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Abstract: In this paper we investigate some fixed-circle theorems using Ciri¢’s technique (resp.
Hardy-Rogers’ technique, Reich’s technique and Chatterjea’s technique) on a metric space. To do
this, we define new types of F.-contractions such as Ciri¢ type, Hardy-Rogers type, Reich type and
Chatterjea type. Two illustrative examples are presented to show the effectiveness of our results.
Also, it is given an application of a Ciri¢ type F.-contraction to discontinuous self-mappings which
have fixed circles.

Keywords: fixed circle; Ciri¢ type F.-contraction; Hardy-Rogers type F.-contraction; Reich type
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1. Introduction

Fixed point theory has become the focus of many researchers lately (see [1-4]). One of the main
important results of fixed point theory is when we show that a self mapping on a metric space under
some specific conditions has a unique fixed point. In some cases when we do not have uniqueness of
the fixed point, such a map fixes a circle which we call a fixed circle, the fixed-circle problem arises
naturally in practice. There exist a lot of examples of self-mappings that map a circle onto itself and
fixes all the points of the circle, whereas the circle is not fixed by the self-mapping. For example,
let (C,d) be the usual metric space and Cp; be the unit circle. Let us consider the self-mappings
T1:C— Cand T, : C — C defined by

Ldf 240
— z
iz {o if z=0
and

1 .

= if z#0
Tyz=1{ Z
- {0 if z=0 "’

for all z € C where 7 is the complex conjugate of the complex number z. Then, we have T;(Cy1) = Co
(i = 1,2), but Cy is the fixed circle of T; while it is not the fixed circle of T, (especially T, fixes only
two points of the unit circle). Thus, a natural question arises as follows:
What is (are) the necessary and sufficient condition(s) for a self-mapping T that make a given
circle as the fixed circle of T? Therefore, it is important to investigate new fixed-circle results.
Various fixed-circle theorems have been obtained using different approaches on metric and some
generalized metric spaces (see [5-9] for more details). For example, in [5], fixed-circle results were
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proved using the Caristi’s inequality on metric spaces. In [8], it was given a fixed-circle theorem for a
self-mapping that maps a given circle onto itself. In [9], it was extended known fixed-circle results in
many directions and introduced a new notion called as an F.-contraction. In addition, some generalized
fixed-circle theorems were investigated on an S-metric space (see [6,7]).

Motivated by the above studies, we present some new fixed-circle theorems using the ideas
given in [10,11]. In [10], it was proved some fixed-point results using an F-contraction of the
Hardy-Rogers-type and in [11], it was obtained a fixed-point theorem using a Ciri¢ type generalized
F-contraction. We generate some fixed-circle results from these types of contractions using
Wardowski’s technique. For some fixed-point results obtained by this technique, one can consult the
references [10-13]. In Section 2, we define the notions of a Ciri¢ type F.-contraction, Hardy-Rogers
type Fc-contraction, Reich type F.-contraction and Chatterjea type F.-contraction. Using these concepts,
we prove some results related to the fixed-circle problem. In Section 3, we present an application of
our obtained results to a discontinuous self-mapping that has a fixed circle.

2. New Fixed-Circle Results via Some Classical Techniques

Let (X,d) be a metric space and T : X — X be a self-mapping in the whole paper. Now we
investigate some new fixed-circle theorems using the ideas of some classical fixed-point theorems.

At first, we recall some necessary definitions and a theorem related to fixed circle. A circle and a
disc are defined on a metric space as follows, respectively:

Cupr ={u e X:d(u,ug) =r}

and
Dyyr ={u € X:d(u,up) <r}.

Definition 1 ([5]). Let Cy,, be a circle on X. If Tu = u for every u € Cy,, then the circle Cy , is said to be a
fixed circle of T.

Definition 2 ([13]). Let IF be the family of all functions F : (0,00) — R such that
(Fy) F is strictly increasing,
(Fp) For each sequence {w, } in (0,00) the following holds
lim &y, = 0 if and only if lgn F(ay) = —oo,
n—oo

n—o0

(F3) There exists k € (0,1) such that lim a*F(«) = 0.

a—0t

Definition 3 ([9]). If there existt > 0, F € F and ug € X such that for all u € X the following holds:
d(u, Tu) > 0= t+ F(d(u,Tu)) < F(d(uo,u)),
then T is said to be an F.-contraction on X.
Theorem 1 ([9]). Let T be an Fe-contractive self-mapping with ug € X and
r=min{d(u, Tu): u # Tu}. (1)
Then Cy, r is a fixed circle of T. Especially, T fixes every circle Cy,, where p < r.

