. Next we calculate A; and A, separately

one by one. Now,

A = > (dey x (@, @) + day <y (a,y) — 2)°

(a,x)(a,y),2y€ E(G2)

= Z Z 2dG1 + ng( ) + dG2 (y) - 2>2

a€V(G1) zye E(G2)

— 1 Y Y de@ Y Y () da) -2

ry€FE(G2) acV (G1) a€V(G1) zye E(G2)
+4Y 0 de(a) D (day(x) + dey(y) — 2)
a€V(Gh) Ty€E(G2)

= |V(G1)|EM(G2) + 8|E(G1)|My1(G2) + 4| E(G2) My (Gy) — 16| E(Gh)||E(Go)|.
Similarly,

2
Ay = > (dayxc,(a, ) + dg xa, (b, ) — 2)
(a,2)(b,z),abe E(G1)

= 3 S (@day(e) +de,(a) + dey (b) — 2)°

z€V(G2) abe E(G1)

— 4 Y Y de@+ Y Y (a(a) +de,(h) - 2)

abeE(G1) zeV (G2) z€V(G2) abeE(Gh)
+4 Y dey(r) Y (de(a) + de, (b) — 2)
z€V(G2) abeE(Gh)

= |V(G2)|EM(G1) + 4| E(G1)|Mi(Go) + 8| E(G2)|Mi(Gr) — 16| E(GL)||E(G2)|.

By adding A; and A, the desired result follows after simple calculation. [

Let P,(n > 1) and C,(n > 3) be path and cycle of order n respectively, then we have
EMy(P,) = 4n — 10, EM(K,) = 2n(n — 1)(n — 2)*> and EM(C,,) = 4n.

Example S. The Ladder graph L,,, made by n square and 2n + 2 vertices is the Cartesian product of P
and P, 11, so the reformulated first Zagreb index of L, is given by EM,(L,) = 48n — 36.

Example 6. For a Cy-nanotorus TCy(m,n) = C,, x C,,,, the reformulated first Zagreb index is given by

Example 7. For a Cy-nanotube TUCy(m,n) = P, x C,,, the reformulated first Zagreb index is given
by EM(TUCy(m,n)) = 72nm — 98m.

Example 8. The reformulated first Zagreb index of the grids (P, x P,,) is given by
EMy(P, x P,) =T72mn — 98m — 98n + 112.

Example 9. The n-prism is defined as the Cartesian product of Ky and C,,. The reformulated first
Zagreb index of the n-prism is given by EM (K, x C,,) = 48n.
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Example 10. The rook’s graph is defined as the Cartesian product of two complete graphs, say K,, and
K. So, the reformulated first Zagreb index of the rook’s graph is given by
EM(K, x K,) = 2mn[(m—1)(m—2)*+ (n—1)(n —2)>+3(n — 1)(m — 1)*
+3(m —1)(n —1)*> —4(n — 1)(m — 1)].

2.3. Composition

This operation is also termed the lexicographic product. The composition of two graphs G; and Go
is denoted by G1[G2] and any two vertices (u1, us) and (vq, vy) are adjacent if and only if u;v; € E(Gy)
or [u; = vy and ugvy € E(G2)]. The vertex set of G1[Gs] is V(G1) x V(G5) and the degree of a vertex
(a,b) of G1[G5] is given by dg, [c.)(a, b) = nadg, (a) + de, (b). In the following theorem we compute the
reformulated first Zagreb index of the composition of two graphs.

Theorem 4. The reformulated first Zagreb index of G1[Gs] is given by

EMi(Gi[Ga]) = |V(G1)|EMi(Ga2) +|V(G2)['EMi(Gh) + 4|V (G2)P| E(G2)|Mi(Gh)
F2[V(Go)| (Mi(Gh) = 2| E(G)]) (4]V (G| E(Ga)| + 2|V (Go)X([V(Ga)| — 1))
AV (G) P E(G)[(IV(Ga)| = 1) + 16|V (Ga) || E(GY)|| E(Ga)|(|V (G2)| - 2)
+10|E(G1)[|V(Go)|My(G1) + 8| E(Gh)[| E(Ga)|*.

