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Abstract: The Maclaurin symmetric mean (MSM) operator is a classical mean type aggregation
operator used in modern information fusion theory, which is suitable to aggregate numerical
values. The prominent characteristic of the MSM operator is that it can capture the interrelationship
among multi-input arguments. Motivated by the ideal characteristic of the MSM operator, in this
paper, we expand the MSM operator, generalized MSM (GMSM), and dual MSM (DMSM) operator
with interval-valued 2-tuple linguistic Pythagorean fuzzy numbers (IV2TLPENSs) to propose the
interval-valued 2-tuple linguistic Pythagorean fuzzy MSM (IV2TLPFMSM) operator, interval-valued
2-tuple linguistic Pythagorean fuzzy weighted MSM (IV2ZTLPFWMSM) operator, interval-valued
2-tuple linguistic Pythagorean fuzzy GMSM (IN2TLPFGMSM) operator, interval-valued 2-tuple
linguistic Pythagorean fuzzy weighted GMSM (IV2TLPFWGMSM) operator, interval-valued 2-tuple
linguistic Pythagorean fuzzy DMSM (IN2TLPFDMSM) operator, Interval-valued 2-tuple linguistic
Pythagorean fuzzy weighted DMSM (IV2ZTLPFWDMSM) operator. Then the multiple attribute
decision making (MADM) methods are developed with these three operators. Finally, an example of
green supplier selection is used to show the proposed methods.

Keywords: multiple attribute decision making (MADM); Pythagorean fuzzy numbers; Interval-
valued 2-tuple linguistic Pythagorean fuzzy set (IV2TLPFSs); interval-valued 2-tuple linguistic
Pythagorean fuzzy MSM (IV2TLPFMSM) operator; Interval-Valued 2-Tuple Linguistic Pythagorean
Fuzzy Generalized MSM (IV2TLPFGMSM) operator; interval-valued 2-tuple linguistic Pythagorean
fuzzy dual MSM (IV2TLPFDMSM) operator; green supplier selection

1. Introduction

Atanassov [1,2] introduced the concept of an intuitionistic fuzzy set (IFS), which is a generalization
of the concept of fuzzy set [3]. Each element in the IFS is expressed by an ordered pair, and each
ordered pair is characterized by a membership degree and a non-membership degree. The sum
of the membership degree and the non-membership degree of each ordered pair is less than or
equal to 1. More recently, the Pythagorean fuzzy set (PFS) [4,5] has emerged as an effective tool
for depicting uncertainty of the multiple attribute decision making (MADM) problems. The PFS
is also characterized by the membership degree and the non-membership degree, whose sum of
squares is less than or equal to 1, the PFS is more general than the IFS. Zhang and Xu [6] developed
a Pythagorean fuzzy TOPSIS (Technique for Order Preference by Similarity to Ideal Solution) for
handling the multiple criteria decision making (MCDM) problem within Pythagorean fuzzy numbers
(PFNs). Peng and Yang [7] proposed the division and subtraction operations for PFNs, and also
developed a Pythagorean fuzzy superiority and inferiority ranking method to solve multicriteria
group decision making problems with PFNs. Ren et al. [8] developed the Pythagorean fuzzy
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TODIM (an acronym in Portuguese for Interactive Multi-Criteria Decision Making) approach which
considers the DMs’ psychological behaviors. Garg [9] proposed the new generalized Pythagorean
fuzzy information aggregation by using Einstein Operations. Zhang [10] proposed the hierarchical
QUALIFLEX (qualitative flexible multiple criteria method) approach in PFS. Chen [11] developed
the Pythagorean fuzzy VIKOR (VIseKriterijumska Optimizacija I KOmpromisno Resenje) models.
Peng and Yang [12] proposed the MABAC (multi-attributive border approximation area comparison)
method for multiple attribute group decision making (MAGDM) with PFNs. Zeng et al. [13]
developed a hybrid method for Pythagorean fuzzy multiple-criteria decision making. Garg [14]
studied a novel accuracy function under interval-valued PFSs for solving multicriteria decision
making problem. Wei [15] utilized arithmetic and geometric operations [16-24] to develop some
Pythagorean fuzzy interaction aggregation operators. Wei and Lu [25] utilize power aggregation
operators [26-29] to develop some Pythagorean fuzzy power aggregation operators. Wei and Lu [30]
we extend the Maclaurin symmetric mean (MSM) [31] to the Pythagorean fuzzy environment to
propose the Pythagorean fuzzy Maclaurin symmetric mean (PFMSM) operator and Pythagorean fuzzy
weighted Maclaurin symmetric mean (PFWMSM) operator. Wan et al. [32] proposed a Pythagorean
fuzzy mathematical programming method for MAGDM with Pythagorean fuzzy truth degrees.
Peng and Dai [33] studied the Pythagorean fuzzy stochastic MADM with prospect theory. Garg [34]
proposed linear programming for MADM with interval-valued PFS (IVPFSs). Chen [35] proposed an
interval-valued Pythagorean fuzzy outranking method with a closeness-based assignment model for
MADM. Garg [36] developed a novel improved accuracy function for interval-valued Pythagorean
fuzzy sets.

Although, IVPFSs theory has been broadly applied to many domains, all the above approaches
are unsuitable to depict the membership degree and a non-membership degree of an element to a set
by interval-valued 2-tuple linguistic sets (IV2TLSs) [37]. In order to overcome this issue, we propose
the definition of interval-valued 2-tuple linguistic Pythagorean fuzzy sets (IV2TLPFSs) based on the
IVPFSs [34] and 2-tuple linguistic sets [38,39]. The MSM operator [31] is a famous aggregation operator
which can depict interrelationships among the multi-input arguments. Moreover, for a given collection
of arguments, the MSM operator is monotonically decreasing with respect to the values of parameters,
which can reflect the risk preferences of the decision makers in practical situations. In the past few
years, the MSM has received more and more attentions, many important results both in theory and
application are developed [40-43]. Therefore, the MSM operators can supply a robust and flexible
mechanism to deal with the information fusion in MADM problems. Because IV2TLPFSs can easily
describe the fuzzy information, and the MSM operator can capture interrelationships among the
multi-input arguments, it is necessary to extend the MSM operators to deal with the 2TLPFNs. The aim
of this paper is to propose some MSM operators with IV2TLPFNSs, then to study some properties of
these operators, and applied them to cope with the MADM with IV2TLPENSs. In order to do so, the rest
of this paper is organized as follows. In Section 2, we develop the IV2TLPFSs. In Section 3, we develop
MSM operators with IV2TLPFSs. In Section 4, we develop generalized MSM operators with IV2TLPFSs.
In Section 5, we develop dual MSM operators with IV2TLPESs. In Section 6, we present an example
for green supplier selection. Conclusions are given in Section 7.

2. Preliminaries

In this section, we shall propose the concept of interval-valued 2-tuple linguistic Pythagorean
fuzzy sets IV2TLPFSs) based on the IVPFSs [34] and 2TLSs [38,39].
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2.1. 2-Tuple Linguistic Sets

Definition 1. [38,39] Let S = {s;|i = 0,1,...,t} be a linguistic term set with odd cardinality. Any label,
s; represents a possible value for a linguistic variable, and S can be defined as:

g_ ] 0= extremely poor, sy = very poor, s; = poor, s3 = medium,
"~ | sq4 = good, s5 = very good, s¢ = extremely good.

Herrera and Martinez [38,39] developed the 2-tuple fuzzy linguistic representation model based
on the concept of symbolic translation. It is used for representing the linguistic assessment information
by means of a 2-tuple (s;, p;), where s; is a linguistic label for predefined linguistic term set S and p; is
the value of symbolic translation, and p; € [—0.5,0.5).

2.2. Pythagorean Fuzzy Sets

In this section, some basic concepts of the PFSs and IVPFSs have been reviewed over a fix set X.

Definition 2. [4,5] A PFS P is defined as

P = {(x, (up(x), vp(x)))|x € X} M

where the functions pp: X — [0,1] and vp: X — [0,1] defines the degrees of membership and
non-membership of the element x € X to P, such that for each x, the condition (yp(x))2 + (vp(x))2 <1, holds.

Definition 3. [8] The p = (p,v) be called as a Pythagorean fuzzy number (PFN) and define the score and
accuracy functions as S(p) = p* —v? and H(p) = p® +v2. In order to compare two or more PFNs py and p,,
a comparison law is defined as

(1) if S(p1) < S(p2), then p1 < p2;
(2) if S(p1) = S(p2), then

@) if H(p1) = H(pa), then p1 = py;
(i)  if H(p1) < H(p2), then p1 < pa.

2.3. Interval-Valued Pythagorean Fuzzy Sets
Zhang [10] extended the PFSs to the IVPFSs which is defined as followed over the fix set X.

