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1. Introduction

Bochner [1] introduced the Bochner tensor in Kdhler manifolds by analogy to the Weyl conformal
curvature tensor. The Bochner tensor is equal to the 4-th order Chern-Moser curvature tensor in
CR-manifolds by Webster [2]. In contact manifolds, the Bochner tensor was reinterpreted by Matsumoto
and Chuman [3] as a C-Bochner curvature tensor in Sasakian manifolds. They showed that a Sasakian
space form is a space with a vanishing C-Bochner curvature tensor. A Sasakian manifold with a
non-constant g-sectional curvature and a vanishing C-Bochner curvature tensor was constructed by
Kim [4]. Tano showed that the C-Bochner curvature tensor is invariant in terms of D-homothetic
deformations [5].

On the other hand, F. Casorati introduced a new extrinsic invariant of submanifolds in a
Riemannian manifold, called the Casorati curvature. This curvature is defined as the normalized square
of the length of the second fundamental form ([6,7]). Moreover, there are very interesting optimizations
involving Casorati curvatures, proved in [8-19] for various basic submanifolds in different spaces (real,
complex, and quaternionic space forms) with several connections.

In our paper, we investigate new optimal inequalities involving Casorati curvatures for some
submanifolds of a Sasakian manifold with a zero C-Bochner curvature tensor and characterize those
submanifolds for which the equalities hold.

2. Preliminaries

In this section, we recall some results on almost contact manifolds and give a brief review of basic
facts of C-Bochner curvature tensor.

A manifold M = (M, ¢,&,7,3) is called an almost contact metric manifold if there exist structure
tensors (¢, ¢, 7,g), where ¢ is a tensor field of type (1,1), { is a vector field, 7 is a 1-form, and g is the
Riemannian metric on M satisfying [20]

p;=0, noe=0, 5(¢) =1

g =—I+n®¢ and Z(¢X,Y)=g(X,Y)—n(X)n(Y)
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where [ : TM — TM is the identity endomorphism, and X, Y are vector fields on M. In particular,
if M is Sasakian [21], then we have

(Vxe)Y = —Z(X,Y)Z+7(Y)X and Vxi=gX

where V is the Levi-Civita connection on M.

Let M" be an n-dimensional submanifold of a Riemannian manifold (M, g). If V is the induced
covariant differentiation on M of the Levi-Civita connection V on M, then we have the Gauss and
Weingarten formulas:

VxY = VxY +h(X,Y)VX,Y € T(TM)

and
VxN = —AnX + VxN,VX € T(TM),V¥N € I'(T+M)

where 1 is the second fundamental form of M, V' is the connection on T+ M, and Ay is the shape
operator of M with respect to a normal section N. If we denote by R and R the curvature tensor fields
of V and V, respectively, then we have the Gauss equation:

R(X,Y,Z,W) = R(X,Y,Z,W) +5(h(X,W),h(Y, Z))

_ 1)
—8(h(X,Z2),h(Y, W))

forall X,Y,Z,W € T(TM).

Let M" be an n-dimensional Riemannian submanifold of a Sasakian manifold (M, g, ¢,¢, 7).
A plane section 71 C T,M, p € M of a Sasakian manifold M is called a ¢-section if 7w = span{X, pX}
for X € T'(TM) orthogonal to ¢ at each point p € M. The sectional curvature K(77) with respect to
a @-section 77 is called a ¢-sectional curvature. If {ey, ..., ey, {} is an orthonormal basis of T, M and
{€n11, .-, em} is an orthonormal basis of TlgL M, then the scalar curvature T and the normalized scalar
curvature p at p are defined, respectively, as

2T
(p)= Y, K(ehe) p= nm=1)

1<i<j<n

We denote by H the mean curvature vector, that is

and we also set
h’f} = g(h(eiej) ea), i,j €{1,..,n}, a € {n+1,..,m}.

It is well-known that an intrinsic invariant of the submanifold M in M is defined by
2
EEY (zh ) ,
a=n+1

and the squared norm of / over the dimension # is denoted by C, called the Casorati curvature of the
submanifold M. That is,

The submanifold M is said to be invariantly quasz—umbzlzcal if there exist m — n mutually orthogonal
unit normal vectors ¢y 1, ..., m such that the shape operator with respect to each direction ¢, has an
eigenvalue of multiplicity n — 1 and the distinguished eigendirection is the same for each ¢,.
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Suppose now that L is a s-dimensional subspace of TyM, and s > 2. Let {e1,...,es} be an
orthonormal basis of L. Then the scalar curvature 7(L) of the s-plane section L is given by

T(L)= Y. K(eaNep),

1<a<pB<s

and the Casorati curvature C(L) of the subspace L is defined as

e(L) = - YOy ()",

a=n+11,j=1

The normalized J-Casorati curvatures d.(n — 1) and o (n — 1) of the submanifold M" are given by

[0c(n=1)], = %CP + n;llinf{C(LHL a hyperplane of T, M}

and

[gc(n — l)] )= 2C, — 2n2; 1sup{C(L) |L a hyperplane of T, M}.