Proof of Theorem 4. We have

2
EMl(Gl [GZ]) = Z (dGl[GQ] (CL, ZZ') + dG1[GQ] (ba y) - 2)
(a,2)(byy)EE(G1[Ga))
2
= Z (dG1[G2} (CL, l') + dGl[Gz} (Cl, y) - 2)
(a,z)(a,y)EE(G1[G2]),xycE(G2)
2
+ Z (dGl[Gz](a7 'T) + dG1[G2](ba y) - 2)
(a,2)(b,y)EE(G1[Ga)),abe E(G1)
- Cl + 02.
where ('} and C'; denote the sums of the above terms in order. Next we calculate C; and C5 separately.
Now,
2
C(1 = Z (dG1[G2](av ZL’) + dG1[G2}(a7 y) - 2)

(a,2)(a,y) € E(G1[G2]),zyc E(G2)

= Y Y V(G)a () + dae) + da(y) — 2)

a€V(G1) zyeE(G2)

—AV@GPE Y Y de@+ Y Y (a) +day(y) —2)

2y€E(G2) aeV (Gr) a€V(G1) zyeE(G2)
HIV(G)| D dea) Y (dey(@) +de,(y) —2) = 8[V(G2)l Y. Y dgla
a€V(Gy) zycE(G2) zy€E(G2) acV (Gy)

= |V(G1)|EMy(Gy) + 4|V (Ga) P | E(G2)| M1 (Gh) + 8|V (Go) || E(GH)| M:(G)
—16|V(G2)||E(G1)||E(G2)].
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Cy

2
Z (dG1[G2](a7 :B) + dGl[Gﬂ(ba y) - 2)

(a,x)(by)€E(G1[G2])

S Y (V(G)lde, (@) + day (@) + [VIG)lday (B) + day (y) — 2)

2V (G2) yeV (Ga) abe E(G1)

SO S (V(G)I(day (@) + day (b) = 2) + dey (@) + day (y) — 2+ 2V(Ga)])

2€V(G2) yeV(G2) abe E(G1)

V@ Y Y S (o) +de () ~2)

€V (G2) yeV(G2) abe E(G1)
Ve Y da@+de®) -2 Y Y (ale) +daly) + 21V (G - 1)

abEE(Gl) IEV(GQ) ’yEV(Gz)

+2|V G2 | Z Z Z dG2 + dG2 (y)2 + 2dG2 ("L‘)dGz (y))

abeE(G1) zeV (G2) yeV(G2)

HIV(G)IIV(G) =1 Y > Y 4A(de,(2) + dey(v))

abeE(G1) z€V (G2) yeV(G2)

HI6[V (G| E(GO)IE(G)|(V(G2)| = 2)

2|V (Ga)| (Mi(Gh) = 2|E(Gh)]) (4V(G2) || E(G2)| + 2|V (G2)P(IV(G2)| = 1))
AV (Go) PIE(GI(IV(Ga)| = 1) + 2|V(Ga) | E(G1)| My (Ge) + 8|E(G1) || E(Ga)?
HV(Go)["EM(G1) + 16|V (Go)||[E(G)| E(G2)|(IV(G2)| - 2).
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Now combining C; and C3, on simplification, the reformulated first Zagreb index of G1[Gs] is
obtained as above. [

Example 11. The fence graph and closed fence graph are defined as P,[Ps| and C,|P,). So, from
Theorem 4, the reformulated first Zagreb index of these graphs are given by

(i) EM,(P,[P,]) = 320n — 576

(ii) EM,(C,[Ps]) = 320n.

2.4. Splice of Graphs

A splice of G; and G5 was introduced by Dosli¢ [23]. Let y € V(G;) and z € V(G3) be two given
vertices of GG and G respectively. The splice of two graphs (G; and GG at the vertices y and z is denoted
by (G @ G2)(y, z) and is obtained by identifying the vertices y and z in the union of G; and G5. The
vertex set of (G e G2)(y, 2) is given by V((G10G2)(y, 2)) = [V(G1)\{y} U[V(G2)\{z}] Uvia, where
we denote the vertex obtained by identifying y and 2z by v;5. From the construction of the splice of two
graphs it is clear that

dg,(v), forve V(G;)andv # y, z
de, (y> + de, (2)7 for v = vy

deGz(y,Z)(U) = {

Let N(v) denotes the set of vertices which are the neighbors of the vertex v, so that | N (v)| = dg(v).
Also let

Sa(v) =Y da(u),

u€N (v)
i.e., sum of degrees of the neighbor vertices of GG. In the following theorem we obtain the reformulated
first Zagreb index of the splice of two graphs.

