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Abstract: The Klein-Gordon equation is a model for free particle wave function in relativistic quantum
mechanics. Many numerical methods have been proposed to solve the Klein-Gordon equation.
However, efficient high-order numerical methods that preserve energy and linear momentum of the
equation have not been considered. In this paper, we propose high-order numerical methods to solve
the Klein-Gordon equation, present the energy and linear momentum conservation properties of our
numerical schemes, and show the optimal error estimates and superconvergence property. We also
verify the performance of our numerical schemes by some numerical examples.
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1. Introduction

The Klein-Gordon equation is a widely used model in relativistic quantum mechanics. It is used
to describe the free particle wave function. Many numerical methods, including finite difference
methods [1-4], finite element methods [5] and spectral methods [6,7], have been proposed to solve
the Klein-Gordon equation. In particular, the authors in [2] proposed a simple second order centered
difference in time and space, an explicit scheme to solve the Klein-Gordon equation. The finite
difference schemes proposed in [1,4] used the same treatment for second order spatial and temporal
derivatives, but different treatment for the source term of the equation. In [3], a finite difference
method along with an operator splitting method was proposed to solve the equation on an unbounded
domain. All of these finite difference schemes have second-order convergence in space and time. Some
types of spectral methods were proposed in order obtain a higher order of convergence in space. In [6],
a pseudo-spectral method was proposed for the spatial discretization, and Crank-Nicolson or leap-frog
method was used for the temporal discretization. In [7], Legendre wavelets incorporated with a spectral
method were used to solve Klein-Gordon and Sine-Gordon equations. As far as the family of finite
element methods is concerned, Ref. [5] proposed Galerkin finite element methods for the Klein-Gordon
equation with homogeneous Dirichlet boundary conditions. However, none of the aforementioned
work focused on the conservation properties of energy and momentum. The advantage of high-order
energy and linear momentum conserving methods is that they can lead to accurate and physically
relevant solutions with relatively coarse mesh. Moreover, the structure-preserving property is a
significant factor when judging the performance of numerical schemes [8].

In this paper, we propose high-order local discontinuous Galerkin (LDG) methods that have
provable properties of energy and linear momentum conservation, optimal convergence and
superconvergence. Discontinuous Galerkin (DG) methods belong to the family of finite element
methods, and have drawn great attention since the work by Cockburn and Shu in [9-12]. LDG methods,
as a special type of DG method, were then proposed to solve diffusion equations [13], partial differential
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equations with high spatial derivatives [14,15], and wave equations [16-19]. In this work, we propose
new methods for the Klein-Gordon equation based on the local discontinuous Galerkin methods
because LDG methods have some advantage of classical finite element methods. That is, it is easy to
design LDG methods with arbitrary order of convergence, and it is suitable for mesh adaptivity and
complex geometry. More importantly, DG methods can be designed to conserve mass and energy for
certain systems of partial differential equations [20,21].

The outline of this paper is as follows. In Section 2, we present our semi-discrete LDG methods,
prove the conservation properties of energy and linear momentum of the Klein-Gordon equation,
and show the optimal convergence of our numerical solutions. All of the theoretical results from this
section are based on our semi-discrete LDG schemes. In Section 3, we give rigorous proof about the
superconvergence property of our numerical solution. In Section 4, we present two types of temporal
discretizations and discuss their properties. In Section 5, we conclude this paper by performing some
numerical experiments to test the optimal convergence, superconvergence and conservation properties.
We can show that our numerical results are consistent with our theoretical results.

2. Local Discontinuous Galerkin Discretization

2.1. Semi-Discrete Local Discontinuous Galerkin Methods for the Klein-Gordon Equation

The original form of the Klein-Gordon equation is given by

1 9% ,  m2c?

where ¢ is the wave function, c is the speed of light, m is the mass and 7 is the Planck constant.
Applying the following transformation

2
X = %x' = %tf u(x,t) = ¢(%,) @)

to Equation (1), we have the non-dimensional Klein-Gordon equation
Uy — Au+u=0. 3)

In this paper, we develop high-order numerical methods to solve Equation (3) using the method
of lines. We first define the semi-discrete local discontinuous Galerkin scheme for a one-dimensional
Klein-Gordon equation, and the multi-dimensional equation can be defined in the same manner.
We consider the Klein-Gordon equation defined on a one-dimensional spatial domain I = [, b] with
initial conditions u(x,0) = f(x), u¢(x,0) = g(x) and a periodic boundary condition.

Before we present our numerical methods, we introduce the important notations that we
will need later. We use H™ to denote the L2-Sobolev space of order m whose equipped norm is

represented by || - ||n. We use L? instead of HY, when m = 0, and its corresponding norm is
denoted by || - ||. Similarly, we use W™ to represent the L®-Sobolev space of order m whose
equipped norm is denoted by || - ||meo. When m = 0, we simply use || - || to denote the

L® norm. Suppose we partition the spatial domain I into N subintervals, each of which is
denoted by I; for j = 1,2,...,N. Leta= Xp<xy << Xyy1 = b be the endpoints of these
. _ . . R 1 . .
subintervals, and [; = [x]._%,xﬁ%] for all j. For each j, let x; = i(x]._% + x].+%) be the midpoint

of each subinterval [;. The mesh size is given by h := maxh;, where h; := — X1
]

We define a piecewise polynomial space: V%]f = {v: 9 I € Pk(Ij),Vj}, where P is the space of

X.
j+3

polynomials of degree at most k. Note that the continuity of any function in V,f is not required.