The generalized normalized é-Casorati curvatures ¢ (t;n — 1) and 8¢ (£ 1 — 1) of the submanifold
M" are defined for any positive real number ¢ # n(n — 1) as

_ 24
[0c(t;n — 1)];9 =tCp + (n = 1)(n +rtz)t(n n-t) inf{C(L)|L a hyperplane of T,M},

if0<t<n?—n, and

elin—1)] =1, — =D 4)

p” sup{C(L)|L a hyperplane of T,M}
p

ift >n?—n.

The C-Bochner curvature tensor [22] on a Sasakian manifold is defined by
_ 1 . .
B(X,Y)Z=R(X,Y)Z + m{g(X,Z)QY — Ric(Y,Z2)X
—2(Y,2)QX + Ric(X,Z)Y + g(¢X, Z) QoY
— Ric(¢Y,Z2)9X —39Y,Z)QeX + Ric(¢X, Z)pY
+ 2Ric(¢X,Y)9Z + 23(¢X, Y)QoZ + 1 (Y)n(Z)QX

—n(Y)Ric(X, Z)¢ +n(X)Ric(Y, Z)¢ — n(X)n(Z)QY} @)
- 712)”12: (2(90X, 2)9Y —3(9Y, Z)pX + 25 (X, Y)pZ}
%M(Y)E(X,Z)C () (Z)X +n(X)n(2)Y

— (Y, 208} - o (B, 2)Y —3(Y,2)X)
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forall X,Y,Z,W € T(TM), where D = 2;’ ig, and R, Ric, and Q are the Riemannian curvature tensor,

the Ricci tensor, and the Ricci operator, respectively. If the C-Bochner curvature tensor vanishes,
from Equation (5), we have

R(X,Y,Z,W) = ———{3(X, Z)Ric(Y, W) — Ric(Y, Z)g(X, W)

" 2n +4
— g(Y,Z)RlC(X, W) + Ric(X, Z)g(Y W)
+3(¢X, Z)Ric(pY, W) — Ric(oY,Z)g(pX, W)
—3g(¢Y,Z)Ric(¢X, W) + Ric(¢X, Z)3(pY, W)
+ 2Ric(¢X,Y)g(9Z, W) +23(¢X,Y)Ric(¢Z, W)
+1(Y)n(Z)Ric(X, W) —n(Y)n(W)Ric(X, Z)
n(

FR(X)n(W)Ric(Y, Z) ~ n(X)(Z)Rie(Y, W)} . ®
2R (X, )39V, W) — Z(9Y, Z)F(9X, W)
+

FF(OX F(0Z, W)} — 5 -2 ()(W)R(X, 2)
—1(N)n(2)8(X, W) +3(X)n(Z)g(Y, W)

(XM WR(Y, 2)} + o (RO )W)

~ (1, 2)3(X,W))

Now, we recall some definitions from literature on submanifolds.

Definition 1. Let (M, ¢, &, 1) be an almost contact metric manifolds and M be a submanifold isometrically
immersed in M tangent to the structure vector field &. Then M is said to be invariant (anti-invariant) if
p(T,M) C T,M (q)(TPM) C TPLM) for every p € M, where T, Ms denote the tangent space of M at the
point p. Moreover, M is called a slant submanifold if for all non-zero vector U € T,M at a point p, and
the angle of (U) between @U and TyM is constant (i.e., it does not depend on the choice of p € M and
Uuer (T,M)— <Z&(p) >

Let M" be an n-dimensional submanifold of a Sasakian manifold (M, g, ¢, &, 7). For X € T(TM),
we can write pX = PX + QX, where PX and QX are the tangential and the normal components
of ¢X, respectively. The submanifold is said to be an anti-invariant (invariant) submanifold if
P = 0(Q = 0, respectively). The squared norm of P at p € M is defined as

|IP||* = Zg pei e

ij=1
where {eq,- - -, e, } is an orthonormal basis of T, M. The structure vector field { can be decomposed as
§=¢"+¢"

where &7 and &' are the tangential and the normal components of ¢, respectively.
The following constrained extremum problem plays a key role in the proof of our theorems.