Theorem 5. The reformulated first Zagreb index of splice of graphs G| and G4 is given by

EM,((Gy®Ga)(y,2)) = EM(G1)+ EM(Ga) + 3dg, (y)de,(2) + 3da, (y)de, ()
+2dc, (y)dc.(2) + 2de,(2)dc, (y) — de, (y) — de, (2)-
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Proof of Theorem 5. We have, from the definition of the reformulated first Zagreb index

2
EM,((G1 e G2)(y,2)) = > (d(Gr062)(,) (W) + d(Gre2)(,2) (V) — 2)
(uw)€E((G10G2)(y,2))

=Y (o) +de,(v) —2)

(u,0)EE(G1)uv#y

Y (o) + day(v) = 2)

(u,0)EE(G2)uv#z

2
+ (da, (y) + dg,(2) + dg, (v) = 2)
(u,0)€EE(G1),u=y,veV(G1)

2
+ (de, (y) + da,(2) + da, (v) — 2)
(u,w)EE(G2)u=2z,0€V(G2)

=Y (e +da,(0) -2

(u,0)EE(G1)uvty

Y (dey) + day(v) - 2)

(u,0)EE(G2)uv#z
2
+ (dG1 (y> + dGl (U) - 2)
(u,0)EE(G1),u=y,weV(G1)
2
+ > (de, (2) + da,(v) — 2)
(u,0)EE(G2)u=2z,0€V(G2)
2
+ de, (2)" + >, de, (y)
(u,w)EE(G1),u=y,veV(G1) (u,w)EE(G2)u=2,0€V(G2)

+ 2dg, (2) (de, (y) + de, (v) — 2)

it

(u,w)€E(G1),u=y,veV(G1)

+ 2de, (y) (day (2) + da, (v) — 2)
(u,0)EE(Ga)u=2,0eV (G2)
= EM(G1) + EMy(G2) + dg, (y)*day (2) + da, (y)das, (2)?
+2de, (2) (da, (v)* + dc, (y) — 2da, (y))
+2da, (y) (de,(2)? + 0, (2) — 2dg, (2)) -

From the above, after simple computation, the desired result follows. [

2.5. Link of Graphs

A link of G} and G+, at the vertices y and z is denoted by (G; ~ G2)(y, z) and is obtained by joining

the vertices y and z in the union of G; and GG5. From the construction of link graphs, it is clear that

g dg,(v), veV(G;),i=1,2, andv # y, z,
(@1~Ga) (V) = da,(v) +1, v=1y,z

In the following theorem we obtain the reformulated first Zagreb index of the link of two graphs.
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Theorem 6. The reformulated first Zagreb index of link of graphs G, and G is given by

EM((Gy ~ Ga)(y:2)) = EMi(Gh) + EM(G2) + 3de, (y)° + 3de,(2)" + 2de, (y)de, (2)

+25G1 (y) + 35@2 (Z> - 3dG1 (y) - 3dG2<2)

Proof of Theorem 6. From the definition of the reformulated first Zagreb index, we have

EM((Gr ~ G2)(y, 2))

2
Z (dicimea) o) (W) + diGimcn)(y,e) (V) — 2)
(u,0)EE((G1~G2)(,2))

S (o) + dey (v) = 2)

(u,0)EE(G1)uv#y

Y (o) + day(v) = 2)

(u,v)EE(G2)uv#z

2
+ Z (1 + dGl (y) + dG1 (U) - 2)
(u,0)EE(G1),u=y,weV(G1)

S (e () + dey (v) — 2)

(u,0)EE(G1)uvy

Y (e +de ) - 2)

(u,0)EE(G2)uv#z

2
+ Z (1 =+ dGl (y) + dGl(U> - 2)
(u,0)EE(G1),u=y,weV(G1)

n (14 de, (2) + de, (0) — 2)°

(u,w)EE(G2)u=2z,0€V(G2)
H{(de () +1) + (dey(2) + 1) — 2}
Z (dGl (u) + de, (U) - 2)

(u,w)EE(GY)
2
+ Y (day(u) + day(v) — 2)
(u,w)EE(G2)
+2 Z (dg, (u) + dg, (v) — 2)?
(u,w)EE(G1),u=y,veV(G1)
+2 > (e, (1) + da, (v) — 2)?

