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Abstract: Consider an undirected and connected graph G = (V, Eg), where Vi and Eg represent
the set of vertices and the set of edges respectively. The concept of edge version of metric dimension
and doubly resolving sets is based on the distances of edges in a graph. In this paper, we find the
edge version of metric dimension and doubly resolving sets for the necklace graph.

Keywords: necklace graph; resolving sets; edge version of metric dimension; edge version of doubly
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1. Introduction and Preliminaries

Let G be a connected, simple and undirected graph consisting of nonempty finite sets Vi of
vertices and Eg of edges. The order of a graph G is |V;| and |Eg]| is the size of G. The number of
vertices joining to v, where v € Vj; is called a degree of that vertex and written as dy. A(G) is the
maximum degree in a graph G.

For any two vertices x,y € V;, the distance d(x,y) is the length of a shortest path between x
and y. Let R = {rq,r2,...,1;} C Vi be an ordered set and let x € V;, then r(x, R) representation of x
with respect to R is the I-tuple (d(x,r1),d(x,72),...,d(x,7;)). Ris said to be a resolving set if different
vertices of G have different representations with respect to R. The minimum number of vertices in a
resolving set is called a basis for G and the cardinality of the basis is known as the metric dimension of
G, represented by dim(G). For R = {rq,72,...,1r;} C Vg, the ith component of r(x, R) is 0 if and only if
x = r;. Hence, to prove that R is a resolving set it is enough to show that r(x, R) # r(y, R) for each
pair x #y € VG\R.

The following lemma is very helpful for determining resolving set for dim(G):

Lemma 1. Lef R be a resolving set for a simple connected graph G and x,y € V. If d(x,r) = d(y,r) for all
vertices r € Vg\{x,y}, then {x,y} NR # Q.

The idea of resolving sets and metric dimension was presented by Slater in [1] and also by Hararay
and Melter in [2]. Metric dimension is applied in different branches of navigation [3], robotics [3],
chemistry [4], and network discovery and verification. It is well-known in [5] that computing the
metric dimension of a graph is an NP-hard problem. Metric dimension has been deeply elaborated in
surveys [6,7]. The line graph L(G) of a graph G is defined as, the graph whose vertices are the edges of
G, with two adjacent vertices if the corresponding edges share the common vertex in G. Also, metric
properties of line graphs were studied to a great extent in [8-18]. The line graph of a graph G is helpful
to find edge distances using the same technique of finding vertex distances of the graph G.
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The concept of edge metric dimension was set up by Kelenc, Tratnik and Yero in [19] in 2016.
They computed the edge metric dimension of different families of graphs and showed edge metric
dimension i.e., edim(G) can be less, equal to or more than dim(G). They also showed computing
edim(G) is NP-hard in general. Since in literature edge metric dimension exists and that is entirely
different from edge metric dimension defined in [20], so we renamed edge metric dimension proposed
in [20] as an edge version of metric dimension. The edge version of metric dimension is defined as:

Definition 1.

1. The edge distance dg(f, g) between two edges f,g € Eg is the length of a shortest path between vertices f
and g in the line graph L(G).

2. Ifdg(e f) # dg(e, g), then the edge e € E is said to resolve two edges f and g of Eg.

3. Suppose that Rg = {f1, fa,..., fe} C Eg is an ordered set and e is an edge of Eg, then rg (e, Rg) the edge
version of representation of e with respect to R is the k-tuple (dg (e, f1),dg(e, f2), ..., de(e, fi)).

4. If different edges of G have different edge version of representations with respect to Rg, then the set Rg is
said to be a an edge version of resolving set of G.

5. The edge version of the metric basis of G is basically an edge version of the resolving set having minimum
cardinality. The cardinality of the edge version of metric basis is represented by dimg(G), and is called the
edge version of metric dimension of G.

In literature the edge version of metric dimension is known for few classes of graphs. Bounds of
an edge version of metric dimension are also known and these bounds are given in the next theorem:

Theorem 1 ([21]). If G is a connected graph with |Vs| > 5, then

[log2A(G)] < dimg(G) < [Vg| —2.

Table 1, represents all those graphs for which the edge version of metric dimension is known.
In the table P,, C;; and K, represent the path graph, the cycle graph and the complete graph on n
vertices respectively. W; , = K; 4 C;, is a wheel graph on n 4 1 vertices, K ; is a complete bipartite
graph on s + t vertices and for n > 2, B, = (ky,k, ..., ky) is a bouquet of circles Cl,C?,...,C"witha
cut-vertex where k; is the number of vertices of C' (1 < i < n). Also S, represents the n-sunlet graph
and D, is the prism graph on 2n vertices.

Table 1. Edge version of the metric dimension of graphs.

