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1. Introduction

Most of the bipolarities separate positive and negative information response; positive
information representations are compiled to be possible, while negative information representations are
impossible [1]. The bipolar information of evaluation can help to evaluate decisions. Sometimes,
decisions are not only influenced by the positive decision criterion, but also with the negative
decision criterion, for example, environmental and social impact assessment. Evaluated alternative
consideration should weigh the negative effects to select the optimal choice. Therefore bipolar
information affects the effectiveness and efficiency of decision making. It is used in decision-making
problems, organization problems, economic problems, evaluation, risk management, environmental
and social impact assessment, and so forth. Thus, the concept of bipolar fuzzy (BF) sets are more
relevant in mathematics.

In 1965, Zadeh [2] introduced the fuzzy set theory, which can be applied to many areas, such as
mathematics, statistics, computers, electrical instruments, the industrial industry, business, engineering,
social applications, and so forth. In 2003, Bucolo et al. [3] proposed small-world networks of fuzzy
chaotic oscillators. The fuzzy set was used to establish the mathematical method for dealing with
imprecise and uncertain environments. In 1971, Rosenfeld [4] applied fuzzy sets to group structures.
Then, the fuzzy set was used in the theory of semigroups in 1979. Kuroki [5] initiated fuzzy semigroups
based on the notion of fuzzy ideals in semigroups and introduced some properties of fuzzy ideals
and fuzzy bi-ideals of semigroups. The fundamental concepts of BF sets were initiated by Zhang [6]
in 1994. He innovated the BF set as BF logic, which has been widely applied to solve many real-world
problems. In 2000, Lee [7] studied the notion of bipolar-valued fuzzy sets. Kim et al. [8] studied the
notions of BF subsemigroups, BF left (right, bi-) ideals. He provided some necessary and sufficient
conditions for a BF subsemigroup and BF left (right, bi-) ideals of semigroups.

In this paper, generalizations of BF semigroups are introduced. Definitions and properties of
(a1, a2; B1, B2)-BF quasi (generalized bi-, bi-) ideals are obtained. Some inequalities of (a1, a2; B1, B2)-BF
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quasi (generalized bi-, bi-) ideals are obtained. Finally, we characterize a regular semigroup in terms of
generalized BF semigroups.

2. Preliminaries

In this section, we give definitions and examples that are used in this paper. By a subsemigroup
of a semigroup S we mean a non-empty subset A of S such that A> C A, and by a left (right) ideal
of S we mean a non-empty subset A of S such that SA C A(AS C A). By a two-sided ideal or
simply an ideal, we mean a non-empty subset of a semigroup S that is both a left and a right ideal
of S. A non-empty subset A of S is called an interior ideal of S if SAS C A, and a quasi-ideal of S if
ASNSA C A. A subsemigroup A of S is called a bi-ideal of S if ASA C A. A non-empty subset A is
called a generalized bi-ideal of S if ASA C A [9].

By the definition of a left (right) ideal of a semigroup S, it is easy to see that every left (right) ideal
of S is a quasi-ideal of S.

Definition 1. A semigroup S is called regular if for all a € S there exists x € S such that a = axa.

Theorem 1. For a semigroup S, the following conditions are equivalent.

(1)  Sisregular.
(2) RN L = RL for every right ideal R and every left ideal L of S.
(3) ASA = A for every quasi-ideal A of S.

Definition 2. Let X be a set; a fuzzy set (or fuzzy subset) f on X is a mapping f : X — [0, 1], where [0,1] is
the usual interval of real numbers.

The symbols f A g and f V g will denote the following fuzzy sets on S:
(fA8)(x) = flx) A g(x)
(fVe)(x) = flx) Vg(x)

forallx € S.
A product of two fuzzy sets f and g is denoted by f o ¢ and is defined as

(fog)(x) = {\/x—yz{f(y) Ng(z)}, if x=yz forsome y,z€ S

0, otherwise
Definition 3. Let S be a non-empty set. A BF set f on S is an object having the following form:
fi=1x fp(x), ful(x)) s x € S}
where fp : S — [0,1] and f, : S — [—1,0].

Remark 1. For the sake of simplicity we use the symbol f = (S;fp, fu) for the BF set
f =1 fp(x), fu(x)) - x € S}

Definition 4. Given a BF set f = (S; fy, fu), « € [0,1] and B € [~1,0], the sets
P(fia) = {x € Sfy(x) > a}

and

N(f;B) == {x € S|fu(x) < B}
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are called the positive a-cut and negative B-cut of f, respectively. The set C(f; (a, B)) := P(f;a) " N(f;B)
is called the bipolar («, B)-cut of f.

We give the generalization of a BF subsemigroup, which is defined by Kim et al. (2011).
Definition 5. A BF set f = (S; fp, fu) on S is called a (x1,a2; B1, B2)-BF subsemigroup on S, where
ay,ap € [0,1], B1, B2 € [—1,0] if it satisfies the following conditions:

(1) fp(xy) Var > fr(x) A fp(y) Az
2 falxy) ANB2 < fu(x) V fuly) V B

forallx,y € S.
We note that every BF subsemigroup is a (0,1, —1,0)-BF subsemigroup.

