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Abstract: This article deals with some variants of Kraitzel integral operators involving Fox’s
H-function and their extension to classes of distributions and spaces of Boehmians. For real numbers
a and b > 0, the Fréchet space H, , of testing functions has been identified as a subspace of certain
Boehmian spaces. To establish the Boehmian spaces, two convolution products and some related
axioms are established. The generalized variant of the cited Kratzel-Fox integral operator is well
defined and is the operator between the Boehmian spaces. A generalized convolution theorem has
also been given.
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1. Introduction

The notion of Fox’s H-function is identified by various authors such as Mathai-Saxena [1],
Srivastava et al. [2], Kilbas and Saigo [3], and some others. For m,n,p,q € Ny = N U {0} where
mq,np, a;, bj € Candw;, B € Ry = (0,00) (i=1,2,...,p;, j=1,2,...,9), Fox’s H-functions, via the
Mellin-Barnes-type integrals, are defined as [4]:

Hyy! (z (81,84 . (ap:p) ) [T sz ds,
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where, for z # 0, z7° = exp(—s(log|z| +iargz)). An empty product of Equation (1) is to
be considered one. The infinite contour L separates all possible poles of the gamma functions
T (b, Bjs) (j =1,2,...,m) to the left of the contour and all possible poles of the gamma functions
I'(1—aju;s)(i=1,2,...,n) to the right of the said contour. Moreover, L can be formulated as in
the following:

(i) L = L_wistheloop to the left that begins at —co + i@ and ends at —oco 4 i@y with —co < ¢ <
P < 0.
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(ii) L = Ly is the loop to the right that begins at +oco0 + i@ and ends at 400 4 i@y with —co < ¢ <
@ < 0.
(iii) L = Ljyco is the contour that begins at v — ico and ends at 7y + ico + i@, where v € R.

Letx > 0,p € R, v € Cand Re (v) < 0 when p < 0, then the function Zj (x) is defined by the
improper integral:

Z,(x) = /000 7L exp (—t’” - %) dt (x >0). )

A straightforward analytic investigation and evaluation of this integral representation by a
statistical technique is given in the literature. Most investigations were devoted to Zj (x), x > 0,
p > 0. However, Kilbas et al. [5] have considered this function for real and complex values of p
and z, respectively. Their results substantially relied on a representation of Zj (x) in terms of Fox’s
H-functions as follows:

1. 20
Z, (x) = —Hy) (z

) )(UEC;ZG,Z#O), 3)

provided p > 0, while:

(1=5-) e
=0 (Re (v) < 0;z € C;z #0) 4

1 11
7Y (x —Hw |z
o= gt <] 5

provided p < 0. The function Zj plays an important role in the astrophysical thermonuclear functions
that have been derived on the basis of Boltzmann—Gibbs statistical mechanics, and it, in particular, for

5 (3) () v

where Ky (t) is the McDonald function. The function Zj (x) was further introduced as the kernel
function of the so-called Krétzel integral operator defined by [6]:

p=1land x = %, gives:

(KEr) ) = [ (z3) ety f 0y at (x> 0) ©)

to include the Meijer integral operator for p = 1 and the Laplace integral operator for p = land v = :t%.
However, the investigations of the Kratzel integral operators are continued by obtaining Tauberian and
Abelian theorems and some related inversion formulas in the classical theory. Later in [7], Rao—Debnath
have discussed the Kritzel integral on a certain space of distributions based on the kernel method of
extension. Here, we give a revised version of the generalized Kratzel integral discussed by Al-Omari
and Kilicman [8,9] in terms of the generality and clearance of results. In view of (3), we introduce
Krétzel-Fox’s integral operator as:

(KiPf) (x) = ; /0°°f (t) Hy3 (xt

(011),(2 l) )dt (x>0). (6)

p’p

provided the integral exists. For a real number a, being fixed, satisfying a < ¢+ 1 where ¢ =
min Re {0,v} and b > 0, the set H,} is defined as the collection of those test functions that are
C*®-functions on I, I =: (0, 00) that possess the property:

£ sup |e M EDfg (1) @)
te(0,00)

Y (@) = Yapx (¢)

foreachk=0,1,2,...and D; = %.
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The topology associated with H, , can be generated by the semi-norms {7}, . The sequence
{¢n} of H,;, converges to ¢ in the topology of H, j if:

—bt 1—a+k dk —bt 1—a+k dk
e M (1) - M g (1)

as n — oo, uniformly in ¢, for each k = 0,1, 2,.. .. It turns out that H, j, is a Fréchet space. H; , denotes

the strong dual of H,;. If, in H,}, {¢,}] converges, then {ngbn (1) }T also converges on every
compact subset. Therefore, if D; denotes the Schwartz space of test functions of compact supports,
then Dy is contained in H, j, and the topology of D; induced on D; by H, ; is weaker than that of D;.
Indeed, any restriction of f € I-’Ia/b to Dj is in the Schwartz space D of distributions.