G dimE G
Py 1[4]
Cy 2
Ky n—1[6]
2(s+t—1) ifs <t < 2g:
K |[=5—] ifs<t<2s 2
ot { t—1 ift > 2s. [22]
3 ifn =3,4;
W1, 4 ifn=25; [23]
n—[%] ifn>6.
B, 2 —11[23]
2 ifniseven;
S { 3 ifnisodd. [V

Dy, 3 [20]
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Caceres et al. define the notion of a doubly resolving set in [22]. The doubly resolving sets
present a valuable source for finding upper bounds of the metric dimension of graphs. Let the
vertices a and b of the graph G with order |V| > 2 doubly resolve vertices ¢ and d of the graph G if
d(c,a) —d(c,b) #d(d,a) —d(d,b). A subset D of vertices doubly resolves G if every two vertices in G
are doubly resolved by some two vertices of D. Moreover, in G there do not exist any two different
vertices having the same difference between their corresponding metric coordinates with respect
to D. A doubly resolving set with minimum cardinality is called the minimal doubly resolving set.
The minimum cardinality of a doubly resolving set for G is represented by ¢(G). In case of some
convex prism, hamming and polytopes graphs, the minimal doubly resolving sets have been obtained
in [24-26] respectively.

Clearly, every doubly resolving set is a resolving set, which implies dim(G) < ¢(G) for all graphs
G. Also, if a and b doubly resolve c and d, then d(c,a) —d(d,a) # 0ord(f,b) —d(g,b) # 0, and thus a
or b resolve ¢ and d, this shows that a doubly resolving set is also a resolving set.

Ahmed et al. in [27] proposed the idea of minimal edge version of doubly resolving sets of graph
G, based on the distances of the edges of graph G which is defined as follows:

Definition 2.

1. Theedges f and g of the graph G with size |Eg| > 2 are supposed to edge doubly resolve edges f1 and f, of
the graph G if dg(f1, ) — de(f1,8) # de(fo, f) — de(f2,8) in G.

2. Let Dp = {ey, ey, ..., e} be an ordered set of the edges of G. If any two edges e # f € Eg are doubly
resolved by any two edges of set Dg in G, then the set Dg C Eg is said to be an edge version of doubly
resolving set of G. The minimum cardinality of an edge version of doubly resolving set of G is represented

by Ye(G).

Note that every edge version of a doubly resolving set is an edge version of a resolving set,
which implies dimg(G) < ¢£(G)) for all graphs G.

In this paper we compute the edge version of metric dimension and doubly resolving set for the
necklace graph. At the end, we conclude that edge version of metric dimension and doubly resolving
set are independent of choice of n.

2. The Edge Version of Metric Dimension for N,

The necklace graph (see Figure 1) denoted by N,, [28] is a cubic Halin graph [29] obtained by
joining a cycle with all vertices of degree 1 of a caterpillar (also called a comb) having n vertices of
degree 3 and n + 2 vertices of degree 1, denoted by xq,x1,...,x,4+1 and y1, Y2, ..., Yu, respectively.
We have Vy, = {x0,---, Xn+1,¥1,---,Yn} and En, = FUHUK, where F = {fi, fa,- o, fus1},
H = {hy,hy, ..., hy1}and K = {g1,82,.-.,gun+1}- The necklace graph is 3-regular graph with constant
metric dimension, which is computed in [30] given below:

2 if niseven;

dim(Ne, ) :{ 3 if nisodd.
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Figure 1. The necklace graph N, .

For the edge version of metric dimension of the necklace graph, we have to construct a line graph
L(Ng, ) of N, with n > 2. (see Figure 2).

Figure 2. The line graph of a necklace graph: L(Np, ).

Theorem 2. The edge version of metric dimension of N, is 3 for n > 2.

Proof. Let! = | 7]. For n = 2 and 3, consider the set Rp = {f1, fu, fu11} C En,,, then the edge version
of representation of each edge of N,, with respect to Rg is given below:
The edge version of representation of the edges f, € F with respect to R is:

(0,n—1,2) ifp=1;

re(fpRe) =4 (P=Lln—pln—p+1) if2<p<mn;
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The edge version of representation of the inner edges h, € H with respect to R is:

(pn—pn—p+1), ifl<p<n—1;

re(hp, Rg) = (n,1,1), ifp=mn
(L,1+1,1), ifp=n+1.

The edge version of representation of the edges g, € K with respect respect to R is:

(1,1,2), ifp=1
re(gp Re) =4 (P2n—p+2), if2<p<n
(2/l+1/1)/ lfp=n+1

Forn > 4,takeaset Rp = {f1, fi, fu} CE N., » We will show that R is an edge version of resolving
set for N,,,.
The edge version of representation of the edges f, € F with respect to R is:

(p—11-pp+2) iflspsi-1

(p=Lll-pln—p) ifl<p<l+2
PR =N i pes i —plln—pl) if1+3<p <

(2,1+1,1), ifp=n+1l

The edge version of representation of the inner edges h, € H with respect to R is:

(p.I=p.p+3), ifl<p<Ii-2

(p Al =pl+1,n—p), ifl-1<p<I+1;
re(hy, Re) = (mn—p+3|l-pl+1n—p), ifl+2<p<n-1;

(3,|l —nl+1,1), ifp=mn;

(1,1,2), ifp=n+1.