The following examples show that f = (S; fp, fu) is a (a1, a2; B1, B2)-BF subsemigroup on S but
f = (S; fp, fn) is not a BF subsemigroup on S.

Example 1. The set S = {2,3,4,...} is a semigroup under the usual multiplication. Let f = (S; fp, fu) be
a BF set on S defined as follows:

1 1
fr(x) = P and f,(x) =11
forallx € S.
Let x,y € S. Then
1 1
and
(xy) = —— < —— = ,(y)
folxy T2 Syt2 Y

Thus, fy(xy) < fp(x) A fp(y). Therefore f = (S; fy, fn) is not a BF subsemigroup on S.
Let ap € 0,1], 1 € [-1,0], a1 = }Iand B2 = —%. Thus forall x,y € S,

1 1

Fo)V § 2 15 M g 2 ) Afyy) A
and
ful) A2 < -y < h VR Ve
n(Y 4~ x+4+2 y—|—2_" Y 1

Hence f = (S; fy, fu) is a (%, a2; B1, — 1 )-BF subsemigroup on S.

We note that f = (S; fp, fu) is a (a1, 2; B1, B2)-BF subsemigroup on S for all ay > 411 and By < —i.

Definition 6. A BF set f = (S; fy, fu) on S is called a (a1, ap; B1, B2)-BF left (right) ideal on S, where
ay,0p € [0,1], and By, B2 € [—1,0] if it satisfies the following conditions:

(1) fplxy) Var > fp(y) Naa (fp(xy) Vag > fp(x) Aaz)
(2)  fu(xy) AB2 < fuly) V B1 (fu(xy) A B2 < fu(x) V B1)

forall x,y € S.

A BFset f = (S; fy, fu) on Sis called a (a1, a; B1, B2)-BF ideal on S (a1, a2 € [0,1], B1, B2 € [—1,0])
if itis both a (a1, ap; B1, B2)-BF left ideal and a (w1, ap; B1, B2)-BF right ideal on S.

By Definition 6, every (aq,ap;B1,B2)-BF ideal on a semigroup S is a (a1,a2;B1,B2)-BF
subsemigroup on S.

We note that a (0,1, —1,0)-BF left (right) ideal is a BF left (right) ideal.
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Definition 7. A (ay,a2;B1, B2)-BF subsemigroup f = (S;fp, fu) on a subsemigroup S is called
a (a1, a2; B1, B2)-BF bi-ideal on S, where aq, a0 € [0,1], and By, B2 € [—1,0] if it satisfies the following
conditions:

1) fp(xay)Var > fo(x) A fp(y) Az
2)  fulxay) N2 < fu(x) V fuly) V B1

forall x,y € S.

We note that every (a1, ap; B1, B2)-BF bi-ideal on a semigroup is a («1, ap; B1, B2)-BF subsemigroup on
the semigroup.

3. Generalized Bi-Ideal and Quasi-Ideal

In this section, we introduce a product of BF sets and characterize a regular semigroup by
generalized BF subsemigroups.
Welet f = (S : fy,fu) and g = (S : gp,&n) be two BF sets on a semigroup S and let

ay,ap € [0,1], and By, B2 € [—1,0]. We define two fuzzy sets f,g“]"mand f,Eﬁl"gZ) on § as follows:
£ (x) = (fp () Aaa) Ve

FPP) () = (Fa(x) V B2) A B

forallx € S.
. . ()
We define two operations A  and ; vﬁ ) on S as follows:
1,P2

(,02)

(fp A gp)(x) = ((fpAgp)(¥) Aar) Va

(fn (ﬂl/,\ﬁz)gn)(X) = ((fu Vgn)(x) Vaz) Ay

for all x € S, and we define products f, (Mé‘XZ) gpand fy " Oﬁ : gn as follows:
1,P2
Forall x € S,
(0(1,062)

(fp o gp)(x) = ((fpogp)(x) A1) V a2

(fn o gn)(x) = ((fuogn)(x)Vaz) Ay
(B1.B2)
where
_ Vizyz Agy(2)} if x =vyz forsome y,z €S
(,58,) (1) = { v o) A 8p(2)} y y
0 otherwise
_ V o (z if x =vyz forsome y,z€ S
(fn%n)(x) _ /\y—yz{fn(y) g”( )} y y
0 otherwise
We set ( : ( :
oq,K nq,00
o = (S; o , o
S oo ® (5:y 8y (ﬁl/ﬁz)gn)
Then it is a BF set.

We note that

D ) = fo(x),
@ V() = fulx),
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@) f=(Sifpfu) = (S £, £,

(0(1,0(2) ((Xl,ﬂQ) ((Xl,ﬂQ)
4 o = o and o = o .
@ (ﬁl,/sz)g)” Jr gpand (f (ﬁl,ﬁz)g)" I ) 8"

Definition 8. A BF set f = (S; fp, fu) on S is called a (a1, &2; B1, B2)-BF generalized bi-ideal on S, where
ay, 0 € [0,1], and By, B2 € [—1,0] if it satisfies the following conditions:

(1) fplxay)Var > fp(x) A fp(y) Az
2)  fa(xay) A2 < fu(x) V fu(y) V B1

forall x,y,a € S.