For v, € V¥, we define (v,)" , := lim ovj(x, ¢)and (vy,)” , := lim v,(x. 1 —€). We use
h (n) /1 1= Mm op(x;, g +e)and (o) o= Lim oy (x;, 4 —€)
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=1 ((on)" , —(vn) 1 ) to denote the average and
Itz Itz

(=3 (), + o), ) and [l

jump at x [V respectively.

In order to define local discontinuous Galerkin methods, we rewrite Equation (3) using an
auxiliary variable q. Therefore, we have a (1, q) system given by uy = gy — u and g = uy. Our local
discontinuous Galerkin methods for such a (1, q) system can be defined as the following. We look for

uy and g5 € V,f, such that
Jomodx = = [aocde+ @) g0, — @) oty — [ wods, @
] ]

] j+z
/ gpwdx
Ij

for any v, w € VF. Here, (i)

= - = +
—/I]_ g e dx -+ (i), gy = (), _yot 5)
it
Similarly, (g;,) i+l depends on (gy,) ! and (q;,) 1 The choice of numerical fluxes plays a great role in

is the so-called numerical flux which depends on (uh);“+ , and (uh)]:rl .
b b

+ —

j* Ths
conservation properties, stability and convergence of the numerical schemes. In this paper, we take the
following numerical fluxes

w=ut, @ =aq,- (6)

Alternatively, one can also choose i, = 1, §j, = q;/.

2.2. Conservation Properties

In this subsection, we show the conservation properties of our semi-discrete
schemes (4) and (5). The energy and linear momentum of the Klein-Gordon equation are
given by H(t) = 3 [; (u? +u2 +u?)dx and P(t) = [, usuxdx, respectively. In the PDE level,
the energy and linear momentum of the Klein-Gordon equation are conserved. Our numerical scheme
also satisfies the conservation properties.

Theorem 1. (Energy Conservation) The numerical solutions uy, and qy to the schemes (4) and (5) with
numerical flux (6) satisfy:

2dt )i (u%,t + q%l + u%) dx = 0. ?)
Proof. Letv = uy,¢ and gj, = g, in our semi-discrete scheme (4). We then sum over all the subintervals
I; and obtain

N

/Iuh,ttuh,t dx = —/I%uh,tx dx — ];(qh)];% [npli1 = /I”h“h,t dx. )

Here, we have used the periodic boundary condition of g, in the equation above. Next, we take a
time derivative on both sides of Equation (5). We then let w = q;, and ), = u,j and take the sum over
all the subintervals I;. We can obtain

N

/I%,t% dx = — /1 U 1, x AX — ];(uh,t)]:% [l 1- ©)
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Here, we have used the periodic boundary condition of u;,. We take the sum of Equations (8)
and (9) and get the following equation:

/1 (tpeetn g =+ Gneqn + uptiy,r) dx

N N
= — /I(qhuh,tx + U, Gh,x )dX —Jg(qh)]+1 [uht]ﬁ% _];wht)]*l [qh]1+%
N
= ; ( Gntip, ] i T (Qh)j_Jr%[uh,t]H% - (”h,t);%[%]”%) —0. 10)

It is easy to see that the equation above leads to the energy conservation Equation (7), and this
concludes the proof. [J

Theorem 1 shows the energy conserving property of our numerical schemes. A direct conclusion
+ |lup||> = C, where C is a constant that depends only on the
initial data u(x,0), g;(x,0) and uy,;(x,0). Therefore, we have the following estimates: ||u,] < C,
lgnll < Cand [jup,|| < C, which implies the stability of our schemes. We then present the conservation

property of linear momentum.

Theorem 2. (Linear Momentum Conservation) The numerical solutions uy, and qy, to the schemes (4) and (5)
with numerical flux (6) satisfy:

d 1Y 2 1N 2 1 N 2
it /Iuh,t%dx = E]; ‘[%]H% + 5}; ’[“hbﬁr% ) ]; ’[”h,t]]ur% (11)
Proof. Letv = q;, and q;, = ¢, in (4) and sum over all I;, we have
N
/Iuh,ttqh dx = — /I%qh,xdx —]g(Qh)]+1 anlj1 = /I“hqh dx. (12)
Let w = uy in (5) and we sum over all I;, we can get
= +
/Iqhuh dx = — /Iuhuh,xdx _];(uh)j+%[uh]j+%' (13)
Plugging the right side of (13) into (12), we have
N
/Iuh,tt% dx = —/Iﬂlhqh,xdx— Z(qh) [‘711 [ /Mhuh wdx + Z uy) " ! L
j=1 j=1
1Y 2 1 N 2
= 3 1‘[6Ih]]+1 +5 Z;‘[”h]ﬁ% (14)
= =

We then take a t derivative on both sides of Equation (5), sum over all subintervals I;, and let
w = uy;, we have

N N
1 2
/Iqh,t”h,t dx = _/I”h,tuh,txdx _Jg(uh,t);%[’lh,t}ﬁ% = —Ejg ’[”h,t]]ur% (15)

By taking the sum of Equations (14) and (15), we can complete the proof. [
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Remark 1. Theorem 2 shows that the linear momentum is conserved up to some combination of interior jumps
of qn, uy, and uy, ;. In fact, both the linear momentum and energy can be conserved exactly, if we choose central
fluxes in schemes (4) and (5), i.e., (cﬁl)H% = {‘7’1}]‘+% and (ﬁZ)H% = {uh}ﬁ% for all j. This can be proved
using the equalities 3 [f2] — {f}[f] = Oand [fg] — {f}[g] — [f]{g} = Ofor f,g € sz‘. Howewver, such a choice
of numerical fluxes would lead to sub-optimal orders of convergence. That is, when we use piecewise-defined
polynomials of degree k, the L2 errors of u, q and u; are only of order k, instead of (k + 1) as in Theorem 3.
In order to obtain the optimal accuracy, we choose alternating fluxes given by Equation (6).

