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1. Introduction

Tensors are ubiquitous in mathematics and sciences. In the study of complex and real tensors,
algebraic geometry has demonstrated its power [1,2]. On the other hand, tensor computations also
help people understand classical algebraic varieties, such as the secant varieties of Segre varieties
and Veronese varieties, and raise interesting and challenging questions in algebraic geometry [3,4].
Traditionally, geometers tend to study tensors in a coordinate-free way. However, in applications,
practitioners must work with coordinates. Among those tensors widely used in practice, a large number
of them are nonnegative tensors, i.e., tensors with nonnegative entries. In this case, most powerful
geometric tools developed for complex tensors can not be applied directly due to the fact that the
Euclidean closure of tensors with rank no greater than a fixed integer is no longer a variety, but a
semialgebraic set. This forces us to investigate the semialgebraic geometry of nonnegative tensors.
In this note, we will review some important properties of nonnegative tensors obtained by studying
the semialgebraic geometry, and propose several open problems which are pivotal in understanding
nonnegative tensors and also may be interesting to geometers.

2. Definitions

Nonnegative tensors arise naturally in many areas, such as hyperspectral imaging, statistics,
spectroscopy, computer vision, phylogenetics, and so on. See [5-8] and the references therein.
Before further investigations, let us recall basic definitions of tensors.

Definition 1. Let Vj, ..., V; be vector spaces over a field K. The tensor product V.=V, ® - - - @ V is the free
linear space spanned by V1 x - - - x V; quotient by the equivalence relation:

(01,...,00; + B0}, ..., 04) ~a(vy,...,0;,...,04) + B(v1,...,0,...,04) 1)
for every v;, vg eV, BieKandi=1,...,d. Anelement of V1 ® - - - ® Vj is called a tensor.

Equivalently, V] ® - - - ® V; is the vector space of multilinear functions:

Vix .- xVi—=K,
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where V" is the dual space of V; fori = 1,...,d. A representative of the equivalence class of (v1,-..,04)
is called a decomposable tensor and denoted by v1 @ - - - ® v,.

The rank of a given tensor T € V1 ® - - - ® V; is the minimum integer r such that T is a sum of r
decomposable tensors, i.e.,

,
T = 201,,‘®"~®0d,i, )
i=1

where vji € V] forj=1,...,dandi =1,...,r. Such a decomposition is called a rank decomposition (or
canonical polyadic decomposition or CP decomposition).

Now we focus on the case K = R, and for each V; we fix a basis, which enables us to work
with coordinates. Let Ry be the semiring of nonnegative real numbers. A nonnegative tensor in
Vi ® --- ® Vy is a tensor whose coordinates are nonnegative. Let V." denote the set of nonnegative
vectors in V; for each i = 1,...,d, and VT denote the set of nonnegative tensors in V.

Definition 2. For T € V™, the nonnegative rank of T is the minimum integer r so that there exist nonnegative
vectors v; ; € Vi fori=1,...,dand j=1,...,r making Equation (2) holds.

It is clear that rank (T) > rank(T) for every T € V™. Besides, there exists some T € V* such
that rank{ (T) > rank(T). For example, let

T=01Re1Qe1+e1RerRep+erReryRe+erRep Rep €R2®R2®R2, 3)
where e; = [1,0] " and e; = [0,1] T, then rank (T) = 4 > 2 = rankg(T).

3. Applications

One reason that nonnegative tensors are popular is due to the statistical interpretation behind—a
Bayesian network [9-11]. More precisely, assume a joint distribution of several random variables x; is
given by:

d
pexs,exa) = [ TTp(xi | 0)duo @
i=1

where 0 is a latent variable. When x4, ..., x; and 6 are discrete, (4) becomes:
T
by = 3 Arlliyp o Uiy, &)
p=1

i.e.,, a nonnegative rank decomposition [5,12]. Such a model, for instance, has been applied in
clustering [13].

As another application, nonnegative tensors have shown their powers in image processing.
Usually hyperspectral images are processed as nonnegative matrices M € R'*"™, where n is the
number of pixels and m denotes the number of spectral bands. By the sensor developments, it is
possible to collect time series of hyperspectral data, which can be understood as nonnegative tensors,
namely A € R *d where d is the dimensionality of the time or multiangle ways [14]. A nonnegative
rank decomposition of A gives a blind spectral unmixing of hyperspectral data.

Recently, tensor methods have also used in isogeometric analysis (IGA) [15-17]. A Galerkin-based
approach of IGA studies tensor-product B-splines. To obtain Galerkin matrices effectively, low rank
approximations of integral kernels are employed [16]. In many cases, the constructed mass tensor is a
positive tensor.