Definition 9. A BF set f = (S;fp, fu) on S is called a (a1, ay; B1, B2)-BF quasi-ideal on S, where
ay, 0 € [0,1], and By, B2 € [—1,0] if it satisfies the following conditions:

(1) fp(x)Var = (fpoSp)(x) A (Spofp)(x) Aaz
(2) fu(x) AB2 < (fuoSn)(x) V (Snofu)(x) V p1
forallx,y € S.

In the following theorem, we give a relation between a bipolar (a,B)-cut of f and a
(a1, a2; B1, B2)-BF generalized bi-ideal on S.

Theorem 2. Let f = (S;fp, fu) be a BF set on a semigroup S with Im(f,) € At C [0,1] and
Im(f,) €A~ C[-1,0]. Then C(f; (a, B))(#D) is a generalized bi-ideal of S for all « € A™ and B € A~ if
and only if f is a (a1, a2; B1, B2)-BF generalized bi-ideal on S for all a1, ap € [0,1] and By, B2 € [—1,0].

Proof. Let a1, ap € [0,1], B1, B2 € [—1,0]. Suppose on the contrary that f is not a (a1, ap; B1, B2)-BF
generalized bi-ideal on S. Then there exists x,y,a € S such that

fr(xay) Var < fp(x) A fp(y) Nag or fu(xay) A B2 > fu(x)V fu(y) V B1 @

Leta’ = fp(x) A fp(y) and B’ = fu(x) V fu(y). Then x,y € C(f; («’, B’)). By assumption, we have
xay € C(f; (&', p)). By Equation (1), fp(xay) < fp(xay) Aar < fp(x) A fp(y) Aaz < fp(x) A fp(y) =
& or fu(xay) > fu(xay) A2 > Fal¥) V fuly) VBr = fulx) V fuly) = B Thus, xay & C(f; (', ).
This is a contradiction. Therefore f is a (w1, a2; B1, B2)-BF generalized bi-ideal on S.

Conversely, let « € AT, and B € A, and suppose that C(f; (x,B)) # @. Leta € S and
x,y € C(f;(«,B)). Then f,(x) > a,fp(y) > &, fu(x) < Band fu(y) < B. By assumption, f is a
(a, fp(xay); fu(xay), B)-BF generalized bi-ideal on S, and thus f,(xay) V fy(xay) > fp(x) A fp(y) A
and fu(xay) A fu(xay) < fu(x)V fu(y) V B. Then f,(xay) > fp(x) A fp(y) Ne > a Aw = a and
fa(xay) < fu(x)V fu(x) VB < BV B = B. Hence, xay € C(f;(a,B)). Therefore C(f;(a,p)) is
a generalized bi-ideal of 5. [

Corollary 1. Let f = (S; fu, fp) be a BF set on a semigroup. Then the following statements hold:

(1) fisa (ay,a; B1, B2)-BF generalized bi-ideal on S for all a1, ay € [0,1] and Bq, B2 € [—1,0] if and only
if C(f; (a, B))(#D) is a generalized bi-ideal of S for all & € Im(f,), and p € Im(fy);

(2)  fisa (ay,a; B1, B2)-BF generalized bi-ideal on S for all a1, ay € [0,1], and Bq, o € [—1,0] if and only
if C(f; (a, B)) (#D) is a generalized bi-ideal of S for all « € [0,1], and p € [—1,0].

Proof. (1) Set AT = [0,1] and A~ = [—1,0], and apply Theorem 2.
(2) Set AT = Im(f,) and A~ = Im(f,), and apply Theorem 2. []

Lemma 1. Every (ay,ap; B1, B2)-BF generalized bi-ideal on a reqular semigroup S is a (a1, az; B1, B2)-BF
bi-ideal on S.
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Proof. Let S be a regular semigroup and f = (S;fp, fu) be a (a1,a2;B1,B2)-BF generalized
bi-ideal on S. Let a,b € S; then there exists x € S such that b = bxb. Thus we have
fp(ab) Vv ay = fy(a(bxb)) Vay = fp(a(bx)b) Vay > fp(a) A fp(b) Az and fu(ab) A B2 = fu(a(bxb)) A
B2 = fu(a(bx)b) A Bz < fu(a)V fu(b) V B1. This shows that f is a (1, a; B1, B2)-BF subsemigroup on
S, and thus f is a (w1, ap; B1, B2)-BF bi-idealon S. O

Let S be a semigroup and @ # I C S. A positive characteristic function and a negative
characteristic function are respectively defined by

Cls = [0,1],x = C(x) ;:{ N i;
and
Cr i S — [=1,0],x — Cl(x) ::{ 0_1' ’;Zf
Remark 2.

(1) For the sake of simplicity, we use the symbol C; = (S;CY,C") for the BF set. ~That is,
Cr = (S;C,C) = (S; (C1)p, (Cr)n). We call this a bipolar characteristic function.
(2) IfI=S, then Cs = (S; Cg, C%). In this case, we denote S = (S, Sy, Sy).

In the following theorem, some necessary and sufficient conditions of (ay,ay; 1, B2)-BF
generalized bi-ideals are obtained.