2.3. Error Estimates

In this subsection, we present the error estimates of our semi-discrete schemes. Let u be the exact
solution of the Klein-Gordon (3) and g = u,. We denote the error of u and q by e, := uy, — u and
eq := qy — q, respectively, where u;, and g; are the numerical solutions to the semi-discrete schemes (4)
and (5) with numerical flux (6). We then define the Gauss-Radau projections, denoted by IT~ and IT™,
as follows. For any function v € H!(I), the Gauss-Radau projection of v, i.e., 17 v, is a unique function
in V}’f, such that

/I. (IMTTo)wdx = /I vwdx, Vw € P*(I); H*v(x]t%) = v(x]t%), (16)
i i
forany j =1,2,...,N. Another kind of Gauss-Radau projection, I1~ v, can be defined similarly. That is,

IT7 v, is a unique function in V¥, such that

M owd = [vwdx, Yoe Pl Mok,,) =0l ,), 17
/I,-( v)wdx f vw dx w ( ]) v(xﬁ%) v(x]Jr%) 17)
for all j. Since the standard L? projection will also be needed, we give its definition below. The L?
projection of v, denoted by ITv, is a unique function in V¥, such that

/1. (ITv)wdx = / vwdx, Yw € Pk(Ij). (18)

] I/

Both Gauss-Radau and standard L? projections satisfy the following approximation properties.
For any function v € H*1(I), there exists a positive constant C such that

lo — Qu|| < CH**H, (19)

where Q can be IT*, I1~ or I1. Here, C depends on |[v||;,» when Q = IT~ or IT, and it depends
on ||v||x+1 when Q = I1. Moreover, C is independent of h. Using Gauss-Radau projections, we can
rewrite e, = &, — 17y, where &, = u, — [T u and 1, = u — I[T"u. We also rewrite eq = Gq — 113, Where
& = qn —I1"gand n; = q — I1™q. Based on the approximation property (19), we know that ||| and
574]| < CH¥+1, and are independent of the scheme.

Now, we are ready to present the error estimates of our semi-discrete schemes.

Theorem 3. (Error Estimates) Let uy, and qy be the numerical solutions to the schemes (4) and (5) with
numerical flux (6), and u and q be the exact solutions to the Klein-Gordon Equation (3). If we take uj,(x,0) =
ITtu(x,0) and uy;(x,0) = ITus(x,0), then the following error estimates hold:

(/1) = w0 < CHFYL gt = qu(, bl < CHEY fug(,8) — (-, )] < CHEH,

where C is a positive constant that depends on t and exact solution, and is independent of the mesh size h.
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Proof. We apply numerical flux (6) to Equation (4) and summing over all subinterval I;, we can obtain
: N
[ wnarvdx = = [ qyodx - L7l - [ wodx (20)
We then take the t derivative on both sides of (5) and summing over all subinterval I;, we get
N
/I Gnwdx = — /I”h,thdx - Z(”h,t)]—-:_l [w]]ur%- (21)

j=1 2

It is easy to show that the exact solution 1 and g also satisfy similar equations:

N
/Iuttvdx = —/quxdx—]gqﬁ_%[v}ﬁé —/Iuvdx, (22)
: . N .
/Ithdx = _'/Iuthdx—];(ut)j+%[w]j+%. (23)
Subtracting (22) from (20), we have
/é‘u Hodx = /7714 podx — /quxdx ]+1 /éuvdx—k/iyuvdx (24)
Note that we have used Jiguxdx = 0 for any v € V,f, as well as the fact that

= —I1 =0, due to the definition of Gauss-Radau projection. Similarly,
M), j+1 =qx i+l qix pProj y

subtractmg (23) from (21), one can get
N
[ Gpwdx =[x~ [ gy - L]yl 25)

since [, 7y iwxdx = (’7ut)]+1 =0.
2
Let v = &y in (24) and w = &, in (25), and summing up these two equations, we have

~/I (gu,ttéu,t + gq,tgq) dx := A1+ A+ A3, (26)
where
N = /I (ﬂu,tté’u,t + Wq,t‘:q + ﬂué‘u,t) dx, (27)
N
Ny = — / (ngu,tx + gu,tgq,x) dx — Z(gq) gut 1 gut gq Y (28)
I =1 =1
A = = [Eudud (29)

Applying Cauchy-Schwartz inequality and the approximation property (19) to the formulation of
A, we can show that Ay < CI**1 (||&,4|| + [|&]]). In addition, due to the periodic boundary condition,

we have
N

N
Az—Z[CqCut]J+1—ﬁ(cq> Gudljyy = L Gun),, Gl g =0 (30)

j=1 j=1 j=1
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Combining the estimates about A; and Ay, Equation (26) leads to

d
2t (18

Therefore, we have

1
12+ 2al?)