4. Algorithms

Due to the broad and important applications, nonnegative tensor decomposition (NTD) and
nonnegative matrix factorization (NMF) have received vast research on their algorithms. Perhaps the
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most popular algorithm for NMF is the multiplicative updating rule [18], and since then, numerous
more efficient algorithms have been proposed, such as the algorithms using the alternating nonnegative
least squares [19-21], the algorithms using the hierarchical alternating least squares [22], the algorithms
using deflation [23], and many more algorithms based on other methods, for example [24,25], etc.
The main ideas of some algorithms have been naturally generalized to decompose nonnegative tensors,
for example [23,26-28]. Since the main purpose of this note is to introduce the geometric properties of
nonnegative tensors, we invite those readers who are interested in algorithms to read comprehensive
surveys on algorithms of NTD, for example [29-31].

5. Nonnegative Rank Decompositions

It is known that when d > 2, rank decompositions (2) are often unique over C and R, which is
very important in applications. For nonnegative tensors, it is also an important issue to investigate
the identifiability property. Before studying the identifiability of nonnegative tensors, let us recall
fundamental definitions and known results of complex and real tensors.

For any tuple of positive integers (ny,...,1,4), there is a unique integer r¢(ny,...,n4), which
only depends on n, . .., n; such that the set of complex rank—rg(nl, ...,ng) tensorsinC"M @ - - - @ C™
contains a Zariski open subset of C"1 @ - - - @ C". In fact, r¢(ny, ..., 1n4) is the minimum integer r such
that the rth secant variety of the Segre variety Seg(P"1~! x - .. x P"~1) is the ambient space P"1~"~1,
re(ny,...,ng) is called the generic rank of C" @ - - - @ C™. It is not always the case that the generic rank

re(ny,...,ng) equals , which leads us to the following definition.

[T |

Definition 3. Ifthe K-dimension of the set of rank-r tensors in K" @ - - - @ K" is strictly less than min{r(ny +
et ng—d+1),ny-ng}, then KM @ - - - @ K" is called r-defective.

When K is algebraically closed, K" ® --- ® K" is not r-defective, which implies a general
rank-r tensor T has finitely many rank decompositions. If we require further that T has a unique
decomposition, we will arrive at the following definition.

Definition 4. If a general rank-r tensor in K" @ - .- ® K" has a unique rank-r decomposition over K,
then K" @ - - - @ K™ is called r-identifiable.

There has been a large amount of research on defectivity [32-34] and identifiability [1,35-41].
Here, we highlight three notable results.

Theorem 1 (Kruskal). Let Vi, ..., V; be finite dimensional vector spaces over a field K [35], and
r
T:Zvlri®---®vd,i6V1®---®Vd. 6)
i=1

Ifiy+---+x3 > 2r+d—1, then rank(T) = r and T has a unique rank-r decomposition (6), where ; is
the maximum integer such that every subset of {v;1,...,v;,} with x; elements is linearly independent for
i=1,...,4d

Theorem 2 (Bocci—Chiantini-Ottaviani [1]). Assume ny < --- < ng. Then C"M @ --- @ C™ is
r-identifiable when:

< 1y — (m 4+ ma +m3 = 2) TIs
1+ 5 (n—1)
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Theorem 3 (Chiantini-Ottaviani-Vannieuwenhoven). C" ® - - - ® C" is r-identifiable when [40]:

{ I, 7 w
r < 7
1+ ijl (7’1] — 1)

and H;Ll n; < 15000, except the following cases:

(ny,...,n4) r Type
(4,4,3) 5 defective
(4,4,4) 6 sporadic
(6,6,3) 8 sporadic

(n,n,2,2) 2n—1 defective

(2,2,2,2,2) 5 sporadic

ny > H?:z n; — Zf’zz(ni -1 r> ]—[?:2 n; — Zf-lzz(ni —1)  unbalanced

Note that Theorems 2 and 3 focus on complex tensors; however, with the help of the following
lemma, we are able to extend these results to real tensors.

Lemma 1. IfC" ® - - ® C™ is r-identifiable, then R - - - @ R" is r-identifiable when r < r¢(ny,...,ng) [42].
As an example, we have the following corollary.

Corollary 1. R™ > *" is r-identifiable if:

[l
1+%% (n;—1)

1%, n; < 15000, and (ny, ..., ng,r) is not one of the following cases:

(n1,...,nq)
(4,4,3)
(4,4,4)
(6,6,3)
(n,n,2,2) 2n—1
(2,2,2,2,2) 5
ny > H?;Z n; — Z;'izz(”i - 1) r> H?;g np — Z;'i:z(”i - 1)

|| O1f =

In fact, for the above exceptional cases, we can derive more information from Theorem 3.