(u,v)EE(G2),u=2z,0€V(G2)

+2 > 1+ > 1

(u,w)EE(G1),u=y,veV(G1) (u,w)EE(G2),u=2,0€V(G2)

+(dG2 (y) + dG2 (Z))2
= EM,(G1) + EM;(Gs) + 2dg, (y)° + 206, (y) — 4d, (y) + 2da, (2)?
+206,(2) — 4da, (2) + de, (y) + dey (2) + (da, (y) + dey(2))?

From the above, we get the desired result after simple computation. [
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2.6. Corona Product of Graphs

The corona product G; ® G5 of two graphs is obtained by taking one copy of G| and n; copies of
(io; and by joining each vertex of the i-th copy of G5 to the i-th vertex of G, where 1 < i < |V(Gy)|.
The corona product of GG; and G has a total of (|V(G1)||V(G2)| + |V(G1)]|) vertices and (|E(G1)| +
V(G| E(G2)] + [V(G1)||V(G2)|) edges. Clearly, the corona product operation of two graphs is
not commutative. Different topological indices of the corona product of two graphs have already
been studied in [24,25]. Let the vertices of Gy be denoted by V(G1) = {u1,us, ..., upy(q,) } and the
vertices of the i-th copy of G5 are denoted by V(G3) = {vi, v}, ..., v} } fori =1,2,..,[V(Gy)|. Thus

the vertex and edge sets of G; ® G are given by V(G © Gy) = V(Gy) U V(Gy,) and
i=1,2,...,|V(G1)]

E(Gl ©O) GQ) = E(Gl) U E(Ggﬂ) U {ui,vj Tu; € V(Gl),’l)]i- € V(G27Z)} By definition, the
i=1,2,...,[V(G1)]
degree of a vertex v of G; ® G is given by

dGl(U> + N2,V € V(Gl)

dei06,(v) =
dG27i<U) + 1,1] € V(Gg,i),i = 1, 2, ‘V(Gl)’

In the following, we compute the reformulated first Zagreb index of the corona product of two graphs.

Theorem 7. The reformulated first Zagreb index of G1 ® G5 is given by

EM(G1© Gy) = EM(Gy)+ |V(Gy)|EM(Gs) 4+ 5|V (Gy)|Mi(Gy) + 5|V (Gy)| M1 (Gs)
HV (G| E(G2)|([V(Ga)| — 2) + 4|V (G2) || E(G1)|(2|V (Ga)| — 3)
HAV (G| (Go)|([V(G2)| — 1)* + 8| E(G1) || E(Ga)|.

Proof of Theorem 7. Let |V (G,)| = n; |E(G;)| = e;, fori € {1,2}, then the edge set of G; ® G5 can
be partitioned into three subsets

Ey={w e E(G1 ©Gy) :u,v € V(Gy),i =1,2,...,n1},

Ey={uv e E(G1 ©Gy):ue V(Gy),v e V(Ga;),i=1,2,...,n1}, and

E;={uw € E(G1 ® Gs) :u e V(Gy),v € V(Gq,;),1 =1,2,...,m }.

To calculate the reformulated first Zagreb index of Gy ® G5, we consider the following cases.

CASE 1. If e € E) then dg, 06, (€) = dayoc, (W) +daoc, (Vi) —2 = dg, (u;) + de, (v;) + 2(ng — 1),
fori = 1,2,...,n1. So the contribution of these type of edges to the reformulated first Zagreb index of
G, Gyis

Ql - ZdG1®G2(e)2

ecFq

= > (dey(w) +de, (v5) + 2(ng — 1))
u;v;€E(G1)

= Z {(de, (u;) + de, (V) — 2)° + 4ny®+4ny(dg, (1) + dg, (v;) — 2)}
uivz‘GE(Gl)

= EMl(Gl) + 4n22m1 + 4n2M1(G1) - 8n2m1.
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CASE 2. Let e € Ey, then dg,0a,(€) = dayoc, (Uj) + dayoc, (v;) — 2 = de, (W) + dg,(v;), for
J = 1,2,...,ns. So, the contribution of these type of edges to the reformulated first Zagreb index of
G ® G4 is given by