Definition 4. [10] An IVPFS P is defined as

P = {(x, (i3(x),75(x)))|x € X} )
where jip(x) = {y%(x), y%(x)] Up(x) = {V%(x), vg(x)} are the interval numbers of [0,1] with the condition

0< (yg(x))z + (vg(x))z <1,Vx € X. The pair p = ({ué, ug}, {vé UBD is called as an IVPF number

p p=pP PP
(IVPEN), where uz, vz C [0,1] and (u§)2 + (vg)2 <1

p
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Theorem 1. [14] For three IVPFNs py = ({

u= ,u=
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( [u%, u%] , {U%, vlﬂ ), the basic operational laws are defined as follows:
(D prop= [ \/(u%1)2 N (u%Z)Z B (u%ﬁ)z(u%)zl ] [UE ok, oR UB} .
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\/(ug) +<ull§2> B (ulgl) (u%)

)"+ (o)~ () ()
(2)75 ® Py = .”é Ué,‘uB oR |, \/(Um) p2 p1 p2)’ ;

1 2 { PP’ ; Pz} \/(U§1)2+(U§2)2— gl)z U%)z

A

o= {[{1- (-6 - (- 60) | 69 2] 2o
@@= ([0 08} |- (- ) i () ] oo
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2.4. Interval-Valued 2-Tuple Linguistic Pythagorean Fuzzy Sets

Then, we shall propose the concept of interval-valued 2-tuple linguistic Pythagorean fuzzy sets
(IV2TLPFSs) based on the IVPFSs [34] and 2TLSs [38,39].

Definition 5. Assume that P = {po,p1,..-, pt} is a 2TLSs with odd cardinality t +1. If p =

(101 ) o) (1) (5.9 mtsor (), ()] (20, (s29))

P where [(sg,, goL) , (sg, goR)} and [(57%' ffL) , (S)IE, §R)} express independently the degree of membership and
non-membership by 2TLSs, then IV2TLPFSs is defined as follows:

A CHAACRDIRICHARC )
where A~1 (Sé},, q;jL>’A1 (ng, Q"F)rAil (S)L(j’gjL)’ ATl (Sﬁf’gllg) =
(o () <

Definition 6. Let p; = < {(sél, qo%), <sf;1, (pf)} , [(s)L(l,Q’lL), (sﬁ,@f)} > be an IV2TLPFN in P. Then the
score and accuracy functions of py are defined as follows:

[0,¢] , and 0 < (A’l (s

N B e O G IR G C 2 ) N (e
= A{%J ( (o)) - (G )T

N 1 Afl SL,,q)L 2+ Afl SR,,(PR 2 N
" H EALR ALY } e e
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Definition 7. Let py = < {(SQL)V (p%), (Sf;l, ¢¥)], [(Skl,é%), (S%,Cf)} > and Py =
< [(séz, q)%), (552' qog)}, [(siz,gé), <s§z,§§)} > be two IV2TLPFNs, then
(1) ifS(p P2),then py < pa;

(P1) < 5(p2)
(2) ifS(p1) = S(p2)
(3) lfS(ﬁl) = S(ﬁz), H(ﬁl) < H(ﬁz), then ﬁl < ﬁz;
(4) if S(p1) = S(p2), H(p1) > H(p2), then py - po;
(5) if S(p1) = S(p2), H(p1) = H(p2), then py = ps.

Definition 8. Let p1 = <[(sé;1,(p%>, (Sﬁl,(p{{)], [(S)Lﬁ,(flL), (S%,Cf)b and py =

(55 08). (5 08)] [ (kb

W men=1 | Al (Al(séwf)

o mom= | o(nf(HR) s () (g (oY),
() () (k)

[ e o2\ AN
A t\ll 1—<A(S§’1"p1)> A tJ1(1<A(Sf1"’1)>) ,
B) Ap1= ) A>0;
A

,A>0.

@ F)=q T $

2.5. Maclaurin Symmetric Mean Operators

Maclaurin [31] proposed the MSM operator.

Definition 9. [31] Let x;(i = 1,2,...,n) be a set of nonnegative real numbers, and k = (1,2,...,n). If



Mathematics 2018, 6, 201 6 of 45

=

k
)y [T x;
1<ip <. < <ip j=1

MSM(k)(xl,xz, e, Xy) = ok
n

(6)

Then we called MSM") the Maclaurin symmetric mean operator, where (iy,1p, . .., i) traverses all the
k-tuple combinations of (1,2,...,n), CX is the binomial coefficient.

3. Interval-Valued 2-Tuple Linguistic Pythagorean Fuzzy MSM and Interval-Valued 2-Tuple
Linguistic Pythagorean Fuzzy Weighted MSM Operators

3.1. The IV2TLPFMSM Operator

This section extends MSM and to fuse the IV2TLPFNs and proposes the Interval-valued 2-tuple
linguistic Pythagorean fuzzy MSM (IV2TLPFMSM) operator.

Definition 10. Let p; = <{(séi,gof), (sgi,(pf)}, [(S)L(I.,ﬁf), (si,g’,‘ﬁ)b be a set of IV2TLPFNs.
The Interval-valued 2-tuple linguistic Pythagorean fuzzy MSM (IV2TLPFMSM) operator:

k k
Dre B 1<iy <.o<ig<in \ j=1 1
IV2TLPEMSM Y (51, o, . . ., ) = o ?)
n
Theorem 2. Let p; = <[<59Lbi,(piL>, (sgi,(pf)], Kski,g}), (s?i,gf)]> be a set of IV2TLPFNs.
The aggregated value by using IV2TLPFMSM operators is also an IV2TLPFN where
r ¥
1<i <£B<i <i (‘gﬁif)
IV2TLPEMSM Y (51, Ba, . .., ) = | =N e

El

2 ck
(o (o9
At 1= 11 1-77| —2 7
j=1

t 7
1< <..<i<iy

_.
i

2 C”
k A1 (sgi‘r(ﬁ,';)
Altl 1= 11 1-17 —2'7

1<i <..<i<iy j=1 t (8)

2\ o
k A*l(ski_réf.) o
Alt|1=|1— 11 1-11|1- | — ,
1<y <...<ix iy j=1
k A*l(sﬁv,/giR) ?\
Alt|1-]1- I 1-I1|1- | —22
1<i <..<i<iy j=1

o
NI

=
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Proof. According to Definition 8, we can obtain

e [ A7 (lePi]_,gaiLj) e | A <s$i]_,¢'f;>
j=1 j=1
55 9
@ P 5 5 ©)
J k A1 (s)L(. ,g}_) k A-1 (sg; ,;F_)
Alt|1=-T1]|1- ek Al [1-11[1- i
j=1 j=1
Thus,
o (én
1<y <. <ig<iy j:lpl/
_ 5 5\
k A-1 <s$ ,4)5) k A1 <S$ ,(p?)
Alt 1= I1 1-11| —~—~ Al 1— 11 1-11| —2—~ ,
1< <. <ig i =1 1<iy <. <ig <in =1 (10)
L - J
k A”(Sk,_éﬁ) k A”(S}?,,,é,")
Al TI -1 |1- | —222 Al 11 -1 |1 | —222
1<iy <. <ip <ip 4 j=1 1<iy <. <@y <ip j=1
Thereafter,
_ - -
2 Cllfl
1L L
kA (%lvj'%j)
Alt |1-— ’ H ’ 1-— 1_[ i ,
1< <. < <ip j=1
1 7
2\ &
k A1 (sﬁyﬂﬂﬁ)
v Alt |1-— . H . 1-— ]_[ —
[4) ® Pi. 1<i <. < <ip j=1
I<ip<.<ig<in \j=1 /) (11)
ch N L i
- Lk -
2 c
v Al (s; 5L> "
i ABE
i
Alt ' o 1-— H 11— —F— ,
1<) <. < <ip =1
X
2 c
k A1 (s§ §R> !
1]-’ i
Afer I 1=T1f 1= ;
1<y <. < <ip j=1

Therefore,
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1
k k

52} R pi.

1<y <.o<ig <in \j=1

IV2TLPEMSM ) (51, o, . . ., ) = o
- % -
2 Clﬁ
x A 1<s¢ (pl>
Alt] 1 TI 1-11| —F~ ,
1<iy <...<ig <iy j=1
% 7
k A1 <s$i.,(plﬂ_>
Al |1- 1-71 | —2X%
1< <eor i i =1
i NN
k A1 (S)LCIQL) <
Alt |1-|1- I 1-II[1- | —72
1< <...<i<iy j=1
1
1 k
K a1 (sf, ) ME
At |1—-|1- 1-T1[1- f,]
1<iy <...<ig <iy j=1

Hence, (8) is kept.

8 of 45

(12)

Then we need to prove that (8) is an IV2TLPFN. We need to prove two conditions as follows:

@ A‘l(sé;,q)[“),A 1(sg,goR
o 0= () o
Let

) a1 (sket), a7 (s5,6%) < 0.4
) (S?CR))z <.