Corollary 2.

o R¥HX3 s 5 defective.
e Foranyn>2, RPXNX2X2 g (2n — 1)-defective.
o Forny >--->mny > 2 R"* XM s r-defective if

n > H?:z n; — Z?:z(”i —1) and r> H;i:z n — Z?:z(”i -1).

Recall that for a symmetric tensor T € S?(V) over K, the symmetric rank of T is the minimum
integer r such that

T=Y Ao,

r
i=1

where A; € K,v; € Vfori = 1,...,r. For symmetric tensors, we can also have the definitions of
generic rank, r-defectivity, and r-identifiability. More precisely, the generic symmetric rank, r¢(n;d),
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is defined to be the minimum integer r such that the rth secant variety of the Veronese variety v (IP" 1)
fills in the ambient space over C. If the K-dimension of the set of symmetric rank-r tensors in S (K")
is strictly less than min{rn, ("+gfl) }, then S?(K") is called r-defective. If a general symmetric rank-r
tensor has a unique decomposition over K, S¢(K") is called r-identifiable. The defectivity problem has
been completely solved in [43].

Theorem 4 (Alexander-Hirschowitz). The generic rank [43]:

n

re(m;d) = {

except the following case:
o Whend =2,rg(n;d) =n.
o When (d,n) = (3,5),(4,3),(44),(4,5), re(n;d) = |

(FH»Zfl)

n

[+1

The identifiability problem of S¢(C") has been addressed in [2,44—46], and the complete solution
was given in [2].

Theorem 5 (Chiantini-Ottaviani-Vannieuwenhoven). S#(C"*1) is r-identifiable when [2]

L {(”#)l

n+1

and d > 3, except that (d,n,r) € {(6,2,9),(4,3,8),(3,5,9)} where a general complex symmetric rank-r
tensor has exactly two symmetric rank decompositions.

Similar to Lemma 1, we have the following lemma for real symmetric tensors.
Lemma 2. Let r < rg(n;d). If S9(C") is r-identifiable, then S%(R") is r-identifiable [42].
As an example, we have

Corollary 3. S¢(R"*1) is r-identifiable when:

and if (d,n,r) ¢ {(6,2,9),(4,3,8),(3,5,9)}.

Now, we are in a position to study the relations among complex, real, and nonnegative ranks.
Given real vector spaces Vi, ..., V; of dimensions ny, .. ., n4, respectively, let V= V; ® - - - ® V; and
V¢ be the complexification of V. For any positive integer 7, let

D, ={X € V" | rank; (X) < r}
denote the set of nonnegative tensors with nonnegative ranks not greater than r.

Theorem 6. Let r < r¢(ny, ..., ng). For ageneral T € Dy, its real rank and complex rank are also r. If V¢ is
r-identifiable, then T has a unique rank-r decomposition, which is nonnegative [42].

For nonnegative tensors, when r > rg(m, ey, nd), the set of nonnegative rank-r tensors may
contain a nonempty open subset of V1 under the Euclidean topology. If so, r is called a nonnegative
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typical rank. A Similar phenomenon happens in the real case which motivates the definition of real
typical rank, i.e., r is a real typical rank if the set of real rank-r tensors contains a nonempty open subset
of V. We will illustrate the difference between nonnegative ranks and real ranks by the following
example, where R"*"*"" denotes the set of nonnegative tensors in R™*"*".

Proposition 1. [42]

o The nonnegative typical ranks of R3***2 are 2,3, 4.
o The nonnegative typical ranks of Rixg’ *3 are all integers m satisfying:

5<m<0o.

o When n > 4, the nonnegative typical ranks of R'"*" consist of all integers m satisfying:

n3 5
<m < n“.

3n—2

Theorem 6 and Proposition 1 reveal that for a general nonnegative rank-r tensor T, the true
difference among its complex, real, and nonnegative ranks appears when r > re (ny,...,n4), namely
when r < rg(ny,...,n4), the complex and real ranks of T are also r, but when r > r¢(n1,...,1n4), D,
contains a nonempty open subset U of V' such that foreach T € U,

rg(ny,...,ng) = rankc(T) < rankg(T) < rank, (T) =r.

More concretely, let T be the tensor defined in (3). Then there exists a nonempty open neighborhood I/
of T in Riﬁxz such that for any A € U,

rankc(A) =2 < 4 = ranky (A).

6. Low Rank Approximations

Given T € VT with r < rank, (T), let:

6(T) = inf |T—X|,
XeD;t

where || - || is the Hilbert—Schmidt norm.
Itis known thattheset D, = {X € V1 ® - - - ® V; | rank(X) < r} is not closed under the Euclidean
topology over R or C when r > 1 [47]. However, for nonnegative tensors, we can show:

Proposition 2. D;' is a closed semialgebraic set under the Euclidean topology [48].

