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Abstract: Monetary risk measures defined on a convex set are interpreted as the smallest amount of
external cash that must be added to a portfolio to make the portfolio being acceptable. In the present
paper, the authors introduce a new concept: non-cash risk measure, which does as a nonconvex
risk measure work in a nonconvex set. In addition, the authors arrive at a convex extension of
the non-cash risk measure, and offer the relationship between the non-cash risk measure and its
extension.
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1. Introduction

Since Markowitz(1952) [1] put forward the theory of optimal portfolio selection in 1952,
variance had become an influential classical financial risk measurement method. However,
the mean-variance model takes the deviation of returns above the mean into account, which is obviously
inconsistent with the facts. Based on the shortcomings of variance model, in 1996, Morgan J.P. [2]
proposed a new risk measurement method, the VaR method, to meet the needs of its banking
business and it was quickly popularized as an industry standard. But Acerbi et al. (2002) [3] and
Frey et al. (2002) [4] gave the examples that VaR violates sub-additivity. This is not consistent with the
basic principle that portfolio investment reduces risk.

Based on the reasons above, Artzner et al. (1999) [5] gave the definition of coherent risk measures
by four axioms, and gave the representation theorem of coherent risk measures. Because of the
rationality of these four axioms, the coherent risk measures were widely accepted by the risk
measurement theory. Although coherent risk measures have some practical significance, in many cases,
the risk of a position will increase in a non-linear manner. For example, if a position is multiplied by a
large factor, an additional liquidity risk may occur. It is found that the axioms of positive homogeneity
and sub-additivity in coherent risk measure are too strict, and the restrictions of positive homogeneity
and sub-additivity should be relaxed. Follmer H. and Schied A. (2002) [6] extended the results of
Artzner’s coherent risk measures and proposed a weaker convexity axiom to replace the positive
homogeneity and subadditivity. The risk measures satisfying the monotonicity, translation invariance
and convexity axioms are called convex risk measures.

The risk measures above are based on complete markets, which requires no frictions in the market.
However, in real life, assets transactions require payment costs. Lepinette et al. (2017) [7] studies
the pricing functions when transaction costs exist. The kinds of costs functions are varied, such as
piecewise costs functions, proportional costs functions, exponential cost functions, and stochastic cost
functions, etc. Since the acceptance set on the cost functions is nonconvex, the corresponding risk
function must be redefined. This paper mainly studies how to define the non-cash risk measure and
the corresponding risk acceptable set when the costs functions are complicated.
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Non-cash risk measure provides a direct path from unacceptable positions towards the acceptance
set. It uses not only cash but also other kinds of assets to adjust the position and return the
smallest amount of assets which has to be changed into an eligible quota such that the new position
becomes acceptable.

The organization of this paper is as follows. In Section 2, some terminologies and the reasons
to propose this new risk measure are stated. In Section 3, first the definition of the non-cash risk
measure is given, then some properties of the new measure are studied, next the convex extension
of the nonconvex risk measure is given and the link between them is studied at last. Section 4 gives
some examples of how to calculate the non-cash risk measure. Finally, concluding remarks are given
in Section 5.

2. Preliminaries

Coherent risk measures are the foundation of the modern risk measure theory.
Artzner et al. (1999) [5] define them by the following set of axioms. A risk measure ρ0 is called
coherent if it satisfies the following axioms:

Monotonicity: If x ≥ y, then ρ(x) ≤ ρ(y).
Translation invariance (cash-additivity): For m ∈ R, there exists ρ0(x + m) = ρ0(x)−m,
Positive Homogeneity: ∀λ ≥ 0, ρ(λx) = λρ(x), and
Subadditivity: ρ(X + Y) ≤ ρ(X) + ρ(Y).
Besides, traditional coherent risk measures also satisfy convexity.
Convexity: for λ ∈ [0, 1], there exists ρ0 (λx + (1− λ)y) ≤ λρ0(x) + (1− λ)ρ0(y).
Interestingly, the axioms form a canonical connection between risk measures and acceptance sets.

The proposition below is also given by Artzner et al. (1999) [5].