—r = 1— 1

=

1<ii <. .<ix<ip j=1

.
=

1<ii<.. <1k<7,,

R R 2 ng
-1
A (55 qJR) N (s‘P"/"(Pif
e e o e s
1<) <. <ig <ip j=1
IR
1(skg) k 7( éL) 2 ¢
AT (556 o
X )
CEG 230 -1 1= ;
1<ii <. <1k<1n j=1
1
1 k
—1(R R C};l
L & ) I PR PO
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)
Proof. (1) Since 0 < fj] <1, we get

2 2\ ok
(87 (0t (87 (60t

0<[I| —F—4| <tendo< [1-J]| —F—~ <1 (13)

=1 j=1

Then,
2 ck
k A1 <S$i.’ (pé)
0< I 1-T]| ———% <1 (14)
l§i1<...<ik§in ]:l t
3
2 ck
k A1 <s$i_, Q)IL])

0< 1-— H 1-— H — 1 7 <1 (15)

1§i1<...<ik§in ]:1 t

7

That means 0 < A1 (sé (pL) <'t, so (D is maintained, similarly, we can get 0 < A1 (sg, goR> <t,
—1(JL L —1(.R
0<A @Wg)gaogA (X

s ,gR <t
©)
NI ¥
2 1R pR ©
ey oy ([ (gt
1<i <..<ip<iy j=1
1 2 1 1
13 'NEA
_1(.R AR 2 ck “1[ R R K
+ 1—11— (115[ 1<A (?U’%)) ) =|l1= 171% 8 (‘:X %/>
1<i) <..<ip<iy j=1 1< <. <@g <iy j=1
N
A1 sR 'ng n
+1—|1- IT (11%(1((:/’>) )) <1
1<i) <..<ig<iy j=1
Example 1. Let ﬁ] = <[(52, 0.3), (54, 0.2)], [(Sl, 0.4), (Sz, —0.3)]>, ﬁz =
([(51,0.4), (s3,0.3)], [(52, —0.4), (s2,0.1)]) and ps = ([(s3,0.2), (54, —0.4)],[(s1,0.1), (s2, —0.2)]) be

three IV2TLPFNs, and suppose k = 2 then according to (8), we have
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= {[(52,0.3073), (54, —0.2978)], [(s1,0.3758), (55, —0.1288)] }

Then we will discuss some properties of IV2TLPFMSM operator.

Property 1. (Idempotency) If p; = <[(s§,},,¢jL>, (sgj,q)f”, [(s)L(i,CjL), ( ;?J }{)} >(] =12,..., n) are
equal, that's to say, pj = p = ([(st, @b), (sR, 98], [(sE,eh), SR, eBYH(j=12,..., n), then
IV2TLPEMSM ) (B, B, - -+, n) = P (16)

Property 2. (Monotonicity) Let py, = <{(s , Py ) (s¢x gox)} [(s x{,g,@,),(sﬁxlv,glﬁ)b (i =
1

L L
¢x;” X x
1,2,..., n) and py, = <[( Sgy7 (py) ( )} [( Xy @’y) ( )D(z =1,2,..., n) be two sets
of IV2TLPFNs. If A~ (5, (px> <A 1(s¢y 9h) 51 (k. (px) A (sE o), a1 (sk, k) >
A1 (sk, ah ) and A7V (sR eR) > A7Y(sK ek ) hold for all i, then
IV2TLPEMSM® (B, By, -+ , P, ) < IV2TLPEMSM®Y) (B, By, -+, By, (17)
Property 3. (Boundedness) Let p; = {Ksé}_,go}), <s$j,go}<)}, [(s)lzj,gjlf), (5)1?]_,5]13)} }(] =1,2,..., n)

maxA 1 (sé]_, go]L) ,maxA~! sf;j, (p]R)

be a set of IV2TLPFNs. If p™ = G =12..., n) and
s oa—1(oL L s A—1(oR =R
minA SX],,CJ. ),mlnA sX]_,{'j]-
o minA~1 (s(lf;],,q)f),minA’l (sgj, (pf) , .
p = Y A-1[R oR Gj=12..., n) then
max (sx],,(:].),max (SX],, j)
p~ < IV2TLPEMSM ) (51, Ba, -+, Bn) < B (18)

Property 4. (Commutativity) If Let p;(j = 1,2, - - ,n) be a collection of IV2TLPFNs, and ;7; (j=12,---,n)
is any permutation of p;(j =1,2,--- ,n), then
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IV2TLPEMSM ) (1, Ba, - - -, Bn) = IV2TLPEMSM®) (71, 75, - - -, 7)) (19)

3.2. The IV2TLPFWMSM Operator

In actual MADMV,, it is important to consider attribute weights. This section will propose
interval-valued 2-tuple linguistic Pythagorean fuzzy weighted MSM (IV2TLPFWMSM) operator
as follows.

Definition 11. Let p; = <Ksé}_,¢f), (s{;j,(pf)}, [(S)L(j,CjL), (S)Ié_, ]Rﬂ >(] = 1,2,...,n) be a set of
IV2TLPFNs with their weight vector be w; = (w1, wy,...,w,)", thereby satisfying w; € [0,1] and
Yiqwi=1If

L i
® ® (nw-. ® ~-.)
1<iy <o<iy i \ j=1\ P

IV2TLPFWMSM) (B, o, - - - , fin) = x (20)
n

Then we called IV2TLPFWMSM,(1];), the interval-valued 2-tuple linguistic Pythagorean fuzzy weighted

MSM (IV2TLPFWMSM) operator.

Theorem 3. Let p; = <Ksé},,q)f), (sf;j,qofﬂ, KS)L(],,Q‘/.L), (s§],§f>}>(] = 1,2,...,n) be a set of
IV2TLPFNSs. The aggregated value by using IV2TLPFWMSM operators is also an IV2TLPFN where

k

(k) 1<i <®<i <i (él(nwijg’ﬁij))
IV2TLPEWMSMY) (51, B, . .., ) = | o=V

ch
f
1
2\ Nwj, 3
A-1{sL oL ! "
k ‘Pi/'(Pij
Al 1= 1-17l1=-|1-| ,
1<ip <. <ig<iy j=1
1 7
2 nw;j. Cik k
n
k A1 <s$ij,q)llv}>
Altl 1= 1 |1-TI|1-|1- | —~ 1)
1<ii <. < <iy j=1

i

1<) <...<ig <iy =1

2nw;, Cik
k A1 (S%,réf) ! !
Alt|1—-]1- 1 1-I1f(1- | ——222 ,

=

2nw;, Cik
k A1 (sﬁ.é{?) ! !
Alt]1-]1- 1 1-TI[1- | —F1%

1§i1<...<ik§i,1 ]:1
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Proof. According to Definition 8, we can obtain

nwj; & pj,

nwj,

t

LA TN ST
At —L12 A —FE

2 j
A1 (séﬁ,@!})
Al |1—-|1—-| —~1~~ Al |1 -

Thus,
k
® |nw;. ® p;.
j:< g 11)
i 2y M
k A*1<SL1._ (P,L> k
AltTT [1-1- ! AT
=1 =1
()
Al t 1—_111 1— i Al 111
]:
Thereafter,

k
@ ® (nw: ® “,)
1<iy <o <iy i (j—l i Pij >

Alt[1— TI 1—ﬁ

1§i]<...<ik§in ]:

—_

Alt[1— TI 1f1k1

2\ hw i]-

1<ii <. <0 <iy j=1
[ 2
k A1 (571E gL) nwf]
zj' ij
Aft IL | =TT 1= —+—~
1<ip<..<ip<iy j=1
k A71<SrY Cr> ZnZAh
.75
]
Are IL f (1T 1= —F—=
1<y <. <0 <iy j=1

Furthermore,

12 of 45

(22)

(23)

(24)
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k
52 ® (nw,-.@ﬁ,'.)
1<ip <..<ig<ip \ j=1 ] ]

ck
- ) 1 T
2 nw,j ck
()
Alt]1- 1-11l1-]1- I ,
1Sl‘1<m<ik§in j=1 t
2 nwl-], C]T ’
A 1 1 ﬁ 1- |1 v <5£’° (PR>
t — — — .
1<y <. <ig i j=1 ! (25)
m 1 - -
k A1 (sk. ,§F> 2 G
Alt I1 1-11|1- [ —F22 ,
1§i1<...<ik§fn ]:1
1
k A1 <s;‘(l,,é‘,f> e o
Alt I 1-J1|1- | —~22
1<ip<...<i<iy j=1
Therefore,
%
(k) 1<i i< (él (71wij®p1 ))
~ o~ ~ <iy <..<ip<ip \ j=
IV2TLPFWMSM,5 (P1, P2, - - - Pn) = 1 k 5
_ -
2\ " L\ K
k A1 (sé ,¢%>
Alt] |1- I 1-71|1=f1- | —2£
1<y <. <ig i j=1

(26)

1<ip <. .<ip<iy j=1

1Sl‘1<‘..<l‘k§l‘n j:1

2nw;, Lk
k A-1 <s}(._,é,-L.) AR
Alt]1-]1- I1 1I-II[1- | —F2%

)

2nw;, Cik
k A1 (51},,@5) ! !
Al [1-]1- 1 1-11|1- | —~222

1<) <...<ig <iy j=1

2y M
k A71 (5{;{,"1’5>
Alt] [1- I 1-qIf1-|1- | —2X~

Hence, (21) is kept.
Then we need to prove that (21) is an IV2TLPFN. We need to prove two conditions as follows

© a1(e) (o) o (22). 4 () <
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@ oz (87 e) (e () <0