Since D; is closed, for any T ¢ D;', there is always some Ty € D;' such that | T — Ty|| = 6(T),
i.e., the optimization problem:
min T X]| %

rank4 (X)<r

makes sense. Furthermore, we can have the following result.
Proposition 3. A general T € V™ has a unique best nonnegative low-rank approximation [48].

Before studying nonnegative rank approximations, let us recall the following useful lemma.
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Lemma 3. For T € V over R, assume rank(T) > r and AY|_, Tj is a best rank-r approximation, where
Ty =01, ® - ®uvgyand |T]_y T;|| = 1. Then:

(T, @ ®T; @ ®vg)) = A<er:1 T,o,® - ©0; ® ~~®vd,]->, ®)
wherei=1,...,d,andj=1,...,r,where A = (T, Y;_, T;), and (,) denotes tensor contraction.
The support of a vector u € V is defined to be:
supp(u) := {j = {1,...,dimg V} | the jth coordinate of u is nonzero}.
Then for a nonnegative tensor T, Lemma 3 becomes

Lemmad4. Let T € V' withrank (T) > rand Y = 2]5-21 01,) ® - - ®vg j be a solution of (7). Then:
<T/Ul,j®"‘®wi,j®"'®vd,j> < <szl,j® . "®wi,j®"'®vd,j> (9)
where w;; € V", i=1,...,d,and j =1,...,s. For every pair (i, j), define:

171-,]- = {v € V; : supp(v) C supp(v;;)}-

Then:
(T,01,® - QW@ ®vgj) = <y,vl,j © QW - ®vd,]-> (10)

forw;; € \71]
Lemma 4 guarantees us the following result.
Proposition 4. Let T € VT with rank (T) > r and X be a solution of (7). Then rank (X) = r [48].

Proposition 4 shows that it is indeed appropriate to call a solution of (7) a best nonnegative rank-r
approximation.

By Proposition 3, we know a general nonnegative tensor has a unique best nonnegative rank-r
approximation. However, it is still unclear if this best approximation has a unique nonnegative rank-r
decomposition. Below is an example where we have the uniqueness. On the other hand, the general
case is not known yet.

Proposition 5. Let r = 2 or 3 and let ny,...,ng > 3. Then for a general T € R'V*"™" its unique best
nonnegative rank-r approximation has a unique nonnegative rank-r decomposition [42].

Question 1. Assume V is r-identifiable. Given a general T € V7, is it true that the unique best nonnegative
rank-r approximation of T has a unique nonnegative decomposition?

7. Spectral Theory
In this section, we start with nonnegative rank-one approximations, which lead us to the spectral

theory of nonnegative tensors.

Proposition 6. Given T € V¥, let u1 @ ---®@uy; € V be a best real rank-one approximation of T.
Then uy,...,u4 can be chosen in the form uy € V,©, ..., uz € V.
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By Proposition 6, for a nonnegative tensor T, we will not distinguish a best real rank-one
approximation and a best nonnegative rank-one approximation. By Lemma 3, a best real rank-one
approximation of a real tensor is a solution of (8), which motivates us the following definition.

Definition 5. Let Vi, ..., V; be vector spaces over K of dimensions ny,...,ng. For T € V1 ® - - - @ V, we call

(Aug, ... ug) € Kx Vy x -+ x Vyanormalized singular pair of T if:

T,u e 1//[ . u = A i)

{< 1® @@ ®ug) = My a
<ui/ ui> = 1/

wherei = 1,...,d. Then, A is called a normalized singular value and (uy,...,uy) is called a normalized
singular vector tuple. When K =R, A > 0, and u; € Vi+, we call (A, uy,...,u,) a nonnegative normalized
singular pair of T.

Similar definitions have been proposed by several authors; for example, the following projective
variant was introduced in [49].

Definition 6. Given vector spaces Wy, ..., W, over K of dimensions ny,...,ng, for T € Wi ® --- @ Wy,
([01],--., [v4]) € PWy X - - - x PWj is called a projective singular vector tuple if [49]:

(T, 1@ ®0;® - @vg) = A\ (12)
forsome A; € K, where 1 <i <d.

The number of projective singular vector tuples of a general complex tensor was calculated in [49],
which is the Euclidean Distance (ED) degree of PW; x - - - x PW; by [50].

Theorem 7. Let T be a generic tensor in Wy ® - - - @ W, over C. Then T has exactly c(ny, ..., ng) simple
projective singular vector tuples corresponding to nonzero singular values, where c(ny, ..., ny) is the coefficient
of the monomial TT%_, t?i_l in the polynomial [49]:

d ?71 i
H L1 ,whereti:th,izl,...,d.
i-1 ti—

i j#i

Over R, there are several nonempty open subsets U, ..., Uy of V1 ® - - - ® Vj; such that the number
of projective singular vector tuples is constant on each Uf;, denoted by m;, fori = 1,...,k, but m; # m;
if i # j. One way to describe the number of projective singular vector tuples by using a single number
is to impose certain probability distribution on V; ® - - - ® V; and compute the expected number of
projective singular vector tuples of T when T is randomly drawn under the given distribution.