12+ llgul?) < crkt (

H) < Chk+1 (

d 1
= (sl + 1202 + llgal?)* < cukt. (1)

We integrate the equation above over time [0, {] to obtain

(10t Co DI+ 180D + 1€ DI E < (10 02+ 1E4(, O + € (- 0)II)? + CE+1. (32)

Next, we estimate |[|&¢(-,0)[, [|¢4(-,0)|| and [|&u(-,0)|. Since uj(x,0) = TIItu(x,0),
we have &,(x,0) = u,(x,0) — ITTu(x,0) = 0, which leads to [|¢,(-,0)| = 0. In addition,
1wt (-, 0) | = [[TTu (-, 0) = T a1y (-, 0) | = [T (e (-, 0) = T ue (-, 0)) || < [fuae (-, 0) — TTF (-, 0) || < CHFH.
In order to estimate ||,(-,0)||, we consider (5) at t = 0 and get

N

et owdx= [0 wdx— [, O = Yo (Bl O],y o]y (33)
Here, we have used the fact that [;q(-,0)wdx = — [ju(-,0)wdx — Z Y u(x, O) [ ]j+2'

Since &,(x,0) = 0, Equation (33) leads to flgq 0)wdx = flﬂq 0)wdx for any w € VF.
Let w = &4(x,0), we have

124, 0)|* = /’7q dx < |lg(-, 0)|[[14(-, 0) || < CH*11g4 (-, 0)], (34)

which leads to ||&,(+,0)|| < Ch*1. Combining all the estimates above, we have

(ews G DI + 1202+ llgul, 1)]12) " < k. (35)

Therefore, we obtain the error estimate of u as follows: ||u(-, ) — uy (-, t)|| = [|&u(-, 1) — qu (-, t)|| <
& )|+ 172+, £)|| < CHFFL. The error estimate of g can be obtained in the same manner. [
3. Superconvergence of Local Discontinuous Galerkin Discretization

In this section, we discuss the superconvergence property of our semi-discrete schemes. Before we
present the main theorem, we give some important lemmas that will be used in the proof of the main
theorem.

Lemma 1. Forany x € I, let Gu(x, t) = rj(t) +5;(x, t) L, where rj(t) is a constant and sj(x,t) € Pk‘l(Ij)

for any fixed t. Let s(x,t) € Vfl‘_l, and s(x,t) = sj(x,t), Vx €I, forj=1,2,...,N. Then, the L norm of
the function s(x,t) satisfies the following inequality

Is(-,£)|| < CHF*2, (36)

Proof. It is easy to show that (5) leads to

/eqwdx— /Cuwxdx+(§u)+1w+1 (Cu)” (37)

/

R
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Here, we have used the fact that [} 7, wydx = 0 and (’7“)]:1 = 0,V]. By applying integration by
] 2
parts to the term f I Cuwydx, we can rewrite Equation (37) as
j
/Ij eqwdx = /I/ Cuxwdx + [Cu}j+%w;%. (38)

We then take w = sj(x, t)(x — xj+%)/hj in (38) to obtain

e;wdx = /
fes |

]

1 2,1 LS
= - (sj(x];%,t)) +/Ij 8jSjx—————dx. (39)
X=X 1 Xz,
Smcefl 5% hjfdx:(s X, ) fl 5j.x5] T, de—lflsdx we get

X—X.,1 2
j+3 1 1
/I. Sijlede =5 (sj(x]._%,t)> — 2771] /I sjzdx. (40)
j j

Combining Equations (39) and (40), we have

\
N\»—l

- X—x 1 2 1
_ AN i S VR L
/Ij eq8; i dx ) (s](x];%,t)> +4h jdx. (41)
Thus,

2
/I sjdx < —4 /I eqsi(x — x].+%)dx. (42)

j
Let d(x) be a piecewise linear polynomial on I, and d(x)]| I =X—X; 10N each subinterval J;. It is
easy to show ||d||« = h. Therefore, Equation (42) leads to

Isl2 = [ (se, )2 < =4 [ egs(e, a(x)dx < el s 4] (43)

We cancel the term ||s|| in the inequality above, and applying Theorem 3 to the resulting inequality,
we can eventually get
Isl] < 4lleglll1dllco = 4hlleg|| < CH**2. (44)

O

For convenience, let T be any fixed time, we define Eg(x ) = ft Cudt, E (x,t) := ft qdt,
Ef(x,t) := [ qudt, E}(x,t) := [ nqdt, E¢(x,t) = [ e,dt and Ee(x )= [ eth Based on these
deﬁmtlons, we have the following estimate.