Proposition 1. (the relationship of ρA and Aρ) The acceptance set Aρ defined by any monetary risk measure
ρ : X → R is as follows:

Aρ = {x ∈ X |ρ(x) ≤ 0}. (1)

The acceptance set defined above has the property:
If ρ(x) is positive homogeneous, then Aρ is a cone, and if ρ(x) is a convex function, then Aρ is a convex.
On the other hand, each acceptance set A defines a monetary risk measure ρA as follows:

ρA (x) = inf {m ∈ R |x + m · r ∈ A} , (2)

where r is the risk-free rate in the market.
Similarly, if Aρ is a cone, then ρ(x)satisfies the property of positive homogeneity. And if Aρ is a convex,

then ρ(x) satisfies the convexity property. That means ρAρ
= ρ and A ⊆ AρA . The equation A = AρA holds if

the set A is closed. This dual representation proposition was proofed by Artzner et al. (1999) [5].

From the property, the nature of measure is correspondent with the acceptable set. When the set
is a cone, the measure is positive homogeneous. When the acceptable set is convex, the measure is
convex. So if the market is frictional, then the acceptable set could be nonconvex. The risk measure
derived from the set should be redefined instead of the coherent risk measures.

Sometimes it is inappropriate to measure the risk of a position with monetary measures.
For example, if there is a position represented as x = (0, 100, 0), each component devoting cash,
stock S, and the at-the-money put option on the stock S. If the risk of the new position is required to be
half, then the monetary method would change the position to x1 = (100, 100, 0), meaning 100 cash
added. However, if it is not limited to cash only to adjust this position, then the best adjustment is
x2 = (0, 100, p), meaning a put option with market price p is used to hedge the risk. In this case, the risk
of the stock can be offset by a little cost if the risk hedging method is appropriate. Therefore, a new
risk measure which provides a direct path from the unacceptable positions towards the acceptance set
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is defined. Non-cash risk measure uses cash and other kinds of assets to adjust the position and return
optimal solution of the adjustment path.

3. Non-Cash Risk Measure on Nonconvex Sets

This part first shows why the acceptable sets in the real world may be nonconvex. Then the
non-cash risk measure is introduced. Some properties of the new measure are also studied. Next the
extension of the nonconvex risk function is given. At last the relationship of this extension and the
initial non-cash risk measure function is discussed.

3.1. Introductions of Non-Cash Risk Measure

Given the probability space (Ω, F, P) and denote by ℵ the sets of the random variable X : Ω 7→ R.
The random variable represents the discounted net value of an investment strategy defined on the
probability space. The definition of Ω is the set of all possible natural states. X (ω) is the value of the
position when the state is ω ∈ Ω.

An acceptable set of the risk measure is defined as a set of portfolios that do not require any
monetary adjustments, that is Aρ = {x ∈ X |ρ(x) ≤ 0}. Compared with the traditional acceptable sets
of risk measures, there are friction costs in this model, which is represented as

cost(x) = (cost(x1), cost(x2), · · · , cost(xn)) (3)

where cost(xi) represents the transaction costs of the ith asset.
The risk measure in the friction market is defined as ρ′(x) = ρ0(x) + cost(x), where ρ0(x) is

a coherent risk measure in the frictionless market. This formula means the risk of the position is
contained by the cash added to make it acceptable and the extra cost of purchasing the position.
Then the corresponding acceptable set derived from ρ′ by Formula (1) may not be convex because of
the unknown cost functions.

We define a portfolio x = (x1, x2, · · · , xn) in which each component represents the amount of
investment in different types of assets. The n represents the total number of assets. Given tacit consent
to x ≤ x + m ∗ ei, i = 1, 2, · · · , n, m ≥ 0, ei is the unit vector (0, · · · , 0, 1, 0, · · · 0), that means, if any
amount of the component increases, the total risk of the portfolio becomes smaller.

In this paper, a new concept: non-cash risk measure is proposed. This measure uses all kinds of
assets in the market to adjust the position. While avoiding the problem of cash limitations, non-cash risk
measure gives an optimal solution of the adjusted position.

The definition of the non-cash risk measure is defined by the distance from the effective boundary
of the portfolio to the acceptable set. Using the definition in Vakili J. (2017) [8] for reference, the non-cash
risk measure is defined as follows.