Theorem 8. Let T € R™>* "> be g random tensor drawn under the Gaussian distribution. Then the expected
number of projective singular vector tuples of T is given by [51]:
(27.[)01/2 1
212 T T3

; /W|detC| ditw,
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where n =Y _; n;, I' is Euler’s gamma function,

Aly o1 A 0 Ay
Aly ALy - Agg
C - . . . . 7
T T
Al,d Az,d A Ind—l

and W is the vector space formed by A and A; j with i < j.

Coming back to nonnegative tensors, we may have more information about their singular pairs
than real tensors. Before studying singular pairs of nonnegative tensors, let us recall the following
well-known Perron-Frobenius Theorem. See for example [52] for more details.

Theorem 9. Given a nonnegative square matrix M,

e its spectral radius r(M) is an eigenvalue.

e there is some nonnegative vector v # 0 such that Mv = r(M)v.

e (M) > 0if M is irreducible.

e there is some positive vector u > 0 such that Mu = r(M)u if M is irreducible.

e if Mis irreducible, then A is an eigenvalue of M with a nonnegative eigenvector if and only if A = r(M).
o r(M) is simple if M is irreducible.

o cevery eigenvalue A satisfies |A| < r(M) if M is irreducible.

The next three results, namely Lemmas 5-7, give an analogue of the tensorial Perron—-Frobenius
Theorem [53-56] for nonnegative normalized singular pairs, which will help us learn more about best
rank-one approximations.

Lemma 5 (Existence). Any nonnegative tensor has (at least) a nonnegative normalized singular pair.
Definition 7. A tensor is called positive if all its entries are positive.
Lemma 6 (Positivity). A positive tensor has a positive normalized singular pair.

Recall that the spectral norm for a tensor, which is NP-hard to compute or approximate [57],
is defined as follows.

Definition 8. For T € V; ® --- ® Vj over R, let | T||y := max{[(T,u1 ® --- Qug)| : ||mq] = -+ =
|lug|| = 1} be the spectral norm of T.

Lemma 7 (Generic Uniqueness). Let T be a general real tensor. Then T has a unique normalized singular
pair (A, uq, ..., ug) such that A = ||T||,.

Lemma 7 motivates the following open question.

Question 2. Can we give a sufficient condition such that any nonnegative tensor satisfying this condition
has a unique normalized singular pair with A = ||T||, and this condition can be satisfied by a general
nonnegative tensor?

For matrices over R or C, by the Eckart-Young Theorem, best low-rank approximations can
be obtained from successive best rank-one approximations. However, for tensors, this ‘deflation
procedure’ does not work [48,58,59].
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Besides singular vector tuples, eigenvalues and eigenvectors of a tensor can be also defined.
Unlike matrices, there are several ways to define eigenvalues and eigenvectors of a tensor [60]. In this
note, we will use the following one which was firstly introduced in [55,61].

Definition 9. For T € V& over K, if:
(T, u®@=1Dy = Ay,

then A € K is called an eigenvalue of T, and u € V is called an eigenvector. The pair (A, u) is called an
eigenpair. Two eigenpairs (A, u) and (u,v) of T is said to be equivalent if t*~2A = y and tu = v for some
te K

When T is a real or complex symmetric tensor, a best rank-one approximation of T can be always
chosen to be symmetric [62,63], and thus is an eigenvector of T.

Theorem 10. Let T € VE\@ 1) be a real random tensor under the Gaussian distribution. Then the expected
number of equivalence classes of eigenpairs of T is given by [64]:

2" 1A' T(n - 1)
V7(d +1)"" 3T (n)

where 5 F1 is the Gaussian hypergeometric function.

Q..

13 1
[2(1’1_1>2F1(1,7’l_ E,E,?) +2F1(1,n

_E.L“.L)]
2’2 d+1’V

The number of equivalence classes of eigenpairs of a generic complex symmetric tensor has been
calculated in [65]. See [66] for another proof. This number is the ED degree of the Veronese variety [50].

Theorem 11. Let V be an n-dimensional complex vector space. Let T € S*(V) be a symmetric tensor whose
equivalence classes of eigenpairs are finitely many. Then, T has [65]:

d—1)" -1
d—2

equivalence classes of eigenpairs, counted with multiplicities.

For the real case, again, we may impose a probability distribution on $?(V) and compute the
expected number of equivalence classes of eigenvalues of a random symmetric tensor.