Theorem 3. Let f = (S; fp, fu) be a BF set on a semigroup S. Then the following statements are equivalent:

(1) fisa (ay,a; B1, B2)-BF generalized bi-ideal on S.

(a2, 061) (a2, “1

(2) < flam) pg o > P,
Iy Iy fp I /52/31) (ﬁzfﬁl)fn f

. (0‘ ) “2 1)
Proof. ( ) Let a be any element of S. In the case for which (f,

at 1) (0(2 o)

that fp Sp fr < fp (*21)  Otherwise, there exist x, y,1,s € Ssuch thata = xy and x = rs.
Because f is a (a1, &2; B1, B2)-BF generalized bi-ideal on S, we have f,(rsy) V ay > f,(r) A fp(s) Aaz
and f,(rsy) A Bz < fu(r) V fu(s) V 1. Consider

fp)(a) = 0, it is clear

(042 111) le 041

(fp © fo)(a) = ((fpoSpofy)(a) Naz) V aq
= (VAeSp)(X) A fp()} Aaz) Vg

a=xy

=(V AV O AS6)A fpy)} Aaa) Vg

a=xy x=rs

=(VAV{HOAL LG} Aa) Ve

a=xy x=rs

(V {fp() A fply) Az} Aag) Vg

a=rsy
< (V A{fplrsy) Vag} Aag) Vg
a=rsy
(V {fr@Vva}ra)va
a=rsy
< ((fp(a) Var) Aag) Vg
= (fp(a) Naz) V &y

= £ (a)
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(o ) 112 1)

Hence f, fr <fp (r21),

Similarly, we can show that > (B2.f1)
Y I ) " (g T 2

(«=) Conversely, let a,x,y,z € S such that a = xyz. Then we have

fo(xyz) Vag > (fp(a) Na) Vaq
(ag,m1)
=Jp (a)
(ay, 0(1) (“2 ar)
= (fp fr)(a)
= ((fpospofp)(“) Aag) V aq

(VASoSp)(b) A fp(e)} Aaz) Vo

a=bc

((fPSSp)(xy) /\fp(z) Aag) Vo
(V A () ASp(s)} A fp(z) Naa) Vg

xy=rs
> (fp(x) ANSp(y) A fp(z) Naa) Ve
= (fp(x) A fp(2) Naz) V aq

> fo(x) A fp(z) Ny

Similarly, we can show that f,,(xyz) A B2 < fu(x) V fu(z) V B1 for all x,y,z € S. Therefore f is
a (ay,ap; B1, B2)-BF generalized bi-ideal on S for all wy, ap € [0,1] and Bq, B2 € [-1,0]. O

I
—

Vv

Theorem 4. Let f = (S; fp, fu) be a BF set on a semigroup S. Then the following statements are equivalent:

(1) fisa (ay,an; B1, B2)-BF bi-ideal on S .

062 1) 062 1)

2) < (1) and o (B2, /51)
Iy Iy f I (B2, »51) (ﬁz B1) fu2 fu

Proof. The proof is similar to the proof of Theorem 3. [

In the following theorem, we give a relation between a bipolar (a,B)-cut of f and a
(a1, a2; B1, B2)-BF quasi-ideal on S.

Theorem 5. Let f = (S;fp, fu) be a BF set on a semigroup S with Im(f,) € A* C [0,1] and
Im(fy) €A~ C[-1,0]. Then C(f; (a, B))(#D) is a quasi-ideal of S for all x € At and B € A~ if and
only if f is a (a1, a; P1, B2)-BF quasi-ideal on S for all ay,an € [0,1] and B1, B2 € [—1,0].

Proof. (=) Let aj,ap € [0,1] and B1,B2 € [—1,0]. Suppose on the contrary that f is not
a (a1, ap; B1, B2)-BF quasi-ideal on S. Then there exists x € S such that

fp(x) Var < (fpoSp)(x) A (Spofp)(x) Az
fu(x) N B2 > (fnoSn)(x) V (Snofn)(x) V B @)
Case 1: fp(x) Vay < (fpoSy)(x) A (Spofp)(x) ANay. Let a’ = (f,0Sp)(x) A (Spofp)(x). Then
o' < (fpoSy)(x), &’ < (Sp5fp)(x). This implies that there exista, b, ¢,d € Ssuch thatx = ab = cd. Then

S(fposp v {fp /\Sp(z)}Sfp(“)/\sp(b):fp(a)

x=yz
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' < (Spsfp)(x) =\ {Sp(2) A fp(y)} < Sple) A fp(d) = fp(d)
x=yz

Let B/ = fu(a) V fu(d). Then f,(a) < B'and f,(d) < B'.