ρ(x) = min
y∈A

(distLp
‖·‖
(x, y)) = min

y∈∂A
(distLp

‖·‖
(x, y)), (4)

where

Lp(x) =



n

∑
i=1
|xi|, p = 1,

(
n

∑
i=1
|xi|p

) 1
p

, 1 < p < +∞,

max (|xi|) , p = +∞.

(5)

In this article, denote

dist(x, A) = distL1
‖·‖
(x, A) = min

y∈A
(distL1

‖·‖
(x, y)), (6)
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dist(x, ∂A) = distL1
‖·‖
(x, ∂A) = min

y∈∂A
(distL1

‖·‖
(x, y)). (7)

Then the corresponding risk measure can be simplified to

ρ(x) = min

(
n

∑
i=1
|yi − xi|

)
, (8)

where x = (x1, x2, ..., xn) /∈ A , y = (y1, y2, ..., yn) ∈ ∂A.
This measure indicates that if the position x is outside the acceptable set, there exists a point y in

the acceptable set such that the distance from the point x to the acceptable point y can be regarded as
a risk-adjusted method. The amount of asset adjustment required by this method can be expressed
by L1 norm. The measure defined in this paper requires finding the distance between x and points in
acceptable sets, which is the distance of position x from the efficient boundary of the acceptable sets.
The non-cash risk measure solves actually an optimization problem and gives the optimal solution to
adjust the initial position. The risk of the position is defined by the least amount of assets adjusted to
make the position acceptable.

Through the definition of ρ(x) by Formula (8), it can be easily figured out that ∀x ∈ X,
ρ(x) ≤ ρ0(x), because

ρ(x) = min
y∈A

(
n

∑
i=1
|yi − xi|

)
≤ min

y∈A
|y1 − x1| ≤ inf {m ∈ R |x + me1 ∈ A} . (9)

This inequality shows that the risk hedging method given by the non-cash risk measure is better
than that given by the coherent risk measure.

If x∗ is the optimal solution of the optimization problem ρ(x) = min
(

n
∑

i=1
|yi − xi|

)
, then the

moving path along the directions of axes from x to x∗ is the best solution to transfer the risky portfolio

to the acceptable sets. The solution uses the least amount of assets
n
∑

i=1

∣∣x∗i − xi
∣∣.

3.2. Properties of Non-Cash Risk Measure

First we check if the non-cash risk measure still satisfies the four axioms defining coherent
risk measures.

Monotonicity: If x ≥ y, then ρ(x) ≤ ρ(y). Through the definition of the portfolio above,
the measurement of non-cash risk also satisfies this property.

Cash-additivity: For every constant m ∈ R, there exists ρ0(x + m) = ρ0(x)−m.
Cash-additivity is also called translation invariance. This axiom means that if cash is added to an

asset, the reduction in risk is equal to the increase in cash. Because the risk measure in this paper is not
based on cash adjustment only, this axiom is not always true in the risk measure defined in this paper.

When the marginal risk reduction in the portfolio is optimal for cash, it can be determined that
the non-cash risk measurement satisfies the translation invariance.

Proposition 2. If e1 ≥ e2 ≥ · · · ≥ en, that is the same as ρ(e1) ≤ ρ(e2) ≤ · · · ≤ ρ(en), then the non-cash
risk measure satisfies the cash-additivity.
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Proof of Proposition 2. To prove that translation invariance ρ(x + me1) = ρ(x)−m is satisfied, first it
is needed to check

ρ(x + me1) = dist (x + me1, ∂A) = min

(
[y1 − (x1 + m)] +

n

∑
i=2
|yi − xi|

)

=

(
[y1

1 − (x1 + m)] +
n

∑
i=2

∣∣∣y1
i − xi

∣∣∣) =

(
n

∑
i=1

∣∣∣y2
i − xi

∣∣∣)−m

= min

(
n

∑
i=1
|yi − xi|

)
−m = dist (x, ∂A)−m = ρ(x)−m,

(10)

where x = (x1, x2, ..., xn) /∈ A, y1 =
(
y1

1, y1
2, ..., y1

n
)
∈ ∂A is the optimal solution of the first optimization

problem, y2 = (y2
1, y2

2, · · · , y2
n) ∈ ∂A is the optimal solution of the second optimization problem.