Now we define new contractive conditions and give some fixed-circle results.
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Definition 4. If there exist t > 0, F € F and uy € X such that for all u € X the following holds:
d(u, Tu) > 0=t + F(d(u, Tu)) < F(m(u,ug)), ()

where

m(u,v) = max {d(u, v),d(u, Tu),d(v, Tv), = [d(u, Tv) + d(v, Tu)] } ,

N =

then T is said to be a Ciri¢ type Fe-contraction on X.
Proposition 1. If T is a Ciri¢ type F.-contraction with ug € X then we have Tug = uy.
Proof. Assume that Tug # ug. From the definition of a Ciri¢ type F.-contraction, we get

d(ug, Tug) > 0= t+ F(d(uo, Tug)) < F(m(uo,uo))

= F (max{ d(uo, uo),d(uo, Tu), d(uo, Tug), })
N 1

5 [d(uo, Tug) + d(uo, Tuo)]
= F(d(uo, Tuo)),

a contradiction because of ¢ > 0. Then we have Tug = ug. O

Theorem 2. Let T be a Ciri¢ type Fe-contraction with ug € X and r be defined as in (1). If d(ug, Tu) = r for
all u € Cyr then Cyy  is a fixed circle of T. Especially, T fixes every circle Cy, p withp <r.

Proof. Let u € C,y,. Since d(ug,Tu) = r, the self-mapping T maps C,,, into (or onto) itself.
If Tu # u, by the definition of 7, we have d(u, Tu) > r. So using the Ciri¢ type F.-contractive property,
Proposition 1 and the fact that F is increasing, we get

F(r) < F(d(u,Tu)) < F(m(u,ug)) —t < F(m(u,up))

= F (max {d(u, ug),d(u, Tu),d(u, Tuo),% [d(u, Tug) + d(uo, Tu)] })
= F(max{r,d(u,Tu),0,r}) = F(d(u, Tu)),

a contradiction. Therefore, d(u, Tu) = 0 and so Tu = u. Consequently, Cy, , is a fixed circle of T.
Now we show that T also fixes any circle C,,, with p < r. Letu € C,,, and assume that
d(u, Tu) > 0. By the Ciri¢ type F.-contractive property, we have

F(d(u, Tu)) < F(m(u,ug)) —t < F(m(u,up)) = F(d(u, Tu)),
a contradiction. Thus we obtain d(u, Tu) = 0 and Tu = u. So, Cy, , is a fixed circle of T. [

Corollary 1. Let T be a Cirié type Fe-contractive self-mapping with ug € X and r be defined as in (1).
If d(uo, Tu) = r for all u € Cy,r then T fixes the disc Dy .

Definition 5. If there exist t > 0, F € F and uy € X such that for all u € X the following holds:

®)

d(u,Tu) > 0= t+ F(d(u,Tu)) < F ( ad(u, o) + pd(u, Tu) + yd(uo, Tuo) ) ,

+dd(u, Tug) + nd(uo, Tu)

where
a+B+y+o+n="10ap7731n>0andua#0,

then T is said to be a Hardy-Rogers type F.-contraction on X.
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Proposition 2. If T is a Hardy-Rogers type F.-contraction with uy € X then we have Tug = u.
Proof. Assume that Tug # ug. From the definition of a Hardy-Rogers type F.-contraction, we get

d(ug, Tug) > 0= t+ F(d(ug, Tuyp))

< p( @d(uo,uo) + pd(uo, Tu) + vd(uo, Tuo)
- +0d(uo, Tug) + nd(uo, Tug)

= F((B+7+05+1n)d(uo, Tuo))
< F(d(uo, Tuo)),
a contradiction because of t > 0. Then we have Tug = ug. 0O

Using Proposition 2, we rewrite the condition (3) as follows:

d(u,Tu) >0 = t+ F(d(u, Tu)) < F ( +2‘§<(Z,’ ;33))1[355?&%) ) ’

where
a+p+6+n<1a/pB,6n>0anda #0.

Using this inequality, we obtain the following fixed-circle result.

Theorem 3. Let T be a Hardy-Rogers type Fe-contraction with uy € X and r be defined as in (1). If d(uo, Tu) = r
forallu € Cy, then Cy , is a fixed circle of T. Especially, T fixes every circle Cy, p with p < 7.