Lemma 1. [23] Let
F:{(x1,x2,...,xn) 6R":x1+x2+...+xn:k}
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be a hyperplane of R", and f : R" — R a quadratic form given by

|
_

n

flxg, x5+ ,x4) =a (x,-)2+b(xn)2—2 Z XiXj, a>0,b>0.

i=1 1<i<j<n
Then, f has the global extreme at the following point:
o _k _k_k(n-1) k
R Etor (e Sl i § Rl C R
provided that
_ n—1
Ca—n+2

by the constrained extremum problem.

3. Inequalities Involving a Vanishing C-Bochner Curvature Tensor

Let M be a submanifold of a Sasakian manifold (M, 3, 9,¢,n) with a vanishing C-Bochner
curvature tensor. Let p € M and the set {ey, ...,e, } and {ey 1, ..., &, } be orthonormal bases of T, M and
Tpl M, respectively. From Equation (3), we have

o 7n® +n—8+2(n—1)||&t?
R(ej e, e, e) = T
L Rleeyee D)
3 n
— 5(we:. e \Ricle: oe: . 4
n+2i,]glg(ﬁoez/e])Rlc(ezr@e]) )

n(n—1)(12n+3) 3n+4

ey [ e

Combining Equation (1) and Equation (4), we obtain

7n? +n—8+2(n—D|H”

27 = n?||H||>* — nC +
[1H]] 4n+1)(n+2)

n
——l z‘,]; S(pe;, ej)Ric(ei, pe;) . ©)

n(n—1)2n+3)
(n+1)(n+2)

[[a [ —" -
200+ 1)(n +2)

We now consider a quadratic polynomial in the components of the second fundamental form:

(n—1)(n+t)(n* —n—t) n2+23n+24—2(n—1)||{fl||2T

P=ict nt L) - An+1)(n+2)
3 & , n(n—1)(2n+3) 3n+4
- n+zi;g(g”e"'eﬁR“(W"eﬂ+ (n+1)(n+2) Hgl‘lz_Z(n—i-l)(n—i-Z)
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where L is a hyperplane of T, M. Without loss of generality, we may assume that L = span{ey, ...,e,_1}.
Then we derive

m  n—1
n?+n(t—1)— 2(n+t) >
Po ¥ [P R e 2D
a=n+1i=1
S [2(nt)(n-1) 2
"L t L () -2 Z Tty + 5 ()] ©®)
a=n+1 1=i<j
m n—=1_.2
nc+ Tl(t — 1) Zt 2
- § (Rt 2 3 mg+ Lo
a=n+1 [ i=1 1=i<j
Fora =n+1,--.,m, we consider the quadratic form f, : R" — R defined by
« o n —I—Tl(t - 1) — apn a 2
ftx( 117" 'hnn) = f Z _2 2 hllh]] hnn) . )
i=1 i<j=1

We then have the constrained extremum problem

min fy

subject to F* : hf; + -

"+hgn

where c* is a real constant. Comparing Equation (7) with the quadratic function in Lemma 1, we get

L n?+n(t—1) -2t

. op=1L
t n
Therefore, we have the critical point (h;, - - ,h%,), given by
tc® nc®
B =Wy = e = B e =
11 22 n—1n-1— (n+t)(n—1)’ nn n+t

which is a global minimum point by Lemma 1. Moreover, f, (hY,,

-, h&,) = 0. Therefore, we have

P >0,
which implies
n2+23n+24—2(n—1)||€L||2 (n 1)(11—|—t)(n )
<
An+1)(n+t2) TSICH v C(L)
3 noo ‘

S f s

+n(n—1)(2n+3)||€L||2_ 3n +4
(n+1)(n+2)

2(n+1)(n+2)
Therefore, we derive
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8(n—+1)(n+2) (n—1)(n+t)(n*>—n—t)
P == 1) (2 + 2+ 24— 2(n ~ D|IEL|P) (tc+ nt C(L))
24(n+1) " .
Cn(n—1) (2 +23n+24—2(n - 1)[|¢]]?) i,jglg(qDEi, ¢j)Rictei, 9¢;)
4(2n +3)||¢H| 2 4(3n +4)

n2 +23n+24 —2(n—D)]|EH]2 n(n—1) (n2 +23n+24—2(n — 1)[|¢L]]?)