Theorem 12. Let V be an n-dimensional real vector space of dimension n and T € S% (V') be drawn under the
Gaussian distribution. Then, the expected number of equivalence classes of eigenpairs of T is [51]:

1
2(n2+3n-2)/4 H]n ]/2 / / H | fA vd V] |)

Up < <piy —00 j=

222vn 2
(TG —w))e ¥ 2521 dxdpy - - dpg.

i<j

A closed formula of the above integral was given in [67]. Other variants of eigenvalues and
eigenvectors can be found in [60,61]. For our purpose, we will focus on the following definition
introduced in [48].

Definition 10. For T € S%(V) over K, (A,v) € K x V is called a normalized eigenpair of T if the following
equations hold:
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Cases 1.
(T,v®E@=1Dy = Av, (v,0) = 1.

In particular, A is called a normalized eigenvalue. We say two normalized eigenpairs («, u) and (B,v) of T
are equivalent if:

(a,u) = (B, 0)
or if

(-1)* 20 = Band u = —v.

In the following, we would like to investigate sufficient conditions to ensure a tensor to have a
unique rank-one approximation. First we recall the definition of the multipolynomial resultant [68,69].
For any given n + 1 homogeneous polynomials F, ..., F, € Clxo, ..., x,] with positive total degrees
do, ..., dn, let F; = Yja—g, ci,axgo - xy", where & = (ag,...,ay) and |a| = ag + - - - + a,. Associate
every pair (i, «) with a variable u; ,. For a polynomial P in the variables u; ,, denote by P(Fy, ..., F,)
the result obtained by letting u; , = c; ,. Then we have the following classical result [68,69].

Theorem 13. There is a unique polynomial, denoted by Res, in u; ,’s with integer coefficients, where i =
0,...,n,and || € {do,...,dy}, that has the following properties:

e Fy=---=F, = 0hasanonzero solution over C if and only if Res (Fy, ..., F,) = 0.
e Res (xgo,...,xz”) =1
e Res is irreducible over C.

Definition 11. Res (Fy, ..., F,) € Cis called the resultant of Fy, . . ., Fy.

Definition 12. For a symmetric tensor T, the resultant (M) of the following polynomials is called the
characteristic polynomial of T [70].

e ForT e S¥1(V),
(T, 028Dy —Ax¥ 29 =0 and x*— (v,0) =0.

e ForTeS¥(V),
(T,v®@1)) — A(v,0)? 1w = 0.

Note the resultant ¢ (A) is a (univariate) polynomial in A. We call the resultant of ¢r(A) and its
derivative 7-(A), denoted by Deig(T), the eigen discriminant.

Proposition 7. Let V be a real vector space, and p = ||T||s [48]. Define
H, := {T € S*(V) | p is not a simple eigenvalue of T}.
Then, H,, is a real hypersurface in S%(V').
Let W = V @R C be the complexification of V. Then we have:
Theorem 14. Deis(T) = 0 is a defining equation of the complex hypersurface [48]
Hgise := {T € S*(W) | T has a non-simple normalized eigenvalue}.

In fact H, consists of some components of the real points of Hgjs. In the sense of [50], Theorem 14
shows the ED discriminant of the Veronese variety is a hypersurface.

Corollary 4. For T € S%(V), if Deig(T) # O, then T has a unique best rank-one approximation.
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Corollary 5. Let T € S%(V) be a nonnegative tensor. If Deig(T) # O, then T has a unique best rank-one
approximation, which is nonnegative and symmetric.
Example 1. Let T = [Tiy] € S3(IR?). Then yr(A) is the resultant of the polynomials:
Cases 2.

2

F = T111x2 + 2T110xy + T122y2 —Axz, F| = T112x2 + 2T120xy + T222y2 — /\yZ, F, = x2 + yz —z°.

In fact, (1) = 515 det(G), where G is defined by:

Tin T 0 2Ti12 -A 0
Tz To 0 2T 0 —A
G 1 1 -1 0 0 0
12T 4Ti11A — 8TimA ATinA +4Tipd  8TomA —16Tipd 16Th, —4A%7 —16TinTizs 8TinaTiza — 8T Tom
4Ty A — 8TipA 12Ty12A 4T110A +4TomA 8Ti11A — 16TinA 8T112T122 — 8T111Tom 16'['1222 —4A2 —16T112Tony
8TZ, — 8T111Tiop — 2A%  8T%, — 8Top Th1p — 242 —6A2 8T112Thi2o — 8Ti11Ton2 8TimA + 8TiA 8T112A + 8TomA

Thus, P7(A) = paA® + psgA* + peA? + ps, where each py, is a homogeneous polynomial of degree m in
Tjjx. See also [65,71].