Lemma 2. Forany x € I, let Eér = 0j(t) + pj(x, t) 220 where o] j(t) is a constant and p;(x,t) € Pk’l(I]«)

or any fixed t. Lettin x,t) € VEU and p(x,t) = x,t Nx €L, fori=1,2,...,N. Then, the L? norm
for any fi gp(x,t) €V, p(x,t) = p; o for j
of the function p(x, t) satisfies the following inequality:

lpC/B)ll < CHE2. (45)
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Proof. It is easy to show that (4) leads to

/I(eu)ttvdx = /gqvxdeF (Sq).. +1U (gq) vl 7/1 ey v dx. (46)

1% 1
; +3 2 J72 i

Here, we have used the fact that | ’ 1q0xdx = 0 and (17,1)]4_+ 1 = 0,V]. By applying integration by
2

parts to the term f 1. Gquxdx, we can rewrite Equation (46) as
j

/ ((ew)st +eu)vdx = /I Gqxvdx + [gq]j_lvfr 1- (47)
j

Ij 2 ]J712

We then take time integral from ¢ to T to obtain

/I (eut(x,T) —eu,t(x,t))vdx—i—/ ES (x,t)vdx

: :
j \ /Ij(Eq)xv dx + [ES]. 0" . 48)

=3 -

N—

Letv = pj(x,t)(x — )/hjin (48), we have [Eé] vt | =0and

_1
2

/I‘(Eg)xvdx = /I

]

2 1 -1
= S (pi(x_ 1,t)) —= [ pipjx——dx. (49)
3 (Pily0) =3 ), v,

X—Xx

Since fI]- Pibjx h; 2dx = (p]-(tz ) fl p]xp] h] M —fI p]dx we get

/W}x d IE(Pj(xj,%,t)) 7271,‘. pidx. (50)

Combining Equations (48)—(50), we have

X—X. 1 1
— e R b A I L 2
/I‘]‘ (ell,t(xr T) eu,t(xr t) + Eu(x/ t)) p] h] dx = 4 (p](x]_i,_%/t)) + 4]1] []' p] dx
Thus,
/1 pjz»dx < 4/1 (ewt(x,T) —eut(x,t) + E;(x,t)) pj(x — xjf%)dx. (51)
j ]

Let dy(x) be a piecewise linear polynomial on I, and d,(x) |I,~ =x—x,

j—1on each subinterval I;.
2

It is easy to show ||dz||« = h. Therefore, Equation (42) leads to

Ipll* = /I(P(x,t))zdx <4 (llewt )+ llewt O+ TELC DD Nl Td2]leo- (52)

One can show that Theorem 3 leads to ||e, (-, T)||, ||ew, (-, £)||, ||ES(-, )| < CH¥1. Note that the
constant C in this inequality also depends on t and 7. We then cancel the term || p|| in (52), and apply the
estimates about ||e, (-, T)||, ||ewt (-, 1) || and || E5 (-, t)]| to the resulting inequality, we can eventually get

Ipll < CH*|da ]l < CH*2. (53)
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The next lemma provides some important estimates which will be used in the proof of
superconvergence.

Lemma 3. The following inequalities are satisfied

T
/0 dr /1 HurCadx
/T dt/E’?g dx
0 I q59

Proof. We first consider (54). Let d3(x) be a piecewise linear function such that d3(x) = (x — x;)/h;
whenx € [j, forj=1,2,...,N. Thus, 143]]e0 = % From Lemma 2, we obtain

/Ordt/Inu,tCudx = Z/ dt/ <r]+s] ‘x ) Nu,pdx

= 2/ dt/ h 17utdx

]

= / dt/sdgiyu,tdxg
0 I

Here, we used the fact that [} 1, tdx = 0 in the first equality above, and applied Lemma 1 in the
]

IN

Ch2k+3/ (54)

IN

Ch+3, (55)

dt < ChZ+3, (56)

last inequality above. This completes the proof of (54).
Next, we consider [, dt [, E]¢;dx. Due to the definition of Eg, we know %Eg = —&; and

%EZ = —1]5. In addition noting that Eg (x,7) = Eg (x,T) = 0, we thus have

T d
| dt [ Elegax = / | Bl Efd
T d
—/ /E (EyES) dx+/ /(th3> ESdx
/E”xO xO)dx—/dt/iyq (x,t)dx
= E/EﬂxOPJxO ]dx—Z/dt/qqp]
= /IEg(x,O)p(x,O)d3(x)dx—/0 dt/liyqp(x,t)dg;(x)dx

T
||EZ(~,0)H||p(-,0)||||d3||oo+/0 7 ll[p(C )13 codt
< ChEH3, (57)

IN

Note that the last inequality in (57) is based on the estimates about ||p(-,0)|| and ||p(-, )| from
Lemma 2, as well as the approximation property about [|77,|| and || EZ I|. O

Now, we are ready to present the main theorem about the superconvergence property of our
scheme.

Theorem 4. (Superconvergence) Let uy, and qy, be the numerical solutions to the schemes (4) and (5) with
numerical flux (6), and u and q be the exact solutions to the Klein-Gordon Equation (3). If we take uj,(x,0) =
ITu(x,0) and uy(x,0) = ITus(x,0), then the following error estimates hold:

T u(-, £) — up (-, £)]| < CHFF3,
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where C is a positive constant that depends on t and the exact solution, and is independent from the mesh size h.

Proof. From Equation (24), we get

/guttvdx—/ﬂuttvdx—/ﬁqvde*Z(@q)]+1[ ]]-Jr% f'/leuvdx.