Proof. Let u € Cy,,. Using the Hardy-Rogers type F.-contractive property, Proposition 2 and the fact
that F is increasing, we get

F(r) < F(d(u,Tu))
< F(ad(u,ug) + pd(u, Tu) + dd(u, Tug) + nd(ug, Tu)) —t
< F(ar+ Bd(u, Tu) + or +nr)
< F((+ B+ o+ (e, Tu)) < F(d(u, T)),

a contradiction. Therefore, d(u, Tu) = 0 and so Tu = u. Consequently, C,, - is a fixed circle of T. By the
similar arguments used in the proof of Theorem 2, T also fixes any circle Cy,, withp <r. O

Corollary 2. Let T be a Hardy-Rogers type F.-contractive self-mapping with ug € X and r be defined as in (1).
If d(uo, Tu) = r for all u € Cy,, then T fixes the disc Dy .

Remark 1. If we consider « = 1and f = v = 6 = n = 0 in Definition 5, then we get the notion of an
Fe-contractive mapping.

In Definition 5, if we choose § = 5 = 0, then we obtain the following definition.
Definition 6. If there exist t > 0, F € F and uy € X such that for all u € X the following holds:
d(u,Tu) > 0=t + F(d(u, Tu)) < F (ad(u, ug) + Bd(u, Tu) + yd(ug, Tug)), 4)

where
a+p+vy<landwa,pB,v >0,

then T is said to be a Reich type F.-contraction on X.
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Proposition 3. If a self-mapping T on X is a Reich type F.-contraction with ug € X then we have Tuy = ug.

Proof. From the similar arguments used in the proof of Proposition 2, the proof follows easily since
B+y<1. 0O

Using Proposition 3, we rewrite the condition (4) as follows:

d(u, Tu) > 0= t+ F(d(u, Tu)) < F (ad(1u,up) + pd(u, Tu)),

where
a+p<landw,p>0.

Using this inequality, we obtain the following fixed-circle result.

Theorem 4. Let T be a Reich type F-contraction with uy € X and r be defined as in (1). Then Cy, s is a fixed
circle of T. Especially, T fixes every circle Cy, p with p <.

Proof. It can be easily seen since
F(r) < F(d(u,Tu)) < F((a + B)d(u, Tu)) < F(d(u, Tu)).
O

Corollary 3. Let T be a Reich type F.-contractive self-mapping with uy € X and r be defined as in (1). Then T
fixes the disc Dy .

In Definition 5, if we choose « = f = v = 0 and J = #, then we obtain the following definition.
Definition 7. If there exist t > 0, F € F and uy € X such that for all u € X the following holds:

d(u, Tu) > 0=t + F(d(u, Tu)) < F (y(d(u, Tug) +d(uo, Tu))), )

1
ne <0,2),

then T is said to be a Chatterjea type F.-contraction on X.

where

Proposition 4. If a self-mapping T on X is a Chatterjea type F.-contraction with uy € X then we have
TMO = Up.

Proof. From the similar arguments used in the proof of Proposition 2, it can be easily proved. O

Theorem 5. Let T be a Chatterjea type F.-contraction with ug € X and r be defined as in (1). If d(ug, Tu) =r
forallu € Cyy, then Cy, s is a fixed circle of T. Especially, T fixes every circle Cy, , with p <r.

Proof. By the similar arguments used in the proof of Theorem 3 and Definition 7, it can be
easily checked. O

Corollary 4. Let T be a Chatterjea type F.-contractive self-mapping with uy € X and r be defined as in (1).
If d(uo, Tu) = r for all u € Cy, then T fixes the disc Dy .

Now we give two illustrative examples of our obtained results.



Mathematics 2018, 6, 188 60f9

Example 1. Let X = {1,2,¢3 —1,¢3,¢> + 1} be the metric space with the usual metric. Let us define the
self-mapping T : X — X as
T { 2 if u=1

u otherwise

forallu € X.
The Ciri¢ type F.-contractive self-mapping T: The self-mapping T is a Ciri¢ type F.-contractive
self-mapping with F = Inu, t = In(e® — 1) and ug = e3. Indeed, we get
d(u,Tu) =d(1,T1) =d(1,2) =1 >0

foru =1and

[da, )+ d(eB,z)]}

N =

m(u,ug) = m(l,e3):max{d(l,e3),d(1,2),

= max{e3—1,1,e3—§} =1

Then, we have

t4+F(d(u, Tu)) = In(e® —1)+1In(d(1,2)) =1In(e* — 1)
< In(d(m(u,ug))) = In(e’ —1).

The Hardy-Rogers type F.-contractive self-mapping T: The self-mapping T is a Hardy-Rogers type
F.-contractive self-mapping with F = Inu, t = In(e®) —In3, 0 = B = 1,6 = 57 = O and ug = ¢>. Indeed,
we get

d(u,Tu) =d(1,T1) =d(1,2) =1 >0

foru =1and
ad(u, ug) + Bd(u, Tu) + 6d(u, Tug) + nd(ug, Tu) = % [d(l,eg) + d(l,Z)}
_1rs @
Then, we have
t+F(d(u, Tu)) = In(e®) —In3+1In(d(1,2)) = In(e’) —In3
< In(d(ad(u,ug) + Bd(u, Tu) + 6d(u, Tug) + nd(ug, Tu)))
= In(¢®) —In3.