Let
1
T\
2\ "W ck
= A—] SL‘ , L
- 1<S$’4)L) — 1— I1 1_1% 1— 1= <¢l/¢]]>
! 1§i1<...<ik§in ]:1 !
1
i\ %
2 HIUI‘], %
- AT(sR @R
a 1<S£I§’¢R> _ 1— 1 1— lkl 1—|1= <S¢If (Pl]>
! 1<iy <...<ig<iy j=1 !
1
N &
A1 (skgt) k A1 (s}( ,§L> 2 ch
xt ) — 1-T1|1- ’
! \ 1<11< <lk<1n j=1 !
L L
A—l( R R) k A 1(5 ch) 2o ck '
Sp/P Xi
- 1-T1|1-
! 1<11< <zk<1n j=1 ( ! )
Afl sfbi' (plL
@ Since 0 < ; <1, weget
2 nw,‘/ 2 nwij
Al (sé{_‘,(p}) X Al (Sz%,v."PiL)
o< [1-| —21£ <Tand0< 711 |1- —J 7 <1 (27)
j=
Then N
k () V)
i‘/ 1:
o< TII 1-TI|1-|1-| ——"-~ <1 (28)
1§i1<...<ik§in j:1 t
Furthermore,
1
2\ MW, o
; Al (Sé ¢L> ck
]-4/ 1;
0<1- I1 1-TIl1-|1- | ———£ <1 (29
1<y <. <@ <ip j=1 t
Therefore,
1
o\ Nnwj Cik *
k Al (54L> ‘P-L> '
IR g7
o< | |1- T |-IIfr-|t-|——" <1 (30)

1<iy <... < <in i=1
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That means 0 < A~1 (s ,(pL
0<A* (shet) <t0<a™(s

o[

< t, so (D is maintained, similarly, we can get 0 < A~ ( g, goR) <t,

ER) <t
<t eR))Z

R

1\ 2
2 nwi,_ Ciﬁ k
. s (55,02
1-q1|1-[1- | —212
1<ii<.. <1k<zn j=1
2
f
()
+| [1—-|1- TII 1-I1|1— | —%
1<ip <. < <iy j=1
1
PN oF k
k A71<Sg,'. q]xlj)
=|1- I1 1— 1—|1- ~
1<) <. < <iy j:1
1
2nw; ck k
X A1 (S)Ié]_, g{]{)
_ _ _ N I S <
+1 11<‘]‘[H11j[1 . <1
<i1<..<i<iy j=1
Example 2. Let pq = ([(52,0.3), (54,0.2)], [(51,0.4), (52, —0.3)]), P2 =
([(51,0.4), (s3,0.3)], [(52,—0.4), (s2,0.1)]) and ps = ([(s3,0.2), (54, —0.4)],[(s1,0.1), (s2, —0.2)]) be

three IV2TLPFNs, and suppose k = 2, w = (0.2,0.3,0.5) then according to (21), we have

1
k _ k
2 ® (nw,ﬂ.@pi‘)
1<iy <..<ig<ip \ j=1 ] ]

k
Cn

IV2TLPFWMSM') (31, . ., n) =

[N

(ST

N N — N— N~ —
Q=
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ST

\_/\_/
X
TN
=
|
/N
—
|
—

—_
o=
~—

-
N
~_
X
/N
[
|
—
o=
~—
[
~—
~—
Wi

= {[(s2,0.2565), (54, —0.3954)], [(s0, —0.2430), (52, 0.1586)] }

Then we will discuss some properties of IV2TLPFWMSM operator.

Property 5. (Idempotency) If p; = <Ks§,}_,go}>, (ng/q’?ﬂ/ {( )Lc, ]L) (sgé., ]R)D(] =1,2,...,n)are
equal, then
IV2TLPFWMSMY) (51, B2, -+, ) = B (31)

%)) ¢

two sets

Property 6. (Monotomczty) Let py, = <Ks$x,q)x) (Z;x ,qoﬁ)}, [(sh,@ 1) (

1 1

R
ot ([ ) (39 (G, (B S 2.
ofIVZTLPFNs A (sh ok ) < a7t (sh oh ) A (55 eR) > A 1(sgyl_,(;)§i),A_ (sh, k) =
A‘1< Xy,-’gyz) and A~ ( xx,-'(:xi) > ( ) hold for all i, then

IVZTLPFWMSan(p  Pxars s Pon)

(32)
< IV2TLPFWMSM (By,, Byas -+ Py

Property 7. (Boundedness) Let p; = {st/;j,(p]@),(sgj,(p}{)} [(s)L(], §]L) (;é JR)}}(] =1,2,...,n)
, maxA~! f;j,(p]-
minA~1 s}L(,,cij),minA’1 s%,(:]R)

P { &minA—l (s([l;]_,qof),minA_l (sﬁ/ﬁ)}}' }(] =1,2,...,n) then

maxA ! (S)L(]_, é‘f),maxA‘1 (S%, §]R>

be a set of IV2TLPFNs. If pt =

- < IV2TLPFWMSM{ (P, o, n) < (33)

Property 8. (Commutativity) If Let pj(j = 1,2, -+ ,n) be a collection of IV2TLPFNs, and ;7]’ (j=12--,n)
is any permutation of p;(j =1,2,--- ,n), then

IV2TLPFWMSM) (1, P2, -+ , ) = IVZTLPFWMSM) (7, By, - - - , ) (34)

4. The Interval-Valued 2-Tuple Linguistic Pythagorean Fuzzy Generalized MSM
(IV2TLPFGMSM) and Interval-Valued 2-Tuple Linguistic Pythagorean Fuzzy Weighted GMSM
(IV2TLPFWGMSM) Operators

4.1. IV2TLPFGMSM Operator

Detemple and Robertson [40] proposed the generalized MSM (GMSM) considering the
individual differences.
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Definition 12. [40] Let a;(i = 1,2,...,n) be a set of nonnegative real numbers, and A1, Ay, ..., Ap > 0.
A generalized MSM operator of dimension n is a mapping GMSM kA2 A) (RT)" — R, and it can be
defined as follows:

k . k
)\/ YA
Y 11 X;. =
1§i1<...<ik§in ]:l J

Ci

GMSM (bA1A2- %) (x1,%2,...,%y) = (35)

Then we called GMSM"A142-2) the generalized Maclaurin symmetric mean (GMSM) operator,
where (iy, iy, . . ., ix) traverses all the k-tuple combinations of (1,2,...,n), Ck is the binomial coefficient.

In this section, we will propose the GMSM operator for IV2TLPFNS as follows.

Definition 13. Let p; = <[(sé],,q)jL), (sf,j,qo}z”, [(sf@,éf), (s?},,cff)} >(] = 1,2,...,n) be a set of
IV2TLPFNs and let A = (A1, Ay, ..., Ay) € R" be a vector of parameters. If

1
k
no__A; A
@ & Pi,J ]'El ]
1§i1<.‘.<ik§l’n ]:1 7

Ci

IV2TLPEGMSM WM A2 A (B By By ) = (36)

Then we called TV2TLPEGMSM 5A1A2-M) the interval-valued 2-tuple linguistic Pythagorean fuzzy
generalized MSM (IV2TLPFGMSM) operator.

Theorem 4. Let ;7]- = <{(séj,(pf>, (sf;j,rpf)}, Ksk},,@f), (s?}_, ]Rﬂ>(] = 1,2,...,n) be a set of
IV2TLPFNSs. The aggregated value by using IV2TLPFGMSM operator is also an IV2TLPFN where

n A\ £
(kA Ae M) (. 5 = i<i<sizn ) | A
IV2TLPEGMSM (Pup2pn) = | —— g~
- ] 1
1\ E
1L oL 2\ o fElAj
kA S</’ij’(Pf/
Al [1- I1 1-1I | —*~ ’
1< <...<ig <in j=1

2Ai\ ck
7\ Cn i=1
— R R ]
A1 (S(/,ij r(P,‘]_)

k
Alt] 11— 11 1- 11
j=1

1§i1<,..<ik§i,,

(37)

2\ M\ &\ & Aj
k A1 <5)L(,-,r§,l'-) =1
Alt |1—1]1-— 11 1-JI1- f]] ,

1<iy <. .<ip<iy j=1

AN AT
k A1 <s§iv,§f) j=1
Alt|1—]1— TI 1-J1|1- | —22

1<) <. <ig iy j=1
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Proof. According to Definition 8, we can obtain

r Aj A
A1 (sL, ,(/)~L> AT <SR, (pR>
;. 7T ¢;. /T
Al t f]] At f]] ,
A i
bi; = = N Y (38)
A1 <5)L(’..,§l.Lv> A1 (sﬁ,(’,‘ﬁ)
At 11— | —F2 Al [1-|1- | —F222
Thus,
koA
j§1pif
§ Aj Aj
k Al (sézj’CPlS) k A1 (sf;’j,(pl )
AltIT| —F—4| |.A|tIT| —F—~ ,
j=1 j=1 (39)
= r Aj 2\ 4
k Al (s)%i_,é,-?) k Al (%ﬁ@f?)
Alt [1-TT|1- s e Al [1-T1| 1~ s e
j=1 =1
Thereafter,
n__A;
® <®pi/>
l§i1<...<ik§in ]:l ]
_ o, -
kn A1 (s(Lpi‘,%Lj)
Alt |1- 1 1-11| ———+ ,
1<) <. < <iy j=1
2A; !
k A71<s£]_ /fP,R.>
i
Alt |1-— T 1-J1| ——~—~
1<) <o <iy <y j=1 ! (40)
- Y .
k At (ski,/¢%>
Alt 11 1-J]|1- f’] ,
1<iy <. <@ <iy j=1
2\ Aj
K a1 (5, 2F)
At 1T 1-JI|1- - /
1§1‘1<.‘.<ik§l‘n ]:1

Furthermore,
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n N/\j
©® X p;;
1<) <e<ig i \j=1' '

ck -
1
1 gL ,HL 2 c
k A~ (s(Piv’(Pij)
At |1- 1-11| —F——~+ ,
1<ip<.. <zk<l,, j=1
1 7
k
At |1- 1-11
1<ip <. <zk<1n j=1

1§i]<...<ik§in ]

Alt I 1ﬁ(1 M

1<y <...<ig<ip j=1

T 24)\ ck
<T] /> ) (41)
J

k AL <s)1§]._,§5>
At I1 1-TI1—- | —F+~

Therefore,

1<i <e<i <i (élﬁj;]> fEl g
IV2TLPEGMSM (1, B, ..., ) = |

Al 1= 11 -1 | — 22 ,

1<y <...<ig<ip j=1

At 1- T -1 | —222

\ 1<i; <. <ig <in j=1 (42)
= L 1 1 }
— k
2\ Y\ &\ & Aj
‘ Al (s}“ g}_) i1
Alt[1-]1- 1 1-J1|1- — ,
1<y <. < <ip j=1
1 1
—4 k
2\ M\ &\ Ly
k A 1(5}[&‘ r’jF) j=1
At ]1-f1- 1 1-J1|1- R
1Si]<...<ik§in j:1
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Hence, (37) is kept.