To get (
[y1

1 − (x1 + m)] +
n

∑
i=2

∣∣∣y1
i − xi

∣∣∣) =

(
n

∑
i=1

∣∣∣y2
i − xi

∣∣∣)−m. (11)

That means to proof
n
∑

i=1

∣∣y1
i − xi

∣∣ = n
∑

i=1

∣∣y2
i − xi

∣∣.
Next check if y1 is the same point as y2.
Since y2 is the optimal solution of the second optimization problem, then if y1= y2, we have

∀y ∈ A, dist(x + me1, y2) ≤ dist(x + me1, y). That means the proof of
(
y2

1 − x1 −m
)
+

n
∑

i=2
(y2

i − xi) ≤

(y1 − x1 −m) +
n
∑

i=2
(yi − xi).

Simplify the inequality above, we have
n
∑

i=1
(y2

i − xi) ≤
n
∑

i=1
(yi − xi), which is obviously true due

to the definition of y2.
Thus the proof is complete.

Positive Homogeneity: ∀λ ≥ 0, ρ(λx) = λρ(x).
The non-cash risk measure does not satisfy this axiom because the cost is added to the model

and the cost function may be nonlinear. For example, if x = (B, S) is a portfolio, where cos t(B) = c1,
cos t(S) = c2S, c1, c2 is a constant, then the portfolio does not satisfy the positive homogeneity.

Subadditivity: ρ(x + y) ≤ ρ(x) + ρ(y).
The non-cash risk measure also satisfies this axiom. The proof is as follows.

Proposition 3. If ρ is a non-cash risk measure, then it satisfies ρ(x + y) ≤ ρ(x) + ρ(y).

Proof of Proposition 3. If z1 is the optimal solution of ρ(x + y) = min
z∈∂A

(
n
∑

i=1
|zi − (xi + yi)|

)
, z2 is the

optimal solution of ρ(x) = min
z∈∂A

(
n
∑

i=1
|zi − xi|

)
, z3 the optimal solution of ρ(y) = min

z∈∂A

(
n
∑

i=1
|zi − yi|

)
.

From the tacit consent x ≤ x + m ∗ ei given above, it is apparently that

ρ(x) = min
y∈∂A

(
n

∑
i=1
|yi − xi|

)
= min

y∈A

n

∑
i=1

(yi − xi). (12)
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Then we have

ρ(x) + ρ(y) =
n

∑
i=1

(
z2

i − xi

)
+

n

∑
i=1

(
z3

i − yi

)
=

n

∑
i=1

[(
z2

i − xi

)
+
(

z3
i − yi

)]
=

n

∑
i=1

(
(z2

i + z3
i )− (xi + yi)

)
.

(13)

Since ρ(x + y) =
n
∑

i=1

(
z1

i − (xi + yi)
)
, where z1 is the optimal solution of optimization problem

min
z∈∂A

(
n
∑

i=1
|zi − (xi + yi)|

)
, then

ρ(x + y) = min
z∈∂A

(
n

∑
i=1
|zi − (xi + yi)|

)
=

n

∑
i=1

(
z1

i − (xi + yi)
)

≤
n

∑
i=1

(
(z2

i + z3
i )− (xi + yi)

)
= ρ(x) + ρ(y).

. (14)

Thus the proof is finished.

Proposition 4. In addition, the non-cash risk measure also satisfies the monotonicity of the partial derivative:
If x /∈ A, then ∂ρ(x)

∂xi
≤ 0, ∀i = 1, 2, · · · , n.

Proof of Proposition 4.
∂ρ(x)

∂xi
= lim

δ→0

ρ(x + δ · ei)− ρ(x)
δ

= dist(x + δ · ei, ∂A)− dist(x, ∂A) ≤ 0.
(15)

Let proof by contradiction.
If dist(x+ δ · ei, ∂A)− dist(x, ∂A) > 0, that is dist(x+ δ · ei, ∂A) > dist(x, ∂A), since x ≤ x+m ∗ ei,

i = 1, 2, · · · , n, m ≥ 0, then dist(x + δ · ei, ∂A) ≤ dist(x, ∂A) is contradictory to the assumption.
However, it is found that the risk measure does not satisfy convexity. A counterexample of convexity
is given below. If x = 0, y ∈ ∂A, since the acceptable set is a nonconvex set, there exists λ ∈ [0, 1],
such that λx + (1− λ)y /∈ A. In this condition, there exists ρ (λx + (1− λ)y) > 0, contradictory to
λρ(x) + (1− λ)ρ(y) = 0.