Thusa,d € C(f; («/,8)),and soad € C(f; (a/, '))Sand ad € SC(f; («/, B')). Hence x € C(f; (&, B'))S
and x € SC(f;(«,B)), and it follows that x € C(f;(a/,))S N SC(f;(«,8)). By hypothesis,
x € C(f; (@, B))-

Case 20 fu(x) A B2 > (fuoSn)(x) V (Suofn)(x) V B1. Let B/ = (fuoSn)(x) V (Suofu)(x).
Then B’ > (fn08,)(x) and B’ > (Spofs)(x). This implies that there exist a’,V’,c’,d’ € S such that
x =a't) = cd’. Then

/3 (fnoSn)(x /\ {fu(y) V Sl )}>fn \/Sn(b/)>fn( )

x=yz

B> (Snofu)(x) = /\ {Sn(2) V fu(y)} = Su(c) V fuld') = fu(d')
x=yz
Let a' = fy(a') A fp(d'). Then f,(a’) > &' and f,(d') > a’. Thus a',d' € C(f;(«,p
a'd € C(f;(«/,8"))S and a’d" € SC(f;(a',B)). Hence x € C(f;(«/,p'))S and x € SC
and it follows that x € C(f;(a/,B))S N SC(f;(«/,p')). By hypothesis, x € C
Therefore x € C(f; (a/,p")). By Equation (2),

(f; (o,
(f (a,

")), and so
" B)),
" B')-

/

fp(x) < fp(x) Vap < (fpaSp)(x) A (SpSfp)(x) Nag < (fpaSp)(x) A (Spsfp)(x) =

or
fu(x) > fu(x) A B2 > (fnoSn)(x) V (Snofu)(x) V B1 > (fuoSn)(x) V (Suofu)(x) = ﬁ,

and it follows that x ¢ C(f;(a’,p')). This is a contradiction. Therefore f is a (a1, a2; B1, B2)-BF
quasi-ideal on S.
(<) Conversely, let « € AT and B € A~, and suppose that C(f; («,B)) # @. Let x € S be such
that x € C(f; («, B))SNSC(f; («,B)). Then x € C(f; (a,B))S and x € SC(f; («, B)). Thus there exist
v,z € C(f;(a,B)) and z,iy' € S such that x = yz and x = y'7’.

By assumption, f is a (f,(x), a; B, fu(x))-BF quasi-ideal on S, and thus

fp(x) = fp(x) pr(x)

2 (fp68p)(x)/\(8p6fp)( ) A
=V {HhwnrSEin V {Sp )Afp(2)} Na

x=yz x=y'z'
=\ WA AV {1AfE)) Aa
x=yz x=y'z/
= VWA V {FE)) Ax
xX=yz x=y'z

2 fp(]/) /\fp(zl) Na

Because v,z € C(f; (a,B)), we have f,(y) > a and f,(z') > a. Then f,(x) > a. Similarly, we can
show that f,(x) < B. Hence, x € C(f; («, B)). Therefore C(f; («, B)) is a quasi-ideal of S. [J

Corollary 2. Let f = (S; fu, fp) be a BF set on a semigroup S. Then

(1) fisa (aq,a; B1, B2)-BF quasi-ideal on S for all a1, 0y € [0,1] and By, B2 € [—1,0] if and only if
C(f; (a, B))(#Q) is a quasi-ideal of S for all & € Im(f,) and B € Im(fy);

(2)  fisa (ay,a2; By, B2)-BF quasi-ideal on S for all aq, 0y € [0,1] and Bq, B2 € [—1,0] if and only if
C(f; (a, B))(#D) is a quasi-ideal of S for all « € [0,1] and p € [—1,0].
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Proof. (1) Set AT =[0,1] and A~ = [—1,0], and apply Theorem 5.
(2) Set AT = Im(f,) and A~ = Im(f,), and apply Theorem 5. [J

In the following theorem, we discuss a quasi-ideal of a semigroup S in terms of the bipolar
characteristic function being a (&1, a2; B1, B2)-BF quasi-ideal on S.

Theorem 6. Let S be a semigroup. Then a non-empty subset 1 is a quasi-ideal of S if and only
if the bipolar characteristic function C; = (S;CY,CI) is a (ay,a2;B1,B2)-BF quasi-ideal on S for all
K1, € [0,1] and ﬁl;,BZ S [—1,0].

Proof. (=) Let I be a quasi-ideal of S and x € S. Letay,ap € [0,1] and B1, B2 € [—1,0].
Case 1: x,y € I. Then
Cl(x)Vay =1> (CI'3Sy)(x) A (SpoCl)(x) Ay
Cr(x) A2 = =1 < (CroSu)(x) V (SnoCy)(x) V b1
Case2: x ¢ I. Thenx ¢ SIorx ¢ IS. If x ¢ SI, then (C}'3S,)(x) = 0 and (C/oS,)(x) = 0. Thus
Cl(x) vVay > 0= (Cl'3S,)(x) A (SpoCh)(x) Ao
CH(x) A P2 < 0= (CJoS,) (x) V (Sx0CH)(x) V By
Therefore C; = (S;C},C") is a (a1, a2; B1, B2)-BF quasi-ideal on S.
(«=) Conversely, let C; be a (a1, ap; B1, B2)-BF quasi-ideal on S for all w1, ap € [0,1] and B4, B2 € [—1,0].
Let a € ISNSI. Then there exist a,b € S and x,y € [ such that a = xb = cy.
Then (CI)p(x) =1=(Cp)p(y) and (Cp)u(x) = =1 = (Cp)n(y). Hence x,y € C(Cr;(1,-1)), and
soxb € C(Cr;(1,-1))Sand cy € SC(Cy;(1,—1)). Hencea € C(Cy;(1,—1))Sand a € SC(Cy; (1,-1)),
and it follows thata € C(Cy; (1,—1))SNSC(Cy; (1, —1)). By Corollary 2, C(Cy; (1, —1)) is a quasi-ideal.