20 of 45

Then we need to prove that (37) is an IV2TLPFN. We need to prove two conditions as follows:

© a7 Ghot) o (o). (80) 4 () < 0

2 2
@ o= (a7(shef)) + (a7 (she")) <2
Let
1
1 k
2/\] @ jgll\j
(40  [5()
f - - H ;
1<11< <1k<zn j=1
1
2 F ) B
A1[sR R AN
At (s$,¢R) k 54’1‘]"@’]'
— 7 = =11 ——~
1<11< <1k<z,, j=1
AN\ o 3
2 i\ C YA
~1(.L AL k A’1<S;L(- ,CL,> =
A (ix'g): 1—-11= 1 —T1l1- g
1<iy <...<i <in j=1 '
AN\ E
i\ ek £ A
A—l(sglgoR) B ) . - ) ﬁ . A—1<s§ij §R> A =i
f l§i1<...<ik§in ]:l f
. Afl <S$i,"PiL>
@® Since 0 < ———* <1, we get
2/\1 2)\1
(87 (sh0t) (87 (sh0t)
o< —""2| <tando<|1-T] LA <1
= ! - o= !
Then )
1( 4L AT
0< 1-— <1
<i1<...<ix<ip j=1
Furthermore,

2A; ck
k A1 <S(]L>z.’q)i€>
o< |1— T] 1-T1 - <1

(44)

(45)
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Therefore,

k A—l <S‘Plj’ (Pl]
o<| |1- TI [1-TI|—F—%

l§i1<...<ik§i,l j:l

That means 0 < A~1 (sé;, goL
—1(.L =L -1
0<Aa T (shet) <0< (s ¢F) <t

o< (- <>> N

-1 R R

1Si1<‘..<ik§in j 1

) t, so D is maintained, similarly, we can get 0 < A~ (
R
X

f
k
1- I1 =11
1—

2\ M\ &\ ¢ Aj
k AL <s§l_ ,gﬁ_) j=1
+ 1-— 1T 1-J]|1- f’]
1<y <. <ig<iy j=1

1
1[gR LR 2 a1,
v [ & s4,1,j,<p,-j /
- H ' 1—H T
1<ip<...<i<iy =1

21 of 45

99"

(46)

)St,

A\ S & Aj
+1—-11- IT 1-TI|1- t] <1
1<ip <. <0 <iy j=1
Example 3. Let  p; = <[(Sz, 0.3), (54, 0.2)], [(Sl, 0.4), (s2, —0.3)]>, P2 =
([(51,0.4), (s3,0.3)], [(52, —0.4), (s2,0.1)]) and ps = ([(s3,0.2), (54, —0.4)],[(s1,0.1), (s2, —0.2)]) be

three IV2TLPFNs, and suppose k = 2, A = (1,2) then according to (37), we have
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Al6x |1—|1-—

= {[(s3, —0.4725), (54, —0.3675)], [(52, —0.4634), (52, —0.0223)]}

Then we will discuss some properties of IV2TLPFGMSM operator.

Property 9. (Idempotency) If p; = <Ks§,}_,go}>, (sgj,q);{)}, [(S;ng/(:jL)/ (S;E],,(:]R)} >(] =1,2,..., n) are
equal, then

IV2TLPEGMSM WMA2 A (51 5y 5y) = B (47)
Property 10. (Monotonicity) Let ﬁxi = <[(sé;xi,go§i>,(sgxi,(p§)], {(s}cxi,ﬁ]%i),(s?xi,ﬁﬁ)b
i = 12,..., n) and p,, = <[(s$yi,(p§i),<s§yi,(p§iﬂ,[(skyi,éﬁi),(sgﬁyi,gﬁ_)}>(i = 1,2,..., n)

be two sets of IV2TLPFNs. If A~1 (s(pri,<p§‘i> < A1 (séyi,(pﬁi),A*1 (sgxi,(pﬁ) > A1 (sgyi,(pi),
Al (s)%xi,g,%) > A1 (s)%yi,éﬁi) and A1 (sﬁxi,g‘ﬁ,) > A1 (Sﬁyi’{:ﬁJ hold for all i, then

IV2TLPEGMSM MA2M) (B By, -+, Py )

48

< IV2TLPFGMSM "MA2 ) (B By, By, ) )

Property 11. (Boundedness) Let p; = { [(sé},,q)}), (sg]_, qo}{)}, [(s%,C]«L), (s?},,@f)] }(] =1,2,..., n)
maxA~ sk, oL), maxA~1(sK, pR

be a set of IV2TLPFNs. If p™ = ( o) i ZI]{ G=12..., n) and

[ .
= { FninA—l (s(%/_,gojL),minA—l (S(I;j/ (P]R)}}/ }(] —1,2,...,n) then

—1{.L L —1(.R =R
maxA (sxj,§j>,maxA (sxj,§j>

p~ < IV2TLPEGMSM b1 A2A0) (51 5 oo 5) < (49)
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Property 12. (Commutativity) If Let pij(j=1,2,---,n) be a collection of IV2TLPFNS,
and p' P “(j=1,2,---,n) is any permutation of p;(j =1,2,--- ,n), then

IV2TLPEGMSM KMA2A) () 5y - 5y

" 50
— IV2TLPFGMSM (WM A2 (1 3t o ) 0

4.2. The IV2ZTLPFWGMSM Operator

In actual MADJM, it is important to consider attribute weights; this section will propose an
interval-valued 2-tuple linguistic Pythagorean fuzzy weighted generalized MSM (IV2ZTLPFWGMSM)
operator as follows.

Definition 14. Let p; = H(Séj"PjL)’ (sf;j,(pf)}, [(sﬁ;}_,é}), (S%,CJR)} }(] = 1,2,...,n) be a set of
IV2TLPFNs with their weight vector be w; = (w1, wy,...,w,)", thereby satisfying w; € [0,1] and
n
i wi =1L If

1
k Aj ko
S¥ <® (nwi, ®ﬁi,> ]> /'E]AJ
e <in \ j=1 j j

1<iy <. < <ip
IV2TLPFWGMSM{ A2 (51 5y ) = | =
n

(51)

Then we called IV2TLPFWGMSM 5AvA2-A%) the interval-valued 2-tuple linguistic Pythagorean fuzzy
weighted generalized MSM (IV2TLPFWGMSM) operator.

Theorem 5. Let p; = <{(s$j,go]@), (sf;],,q)f)}, KS?L(J‘":]'L)’( §] R>}>(] = 1,2,...,n) be a set of
IV2TLPFNs. The aggregated value by using IV2ZTLPFWGMSM operator is also an IVZTLPFN where

k NA
5} ® (nzui.®pi.) / LA
1<iy <...<ip <ip \ j=1 7 j=1

ch

IV2TLPFWGMSM A2 (5 5 5y =

nw;;

K A’1<
Al 1= 11 1—11|1=-[1-

1<y <. < <ip j=1

1<ii <. <i<iy j=1

1Si]<...<ik§in ]=1

2nw;,
K CT A
Alt |1—-11- I 1-JI71- | ——~12&

2nw;,
k Al (s)féi_@}?) /
Alt|1-]1- 1 1-TI[1- | —F1%

1Si]<...<ikSin ]:1

nw;, A\ of | BN
A*l( ]
alel 1= |- (52)