Fora general T € S*(R?), p7(A) = a(A% — 71) (A% — 72)(A? — 73) for some « € C, where y1,72,73
are distinct. S0 Deig(T) # 0.

For T € Hgjse, P7(A) has multiple roots. For example, let A € S*(R?) be defined by Aj1q = Ay =1
and set other Ajj = 0. Then Deig(A) = 0, which implies that A has a nonsimple eigenpair. Here pa(A) =
(A +1)2(A —1)%(2A% —1). So A has two eigenvectors (1,0) and (0, 1) with eigenvalue 1, and two eigenvectors
(—1,0) and (0, —1) with eigenvalue —1. This computation coincides with the fact that A = a®3 + b®3 has two
best rank-one approximations, namely a®3 and b*3, where a and b are two orthonormal vectors in R?.

Similarly, we can define characteristic polynomials for non-symmetric tensors. Let Wy, ..., W; be
complex vector spaces. For T € W ® - - - ® Wy, u; € W;, and a; € C, we denote the resultant of the
following equations by ¢1(A).

{“i(T,u1®"'®ﬁi®“'®ud> = AMITji o) ui, 13)

(ujuj) = a?,
wherei =1,...,d. Then, ¢7(A) vanishes if and only if (13) has a nontrivial solution.
Definition 13. ¢7(A) is called the singular characteristic polynomial of T.
The following is an analogue of Definition 10.

Definition 14. Let T € Wi ® - - - ® Wy. Two normalized singular pairs (A, uy,. .., ug) and (u,v1,...,v4) of
T are called equivalent if (A, uq,...,ug) = (4, v1,...,04), or (—1)‘1’2)\ =wpandu; = —v;fori=1,...,d.

It follows from [72] that the subset X C V] ® - - - ® V; consisting of tensors which do not have
unique best rank-one approximations is contained in some hypersurface. In fact we can strengthen the
result by showing that X is a hypersurface.

Theorem 15. The following subset is an algebraic hypersurface in V1 @ - - - ® V; [48],
X:={T € V;®---®V;: T has non-unique best rank-one approximations}.

Besides, we have the following property.



Mathematics 2018, 6, 230 13 of 19

Proposition 8. Let Wy,..., W, be complex vector spaces. Then for a general T € W1 ® --- ®@ Wy,
the equivalence classes of normalized singular pairs of T are distinct [48].

Definition 15. The resultant of ¢ and its derivative ¢ is called the singular discriminant and denoted
by Dsing(T)'

Theorem 16. Dsing(T) = 0 is a defining equation of the hypersurface [48]
Xgisc :={T € W1 ® --- @ Wy | T has a non-simple normalized singular value},
and X consists of some components of the real points of X gjsc-
Corollary 6. For a real tensor T, if Dsing(T) # O, then T has a unique best rank-one approximation.

Corollary 7. For a nonnegative tensor T, if Dsing(T) # 0, then T has a unique best rank-one approximation,
which is nonnegative.

Theorem 16 shows that the ED discriminant Xgjs. of Seg(PW; x --- x PW,) is a complex
hypersurface when d > 3, and the set of real points of X4 is a real hypersurface. It is worth noting
that when d = 2, the set of real points of the ED discriminant of Seg(PW; x PW,) has codimension
2 ([50], Example 7.6).

8. EM Algorithm

Expectation-Maximization (EM) algorithm, as a classical technique, has been used in nonnegative
matrix factorizations, and its performance and geometry has been carefully studied. See [73] and the
references therein. However, to the best of our knowledge, such an analysis for nonnegative tensors
has not been written down. In this section, we routinely apply the EM algorithm to nonnegative tensor
decompositions and give a description of the EM fixed points.

Given a real function:

f(le--an) = ZMjIngi
i=1

of p1,..., pn with parameters uy, ..., u,, where p1,..., pu, u1,. .., uy satisfy
n n
0<u;,p <lfori=1,...,n, and Eui = Zpi =1.
i=1 i=1

Then, the maximum of f is obtained when p; = u; fori =1,...,n. Infact (p1 = uy,..., pn = )
is a critical point of the Lagrangian:

n n
Y uilogpi—A(1= ) pi)-

i=1 i=1

Hence, for a given nonnegative rank-r tensor u = (Mil,...,i d) with:
up =y, w i, =1
it
a nonnegative rank decomposition:

r
u= Z)\lvgl) ® - ®v;l),
I=1
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in coordinates:
r
L = O] 0
ull/---rld - Z /\lvl,il e vd,id
=1

OF

where v i

0

is the 7;th entry of the vector v, gives a maximum of the likelihood function:

;
= Y ti,.islog( Z o)) B )d)- (14)
1,eeelyg 1=1

This is a hidden model in statistics, and a classical way to optimize (14) is that we first use the EM
algorithm to maximize the following likelihood function

L(A, v(l) Z Zw log (A U% 1)1 v{(il?d) (15)

ldl 1

where:
r
L ()
Z/llll"vld - IZ wi],...,id'
=1

By ([74], Theorem 1.15), the value of the likelihood function (15) weakly increases during every
iteration of the EM algorithm, and the local maxima of £ are among the EM fixed points (final outputs)
of L [73,74].

