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Abstract: In this paper, we study inextensible flows of a curve on a lightlike surface in Minkowski
three-space and give a necessary and sufficient condition for inextensible flows of the curve as a partial
differential equation involving the curvatures of the curve on a lightlike surface. Finally, we classify
lightlike ruled surfaces in Minkowski three-space and characterize an inextensible evolution of a
lightlike curve on a lightlike tangent developable surface.
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1. Introduction

It is well known that many nonlinear phenomena in physics, chemistry and biology are described
by dynamics of shapes, such as curves and surfaces, and the time evolution of a curve and a surface
has significance in computer vision and image processing. The time evolution of a curve and a surface
is described by flows, in particular inextensible flows of a curve and a surface. Physically, inextensible
flows give rise to motion, for which no strain energy is induced. The swinging motion of a cord of
fixed length or of a piece of paper carried by the wind can be described by inextensible flows of a curve
and a surface. Furthermore, the flows arise in the context of many problems in computer vision and
computer animation [1-4].

Chirikjian and Burdick [1] studied applications of inextensible flows of a curve. In [5], the authors
derived the time evolution equations for an inextensible flow of a space curve and also studied
inextensible flows of a developable ruled surface. In [6], the author investigated the general description
of the binormal motion of a spacelike and a timelike curve in a three-dimensional de Sitter space
and gave some explicit examples of a binormal motion of the curves. Schief and Rogers [4] studied
the binormal motions of curves with constant curvature and torsion. Many authors have studied
geometric flow problems [7-11].

The outline of the paper is organized as follows: In Section 2, we give some geometric concepts in
Minkowski space and present the pseudo-Darboux frames of a spacelike curve and a lightlike curve
on a lightlike surface. In Sections 3 and 4, we study inextensible flows of a spacelike curve and a
lightlike curve on a lightlike surface. In the last section, we classify lightlike ruled surfaces and study
inextensible flows of lightlike tangent developable surfaces.

2. Preliminaries

The Minkowski three-space R is a real space R® with the indefinite inner product (-, -) defined
on each tangent space by:

(x,y) = —xoyo + x1y1 + X2Y2,

where x = (xg, x1,x2) and y = (o, y1,2) are vectors in R3.
A nonzero vector x in ]R? is said to be spacelike, timelike or lightlike if <x, x) >0, (x,x) <O0or
(x,x) = 0, respectively. Similarly, an arbitrary curve ¢ = 7(s) is spacelike, timelike or lightlike if all of
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its tangent vectors 7/ (s) are spacelike, timelike or lightlike, respectively. Here “prime” denotes the
derivative with respect to the parameter s.

Let M be a lightlike surface in Minkowski three-space RS, that is the induced metric of M is
degenerate. Then, a curve y on M is spacelike or lightlike.

Case 1: If 7y is a spacelike curve, we can reparametrize it by the arc length s. Therefore, we have
the unit tangent vector t(s) = 7/(s) of y(s). Since M is a lightlike surface, we have a lightlike normal
vector n along . Therefore, we can choose a vector g satisfying:

(ng) =1 (tg) = (g8 =0

Then, we have pseudo-orthonormal frames {t, n, g}, which are called the Darboux frames along
7(s). By standard arguments, we have the following Frenet formulae:

P t(s) 0 Ke(s)  xn(s) t(s)
% n(s) | = —xu(s) T(s) 0 n(s) |, @
g(s) —xg(s) 0 —Tg(s) g(s)

where «, = (t'(s),n(s)), Kg = (t'(s),g(s)) and Ty = —(n(s), g (s)).
Case 2: Let 7y be a lightlike curve parametrized by a pseudo arc length parameter s on a lightlike

surface M in R3. Since a normal vector n of a lightlike surface M is lightlike, we can choose a vector g
such that:

(g.g) =1 (tg) = (gn) =0.