Thus a € C(Cj; (1, —1)), and so C}(a) > 1. This implies that a € I. Therefore I is a quasi-ideal
onS. O

Theorem 7. Let S be a semigroup. Then I is a generalized bi-ideal of S if and only if the bipolar characteristic function
Cr=(S; Cf, C}l) isa (a1, a; B1, B2)-BF generalized bi-ideal on S for all ay,ay € [0,1] and By, B> € [—1,0].

Proof. (=) Let I be a generalized bi-ideal of S and x,y,a € S. Let a1, ap € [0,1] and B1, B2 € [—1,0].
Case 1: x,y € I. Then xay € I; thus
Cl(xay)Vay =1> Cl(x) ACl(y) Nz
and
Ci (xay) Ay = =1 < Cf(x) VCi(y) V f1
Case2: x ¢ [ory ¢ I. Then
Cl(xay)Vay >0=Cl(x) ANCJ(y) Naa
and
Cr(xay) Apa < 0=Cy(x) VCI(y) V pu

Therefore C; = (S; Cf,C}‘) is a (a1, ap; B1, B2)-BF generalized bi-ideal on S.
(<) Conversely, let C; be a (ay,apB1,B2)-BF generalized bi-ideal on S for all
ay,ap € [0,1] and By, Bp € [-1,0]. Leta € Sand x,y € I. Then (Cp)y(x) = 1 = (Cy)p(y) and
(Cpn(x) = —1 = (Cr)n(y). Hence, x,y € C(Cy;(1,—1)). By Corollary 1, C(Cy;(1,-1)) is
a generalized bi-ideal. Thus xay € C(Cj; (1, —1)), and so C/(xay) > 1. This implies that xay € I.
Therefore [ is a generalized bi-ideal on S. [
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Theorem 8. Every (a1, an; B1, B2)-BF left (right) ideal on a semigroup S is a (aq, ap; B1, B2)-BF quasi-ideal
on S.

Proof. Let f = (S; fp, fu) be a (1, a2; B1, B2)-BF left ideal on S and x,y € S. Then

(Sof)p(xy) Naa = (Spofp)(xy) Aaa
= \/{Sp )N fp(2)}) Ao

x=yz

< fp(x) Vay

Thus fy(x) Vay > (Spofy)(xy) Aao. Hence fp(x) Vg > (Spofy)(xy) Aaa > (Spofy)(xy) A
(fpoSp)(xy) A ap. Similarly, we can show that f,(x) A B2 < (fuoSn)(x) V (Suofn)(x) V Bi.
Therefore f is a (a1, ap; B1, B2)-BF quasi-ideal on S. [

Lemma 2. Every (aq,ap; B1, B2)-BF quasi-ideal on a semigroup S is a (a1, p; B1, B2)-BF bi-ideal on S.
Proof. Let f = (S; fp, fu) be a (a1, a2; B1, B2)-BF quasi-ideal on S and x,y,z € S. Then

fo(xy) Var > (fp0Sp)(xy) A (Spofp)(xy) A ay
= V @ nSp0)} A\ {Sp(r) A fp(s)} Aaa

xy=ab xy=rs
2fp(x)/\sp(y)/\Sp(x)Afp(y)/\M
> fp(x) NTATA fp(y) Aay

= fp() A fp(y) ANz

Hence, fy(xy) Va1 > fp(x) A fp(y) A az. Additionally,

fp(xyz) Var = (fpoSp)(xyz) A (Spofp)(xyz) Aar
= V @S0\ {Sp(r) A fp(s)} A

xyz=ab xyz=rs
pr(x)/\Sp(yz>/\8p(x3/)/\fp(z)/\“2
> fp(x) NTATA fp(z) Ao

= fp(x) A fp(z) N

Hence, f,(xyz) Vay > fp(x) A fp(z) A ap. Similarly, we can show that f,(xy) A Bz < fu(x) V
fu(y) V Brand fu(xyz) A B2 < fu(x) V fu(z) V B1. Therefore f is a (aq,ap; B1, B2)-BF bi-ideal on S. [

Lemma 3. Let A and B be non-empty subsets of a semigroup S. Then the following conditions hold:

@ (Ca)p R (CB)p = (Canp)y>™)
@ (€an "V (Copn = (Cavm)
3 (Ca)p (Mé“l) (Cp)p = (CAB);M =
@ (Can L (C)u = (Cap) FD
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Lemma 4. If f = (S; fp, fu) is a (txl,az,ﬁl,ﬁz) BF left ideal and g = (S; &p, gn) is a (a1, a; B1, B2)-BF right
ideal on a semigroup S, then fp 53 1) fp /\ gp and fy > fu Vgn.
‘B ‘B ) (;BZ/;Bl)

Theorem 9. For a semigroup S, the following are equivalent.
(1)  Sisregular.