Mathematics 2018, 6, 201 24 of 45

Proof. According to Definition 8, we can obtain

nwi; @ pj;
r 2 nwil_ 2 nwi)_
A1 <sé ,¢5> A1 <s£ ,q)f)
Altj1-1- | —2X£ Al 1= 1- | —2 X2 ,
(53)
B B nw;. nwj,
AN WG
Thus,
~\A
(nw,‘].®;7i7)
i 2y i\ Y PN Aj
A*1<s$ zpf) A*1<s(’; q)f)
Al [1-f1-] —214 Al -1 | —22 ,
(54)
r 2nw; . )‘j 2nw;. )‘j
A1 (SL. /61‘) ] A1 (SR. ,§R> 7
Al 1- 1o | L N T ey ik
k A\
2 (0 7,
i 2\ Nw;, Aj o\ nw;\
AT = |1- S Al 1= f1- | —2X£ ,
[ -1 (55)
r N N
x A—1(5L‘ /éL) AN X A—l(SR‘ ,gK) 2w\
Atl—Hl—# ,Atl—]‘[l—#
j=1 j=1
Thereafter,
k A
& ®(71w,®pl)
1<y <. <i<iy \ j=1 1 I
i 2 "W Aj 1
, (s,
Alt |1-— 11 1-JI1—-|1- t] ,
1§i1<...<ikSin j:l
N Aj !
k A71<s$ij ‘Pfj)
Alt |1-— . H . 1—H 1—-11-— — (56)
1<i) <. <0 <iy j=1
i 2nw; /\j 1
k A1 <5)L(]__ f;f)
]
At ' H ' 1*H 1-— t] ,
1<ip<...<i<iy j=1
2nw;. /\]
k A1 <s§i_ ,éﬁ) !
] ]
At ‘ H ‘ 1—1—[ 1-— 7
1<ip <...<i<ip j=1
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Furthermore,
k A
T ) (nwi,®;7;,)j
1<iy <. <i <ip \ j=1 ] ]
e
2y "W Aj
—1( L L
At |1— -JI|1-]1- I
1<ip<.. <lk<1n j=1
2y "W Aj
~1[ <R R
k A <S¢ij,(0i/_>
Alt [1-— -II|1-]1- ;
1<ip <. <zk<z,z j=1
— L T
2nw; AN
k A (S;Lc CL) !
i S
]
A s SRR R
1<y <. <, <iy j=1
1
2nw; AN
k A_1<S§. ,§R> !
lj 7]'
ale m | enf- (2
1<y <. <y <iy =1
Therefore,
1< 52 - ( ”wx X,nz /él}‘]
IV2TLPEWGMSM %M (B, B, ) = | sy
) 1
k
nwi\ A %{g /.EIAZ
A1 ) H : ﬁ ) . A 1<S¢7, (Pl
1<y <...<ix iy j=1
1
k
nawj, Aj %ﬁ jEIAZ
A ) . ) ﬁ : ) A]<5¢, q),
1<y <. <ix<ip j=1
m 1 ]
2n'w Cllf, LA
A t ) ) H 1 lk[ 1 A—l()L(’ CL j=1
1<iy <...<ix<in j=1 T ,
1
1
an, ck )‘E 2
alt |- |1 171 a2 (s, 28) CR ~
; B _ _ _
1<iy <...<ix<in j=1 o

Hence, (52) is kept.

25 of 45

(57)

(58)

Then we need to prove that (52) is an IV2TLPFN. We need to prove two conditions as follows:
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26 of 45
—1(.L LY A—1({R R A—1({ L xL\ A—1( R =R
O A (sq),q) ),A (s¢,<p ),A (sx,é ),A <er§ ) C[0,1]
2 2
® o= (a7 (shet)) + (a7 () <
Let
S
2y M0\ A & %
-1 <L L
N k A (b‘Pi-’q)Zj)
(tﬁ” )_ 1— 4 H , 11—[(1 1— tl
1<iy <. < <ip j=1
1
k
A-1(sR oR k Afl(““ﬁ,»."ﬁﬁ)
Mf 1— I 1-11l1-11- %’
1<) <o <ig i j=1
1
- 2nw,]_ Aj Cl’;l gAj
_ e
e W P PR B B e ) f
! 1<) <o <ig iy j=1 !
1
2nw;, Aj é )]f)\-
A1 (sg,qak) k AT (52'5{{) ! =
— ) - -1 11 1-11|1- | —222
! 1<ii <..<ix<iy j=1 t
“1( L L
(@ Since 0 < ——% <1, we get
2 nw;j 2 nwil_ )L]'
AT <s;;i_,(piL]_> k AL <s$i_,(pl’rj>
o< |1—-| —"1—+~ glandognl 1—|1- | ——+ <1 (59)
]:
Then .
2\ Wi\ A\ ck
k Al (s%_@,ﬁ.)
0< I1 1-II[1—-|1-| —F—+ <1 (60)
1<y <...<ig <ip j=1
Furthermore,
2\ Hwi\ Aj Clgcl
P A-1 (Sfm."”ij>
0< |1- I 1-TI|(1-|1—-| —F"—+ <1 (61)
1<ip <. <ix<iy j=1
Therefore,
1
1 k
nw;; /\/ C ]El /\j

2
« A1 <5$i.,q)5>
o<| [1— TII 1-q1|1-[1- | ——= =1 ©2)
1<iy <. <0 <iy j=1
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That means 0 < A~! (s L) < t, so (D is maintained, similarly, we can get 0 < A~ ( g, goR) <t,
R
X

P
0< A (shet) <to<at(sh k) <t

0< (A%s;w)) N < S @R))Z

k
2nw;, Aj ck LA
(™)) E
+ 1—|1- H 17H 1-— —
1<ip <. <ig<iy j=1

‘ A’1<sl§,, ,zp?) ! =
1- 11 1-77|1-|1-| —

1<ii<..<ig<iy j=1

L k
2nwl-. )L] CE ‘2 /\j
R érR) / =1

A—l(
k xl
+1—-|1- [1 1-II|1-| —

<1

1<) <...<ig <ip j=1 t
Example 4. Let py = ([(52,0.3), (54,0.2)],[(51,0.4), (s2,—0.3)]), P2 =
([(51,0.4), (53,0.3)], [(52,—0.4), (s2,0.1)]) and ps = ([(s3,0.2), (s, —0.4)],[(s1,0.1), (s2, —0.2)]) be

three IV2TLPFNSs, and suppose k =2, A = (1,2),w = (0.2,0.3,0.5) then according to (52), we have

k
1< D o <(§§‘1<an P, >/\ ) jElAj
IV2TLPFWGMSM i) (B, B, .., ) = | S

—
F=
Nl

(1 - (1 -(1- (263)2)0'6)1 x (1 - (1 - (&
Alex| [1-] (1— (1— (1- (263)2)0'6)1 x (1— (1- (362)2)1'5)2> :
x (1 - (1 - (1 - (%)2)0'9> X (1 -(1- (362)2)15)2)
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~
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o
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N
v
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-
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= {[(s3, —0.3535), (54, —0.2764)], [(s1,0.4452), (s, —0.2175)] }
Then we will discuss some properties of IV2TLPFWGMSM operator.

Property 13. (Idempotency) If p; = <Ks§,]_,(ij), (sf,}_,gof)}, [(S)L(j,éjlf), (sg,(f]].{)} >(] =1,2,...,n)are
equal, then
IV2TLPFWGMSMY5 M) (5, o, -+, n) = F (63)

1

2oy and By = (| (5h,005). (o, 98] [ (%, &) (55,45 ] )6

of IV2TLPENs. If A~ (s¢ ,(px> <A 1(54, ,go;) A~ 1(S¢x,¢x) > A

AL (s)L(yI_,@;) and A~ ( Xx,-’gxi) > ( Xy,-’éyi) hold for all i, then

Property 14. (Monotonicity) Let p,, = <[<séx,¢§i>,(sgx q)i)] Ks}cxi,@%’, ,(sﬁx,g}g }> (i =
e

IV2TLPFWGMSM{G "> (B, By, -+, Pi,) 64)

< IV2TLPFWGMSM {22 (5, 5 oo B, )

Property 15. (Boundedness) Let ]?)j = { [(séj,q)f), (sf;j, (pf)}, [(s)l('j, ]L), (sﬁj,(j}g)} }(] =1,2,..., n)
{maxA’1 (sé},, qof) ,maxA~! sgj, go;2
{minA‘l(S}LC],,C].L),minA_1 s%,@’]R)

po= { FmA—l(Séﬂq’fL)'mi“A_l <S$ﬂ4’§z)]]’ }(j —1,2,...,n) then

maxA~! (S)L(]_, é‘f),maxA‘1 (S%, §]R>

be a set of IV2TLPFNs. If pt = (G =12,...,n) and

(kA1 A2, A ) (7

p~ < IV2TLPFWGMSM, P P2 Pn) <PT (65)

Property 16. (Commutativity) If Let p;(j=1,2,---,n) be a collection of IV2TLPFNs,
and p; “(j=1,2,---,n) is any permutation of p;(j =1,2,--- ,n), then

IV2TLPFWGMSM " MA2A0) (5, 5, - ﬁ )

66
— IV2TLPFWGMSM (K A1A2 M) (7 ﬁ ) (66)

5. The IV2TLPFDMSM and IV2TLPFWDMSM Operators

5.1. IV2TLPFDMSM Operator

Qin and Liu [44] proposed the dual MSM (DMSM) operator considering both the MSM and the
dual operation.
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Definition 15. [44] Let a;(i = 1,2,...,n) be a set of nonnegative real numbers, and A, Ay, ..., Ay > 0. If

k

DMSM ) (x1, x5, ..., x,) = % ( I <Z x,~].> Cn) (67)

l§i1<...<ik§in ]:l

Then we called DMSM%) the dual Maclaurin symmetric mean (DMSM) operator, where (i1, iy, . . ., ix)
traverses all the k-tuple combinations of (1,2,...,n), CK is the binomial coefficient.

In this section, we will propose the DMSM operator for IV2TLPFNSs as follows.