Furthermore, we consider:
(t,m) =1

Then, we have pseudo-orthonormal Darboux frames {t, n, g} along a nongeodesic lightlike curve
7(s) on M and get the following Frenet formulae:

J t(s) n(s) 0 Ke(s) t(s)
= n(s) | = 0 —Kkn(s) Tg(s) n(s) |, (2)
g(s) —Tg(s) —xg(s) 0 g(s)

~
—
»
~—
~

where k, = (t'(s),n(s)), kg = (t'(s),g(s)) and g = —(n(s), g

3. Inextensible Flows of a Spacelike Curve

We assume that 7 : [0,] x [0,w] — M C R} is a one-parameter family of the smooth spacelike
curve on a lightlike surface in R?, where [ is the arc length of the initial curve. Let u be the curve
parametrization variable, 0 < u < I. We put v = | |% ||, from which the arc length of - is defined by
s(u) = [, vdu. Furthermore, the operator £ is given in terms of u by & = 1.2,
parameter is given by ds = vdu.

On the Darboux frames {t,n, g} of the spacelike curve vy on a lightlike surface M in R}, any flow
of ¥ can be given by:

and the arc length

% = fit+ foan + f3g, 3)

where f1, f», f3 are scalar speeds of the spacelike curve v on a lightlike surface M, respectively. We put
s(u,t) = fou vdu; it is called the arc length variation of . From this, the requirement that the curve is
not subject to any elongation or compression can be expressed by the condition:

0 “ v
gs(u,t) =, —du=0 4)

forallu € [0,1].
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Definition 1. A curve evolution «y(u, t) and its flow aa—;’ of a spacelike curve in R are said to be inextensible if:

0
ot

Y
ou

Now, we give the arc length preserving condition for curve flows.

Theorem 1. Let M be a lightlike surface in Minkowski three-space RS and {t,n, g} be the Darboux frames of a
spacelike curve -y on M. If aa—'ty = fit+ fon + f3g is a flow of vy on a lightlike surface M in R3, then we have the
following equation:

Jdv _ 9fy
3 = 3y~ O —ufarg. ®)
Proof. From the definition of a spacelike curve 7, we have 0?2 = <g—z, g—z> Since u and t are

independent coordinates, % and % commute. Therefore, by differentiating v%, we have:

2090 = 9 [97 Iy
ot of \ou’  ou

dy 0 ,0v
2<8u'8u(8t)>

2( 3, (it fnct fog) )

ad )
=20 <t, (a—];l — vfaky — Vf3Kg)t + (% +vfixg +vfrTg)n + (a—js +vfik, — vfg‘cg)g>
d
v (aj;l — ok, — ‘Uf3Kg> .
This completes the proof. [

Corollary 1. Let aa—;’ = fit+ fon + f3g be a flow of a spacelike curve <y on a lightlike surface M in R3. If the
curve vy is a geodesic curve or an asymptotic curve, then the following equation holds, respectively:

v ofy

o au
or: 3 af

(% 1

ot~ an s

Theorem 2. (Necessary and sufficient condition for an inextensible flow)
Let %—;’ = fit+ fon + f3g be a flow of a spacelike curve -y on a lightlike surface M in R3. Then, the flow is
inextensible if and only if:
f 1

= fakn +f3Kg (6)

Proof. Suppose that the flow of a spacelike curve oy on M is inextensible. From (4) and (5), we have:

0 (% ov df1 B
gs(u, t) = atd /0 ( — vfokn vngg) du = 0.

J0

It follows that:

)
a—j;l = vfoKkn + vf3Kg.

Since aas %%, we can obtain (6).

Conversely, by following a similar way as above, the proof is completed. [J
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Theorem 3. Let % = fit+ fan + fag be a flow of a spacelike curve <y on a lightlike surface M in R3. If the
flow is inextensible, then a time evolution of the Darboux frame {t,n, g} along a curve <y on a lightlike surface
M is given by:

d t 0 ¢1 @2 t
ar n | = —¢@2 @3 0 n |, 7)
g -1 0 —g¢3 g
where: f
P1 = 22+ fikg + forTg,
@2 = f3 +f1Kn f3Tg/ 8)
an