We divide this paper into four sections. In Section 1, we have given the necessary definitions
we need for our next investigation. In Section 2, we introduce convolution products and generate
the Krétzel spaces of Boehmians. In Section 3, we give an estimation of the Kréitzel integral operator
and obtain some properties in the class of Boehmians. The Conclusion Section is given at the end of
the article.

2. Boehmian Spaces

For the construction of the Boehmian spaces, readers are to be familiar with the abstract
construction of the Boehmian space. Otherwise, they may refer to [8-16]. Here, we make use of
the following convolution products. Throughout various works of the first author, the convolution
product was often used:

(Frg) ) = [ x71f (xy) g () d ®)

whereas we suggest another convolution product defined by:

(Fo) )= [ F(xw)g(x)d ©

provided the integrals exist. Our construction in this article begins by proving the following theorem.
Theorem 1. Let f € H,; and ¢ € Dj. Then, we have f e ¢ € H, .

Proof. Assume f € H,, and ¢ € Dy are given. Then, by (9) and the concept of semi-norms of H,,
we, for some positive numbers b and fixed a satisfying a < ¢ + 1, write:

sup ‘e_bttl_HkDf (fed) (t)’ < /‘72 ¢ (x)] ‘e_bttl_Hkfo(tx) dx, (10)

0<t<oco a
where 47 and a; are the bounds of the support of ¢ (x). Hence, (10), for some positive constant
A, gives:

—bt —atkyk 2
sup [e "HKDE (Fag) ()] < A [Tl ()] dx,
1

0<t<oo

since f € H, .
Hence, the fact that ¢ € Dj yields v, (f®¢) < oo forallk =0,1,2,....
This finishes the proof of the theorem. [
Theorem 2. Let f € H,; and ¢1, ¢, € Dy, then we have:
(fo(Prxe2)) (1) = ((f o) o) (£)

n Ha,b~
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Proof. It is proven by Theorem 1 that f e ¢y € H,}, for any f € H,) and ¢ € D;. To establish the
equality in the previous equation, we employ (9), (8) and Fubini’s theorem to write:

(Fogreg) (0= [Ty a ) ([T (v5) Feman)
Then, setting variables as y~!x = z gives:

(f o (1% 2)) (1)

/Ooo $2 (v) /0°° ¢ (2) f (tyz) dzdy
(/0 $2 (y) (f » ¢1) (ty) dy.

Once again, (9) finishes our proof of this theorem. [J

We introduce delta sequences as usual. A sequence (J,) € Dy is a delta sequence if it can satisfy
the following:
(i) fooo Oy (x) dx =1, where n is a positive integer.

(ii) |6n (x)| < M, M is a positive real number. (11)

(iii) suppdy C (an, by),an,by — 0asn — oo.

The set of all such sequences is denoted by A.
By using simple integral integration, we state without proof the following theorem.

Theorem 3. Letw € C,{fy},f € Hy such that f, — f asn — coand ¢, ¢1 € Dy, then the following hold.

i) fe(p+¢1)=/fed+fepiinHyy
(i) a(fep)=(af)edinH,;

(iii) fpo¢p — fepasn — coin Hyy.
Theorem 4. Let f € H,; and (6,) € A. Then, we have f @ 5, — f asn — oo in Hy .

Proof. Assume the hypothesis of the theorem is satisfied for f and {J,} . Then, the use of (7), (11) (i)
and (11) (iii) yields:

b
sup |e™H =KD (a0, — f) (1)] < / 05 (x)] sup [e”MH=TEDE (F (xt) — £ (1)) | dx,  (12)
te(0,00) an te(0,00)

where b > 0 and a < c + 1. The hypothesis that f (xt) — f (t) € H,; and (9) (ii) implies:

sup ’efbttlfaijDf (fedy—f) (t)’ <M /abn |0 (x)] < M1M (by — ay)

te(0,00) n

where M; and M are positive real numbers.
Hence, considering the limit as n — oo and (11) (iii) finishes our proof of Theorem 4. [J

The following Theorem 5 follows from the fact f x ¢ = ¢ » f and (11) . We avoid the details.
Theorem 5. Let {0, },{en} € A. Then {6, €, } € A.