J=

By rewriting [} &y 10 dx as % [;&uvdx — [} Eu vt dx, the equation above leads to

d
—/Cutvtdx = /Uuttvdx_/‘:qvxdx )]+2[ ]]'+% —/IEuUdX— a/lgu,tvdx-

We take v = Eg(x t) in the equality above and recall E‘: (x,t) ft ¢udt which implies v; =
thus, we can obtain

[ Gustudx = [ nuEidx— [ e Eidx — 2 5 [ euElax— [ 24(ED).d > <cq>];%[E§]j+%-

From Equation (5), we can show

N
/quwdx =— /Itfuwxdx - Z(gu);%[w]ﬁ%.

j=1

—Cu;

(58)

(59)

We then take an integral with respect to ¢ from T to ¢ on both sides of Equation (59), and let w = ¢,

to get

N
[ Eigadx = [ Eleydx = [ Ei(@padx— Y (EDY, (2]

j=1
Note that

J @l dx—i—ZCq J[EE] Ly + [ ERE) dx+ZE§ N

(60)

(61)

We add Equations (58) and (60) and apply (61) to the resulting equation, and we can show that

d
[ (Gutu+Eigy+ekl)ax = [nuBiax+ [ Elgdx— 2 [ aiEldx

d
— 5 [ewEldx+ / HurCadx + / El,dx.

Since Eg{fq = —%%(Eg)z and e, ES, = %%( ) Equation (62) leads to

3 (Nl = 1B = ISP = [ s+ [ Edgax— 5 [ euiBa

We take the time integral from 0 to T in the equation above, and get the following equation

> (I D)2 = 8, 0) I+ ES (- 0) P + ||E¢<-,o>\|2)

= / dt/;yuté‘udx—l-/ dt/E”équ%—/eut x,0)E; (x,0)dx.

(62)

(63)

(64)
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Here, we have used the fact that Eg(x,’r) = Eg(x,'r) = 0, Vx € I. The first
two terms on the right side of Equation (64) can be estimated using Lemma 3. That is,
fOT dt [ uudx + fOT dt [ Egéqu < Ch?+3. Since u;(x,0) = IItu(x,0), there is ||&,(-,0)|> = 0.
In addition, uy,;(x,0) = ITu(x,0) implies [, e, :(x, 0)ES(x,0)dx = 0 since E§(x,0) € VE. To sum up,
Equation (64) becomes

2 (16 D)1 + IESC,0) 1 + 1ES(, 0) ) < €+ (65)

Such an inequality indicates ||uy,(-, T) — IT*u(-, 7)||? = ||€u(-, T)||*> < Ch?**3 for any fixed T,
which concludes the proof of this theorem. I

4. Time Discretizations

In Sections 2 and 3, we have defined our semi-discrete schemes and presented some conservation
properties, error estimates and superconvergence properties. Here, we complete the definition of our
fully-discrete schemes by providing two methods of time discretizations. That is, we consider explicit
and implicit time discretizations for (4) and (5) as follows:

e  Scheme 1:
Forn =1,2,..., welook for u”“, qZH € VK such that

. Z+1 ZuZ_Fqul .
vdx = 7/ Toedx + (g o7, — (@) ;o f/u”vdx,
/zj (6t)2 g, T O )43 %y~ 01400 it
n+1 _ n+1 n+1 — n+1\+ +
wdx = / wy dx + T W u w’ o,
/q I YW (1 )J+% jt+3 (1) )J—% =3

forany v, w € Vé‘.
e  Scheme 2:
Forn =1,2,..., welook for u"“, q”+1 € VK such that

h
w1 Zun_i_unfl n+1 1
h T Uy T T4 n+1 _
vdx = / vxdx + - + "o
/I]- (6t)2 x 5 ((qh ) +1 (q >]+;) i+l
1 i un+1+un 1
((qZ“) +a vtl—/ b " Th gy,
=2 J—2 I 2
n+1 — uttl n+1y+ - _ (nF+ +
/‘7 wdx = / W wydx + (uy )H%wﬂr% (uj; )];%w];%’

]

forany v,w € Vk.

Here, ! *! and g'*! represent the numerical solutions at time "1 := (n 4 1)t, where 4t is the

time step. The initialization for both schemes is given as follows:

ud ITHu(x,0), (66)
W= 4 (61) Hut(x,O)—i—%(&t)z (s — ) ©7)

Note that Scheme 1 and Scheme 2 are explicit and implicit schemes, respectively. The property of
both schemes are given in the following theorem.
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Theorem 5. Let uj} and q;) be the numerical solutions to Scheme 1 with numerical flux (6) and initialization (66)
and (67); then, the following equality holds
2
n__ uZ
ot

n+1 _
”h

ot

= /IuZuZ_ldx+/IquZ_ldx+ (68)

/ ufthy dx+/q”+1 idx +

Alternatively, if uj and q; are the numerical solutions to Scheme 2 with numerical flux (6) and
initialization (66) and (67), then the following equality holds

. - 2 -
a2+ gy + (&)2 = w12 = fap P+ a2 + GoE !l = i (69)
Proof. We first prove the result for Scheme 1. We rewrite Scheme 1 as
yttl _oyn _|_un71
h h h -
/1 012 vdx /qhvxdx— q ) [}]+1—/Iuﬁvdx,
g n+l _ o n—1 N [ ntl _ n—1\ T
T~ /“h — Uy U — Wy
d prnd —_— d - ; .
/ 6t wax P 2% ; 2en ), Pl
= J+3
n+1 n—1
Let v = % and w = g in the equations above, and we take the sum of the resulting
equations to get
ut 1 _oyn +un—1 un+1 w1 n+1 n—1 n+1 ut—1
h n h g /qh " gnyg / 7’101:0. 70
s (51)2 I e Trr I L) A oy m 0