Definition 16. Let ﬁj = <[(54L)j,¢]p), (sf;j,(pfﬂ, [(S)L(j,CjL), (s?},,@fﬂ >(] = 1,2,...,n) be a set of
IV2TLPFNs. If

l§i1<...<ik§in ]:l

O/~ ~ N 1 no__ ck
IV2TLPFDMSM X (51, o, . . ., n) = . ® @ pi, (68)

Then we called IV2TLPFDMSM (Y the interval-valued 2-tuple linguistic Pythagorean fuzzy dual MSM
(IV2TLPFDMSM) operator.

Theorem 6. Let ;7]- = <{(s$j,gojL), (sf;],,(pfﬂ, {(S)L(j,(;‘jL), <s§],§f>}>(] = 1,2,...,n) be a set of
IV2TLPFNs. The aggregated value by using IV2TLPFDMSM operator is also an IV2TLPFN where

1
x
IV2TLPFDMSM ™) (1, B, . .., u) = ( ® (é ﬁif) )

1§i1<...<ik§in j:1
¥
2 K
CYl
k A1 <sé;l,v,4?ll}>
Alt |1—|1-— 11 1-JI11- f] ,
1< <. < <iy j=1
% 7
2
A-1[sR R Cn
k 9;,/%i;
Alt |1—|1-— 1T 1-J]]1- +
1<iy <. <iy iy j=1 (69)
— % - -
2\ &
k A*1<S)L(i,/§f> c
Alt 1-— T1 1-T1] f]] ,
l§i1<..‘<ik§l‘n ]:l
T\
A*1<s§ §R> 2\ &
W
Alt] |1- 1 1- 11| —722
l§i1<..‘<ik§l‘,l j:l
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Proof. According to Definition 8, we can obtain

2 2
(o (2 (s) (2 ()
17 ] 1; ]
Al 1-TI|1- | —7~ Al I-TT |1 | —
no_ j=1 j=1
]Gjlp,'/f
k A’l(ski.f‘fﬁ k[ A (s)’él’j)
AT [ —F2 | ] At i
=1 =1
Thus,
1
n o\ ¢k
D pi.
2P
r 1 1
2 ck 2 ck
(2 (e) ()
Al =111 | —2 Al 1=T11- -
j=1 j=1
I T T
2\ ok 2\ ok
k A71<5)Lci-'§iL-) a k Aﬂ(si‘.'gﬁ) G
Al 1= |1=T11 | —F222 Al [1=1-11 A
j=1 j=t
Thereafter,
1
n _ \Ck
® D ;.
1<iy <o iy <in jzlpl]
N L -
2\ \ <k
-1 L L
k A (5471‘]-"/’1‘]-)
Alt T 1-TI111- ; ,
1<) << <iy j=1
1 ’
2 ck
k A*1<s$_ ,(P1>
;.
At 1-TI111- t’
1<y <. <ig <in j=1
L T\ ] J
ka0 <S§<i. #) o
Alt |1- 11 1-T11 = / ,
1Si]<...<ik§in jIl
n L
k [ A1 <S}l§i_ ,§1R> G
Alt |1— 11 1-T11 = /
1§i1<...<ikSin j:l

30 of 45
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Furthermore,
3
Cn
IV2TLPFDMSM®) (1, B, . .., u) = ® ( & ;7,-.)
1<i<...<ix<in \ j=1 '
_ N
2 K
k A1 <sé 4)1L> c
At |1-]1- I 1-I1|1- | —~£ ,
1§i]<...<ik§in ]:1
% 7
2
X A1 (sg qOR) o
Alt1=[1-  TI 1-I71-| 7
1<iy <...<iy iy =1 ! (73)
[ N\ £\ ] '
X A71<S)L(_’§1;‘> 2 ck
Altl 1= I 1- I | —72 ,
1<iy <....<ix <ip j=1
T\
k A*1<s§§._,§§> 2\ o
Altl 1= 11 1- 11| —72
1<iy <...<ix <ip j=1

Hence, (69) is kept.
Then we need to prove that (69) is an IV2TLPFN. We need to prove two conditions as follows:

A1 (sé, goL),A‘l(sg,(pR),A_l (S)L(, ﬁL),A_l <s§,§R> C 0,4
o 0s (3 () (o (40 <2
Let
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AL <59LD ,(va,>
@ Since 0 < f]] <1, we get

2
-1 L L
k A (5411,/ 4’;’,) k
o<JIf1-| ——F+—+* <land0< |1-JJ|1- <1 (74
j=1 t =1 t
Then )
2\ \ o
P A1 <S$i-/q]iLj) !
0< I1 1-11|1- | —~——+% <1 (75)
1<) <. < <iy j:1
Furthermore,
1
1N\ %
2
x AL (sj> 90L> E
o<|1- 11 1-77|1- | —~2 <1 (76)
1<iy <. <ig iy j=1
Therefore,
%
2
k A1 (sé (pL) E
0< |1-|1- 11 1-T1]|1- - <1 (77)
1<ip <. <ip<iy j=1

That means 0 < A~1 (sé, (pL> < t,s0 @ is maintained, similarly, we can get 0 < A1 (sf;, q)R> <t,
—1(.L L —1(- R =R
0<A @Wg)gnogA ng)gt

os () + ()’

N\
2\ %
i a1 (55, o
= 1—|1- I1 1-T1|1- !
1<iy <. < <iy j=1
1\ 2
T\ &
k A”(Sﬁ?- ,CR) %
’j l]'
+ 1- 4 o 1-1T11I ;
1<ii <. <i<iy j=1
1
2 =\ F
C!
A-1[sR R "
k 59,/ 9i;
=1-|1- I 1-J1|1- —
1Sl‘1<‘..<l‘kSlAn ]:1
1
2 k
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Example 5. Let  p; = ([(52,0.3), (54,0.2)], [(51,0.4), (52, —0.3)]), P2 =

([(51,0.4), (s3,0.3)], [(s52, —0.4), (52,0.1)]) and p3s = {[(s3,0.2), (54, —0.4)],[(51,0.1), (52, —0.2)]) be
three IV2TLPFNs, and suppose k = 2, then according to (69), we have

1
~ ~ no_ ck
IV2TLPEDMSM®) (B, o, .., Pu) = § (m 2 (/EBlpi’) )
= <. k= =

Al (\/1 ((1- (2% (3)) « (1- (2 () < (1- (3)’ (?)Z)f)z)
= {[(52,0.3799), (54, —0.2775)], [(51, 0.3674), (s, —0.1336)] }
Then we will discuss some properties of IV2TLPFDMSM operator.
Property 17. (Idempotency) If p; = <Ksé},,g0]@), (s{;j,(pf)}, [(s)%j,gjL), (si,é}-{)} >(] =1,2,...,n)are

equal, then
IV2TLPEDMSM®) (31, B, . .., Bn) = 7 (78)

Property 18. (Monotonicity) Let p,, = < sél ok ), (sg go?)}, [(S)L(xi {j}%), (sﬁxi,gfi }> (i =
1,2,..., n) and py, = <[<séyi,(p§i), (sgyi,goly{iﬂ, KS?L%":&)’ (s?yi,é’ﬁ,)} >(z =1,2,..., n) be two sets
of IV2TLPFNs. If A1 (sh ok ) < A71(sh ,@h ), A7 (5B @R ) = a71(sK of ), a1 (sk, ,ek) >
A1 (s)L(yl_,é‘;l_) and A1 (s§xl_,§§]_) > AT (sﬁyi,ﬁﬁ) hold for all i, then

IV2TLPFDMSM®) (B, , By, - -+, Bry) < IV2TLPEDMSM®) (B, By, - -+, By ) (79)
Property 19. (Boundedness) Let p; = { [(sé},,q)]«L), (sf;]_, q)f)}, [(s)L(j,C]«L), (s%,@f)] }(] =12,..., n)

{maxA’1 (sé]_,q)jL),maxA’l sgj,(pf) ,

{minA‘l(s)%j,gf),minA_l s%,é‘]R)

= { FninA—l (sé/_, go].L),minA—l (sgj/ (P]R)}}/ }(] —1,2,...,n) then

~1{.L L —1({.R =R
maxA (sxj,§j>,maxA (SXj’§j>

be a set of IV2TLPFNs. If p™ = G =12..., n) and

7~ < IV2TLPFDMSM %) (31, B, - -+ , ) < B (80)
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Property 20. (Commutativity) If Let p;j(j=1,2,---,n) be a collection of IV2TLPFNs,
and ;7;(] =1,2,--- ,n) isany permutation of p;(j =1,2,--- ,n), then

IV2TLPEDMSM®) (1, B2, - - -, Bn) = IV2TLPEDMSM®) (77, 75, - - -, 7)) (81)

5.2. The IV2ZTLPFWDMSM Operator

In actual MADM, it is important to consider attribute weights; this section will propose an
interval-valued 2-tuple linguistic Pythagorean fuzzy weighted dual MSM (IV2TLPFWDMSM) operator
as follows.