Remark 1. EM algorithm and its analogues have been widely used in nonnegative matrix factorizations,
by maximizing different likelihood functions, i.e., finding critical points of different divergences, for example
Kullback-Leibler divergence, B-divergence and so on. Similarly we can obtain other algorithms for nonnegative
tensor decompositions as well by using different divergences. Usually the fixed points of these algorithms contain
critical points, and the local maxima are among the critical points.

A fixed point of EM algorithm need satisfy the following equations:

1 Akvl,' ...Z)d,,
Ay = o ) 1(11) 15) Uiy, i (16)
i1,e0idd E Avlll ST
(k) (k)
(k) 1 Akvl,lj Ud,id 17
Vi = Ay m ) i (17)
k +11r /] 1/]+1/ g Z)\Ul "Udz-d
= ,
Since Zv% =1, Ay > 0. By canceling Ay in (16) and (17), we have:
i !
(k) (k)
1 'Ul [ vd,‘
L= Y o i (18)
Titeeda YAJOY ;v
(k) (k)
« 1 vl,‘ . vd’,
v](',i; = — Z i1 l ig l Uiy, igs (19)
i, =1 1,edd Z )\ﬂ)( ) Z)L(i l)d

1,i
1= 1
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and (18) can be obtained from (19). By (19) we have:

(k) Wir,.igy (k) (k) (k)
11,...,1]',],1]'+],...,Zd 1r-/1d
where p; ;. is the output in Algorithm 1. Let:
Uiy,.i
Ri . =uy — L)
et iy,
then (20) is equivalent to:
oo R ol @ wol e wolY) =0,

) =0,

15 0f 19

(20)

(21)

where o denotes the Hadamard product. Since we require X Pi,ig =1 the likelihood function

1,4

L="Y wuy ilogpi i —uslog( Y. pi.i)
By o

11 ,eees

then the gradient of £ is R. Hence:

—

4

Rof' e oo eol))=0

implies that R is orthogonal to the tangent space of &, (Seg(P"1~1 x - .. x P~1)),ie,,

Yoo . ool
k

is a critical point. Therefore, we arrive at the following description, which is a trivial generalization

of ([73], Theorem 3).

Algorithm 1 EM Algorithm

Step 0: Given € > 0, select random ol €A1, A EN_1;

i

E-Step: Define the expected hidden data tensor w = (w(k) ) by

iy

w(k) . = Liy Yy ;
yeeerld r (l) (l) 1
Li—1 MOy Vg
M-Step: Compute 01(1)’ A to maximize the likelihood function:
(k)
; Zi Wi,..ig
ANp=2r
Uy
k
L E . w1(1,> g
v(k)* N ll,...,l]',],l]ur],‘..,ld .
I Afug ’

Step 3: If |L(A*,vfl)*) —L(A, vl(l))| > ¢ then set (A, Ul(l)) = ()\*,vlgl)*) and go to the E-Step;

k k
Step 4: Output p;, ;. = %Akvgli)l e Ugl,i)d'
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Proposition 9. The variety of EM fixed points is defined by:

oo (R0l - @0l

k .
j ®~~®vf1)>:0, j=1,....4

The subset that are critical is defined by:

—

Ro @ 0oe. go)=0, j=1..4d

A semialgebraic characterization of the set of nonnegative matrices with nonnegative ranks no
greater than 3 was given in [73]. A semialgebraic characterization of the set of nonnegative tensors
with nonnegative ranks no greater than 2 was given in [75].

Question 3. Give a semialgebraic characterization of the set of nonnegative tensors with nonnegative ranks no
greater than 3.

9. Conclusions

In this short note, we give a very brief introduction to nonnegative tensors, mainly from the
geometric perspective. More precisely, we review the generic uniqueness of rank decompositions of
subgeneric nonnegative tensors and nonnegative typical ranks, and thus see the difference among the
nonnegative, real, and complex settings. We review the generic uniqueness of nonnegative low-rank
approximations. In particular, the rank-one approximation problem leads us to the spectral theory of
nonnegative tensors. Finally, we describe the semialgebraic geometry of EM algorithm. Most of the
results we present are obtained by studying the corresponding geometric properties of nonnegative
tensors, and we have seen there are many open problems and unknown properties in this direction,
which we hope would be understood better when more geometries are unveiled.
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