Here, we have used the equality

uZ+l Z n+l n N B uZ+l _ qul
/Iqh N dx+/ Qh)xdx + Z(%)H% T 260 o
2

2(6t) =
N [yl n-1 +
h h
+ ] 1 =0
;( 2(ot) ) LS
in (70). Since (1} "1 — 2ul + ) (uf T — w1y = (uf T — )2 — (ul — uf )2, Equation (70) leads to
2 2
Mﬂ+1 —yn u oy 1
/ Z*lude+/qZ+1 itdx + 5 L :/Iuﬁuh 1dx+/qth Ydx + 7&}’
Next, we consider the result for Scheme 2. We rewrite Scheme 2 as
n+l_2un+un—1 n+1+ n+1+ n— -
/ h hz h_vdx /qh qh Uy dx — Z T T [0]. 41
I (ot) fa 2 i J*2
n+1 n—1
+u
_ /1 fhvdx,
+1 n n+1 n—1 N n+1 n—1\ 1
a — 4 /”h — U Uy —— Wy
d = — _— d — _— . .
/ 5t wax ro20n ]; 2060 ), ol
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un+17un—l qn+1 q -1
Letv = % and w = “—~"— in the equations above, we can further derive
1 1 -1 1 1 1 -1
/ upt 2wy kT gt / LM A
i (6t)2 2(5t) 2(5t) 2

n+1 n—1 n+1 n—1

+u u —u

/ Y by —0, (71)
i 2 2(6t)

since

/ qz—H + % Z—H Z i +/ n—l—l uZ—l QZ+1 qu "
2(5t) 2(6t) 2 N
1 - ! n—1 N n+1 n—1\ T n+1 n—1
g ! u Ty u, Ty T+ 4 _
+ Z( » +) 2(5t) » 2 . =0

2(0t) j+3 =1
It is easy to show that Equation (71) leads to

2

(H 1 uZH2 _ ||”Z _ u271‘|2) + Hq +1H2 Hq 1”2 + HM +1H2 ||uZ*1H2 =0, (72)

which is equivalent to (69). O

Remark 2. Equation (68) implies the conservation of total energy in the fully-discrete sense. Here, [, ”Huzdx
2
ull

is an approximation of [ju*dx, [;q!t'qldx is an approximation of [,q*dx, and =

approximates [} u?dx.

5. Numerical Experiments

In this section, we demonstrate the theoretical findings in Sections 2 and 3, including the
optimal convergence rates of ||u;, — u|| and ||q;, — q||, the superconvergence property of ||[ITTu — uy]|,
and conservation properties of our scheme, by some numerical tests. We consider the following
initial-boundary value problem:

Uy — Uxy +u =0, (x, t) € [O, 1] X (O, T], (73)
u(x,0) =sin(2mx), u(x,0) =0, (74)
u(0,t) = u(1,t). (75)

The exact solution to the initial-boundary value problem is u(x, t) = sin(27x) cos(v4m? + 1t).
We apply scheme 1 defined in Section 4 to solve the problem. The numerical results by scheme 2 in
Section 4 are similar, and thus we skip the discussion.

We first estimate the convergence rates of |[u, — u||, ||, — gq|| and [[ITTu — uy|]. In these
numerical experiments, we use a uniform grid with & = 1/N for various N. In order to
observe the convergence order in space, we choose the time step size 5t = 0.01h? so that the
error in space dominates. We compute the numerical solutions at T = 0.5 using P* basis with
k =1,2,3. To estimate the convergence rate of ||u;, — u||, we take different values of 1 and compute
||y, — u||. Suppose ||uj, — u|| has a convergence rate of r, i.e., ||u, — u|| = Ch" where C is a positive
constant; then, log, ||u;, — u|| = rlog;y h + log;, C. We use several points of (log;, 1, log; ||uj — ul|)
with different & to fit a straight line whose slope is an approximation of the convergence rate r.
The convergence rates of ||g;, — ¢|| and ||IT"u — uy,|| can be obtained in the same manner. In Figure 1,
we present the error of uj, and g, in L2 norm when we use P! basis. The empty circles represent the
discrete numerical results and each red straight line represents the linear least square fitting of the
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empty circles. Figure 1a shows that the convergence rate of ||u;, — u|| is approximately 2.0041, which is
consistent with the optimal convergence rate, i.e., k + 1 with k = 1, as proved in Section 2. In addition,
the results from Figure 1b verifies the convergence rate of 2 for ||g;, — q||. As for the convergence rate
of ||ITTu — uy|, it is actually greater than 2.5. Similarly, from Figures 2 and 3, we can observe the
convergence rates of (k+ 1) for ||u, — u|| and ||g, — g|| when P? and P? basis are used. Figure 2c shows
that ||TT*u — uy, || has the convergence rate of approximately 4 when we use P? basis, which indicates
the (k +2)!" order of convergence with k = 2. Figure 3c gives the convergence rate for the case of P
basis. We can see that | ITTu — uy,|| is convergent at the rate of 4.5949, which is a little over (k +3/2)
with k = 3. Based on the numerical results in Figures 1-3, as well as the discussion above, we can draw
the conclusion that our numerical results coincide with our rigorous proof about error estimates and
the superconvergence property.