Definition 17. Let f)]- = {Ksé},,q)f), (sf;j,q)f)}, [(sk},,@f), (s%,@f)} }(] = 1,2,...,n) be a set of
IV2TLPENs with their weight vector be w; = (wl,wz,...,wn)T, thereby satisfying w; € [0,1] and
Z?:l w; = 1. If

1§i1<~~<ik§in ]:1

W = 1 ¢ \\ &
IV2TLPFWDMSM{Q (P, P+ ) = ¢ ® o (nwi]. ® pi].) (82)

Then we called IVZTLPFWDMSM,%), the interval-valued 2-tuple linguistic Pythagorean fuzzy

weighted dual MSM (IV2TLPFWDMSM) operator.

Theorem 7. Let ﬁj = <{(S$}.,§0]'L), (SQ,QDF)}, [(S)Lc],,@'jL), (S%, ]Rﬂ>(] = 1,2,...,n) be a set of
IV2TLPFNs. The aggregated value by using 2TLPFWDMSM operator is also an IV2TLPFN where

1
k ck
IV2TLPFWDMSMY) (31, B, ..., ) = L ® @ (nwi. ® ﬁi.)
1<ip <. <ig iy \ j=1 I ]
[ 1
2y " é k
A*1<5L, ,q).L)
k ¢;. 7T
Alt|1=-1-  TI 1-I1|1- | —~2£ ,
1<) <. <ig i j=1
1 ’
2y M é k
A*1<SR, ,(pR)
k ¢;. ij
Al fi= 1= T |1=-II|1-|—F—~ ) (83)
1<) <. < <ip j=1

i

2nw;. ClT‘
k[ A (sgﬁ.,,éﬁ) A
At 1-— 11 1-11 f]j ,

l§i1<...<ik§iyl ]:l

H
i

2nw;.\ ck
k A*(S;’é.'éﬁ) 1
Al [1- 1 1- 1| —22

\ l§i1<...<ik§in ]:l
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Proof. According to Definition 8, we can obtain

nwi/®ﬁij
_ 2\ " 2\ "
Al (sL (,,,L> A1 <SR fﬂR)
i) k)
i T
Alt 1= |1-| ——~ AT = 1= ——~ , (84)
o nw;. nw;.
a (s e )\ s (a))
al e XN} ) af e[ )
Thus,
k -
@ (”wif®pff)
) ) i’lw,’i 2\ hw;.
‘ A-1 (Sély(f’iL) k A1 (sﬁ;ﬂp?)
Al t ]__H 1— il /A t 1_H 1- 4
I =] (85)
I A-1(sL gL i A-1(sR R i
k i, i k i
AT . I r
=1 =
Thereafter,
1
k _ c
jE:Bl (nw,-j ® ]!Ji/.)
r 2 nw,-/. ck 2 nw,-/. é
. Ant (5(% <P,L> P A1 <s$, <PXR>
ale| fiodrfao | ) Al -1 | 2l '
I (36)
k= 1
e (80 (s,2) 9 o (3 "
Al |1—[1-T11 r Al 1= 111 P
j=1 =
Furthermore,
1
k ck
® @(nur®~'v)
1< <o<ig<iy \j=1\ 1 Py
r 2 nw,/. é |
. A1 (sé;, ,41,’:)
Alt IT 1-JI[1- f]l ¢
1<iy <..<ig<iy j=1
2\ N, Clilyc, ’
r A71<S(II§ '¢l{> !
i
Al T1 | 1001 | ——F~ 87)
1<y <. <i<ip j=1
L T\ T
Ale[1- 11 -1 —+ /
1<iy <...<ip <iy j=1
2nw;. Cik
(o ()
Alt[1- 11 1-I1| —+—
1<iy <...<ig<iy j=1
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Therefore,

1<11< < <iy \ j=1

1
k ok
IV2TLPFWDMSM) (51, 7o, - .., Bn) = % ® < o (nwij ® ﬁi].>> )

=

i\ ok

Als,i )
7

Als,i )

1<11< <zk<1n

ot
{rbosbot

=

nw;,

l<11< <7k<1n

=

1Si]<...<ik§in j=1

2nw;, Cik
k [ a7t (s,%,_ ,QL.) T\
Alt 1-—- T 1-1T11 f” ,

i

2nw;,\ ¢k
k A*l(s,'?i,,§5> A
Alt] (1= 11 1- 1| —22

1<y <. <ig<ip j=1

Hence, (83) is kept.
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(88)

Then we need to prove that (83) is an IV2TLPFIN. We need to prove two conditions as follows:

©

() o). (s27) 61 (.) <
@ o (32(e)) + (3 (120) <

Let
1\ L
2\ "W\ oF k
-1 <L L
54,90 k A (S%‘j’q’ij)
I 1-T1|1- | —4—~
1<11< <i<iy j=1
1 L
2 "0i;\ o k
X A 1<s ,q)l>
1-TI[1- .
1<11< < <ip j=1
3
2nw; ck
C (0
1-— H ;
l<11< <zk<1n j=1
1
an,j ck ,
SMP kA 1<le dj)
1-11 :
1<11< <zk<1n j=1
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AL <55Lbi.’q)iL]‘>
@ Since 0 < ——~ <1, we get
2\ "wi; 2\ "Wi;
ATl (59151‘"?%) k A? (5{431..,?5)
o< |1- | ——" <tando<J[|1-| ————£ <1
- t i t
Then
2\ "wi; é
k A71 (Séiv' @16)
o< JI [1-TIfr-|—F—F <1
1<) <. < <ip ]:l t
Furthermore,
1
k A 471']-’ qoij

0<|1- 1— 1 — N7 /7 <1

a 1<i H i <i Ij t

<i)<...<ix<iy j=1
Therefore,
1
2\ "wi; Cik k
—1( <L L n
k A (S(Pi-, (Pl])
N N <1

0< |1—-]1- ] 1-T]|1- ;

1<y <. < <iy j=1

That means 0 < A~ (s L) <'t,s0 @ is maintained, similarly, we can get 0 < A~ (

o)
ogA*( gL)<to<A (s§§,§)
)

2
S
0§< “) + )
-\ 2
NN
k A”(*‘fﬁi. 4’z>
- l1=]1= 1-11f1-
F
1<y <<y i j=1
1\ 2
1 k
k A*1< (’;R> 2mip\ cf
X
+| - 11 ~ 1|
1§i1<...<ik§i,1 ]:1
1
A sy, 070
k ;. ij
=1-[1- TI 1-17|1-| 22
j=1

1<iy <...<i<ip
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1
2nw;;\ ck
sk R> Iy

A1<
k Xij’
- T I <1

1<) <...<ix<iy j=1
Example 6. Let  py = ([(52,0.3), (54,0.2)], [(51,0.4), (s2, —0.3)]), P2 =
([(s1,04), (s3,0.3)], [(s2, —0.4), (52,0.1)]) and p3 = ([(s3,0.2), (54, —0.4)],[(51,0.1), (52, —0.2)]) be

three IV2TLPFNs, and suppose k = 2, w = (0.2,0.3,0.5) then according to (83), we have

@)/~ ~ ~ 1 k _ ck
IV2TLPFWDMSMEG) (P, oo P = ¢ | @ j@l(nwij®pi].)
1 <Sk>in =

= {[(52,0.2817), (55, —0.4935)], [(s5, —0.3329), (55,0.0829)]}

Then we will discuss some properties of IV2TLPFWDMSM operator.

Property 21. (Idempotency) If p; = <{(s$},,q)}), (sgj,gof)}, [(s)L(j, ]L>, (sg, ]Rﬂ >(] =12,..., n) are
equal, then
IV2TLPFWDMSM'X) (51, B2, -+, n) = B (93)

Property 22. (Monotonicity) Let p,, = <[<séx ,qo%l), (sgxi,q)ﬁ)}, KS?L(x,»"ZJ%f , (sﬁ?xf,g};)b (i =

12y and py = ([ (sh, 95), (55,98 )| [(Skyv":ﬁf)’(sﬁw'gﬁ)]

of IV2TLPENs. If A~ 1(s¢ ,(px) <A 1(54, ,gog)
A‘1< S¥y:7 C%_) and A~ ( Sie;? Cxl_) > ( ) hold for alll then

/N —~
)
sh
~
B
s=
N———
~
l>
H
A/~ —
(f)
~><
W
Kol
\_/
Vv

IVZTLPFWDMSMQ;)) (ﬁxl ’ ﬁxz/ ety ﬁx,,) < IVZTLPFWDMSMI&?} (ﬁylr ﬁyzl Tty ﬁyn) (94)
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Property 23. (Boundedness) Let ﬁj = { [(séj,gof), (sf;j, (pf)}, [(sk},, ]L), (S%' f)} }(] =12,...,n)

be a set of 2TLPFNs. If pt =

minA—l(sL_,q,,L),minA—l (SR_I(PR) / "_
{ &maxAl (:;é}.,éjf),maxAl (fi{]/é]R)}J }(] =1,2,...,n) then

p~ < IV2TLPFWDMSM{(F1, P, -+, Pu) < B* (95)

Property 24.  (Commutativity) If Let p;(j=1,2,---,n) be a collection of IV2TLPFNs, and
ﬁ;(] =1,2,---,n) is any permutation of pj(j = 1,2,--- ,n), then

IV2TLPFWDMSM) (71, Fa, - - -, n) = IV2TLPFWDMSM) (B, b, - -+, ) (96)

6. Numerical Example and Comparative Analysis

6.1. Numerical Example

With the rapid development of economic globalization and the growing enterprise competition
environment, the competition between modern enter