Q= Y > (day(wy) +dey(v))?

i=1 ’u,jv]'EE(Gz)

S Y () + day(oy) — 2 + A(dey () + day(oy) —2) +4)
=1 ujv;€E(G2)

= Y (EM;(Gs) + 4M;(Ga) — 8my + 4my)

= nlEMl (Gg) + 4n1M1(G2) — 4n1m2.
CASE 3. Lete € Eg, then dG1®G’2 (6) = dG1®G2 (UZ) +dG1®G2 (Uj) —2= dG1 (uz) +no +dG2 (’Uj) +1-2
=dg, (w;) + dg,(v;) +ng — 1, fori = 1,2,...,n; and j = 1,2, ..., ny. So the contribution of these type
of edges to the reformulated first Zagreb index of G; ® (55 is given by

niy n2

Qs = D> (day(i) +day(vy) + 12 = 1)°
- i: 22: {de, (w3)? + day (v;)? + 2(ng — 1)% + 2(ng — 1)de, (u;) + 2(ng — 1)da, (v;)}

+2) 0 " da, (ui)da, (uy)

i=1 j=1
= nng(Gl) + nlMl(Gg) + 4n1n2(n2 — 1)2 + 4712777/1(712 - 1) + 47117712(77,2 — 1) -+ 8m1m2.

The reformulated Zagreb first index of G; ® (G5 is obtained by adding ()1, (2 and ()5 then simplifying

the expression. [

Corollary 8. The bottleneck graph of a graph G is defined as the corona product of Ky and G. Thus, its
reformulated first Zagreb index is given by
EM,(K; ® G) = EM,(G) + 10M(GQ) + 2n2(n + 2) + 8m(n — 1).

A t-thorny graph is obtained by joining ¢ thorns to each vertex of any given graph G. An edge
e = (u,v) of a graph G is called a thorn if either d(u) = 1 or d(v) = 1. A variety of topological
indices of thorn graphs have been already studied by the researchers [26-29]. The t-thorny graph of G is
obtained from corona product of G and the complement of the complete graph K. So, from Theorem 7,

the following corollary follows.

Corollary 9. The reformulated first Zagreb index of the t-thorny graph is given by
EM,(G") = EM(G) + 5tM,(G) + 4mt(2t — 3) 4+ nt(t — 1)

Example 12. The reformulated first Zagreb index of t-thorny path (P,") and t-thorny cycle (C,") are
calculated as

(i) EM,(P,") = nt3 + 6nt? + 9nt — 8t2 — 18t + 4n — 10

(ii) EMy(C,") = nt® + 6nt? + 9Int + 4n.
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Next, we calculate the reformulated first Zagreb index of some particular bridge graphs. Let
G4, G, ..., G, be a set of finite pairwise disjoint graphs. The bridge graph with respect to the vertices
V1, Vg, ..., U, denoted by B(G1, G, ..., G,; v1, v, ..., Uy,) is the graph obtained by connecting the vertices
v; and v;4; of G; and G;41 by an edge forall i = 1,2,...,(n —1). If G; = Gy = ... =2 G, and
v = vy = ... = v, = v, we define G, (G,v) = B(G,G, ...,G;v,v,...,v). In particular, B,, = G,(Ps,v)
and 7, = G, (Ck,u) are two special types of bridge graphs. Then, from the definition of the corona
product of graphs, B, = P, ® Ko and 1,3 = P, ® K,. Using Theorem 7, the reformulated first Zagreb
index of these bridge graphs are obtained as follows.

Example 13. (i) EM,(B,,) = 5n — 78, forn > 3.
(ii) EMy (T, 3) = 72m — 86, for m > 3.
(iii) EM1(Jyme1) = nm(m? 4+ 10m + 33) — 2m(4m + 13) + 4n — 10, forn > 3 and m > 3.

3. Conclusions

In this paper, we have studied the reformulated first Zagreb index of different graph operations.
Also, we applied our results to calculate the reformulated first Zagreb index of some classes of graphs
by specializing the components of graph operations. Nevertheless, there are still many other graph
operations and special classes of graphs that are not covered here. For further research, the second
reformulated Zagreb index various graph operations can be computed.
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