4)3 - <§/ g>

Proof. Noting that:

ot 0
at a ( ) ai f1t+f2n+f3g)
f2 af3 ©)
(a + fixg +fzrg) n+ ( + fikn — f3Tg> g
On the other hand,
) _ ot on 8f3 on
0* $<t/n> - <§/n>+<t/ §> +f]Kn f3Tg+<t, §>
_ 0 _ ot Jg fz on
0—g<t,g>—($,g>+<t,§> +f1Kg+f2Tg (t, 8t>
because of (n,n) = (g,g) =0and (n,g) = 1.
Thus, we have:
d 0
ET? = < /s + fikn — f3Tg> t+ ¢3n, (10)
0 d
ET? - ( /2 + fixg +f2Tg> t— 38, (11)

where @3 = (2, g). This completes the proof. [

Now, by using Theorem 3, we give the time evolution equations of the geodesic curvature,
the normal curvature and the geodesic torsion of a spacelike curve on a lightlike surface.

Theorem 4. Lef %—? = fit+ fon + f3g be a flow of a spacelike curve y on a lightlike surface M in R3. Then,
the time evolution equations of the functions kg, x, and Tq for the inextensible spacelike curve <y are given by:

oK 0

Tf = ﬂ + 175 — Paky,

oK 8(p2

atn = s — P2Tg + Q3Kn (12)
9% _ 993

o5 = 55 + @1%n — P2Kg + 2¢3 T
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Proof. It is well known that the arc length and time derivatives commute. This implies the

inextensibility of 7. Accordingly, the compatibility conditions are 2 (ar) = % (ﬁ), etc. On the

ds \ of 0s
other hand,
9 (ot a( n )
B \at) " os Pin -+ @28
0 d
= (—grmn — gt + (5 + o+ (52 — 1),

and:
a(ay 0
ot \9s ) — gr Vet T8
oK oK
= (—@1kn — (PZKg)t + <87tg + (PSKg)n + (Tt” — 3K 8.

Comparing the two equations, we find:

Ik _ O
ot as BT
oKy _ 0@y

ot T as T e

It follows from (8) that we can obtain the first and the second equation of (12).
Furthermore by using % (%—?) = % (%—2) and following a similar way as above, we can obtain

the third equation of (12). The proof is completed. [

Remark 1. As applications of inextensible flows of a spacelike curve on a lightlike surface, we can consider
geometric phases of the repulsive-type nonlinear Schodinger equation (NLS™) (cf. [12]).

4. Inextensible Flows of a Lightlike Curve

Let -y be a lightlike curve on a lightlike surface M in R?. We note that a lightlike curve «(u) satisfies
(v"(u),v"(u)) > 0. We say that a lightlike curve -y(u) is parametrized by the pseudo arc length if
(v"(u),vy"(u)) = 1.1f a lightlike curve -y (u) satisfies (v"(u), " (1)) # 0, then (" (u),v" (1)) > 0, and:

s() = [0/ (), 7" ) e

becomes the pseudo arc length parameter. Let us consider a lightlike curve (1) on a lightlike surface
M in RS with (7" (u),y" (1)) # 0.

Lety : [0,1] x [0,w] = M C R} be a one-parameter family of smooth lightlike curves on a lightlike
surface in R}, where [ is the arc length of the initial curve. We put v* = (7" (u), 7" (1)), from which
the pseudo arc length of -y is defined by s(u) = fou vdu. Furthermore, the operator % is given in terms

of u by % = %%, and the pseudo arc length parameter is given by ds = vdu.
On the other hand, a flow %% of  can be given by:
Iy
S — Ait+ fan+ fog (13)

in terms of the Darboux frames {t,n, g} of the lightlike curve v on a lightlike surface M in R3,
where f1, f2, f3 are scalar speeds of the lightlike curve vy, respectively. We put s(u,t) = fou vdu, it is
called the pseudo arc length variation of y. From this, we have the following condition:

d
gs(u,t) =/, —du = (14)

forallu € [0,1].
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Definition 2. A curve evolution y(u, t) and its flow %—Y of a lightlike curve =y in RS are said to be inextensible if:

9 /9%y *y\* 0
ot\ou2' quz2/
Theorem 5. Let M be a lightlike surface in Minkowski three-space RS and {t,n, g} be the Darboux frames

along a lightlike curve -y on M. If %—"[ = fit+ fon + fagis a flow of v on a lightlike surface M, then we have
the following equation:

v 1 v 0P 0o
Eri [(au ) <8uz — K, Py — mchDg) + UZKg (8143 + oK Py + ngq)z)] , (15)
where:
P = fl +Uf1Kn _Uf3Tg/
CDZ = ﬁ — Ufan — 0f3Kg,
D3 = fl + UflKg + Uszg
Proof. From the definition of a lightlike curve 7, we have v* = <327'2y, 327';> . By differentiating v*,
we have: 5 5 5 5
dv 9 /oy 9y 0~y 09 0dvy
3 IV ITN_o/2 1T 9 (77
40 ot 8t<8u2'8u2> 2<8u2'8u2(8t) ' (16)
On the other hand,
0%y o [dy d v
w2 " au <8u> 2V = (au HZK") e
and:
9% oy 02
32 (5, o5 )= W(flt + fon + f38)
0P,

0D
— 4+ vk, P1 — ngCI)g,] t+ {2 + vk Dy + 0T D | 8.

D3
5 o vk, Oy — UKgq>3:| n + [

u

Thus, (16) implies (15). This completes the proof. [J

Theorem 6. Let %—}7 = fit+ fon + fag be a flow of a lightlike curve «y on a lightlike surface M in R3. Then, the
flow is inextensible if and only if:

dv ad>2 aCDg, dv
(as + Z)Kn) s TUKg o = (as + Z)Kn> (kn @2 + Ko P3) — vKg (ke Dy + T P2). (17)

Proof. Suppose that the flow of a lightlike curve  on M is inextensible. By using (15) and % = %%,
(14) gives (17). Conversely, by following a similar way as above, the proof is completed. [J

Next, we give the time evolution equations of the Darboux frame of a lightlike curve on a
lightlike surface.
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Theorem 7. Let aa—;’ = fit+ fan + fag be a flow of a lightlike curve «y on a lightlike surface M in R3. If the
flow is inextensible, then a time evolution of the Darboux frame {t,n, g} along a curve <y on a lightlike surface
M is given by:

S

)
gt 30 T [t
Zln]=[ 0o -2 e ||n] (18)
8 -0 - 0 8

where © = <%—‘t‘,g>.
Proof. The proof can be obtained by using a similar method of proof of Theorem 3. O

Theorem 8. Let %—Y = fit+ fan+ fag be a flow of a lightlike curve -y on a lightlike surface M in R3. Then,
the time evolution equations of the functions kg, x, and Tq for the inextensible spacelike curve <y are given by:

oK 0.1 1

Tt = s () + g (e®1—Kua),

oK J.,1 1

ot = 95 (p®) O~ s, 1)
T, 00 1

-8 _ 7> _ -

ot = 9s + x,® - TgCD].

Proof. The proof can be obtained by using a similar method of proof of Theorem 4. [

5. Lightlike Ruled Surfaces

In this section, we investigate inextensible flows of ruled surfaces, in particular lightlike ruled
surfaces in Minkowski three-space R3.

Let I be an open interval on the real line R. Let « be a curve in R} defined on I and f a transversal
vector field along «. For an open interval | of R, we have the parametrization for M:

X(u,v) =a(u)+op(u), ucl, ve].

Here, « is called a base curve and f a director vector field. In particular, the director vector field
B can be naturally chosen so that it is orthogonal to «, that is (a/, B) = 0. It is well known that the
ruled surface is developable if det(a’Bp’) is identically zero. A developable surface is a surface whose
Gaussian curvature of the surface is everywhere zero.