Summing up, we obtain the following theorem:

Theorem 1. Let M be a submanifold of a Sasakian manifold (M, 3, ¢,¢,n) with a vanishing C-Bochner
curvature tensor. When 0 < t < n? — n, the generalized normalized 5-Casorati curvature 5c(t,n — 1) on
M" satisfies

8(n+1)(n+2)
p < n(n—1) (n2+23n+24—2(n_1)H§L’|2)5c(t,n—1)
24(n+1) o
- n(n—1) (n?+23n+24—2(n—1)||2+|]?) i/glg(éoeuej)ch(el,q)e])
4(2n +3)||¢4] P 43+ 4)

n2 +23n 424 —2(n —1)[|EL]2 n(n—1) (12 +23n +24 —2(n — 1)[|g1]?)

Moreover, the equality case holds if and only if M" is an invariantly quasi-umbilical submanifold with the
trivial normal connection in a Sasakian manifold (M, g, ¢,&, 1), such that the shape operators A, = Ag, and
re{n+1,---,m} take the following forms:

a 00 .. 0 0
0 0 0
0 0 a .. 0 0
An+1: S : : rAnJrZ:"':Am: (8)
00 a0
000 0 =B,

with respect to a suitable orthonormal tangent frame {Gy,---,in} and a normal orthonormal frame

{Cn-i-ll e /(:m}

When a submanifold M is Einstein of a Sasakian manifold (M, g, ¢,&,7), the Ricci curvature
tensor p(X,Y) = Ag(X,Y) for X,Y € T(TM), where A is some constant. Therefore, we have the
following corollary:

Corollary 1. Let M be an Einstein submanifold of a Sasakian manifold (M,g, ¢, &, ) with a vanishing
C-Bochner curvature tensor. Then, for a Ricci curvature A, we obtain

8(n+1)(n+2)
n(n—1) (n2+23n+24—2(n — 1)|[¢[2)
24(n +1)||P|[2A
n(n—1) (n* +23n +24—2(n —1)||¢+|]?)
4(2n+3)|134| P _ 4(3n +4)
n2+23n+24—2(n—1[[ZL]2 n(n—1) (n2+23n+24—2(n—1)[|E1[]?)

p < oc(t,n—1)

+
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Moreover, the equality case holds if and only if M" is an invariantly quasi-umbilical submanifold with the
trivial normal connection in a Sasakian manifold (M, g, ¢, &, 1), such that with respect to a suitable orthonormal
tangent frame {1, - - ,Cn} and a normal orthonormal frame {Gy 1, - -, &m}, the shape operators A, = Ag,
andr € {n+1,---,m} take the form of Equation (8).

For a slant submanifolds (g(¢e;, ¢j) = cosf with the slant angle 6) of a Sasakian manifold
(M, 3, ¢,¢&, 1) with a vanishing C-Bochner curvature tensor, we have following corollaries.

Corollary 2. Let M be a slant submanifold of a Sasakian manifold (M, 3, ¢, &, 1) with a vanishing C-Bochner
curvature tensor. We then obtain

8(n+1)(n+2)
< oc(t,n—1
p= n(n—1) (n>+23n+24—2(n—1)[|2+]]?) cltn=1)
24(n+ 1) cos 6 L 4(2n +3)[[¢H|
R . .
IOy (2 +23n+24 —2(n — 1)|[¢+]]?) 1-,,; felein 9) 3 4 24 —2(n—1)[|EL|2
4(3n +4)

n(n—1) (n2 +23n + 24— 2(n — 1)[|EL|2)

where 0 is a slant function. Moreover, the equality case holds if and only if, with respect to a suitable frames
{e1,....en}on Mand {e, 1, ...,en } on Tle, p € M, the components of h satisfy

Wy =hy ==, = 711(;_1)]1%”, ve{n+1,---,m},

h;’} =0, ,je{1,2,---,n}(i#j), ac{n+1,---,m}.
When the slant angle is zero in Corollary 2, we have the following corollary:

Corollary 3. Let M be an invariant submanifold of a Sasakian manifold (M, g, ¢,&,n) with a vanishing
C-Bochner curvature tensor. We then obtain

8(n+1)(n+2)
0= n(n—1) ("2+23n+24—2(n—1)Hgly|2)‘5c(tf”—1)
4(6n —3n — 10) 4(2n+3)||e4 (2

+

n(n—1) (n2+23n+24—2(n—1)||(;"l||2) + n2+23n+24 —2(n —1)||¢+]|?