(a2, 0‘1 ap,00)

2) fp gp = fp( & gp and f, (ﬁvﬁ &0 = = fu " [3 gn for every (a1, az; B1, B2)-BF right ideal
2/ 2]

f= (S;fp,fn) and every (aq, ay; B1, B2)-BF left ideal g = (S; gp,gn) on S.
Next, we characterize a regular semigroup by generalizations of BF subsemigroups.

Theorem 10. For a semigroup S, the following are equivalent.

(1)  Sis regular.

(a,m1) (“z 1) 042 ay) o (agep)

(2) A h é and \ 2 © h
fr p < fr iy 8 o™ (e 8 T i)™ (i 8T

every (le,vcz;ﬁl,ﬁz)—BF right ideal f = (S; fy, fu), every (a1, a2;B1, B2)-BF generalized bi-ideal
h = (S; hp, hy) and every (a1, a; B1, B2)-BF left ideal § = (S; §p, §n) o1 S.
(agq)  (agmq) (a2, “1) (az,01)

(3) AN hy, A < h, o and f, > 4w for
fr : & = Jr : 8 f(ﬁ/m " (g " fu (Bap1) (ﬁzﬁlgf

every (a1, &p; B1, B2)-BF right ideal f = (S; fp, fu) , every (ay,az; B1, B2)-BF bi-ideal h = (S; hy, hy)
and every (w1, &2; B1, B2)-BF left ideal g = (S;gp,8u) on S.
(wgm1) (062 1) (a2, Dé1 (1)

(4) A h < o and h, V > f, o hy, or
Iy i Iy iy 8p and fn Ga) " (Bapr) S f Bap) " (Bapr) gn f

every (o1, ap; /31,/82)—81-" right ideal f = (S; fp, fu) , every (a1, a; B1, B2)-BF quasi-ideal h = (S; hp, hy,)
and every (a1, &2; B1, B2)-BF left ideal g = (S;gp,8n) on S.

Proof. (1 = 2). Let f,h and g be a (a1, az; B1, B2)-BF right ideal, a (a1, ap; B1, B2)-BF generalized
bi-ideal and a (a1, a2; B1, B2)-BF leftideal on S, respectively. Let a € S. Because S is regular, there exists
x € S such that a = axa. Thus

(ap01) | (a01)

(fp o hy © gp)(”):((fpah ng)( a) Nag) Vg
(V {fp(y) A (hpdgp)(z) Aaa}) V ay

a= yZ
(fp(ax) A (hyogp)(a) Aaz) V aq
(fplax) V1) A ((hpogp)(a) Var) A (az V ay)

(\VARAY;

> (fp(a) Naz) A \/{ hp(r) Agp(s)) Var}) A (a2 Vag)
= (fp(a) Nag) A ((hp(a) vV ar) A(gp(xa) vV ar) A (az Vag)
= (fpla) Nag) A ((hp(a) vV ar) A ((8p(a) Aaz) Var) A (a2 V aq)
> (fp(a) Nhp(a) Agp(a) Naz) Aay
= ((fp ANhp Agp)(a) Aaz) Aa
—(, (“2/{‘1) , (a2, M)gp)(ﬂ)
Similarly, we can show that fu N M a8 = " (s ™ ) S

(2 = 3 = 4). This is straightforward, because every (ai,ay;B1,B2)-BF bi-ideal is a
(a1, a2; B1, B2)-BF generalized bi-ideal and every (a1, ap; B1, B2)-BF quasi-ideal is a (a1, a; B1, B2)-BF
bi-ideal on S.
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(4 = 1). Let f and g be any (a1, ap; B1, B2)-BF right ideal and (a1, ap; B1, B2)-BF left ideal on S,
respectively. Leta € S. By Theorem 8, S = (S, Sy, Sy) is a (a1, &2; 1, B2)-BF quasi ideal, and we have

G "R ) (@) = (U A gp) (@) Aa2) Vi
=((fpANSpAgp)a) Naa) Vay

(ag1) | (agmp)
=y N S N gp)a)
(a2, 041 (wo,1)

(fp p © 8p>(‘1)
< (f, "8 g,)(a)

IN

(1) (1) . .
Thus f, A g < f, ©  gp for every (ay,az;B1,B2)-BF right ideal f and every

(a1, 2; B1, B2)-BF left ideal g on S. Similarly, we can show that f, " o/3 : e < fu \//5 : gn. By Lemma 4,

2/P1
(ap,m1) (w2,1) (txz (az,01)
fr 6 gy < fp A gpand f, oo 8" > fn g & Thus fy 8 = fr N gpand
fn Sn = fu V. gu. Therefore by Theorem 9, S is regular. [
(B2, /51) (B2.81)

Theorem 11. For a semigroup S, the following are equivalent.

(1)  Sisregular.

2) frgtxz,lxl) _ fp (11260(1) Sp (wzékl)fp and f’/(lABZ’ﬁl) — fn o S fn fOT every (“1, a; ﬁll ,BZ)
(B2,81) (ﬁz B1)
generalized bi-ideal f = (S; fp, fu) on S.
(3) f(zxz w1) f (062(,)061) Sp (Dczévq)fp and fy(l/gzﬁl) — fn o S fn fOT every (“1,0@, ﬁ1,ﬁ2)
(B2,81) (52 B1)
bi-ideal f = (S; fp, fn) on S.
) fr(;xz,le) = f, (th(,)al) 5, (Dézéﬂél)fp and f’g.BZr.Bl) = fu o S Fu for every (ay,az; b1, B2)-B

(B2,B1) (ﬁz B1)
quasi-ideal f = (S; fp, fu) on S.