3.3. Extension of Non-Cash Risk Measure

Since the risk measure is not a convex function and solves an optimization problem, first a convex
risk measure function derived from the extension of the risk measure is given. Then the relationship
between the convex risk measure and the original non-cash risk measure is studied. In reference to the
use of the concave hull in Lepinette et al. (2015) [9], we define the convex risk measure as follows:

ρ̃(x) = inf

{
n

∑
i=1

λiρ(xi) : λi ≥ 0,
n

∑
i=1

λixi = x

}
, (16)

where ρ̃(x) is the biggest convex hull of ρ(x).
Obviously, the measure function has the following properties.

1. ρ̃(x) ≤ ρ(x),
2. Subadditivity: ρ̃(X + Y) ≤ ρ̃(X) + ρ̃(Y),
3. Convexity: ρ̃ (λx + (1− λ)y) = λρ̃(x) + (1− λ)ρ̃(y), λ ∈ [0, 1].
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The following studies the relationship of ρ̃(x) and ρ(x).

Lemma 1. Denote g(x) = D+∞ρ(x) = lim
λ→+∞

ρ(λx)
λ , then g(x) is a convex function.

Proof of Lemma 1. When λ ≥ 1, we have

g(ux) = D+∞ρ(ux) = lim
λ→+∞

ρ(λ · ux)
λ

= lim
λ→+∞

u · ρ(λu · x)
λu

= u · lim
λ→+∞

ρ(λu · x)
λu

= u · lim
β→+∞

ρ(βx)
β

= u · D+∞ρ(x).
(17)

That is g(ux) = ug(x), which implies that g(x) satisfies the linear condition.
Denote µ > 0, η > 0 and λ > 0 such that λ ≥ µ ∨ η, then λ

µ ≥ 1, λ
η ≥ 1.

Define ρ (λ (x + y)) = min
x∗∈∂A

(
n
∑

i=1

∣∣x∗i − λ (xi + yi)
∣∣) has the optimal solution of

xc = (xc
1, xc

2, · · · , xc
n), and ρ(µx) = min

x∗∈∂A

(
n
∑

i=1

∣∣x∗i − µxi
∣∣) has the optimal solution which

is xa = (xa
1, xa

2, · · · , xa
n) , and ρ(µy) = min

x∗∈∂A

(
n
∑

i=1

∣∣x∗i − µyi
∣∣) has the optimal solution of

xb = (xb
1, xb

2, · · · , xb
n), then

ρ (λ (x + y)) =
n

∑
i=1

[xc
i − λ (xi + yi)]

≤
n

∑
i=1

[(
λ

µ
· xa

i +
λ

η
· xb

i

)
− (λxi + λyi)

]
=

n

∑
i=1

[(
λ

µ
· xa

i − λxi

)
+

(
λ

η
· xb

i − λyi

)]
=

n

∑
i=1

λ

µ
(xa

i − µxi) +
n

∑
i=1

λ

η

(
xb

i − µyi

)
=

λ

µ

n

∑
i=1

(xa
i − µxi) +

λ

η

n

∑
i=1

(
xb

i − µyi

)
=

λ

µ
· ρ (µx) +

λ

η
· ρ (ηy) .

(18)

So that

ρ (λ (x + y)) =
n

∑
i=1

[xc
i − λ (xi + yi)]

≤
n

∑
i=1

[(
λ

µ
· xa

i +
λ

η
· xb

i

)
− (λxi + λyi)

]
=

n

∑
i=1

[(
λ

µ
· xa

i − λxi

)
+

(
λ

η
· xb

i − λyi

)]
=

n

∑
i=1

λ

µ
(xa

i − µxi) +
n

∑
i=1

λ

η

(
xb

i − µyi

)
=

λ

µ

n

∑
i=1

(xa
i − µxi) +

λ

η

n

∑
i=1

(
xb

i − µyi

)
=

λ

µ
· ρ (µx) +

λ

η
· ρ (ηy) .