On the other hand, the tangent vectors are given by:

_ 90X
YT ou

W) o (), Xo= 0 = plu),

which imply that the coefficients of the first fundamental form of the surface are given by:

E = (X, Xy) = (&, /) + 20, B) + > (B, B'),
F= <Xuer> =0,

Suppose that the ruled surface is lightlike. Then, we get E = 0 or G = 0.
First of all, we consider E = 0; it implies that:

(o,a/) =0, («',p))=0, (B,p)=0. (20)

Thus, a base curve « is lightlike, and a director vector B is constant or 8 is lightlike.
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Case 1: If B is constant, from (a’, B) = 0, B is a lightlike vector or a spacelike vector. If g is lightlike,
there exists a smooth function k such that § = ka’. This is a contradiction because G = 0. If B is
spacelike as a constant vector, then the lightlike cylindrical ruled surface is parametrized by:

X(u,v) = a(u) + vp,

where « is a lightlike curve and S is a constant spacelike vector.
Case 2: Let p be a lightlike vector. Since (a/, ') = 0, there exists a smooth function k such that
B’ = ka'. Thus, a lightlike non-cylindrical ruled surface is parametrized by:

X(u,v) = a(u)+ovB(u), (21)

where & and B satisfy the condition (20).

Next, we consider G = (B, B) = 0, since § # 0, a director vector B must be lightlike. Furthermore,
since (&, B) = 0, a is a spacelike curve or a lightlike curve.

Case 1: If w is a spacelike curve, then a lightlike non-cylindrical ruled surface is parametrized by:

X(u,v) = a(u)+ovB(u), (22)

where « is a spacelike curve and 8 is a lightlike vector.
Case 2: Let a be a lightlike curve. Then, there exists a smooth function k such that p/ = ka/, and a
lightlike ruled surface as a tangent developable surface is parametrized by:

X(u,v) = a(u) + vka'(u), (23)

where « and « are a lightlike curve and a spacelike vector, respectively.
In [5], the authors gave the following;:

Definition 3. A surface evolution X (u,v, t) and its flow aa%( are said to be inextensible if the coefficients of the

first fundamental form of the surface satisfy:

9E 9F 3G

9% o

This definition states that the surface X (u, v, ) is, for all time ¢, the isometric image of the original
surface X(u,v,ty) defined at some initial time .

Now, we study inextensible flows of a lightlike tangent developable surface in Minkowski
three-space.
Consider a lightlike tangent developable surface parametrized by:

X(u,v) = a(u) +ova’(u), (24)

where « is a lightlike curve. Suppose that the parameter u is a pseudo-arc length of . In this case,
we get E = ?||a”||>and F = G = 0.
Thus, we have:

Theorem 9. Let X(u,v) be a lightlike tangent developable surface given by (24). The surface evolution
X(u,v,t) = a(u,t) + va’(u,t) is inextensible if and only if:

d

a2 —
=l = 0.

As a consequence, we have the following results:
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Theorem 10. Let X(u,v,t) = a(u,t) + va’(u,t) be a surface evolution of a lightlike tangent developable
surface given by (24) in R3. Then, we have the following statements:

(1) a(u, t) is an inextensible evolution of a lightlike curve a(u) in R3.

(2) An inextensible evolution of a lightlike tangent developable surface can be completely characterized by
the inextensible evolutions of a lightlike curve a(u) in R3.

Proof. In fact, 0 = %||o¢”||2 = 2||oc”||%|\zx”|| and «” # 0, and we get %||0¢”|| = 0; it implies
% || |% = 0. This means that a(u, t) satisfies the condition for Definition 2. [J

Theorem 11. Let X(u,v,t) = a(u,t) + va’(u,t) be a surface evolution of a lightlike tangent developable
surface given by (24) in RS, and aa—”t‘ = fit+ fon + f3g, where t,n, g are the Darboux frames along a
lightlike curve a on a lightlike surface. If the surface evolution X (u, v, t) is inextensible, then f1, fo, f3 satisfy
Equation (19).

6. Conclusions

We study an inextensible flow of a spacelike or a lightlike curve on a lightlike surface in Minkowski
three-space and investigate a time evolution of the Darboux frame {t,n, g} (see Theorems 3 and 7)
and the functions «;, k¢ and T, (see Theorems 4 and 8). Furthermore, in Theorems 2 and 6, we give a
necessary and sufficient condition of inextensible flows of a spacelike curve and a lightlike curve on a
lightlike surface in terms of a partial differential equation involving the curvatures of the curve on a
lightlike surface. Finally, we completely classify lightlike ruled surfaces in Minkowski three-space and
characterize an inextensible evolution of a lightlike curve on a lightlike tangent developable surface
(see Theorems 9 and 10).
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