Proof. (1 = 2). Let f be a (a1, x2; 1, B2)-BF generalized bi-ideal on S and a € S. Because S is regular,
there exists x € S such that a = axa. Hence we have

(”42,041) 0¢2 ay)
[}

(fp fr)(a) = ((fpoSpofp)(a) Naz) V aq

(VA3 () A fp(2)} Aaz) V

a=yz

((prS;a)( X) A fp(a)) Naz) Vg
\/ {fp(r) ANSp(s)}) A fp(a)) Aaa) Vg

ax=rs

((fp(a) ANSp(x)) A fp(a)) Aaa) V oy
((fpla) AND)) A fp(a)) Aaa) Vg
= (

fra) Naz) Vay
= £ (a)

Y

v
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Thus f, (’xzéal) Sp ( fp > fp (a2,1) . Similarly, we can show that f, fn < fu (B2p1)
(ﬁz 51) (/32 B1)
By Theorem 3, f, (w2 al)Sp (t2g10) fy < f(”‘2 1) and f, Sn fn > fn/32 #1) Therefore, fr (g
(/32 B1) (ﬁz B1)
(2,21) (ap,mq) (B2.B )
S, © ") and !
¢ =1y fn (/32 51) (/52 p1) Ju = I
(2 = 3 = 4). Obvious.
(4 = 1). Let Q be any quasi-ideal of S. By Theorem 6 and Lemma 3, we have
(ag,01) (“2#"1) (“2 a1)
(Co)p™™" = (Ca)yp (S (Co)p
(CQSQ)(M 1)
Thus, Q = QSQ. Therefore it follows from Theorem 1 that S is regular. O
Theorem 12. For a semigroup S, the following are equivalent.
(1)  Sis regular.
(a,m1) ap,01)
2 f N g < fp o ' gpand fy (ﬁv}g )gn > fu b ﬁ )gn for every (aq,ay; B1, B2)-BF generalized
2/P1
bi-ideal f = (S; fp, fu) and every (a1, ap; B1, B2)-BF left ideal g = (S; gp, gn) on S.
(az, ’
3) fp az/\al)gp < fp (azoal) gp and fy vﬁ )gn > fa 55 )gn for every (aq,ap; B1, B2)-BF bi-ideal
1 2/P1
f = (S; fp, fu) and every (aq, a; ‘31,,82) -BF left ideal g = (S; §p, §n) on S.
(CO (DCZAM) & < fp (azé 1)g,l, and fn v )g > fau " ﬁ gn for every (a1, az; B1, B2)-BF quasi-ideal
27

f = (S; fp, fn) and every (aq, ay; ‘31,,82) -BF left ideal g = (S; §p, §n) on S.

Proof. (1 = 2). Let f and g be any (a1, a2; B1, B2)-BF generalized bi-ideal and any (a1, ap; B1, B2)-BF
left ideal on S, respectively. Let a € S. Because S is regular, there exists x € S such that a = axa.
Thus we have

(“2!“1)

(fp © "gp)(a) = ((fpogp)(a) Naz) Vaq
= ( \/ {Ur(y) Agp(2)} Naz) Vg

)
(gp(xa) Var) A (a2 Vag)
((gp(a) Nao) Vag) A (a2 V arq)

Hence f), (“2 p > fp /\ gp Similarly, we can show that f; < fu
(/32 ﬁl) (ﬁz ,31)

2=3= 4). Obvious.
(4 = 1). Let f and g be any (a1, ap; B1, B2)-BF right ideal and (a1, ap; B1, B2)-BF left ideal on

(o 1) (a2,1)

S, respectively. By Theorem 8, f is a (1, a2; B1, B2)-BF quasiideal. Thus f, © g, > f, A g
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(0‘2/“1 ) (“2!“1 )
and o < \Y, . By Lemma 4, o < A and o > \Y, .
I sy 8 ST oy S B fr 8 = fr 8y and fo o 8 2 I ) 8"
(a,1) (a2,21) .
Thusf, © gp=f, A gpandfy " Oﬁ )gn = fu (ﬁ\/ﬁ )gn~ Therefore by Theorem 9, S is regular.  [J
2/P1 2/P1

4. Conclusions

In this paper, we propose the generalizations of BF sets. In particular, we introduce several
concepts of generalized BF sets and study the relationship between such sets and semigroups. In other
words, we propose generalized BF subsemigroups. This under consideration, the results obtained in
this paper are some inequalities of (a1, ap; B1, B2)-BF quasi(generalized bi-, bi-) ideals and characterize
a regular semigroup in terms of generalized BF semigroups. The importance of BF sets has positive
and negative components frequently found in daily life, for example, in organizations, economics,
performance, development, evaluation, risk management or decisions, and so forth. Therefore we
establish generalized BF sets on semigroups, which enhances the structure of the algebra. We hope
that the study of some types of subsemigroups characterized in terms of inequalities of generalized BF
subsemigroups is a useful mathematical tool.
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