The Reich type F.-contractive self-mapping T: The self-mapping T is a Reich type F.-contractive
self-mapping with F = Inu, t = In(e®) —In4, a = B = } and ug = ¢>. Indeed, we get

d(u, Tu) =d(1,T1) =d(1,2) =1>0

foru =1and

[d(l,e?’) +d(1,2)} = % [e3 —1+ 1} = é.

N

ad(u, ug) + pd(u, Tu) =
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Then, we have

t+F(d(u,Tu)) = In(e®) —In4+1In(d(1,2)) = In(e®) — In4
< In(d(ad(u, ug) + d(u, Tu))) = In(e®) — In4.

The Chatterjea type F.-contractive self-mapping T: The self-mapping T is a Chatterjea type F.-contractive

self-mapping with F = Inu, t = In (3e3 — 1), 7 = 1 and ug = €. Indeed, we get

d(u, Tu) = d(1,T1) =d(1,2) =1>0

foru =1and

1(d(u, Tug) + d(ug, Tu)) = [d(l,e?’) + d(e?’,z)}

[e3—1+e3—2] :?— .

W= W=

Then, we have
4 Fd(u,Tu) = In (§e3 - 1) +In(d(1,2)) = In (553 - 1)
< In(n(d(u, Tug) +d(up, Tu))) = In (§e3 - 1) .

Also, we obtain
r=min{d(u, Tu) :u # Tu} = {d(1,2)} = 1.

Consequently, T fixes the circle Cp y = {€* — 1,3 4+ 1} and thedisc D,z y = {€* —1,¢3,¢> +1}.
In the following example, we see that the converse statements of Theorems 2-5 are not always true.

Example 2. Let xg € X be any point and the self-mapping T : X — X be defined as

Tu—d ¥ {fueDuM,/
wo if u# Dy
for all u € X with y > 0. Then T is not a Ciri¢ type F.-contractive self-mapping (resp. Hardy-Rogers
type F.-contractive self-mapping, Reich type F.-contractive self-mapping and Chatterjea type F.-contractive
self-mapping). But T fixes every circle Cy, , where p < .

3. An Application to Discontinuity Problem

In this section, we give some examples of discontinuous functions and obtain a discontinuity
result related to fixed circle.

Example 3. Let X = {1,2, A —1,63 e + 1} be the metric space with the usual metric. Let us define the
self-mapping T : X — X as

2 i 3 —
Ty — 1fu<63 1,
u if u>e —1

forall u € X. As in Example 1, it is easily verified that the self-mapping T is a Ciri¢ type F.-contractive
self-mapping and C,3 1 = {e3 — 1,3+ 1} is afixed circle of T. We note that the self-mapping T is continuous
at the point e + 1 while the self-mapping T is discontinuous at the point > — 1.
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Example 4. Let X = {1,2,¢3 —1,¢3,¢> + 1} be the metric space with the usual metric. Let us define the
self-mapping T : X — X as
2 if u<é-1
e —1 if B—1<u<ed
Tu = 3 3 ’
u if ee<u<e+1
u—1 if u>el+1

forall u € X. As in Example 1, it is easily checked that the self-mapping T is a Ciri¢ type F.-contractive
self-mapping and Cys | = {e3 — 1,3 + 1} isa fixed circle of T. We note that the self-mapping T is discontinuous
at the center 3 and on the circle Cp1-

Consider the above examples, we give the following theorem.

Theorem 6. Let T be a Ciri¢ type Fe-contraction with uy € X and r be defined as in (1). If d(ug, Tu) = r for
all u € Cy,, then Cy, , is a fixed circle of T. Also T is discontinuous at u € Cy , if and only iflignm(u, v) # 0.
v—u

Proof. From Theorem 2, we see that Cy,  is a fixed circle of T. Used the idea given in Theorem 2.1 on
page 1240 in [14], we see that T is discontinuous at u € Cy,  if and only if z%ignm(u, v) £0. O
u

4. Conclusions

We have presented new generalized fixed-circle results using new types of contractive conditions
on metric spaces. The obtained results can be also considered as fixed-disc results. By means of
some known techniques which are used to obtain some fixed-point results, we have generated useful
fixed-circle theorems. As we have seen in the last section, our main results can be applied to other
research areas.
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