Hence, we have constructed the Boehmian space f; by the set (H, j, ®), the subset (Dj, ) and the
set A of delta sequences.
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Another Boehmian space, say B1, with (H,;,*), (D}, %) and A, follows from techniques similar
to that of 1 and the facts that [17]:

fro=¢xfi(fxPp1)xpp=fx(prxd2), (f +P1)*xp2 = f*P1 + f* o

For addition, convergence and multiplication in 1 and S, we refer readers to [8,9] and the
citations therein.

3. The Kritzel-Fox Integral Operator of Generalized Functions

By using the kernel method, we introduce the distributional Krédtzel-Fox integral as a mapping
acting on the space H, j, of testing functions. For certain appropriateness in our results, we throughout
this paper set:

188 o) 158 (3

o) )

The following result is very necessary.
Theorem 6. Let H, }, be the space determined by (7) . Then, we have:
Hy?y (xt) € Hyy, (13)
where a and b > 0 are real numbers, but b is fixed.
Proof. By using differential properties of the H-function together with simple computations, we obtain
bty ha (0,1)
tes(lé,l;) e~ bttl ”*kDng,'g (xt)‘ = tes(lé,};) e~ btl ”%Hg:g (xt 0,1, (%/%) (k1) ) :

Hence, for each k = 0, 1,2, ..., the asymptotic behavior of H-functions reveals that:

o.3))

sup < 0.

te(0,00)

1
e‘bttl_”J’kDfEHS’g (xt

This finishes the proof of our Theorem. [

Therefore, for f € H,}, and a fixed real number a satisfying a < ¢ + 1 where ¢ = min Re {0,0} and
b > 0, the generalized Krétzel integral operator applied to a distribution f € H, ; can be introduced as:

(14)
01 (5:3) )}
which is the application of f to the kernel function.

The mandatory step of defining the Kratzel-Fox integral operator of a Boehmian is as follows.

H(x) = <f<t>,;H3;3 (xt

Theorem 7. Let f € H,; and ¢ € Dj. Then, we have:

(KE(fx) () = ((KEF) 09) () (x > 0).

where a is a fixed real number satisfying a < c+1, c = minRe {0,v} and b > 0.
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Proof. Applying (6) to (9) gives:

(Kb (fx)) (x) = ; JAGRI0E (xt

= /Ooo v (KDF) (xv) ¢ (v) .

(KL (Fx9)) (x) 0, (1) ) y~dzdy

Hence the theorem.
In view of the above, we define the Kratzel-Fox integral operator of % € Band:

P $n

where 4 is a fixed real number satisfying a < ¢ + 1 where c = minRe {0,v} and b > 0. O

P
prl — Kz]ffl’l c ,BZ (15)

Theorem 8. The Kritzel-Fox integral operator Gb : By — B, is well defined.

Proof. Let {l” = g—: € By, then f, x €y = fm * . Taking into account Theorem 7, we have:
n

Kgfn.em:Kme.ﬂw (16)

P pr
It follows from (16) that KZ—{” ~ %f in By. Therefore:

dﬁzﬁg

n n
This finishes our proof of the proposition. [
Theorem 9. The Kritzel-Fox integral operator G} : By — By is linear.
Proof. Let %, ein € B1. Then, we write:

GP (ﬁ‘+f> - GF <fn*€n +J?*.”n>

Un €n Un * €p

Ky (fn*enJrf*ptn)

ie., =
Un * €

KP (fuxen) + Kb (f*],tn>

ie., =
,uVl *en

ie _ Kgfn.€n+Kz€f°ﬂn
B Hn * €n

K? Kb F
ie., = v—fn + Lf

Un €n
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n An n An f An
Theorem 10. Let IJ:—” and g—n € By, then G} (’J:—n * é%) - ijyf’; oIt

Hence,

Un €n n n

Gh <f”+ f) :Gﬁf—”+G£i.
Furthermore, for & € C, we have:

_ aKgfn _ K (afn)
Hn Hn Un

aGg f—" =
The proof is completed. [J

€n’

Proof. Assume i—" and J:—z € By, then we get G} (% * J;’;) =Gl (M) . (15) reveals:

Un*€n

Gg<%*ﬁj__@(ﬁ*ﬂ>

n

HUn €n Un *€n

Now, Theorem 7 gives:

_Kifu  fn

Un *x€n Un €n

Gh (ﬁl*f"> = Kofn® fu

Un €n

This finishes the proof of the theorem. [J

4. Conclusions

This paper has presented an extension of a Fréchet space of smooth functions to a Fréchet space of

Boehmians. It has also presented a Kritzel-Fox convolution product and established the Kritzel-Fox
convolution theorem as well. Consequently, the generalized Kratzel-Fox integral operator has been

given as a well-defined linear mapping whose convolution theorem coincides with the convolution
theorem of the classical integral.
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