Moreover, the equality case holds if and only if, with respect to a suitable frames {ey, ...,en } on M and
{ens1, - em} on T#—M, p € M, the components of h satisfy

h‘i‘1=h§‘z=“‘=h271n71=n(751)h%w a€{n+1,---,m},
h‘l?}:O, i,je{l,2,---,n}(i#j), ac{n+1,---,m}.

When the slant angle is 7 in Corollary 1, we have the following corollary:

Corollary 4. Let M be an anti-invariant submanifold of a Sasakian manifold (M, g, ¢, &, 1) with a vanishing
C-Bochner curvature tensor. We then obtain

8(n+1)(n+2)
p< n(n—1) (n2+23n+24 —2(n —1)||gL|?) Sc(t,n—1)
4(2n+3)||¢H|? 4(3n +4)

n2 +23n+24 —2(n —1)[[¢L][2 n(n—1) (n2 +23n +24 —2(n —1)||¢L]]2)
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Moreover, the equality case holds if and only if, with respect to a suitable frames {ey, ...,en } on M and
{€ns1,rlm}on TPLM, p € M, the components of h satisfy
Wy =hy = =M 1, 1= 1)h%n, xe{n+1,.--,m},
h?}zO, i,je{1,2,--- ,n}(i#j), ac{n+1,---,m}

Remark 1. In the case for t > n? — n, the methods of finding the above inequailities is analogous. Thus, we
leave these problems for readers.

Taking t = @ in dc(t,n — 1), we have the following relation:

(Mg m1)] == iectn-,

in any point p € M. Therefore, we have following optimal inequalities for the normalized §-Casorati
curvature é¢c(n —1).

Corollary 5. Let M be a submanifold of a Sasakian manifold (M, 3, ¢,&,n) with a vanishing C-Bochner
curvature tensor. The normalized 5-Casorati curvature c(n — 1) on M" satisfies

8(n+1)(n+2)
= —1
P = (n2+23n+24_2(n_])HgJ_Hz)(SC(Tl )
24(n+1) n
N 17 R 7
n(n—1) (n2 +23n+24 —2(n — 1)||&L]]?) 2 (gei, ej)Ric(ei, pej)
4(2n +3)||¢4|2 4(3n +4)

n2 +23n+24—2(n—1)[[¢L][2 n(n—1) (n2 +23n +24 —2(n — 1)||EL]]?)

Corollary 6. Let M be an Einstein submanifold of a Sasakian manifold (M,g, ¢,&,n) with a vanishing
C-Bochner curvature tensor. Then, for a Ricci curvature A, we obtain

8(n+1)(n+2)
P GE B+ 2a— 2 D) Y
i 24(n+1)||P|*A 4(2n +3)[15H|?
n(n—1) (n2+23n+24—2(n—1)||g+|]2)  n?+28n+24—2(n—1)||¢+]]>
4(3n +4)

n(n—1) (n2+23n +24 —2(n — 1)||¢L]]2)

Corollary 7. Let M be a slant submanifold of a Sasakian manifold (M, g, @, &, 1) with a vanishing C-Bochner
curvature tensor. We then obtain

8(n+1)(n+2)
p< (n2+23n+24—2(n_UH&LHZ)&c(Tl—l)
24(n+1)cos@
+ 1/1(1’1 — 1) (712+237’l+24—2(n _ 1)||€J_||2) l; RZC el,(Pe])
4(2n +3)||g+]? 4(3n + 4)

n2 +23n+24 —2(n —D)[|¢L]]2 n(n—1) (n2 +23n +24 —2(n —1)||&L]]?)

where 0 is a slant function.
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Corollary 8. Let M be an invariant submanifold of a Sasakian manifold (M, g, ¢,&, 1) with a vanishing
C-Bochner curvature tensor. We then obtain

8(n+1)(n+2)
p < (n2+23n+24—2(n_1)||€L||2)5c(n—1)
+ A —3n 10 s@n +3) P

n(n—1) (n2+23n+24—2(n—1)||§l||2) n2+23n+24 —2(n —1)]|¢+]|?

Corollary 9. Let M be an anti-invariant submanifold of a Sasakian manifold (M, g, ¢, &, 1) with a vanishing
C-Bochner curvature tensor. We then obtain

g 8(n+1)(n+2)
p= (n2+23n 424 —2(n —1)||¢L|2)
a3 P 4Gn +4)
W+ 231+ 24— 2(n—1)|ZL|?  n(n—1) (n + 231 + 24 — 2(n — 1) 22| ?)

oc(n—1)
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