(19)
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When µ, η → +∞, g (x + y) ≤ g (x) + g (y) is also sub- additive. Then

g (λx + y) ≤ g (λx) + g ((1− λ) y) = λg (x) + (1− λ) g (y) . (20)

Which means g(x) is a convex function.

Theorem 1. If a non-cash risk measure ρ(x) is a measure defined on a non-convex acceptable set and ρ̃(x) is a
convex extension of ρ(x), the following formula holds:

ρ̃(x) = D+∞ρ(x) = lim
λ→+∞

ρ(λx)
λ

. (21)

Proof of Theorem 1. By Lemma 1 and the definition of ρ̃(x), it is clear that g (x) ≤ ρ̃ (x).

If n ≥ 1, then ρ̃1(x) ≤
n
∑
i=1

ρ
( x

n
)
= nρ

( x
n
)
. When n → +∞, denote λ = 1

n , then λ → 0+ and

we have ρ̃(x) ≤ lim
λ→0+

ρ(λx)
λ . When n → 0+, denote λ = 1

n , then we have ρ̃(x) ≤ lim
λ→+∞

ρ(λx)
λ , that is

ρ̃(x) ≤ g (x). After all, ρ̃(x) = g (x).

4. Examples

Example 1. (Financial markets with fixed and proportional transaction costs) Consider a financial market
model in which a portfolio contains two assets. The first component with price x1 is a class of bond without
any cost of buying or selling. The second component with price x2 is the stock. The cost of the stock consists of
two parts. The first part is the fixed cost cost f ix(x2) = c, where c is a constant, that is, no matter how many
transactions are made, the transaction cost will occur as long as the transaction takes place. The second part
costproportion(x2) = k |x2| is the transaction cost distributed proportionally. Where k is the constant between 0
to 1. We assume that the asset is too risky to be included in the acceptable set when the transaction cost is greater
than the exchange gain. This means when x1 + x2 ≤ cost f ix(x2) + costproportion(x2), or x1 + x2 ≤ c + k |x2|,
then x = (x1, x2) is not contained in the acceptable set A. The corresponding non cash-risk measure is as follows:

ρ ((x1, x2)) = 1x2 6=0 · c + k |x2| − x1 − x2. (22)

The acceptance set defined by A = {x = (x1, x2) ∈ X |ρ ((x1, x2)) ≤ 0} is showed in the Figure 1a below.

Example 2. (financial markets with proportional transaction costs and random costs) Consider a financial
market model in which a portfolio contains two assets. The first component with price x1 is a class of bond with a
proportionate transaction cost costproportion(x1) = k |x1| where k is the constant between 0 to 1. The second
component x2 is a commodity contract, where part of the cost is the purchase cost that varies with the underlying
asset value and the other part is the transaction cost that is randomly generated. We assume that the asset
is too risky to be included in the acceptable set when the transaction cost is greater than the gains. So when
x1 + x2 ≤ costproportion(x2) + costrand(x2), or x1 + x2 ≤ k |x2| + rand (0, 1), then x = (x1, x2) /∈ A.
The corresponding non-cash risk measure is as follows:

ρ ((x1, x2)) = k |x2|+ rand (0, 1)− x1 − x2. (23)

The corresponding acceptance set is showed in the Figure 1b below.
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(a) (b)
Figure 1. The corresponding sets of examples. Figure (a) shows the acceptable set with fixed costs and
proportional transaction costs, Figure (b) shows the acceptable set with proportional transaction costs
and stochastic costs.

5. Conclusions

This paper mainly focus on the corresponding risk measure when an acceptable set is a nonconvex
set. By discussing the cost function, a new measure is given, which is superior to the coherent risk
measure in risk adjustment. At the same time, since the non-cash risk measure is a non-convex
measure and the corresponding acceptable set is also non-convex, we also discuss the extension of the
non-cash risk measure and give the relationship between the extension risk measure and the non-cash
risk measure.
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