1.5 2
-1
2 -3
1.5 o °
25 -4
-2 ° °
3 5
2.5
35 -6
-3
-1.8 -1.6 -1.4 -1.2 -1 -1.8 -1.6 -1.4 -1.2 -1 -1.8 -1.6 -1.4 -1.2 -1
Iogwh Iogwh Iogwh

(a)logy, lup — u|| versus log,, h.
Slope = 2.0041.

(b)log10 llan — q|| versus log, h.
Slope = 2.1789.

(€)logyo |ITT 1 — uy|| versus log,,h.
Slope = 3.8265.

Figure 1. log, E versus log,, &, where E is the L? error at T = 0.5 with P! basis.

3 3
-2
35 25 4
.3 5
-4 -3.5
o 6 .
45 4 ’
45 7
-5 -5 8
-1.6 -1.4 -1.2 -1 -1.6 -1.4 -1.2 -1 -1.6 -1.4 -1.2 -1
Iogmh Iogmh Iogmh

(a)logy, lup — u|| versus log,, h.
Slope = 3.0036.

(b)log10 llan — q|| versus log, h.
Slope = 3.0816.

(€)logyo |ITT s — uy|| versus log,,h.
Slope = 4.3726.

Figure 2. log, E versus log,, &, where E is the L? error at T = 0.5 with P? basis.

-4 -3.5 5.5
; -6
4.5 4
° -6.5 °
-5
-4.5 -7 o
-5.5
° -7.5
-5
-6 8
-6.5 -5.5 -8.5
-1.4 -1.3 -1.2 -1.1 -1 -1.4 -1.3 -1.2 -1.1 -1 -1.4 -1.3 -1.2 -1.1 -1
Iogwh Iogmh Iogwh

(b)logyq llgx — qll versus log, f.
Slope = 3.9465.

(a)logy, luy — u|| versus log, h.

(€)logyo |ITT s — uy|| versus log,, h.
Slope = 3.9967.

Slope = 4.5949.

Figure 3. log,, E versus log;, i, where E is the L2 error at T = 0.5 with P3 basis.

Next, we check the conservation properties of our schemes using a simulation over a long time.
As indicated by Theorems 1 and 2 in Section 2.2, and Theorem 5 in Section 4, the conservation
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properties of energy and linear momentum are independent of the degree of polynomials. Here, we
only present the long time simulation when P? basis is used. We still consider the initial-boundary
value problem (73)—(75). We choose h = 0.1, 6t = 10~* and run the simulation up to T = 100.
Using the exact solution u(x, t) = sin(27x) cos(v/472 + 1t), we can show that the linear momentum
P(t) = [ usuydx = 0 for all t. Numerically, we approximate the linear momentum using the discrete
form of P(t). That is, we compute fl (“ZH - uZ) /ot - qZ“dx forn=0,1,...,106 — 1, and present
the time history of the error in linear momentum in Figure 4b. We can observe that the error
oscillates from T = 0 to T = 100, and the magnitude of oscillations increase up to T = 76 and
then decrease from T = 76 all the way to T = 100. Overall, the linear momentum is conserved
up to the magnitude of 1071°. Theorem 2 implies that the rate of change for linear momentum
depends on some jumps at interior interfaces, and the semi-discrete form of linear momentum is
not conserved up to machine epsilon. However, our numerical results indicate that the quantity
Z}L |[4h]j+% 2 + Zjlil \[uh}jJr% |> — Z]-I‘il |[uh,t]].+% |2, although not equal to zero analytically, is not
far away from machine epsilon numerically. Therefore, we can observe the conservation of linear
momentum numerically. As for the conservation of total energy, we compute the discrete form of

2
energy using [, uf Plulldx + [, g qdx + ‘ /(6t)? forn = 0,1,...,10° — 1. Figure 4a
shows the error in the total energy. We can observe that the total energy is conserved up to the

n+1
Uy,

n

magnitude of 10~°. Therefore, we have verified the energy conservation and linear momentum
conservation through the numerical experiments.

x107° %1010

by

0 20 40 60 80 100 0 20 40 60 80 100
T T

S h A b D

(@) Error in the total energy (b) Error in the momentum

Figure 4. Time history of the error in the total energy and linear momentum with P2 basis and 1 = 0.1.
(left) error in the total energy; (right) error in the linear momentum.

6. Conclusions

In this paper, high-order energy and linear momentum conserving methods are proposed for
the Klein-Gordon equation. Our numerical methods are based on the local discontinuous Galerkin
methods. By choosing alternating numerical fluxes (6), we can prove that the total energy of the
equation is exactly conserved and the linear momentum is conserved up to some terms at element
interface. Results from long time numerical simulations (up to T = 100) indicate that the linear
momentum is conserved up to the magnitude of 1071°. Moreover, such a choice of numerical
fluxes leads to optimal convergence order of uy, q; and uy;, and the superconvergence property.
It is important to mention that the schemes proposed in this paper can be directly generalized to
the Klein-Gordon equation with external potential. Moreover, the results from this paper shed
light on the design of high-order structure-preserving methods for nonlinear coupling systems
involving the Klein-Gordon equation, for example, the Klein-Gordon-Schrédinger equations and
the Klein-Gordon-Zakharov equations, which is currently under investigation.
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