The edge version of representation of the edges g, € K with respect respect to R is:

(p,l—p+1,p+2), if1<p<Il-1;
(p.2,n—p+1), ifl<p<Ii+1;
re(gp Re) =4 (m—p+3p—l+ln—p+1), ifl+2<p<n-1
(3,n—14+1,2), if p=mn;
(2,14+1,2), ifp=n+1.

From the above representations it is clear that no two edges of N,, have the same edge version of
representations, which implies R is the edge version of resolving set and hence dimg(N,,) < 3. Next,
we have to show that dimg(N,,) > 3. Suppose on the contrary that dimg(N,,) = 2, then we have the
following possibilities:

1. Let two edges i and h), from the edge set H with 2 < p < I+ 1. For Rg = {hy,hp} C Ey,,,
we have re(f1, Rg) = re(g1, Re) = (1, p), a contradiction.
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2. Now suppose that both edges are from the edge set F. Suppose without loss of generality
that R = {f1,fp} C En,,, where2 < p < [+ 1. Then, rg(81,Rg) = re(huy1,Rg) = (L, p),
a contradiction.

3. Now suppose that both edges are from the edge set K. Suppose without loss of generality that
Rg ={g1,8p} C En,,, where 2 < p <1+ 1. Since rg(f1, Rg) = re(huy1, Re) = (1,p), so we have
a contradiction.

4. If one edge belongs to the set F and the second edge is from H, without loss of generality we
can take Rg = {f1,hp} C En,, with1 < p <. For2 < n < 5, we have rg(gu41,Rg) =
re(fur1, Re) = (2,3) for p = 1and re(g4+1, Re) = re(fus1, Re) = (2,n — 1) for p = 2. Forn > 6,
we have rg(fu, Rg) = re(gn, RE) = (3, p + 3), a contradiction.

5. If one edge belongs to the set G and the second edge is from H.ie. Rp = {g1,hy} C Ey, -
This case is similar to (4).

6. If one edge belongs to the set F and the second edge is from K, then we have the following five
subcases:

(a) Let Rg = {flrgl} C ENt’n' For 2 < n < 5, we have rE(hl/RE) = rE(hn+1rRE) = (1,1)
Forn > 6and [ +4 < p < n+1, we have rg(gp, Rg) = re(fp,Rg) = (n—p+3,n—p+3),
a contradiction.

(b) If Rg = {f1,8p} C En,, and 2 < p <[+ 1, then we have rg(g1, Rp) = rg(hy, Rp) = (1,p — 1),
a contradiction.

(c) Let Rg = {81, fp} C En,, with2 < p <1+ 1. This case is similar to 6 (b).

(d) Let Rg = {f2,8p} C En,, with1 < p <1 For2 <n < 5and p = 1, we have r(f, Rg) =
re(h1, Rg) = (1,1) and when p = 2, then rg(h1, Rg) = rg(ha, Rg) = (1,1). For n > 6, we have
re(fn, Re) = re(hy, RE) = (4, p + 2), a contradiction.

(e) Let Rp = {g2, fp} C En,, - This case is similar to 6 (e).

All the above possibilities lead to a contradiction. Hence, there is no edge version of resolving set
of cardinality 2 for edges Ey, , which implies that dimg(N,,) = 3. O

3. The Minimal Edge Version of Doubly Resolving Sets for N,

The minimum doubly resolving set for the necklace graph N,, has been discussed in [31]. In this
section, we determine minimal edge version of doubly resolving sets for the necklace graph. Define
Si(hny1) = {8 € En,, : de(hut1,8) = j} be the set of edges in N,, at edge distance j from edge /1.
The Table 2 can be easily formulated for S;(h,11) and it will be used to get the edge distances between
two arbitrary edges in Ey,, .

Table 2. S;(hy,41) for N, .

n ] Sj(hn+1)
1 {81, f1, 8ns1s fus1 }
2<j<t A8 fi &nia—js fura—jr hj—1, huya—j}
2t(t > 2) t+1 {ht, fr41,841}
2t +1(t > 2) t+1 {ht, fis1, 8141}

By the symmetry of the necklace graph N,, it is clear that dp(f;, fs) = de(g,8s) =
dp(hnsa, fs—j) = dp(hny1, &s—j) fors > j

For n =2t
dE(thrlrg\sfj\)"'l if \j—s|§t,1§j,s§n;
de(hnt1,8)s—j)) if [j—s[>t1<js<n;
dE(gjrfs) = dE(thrl/gs) if jZSZl, orn+1;
dE(hj/gj+2) if 1<j=s<n;
dg(hyi1, fn) if j=s=mn.
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Forn=2t+1

dp(hni1,8)5-j) if s> j;

(h
dp(hyyq, if f=s=1,orn+1;
delg = GEprs) R
(h

QU

e(hj, gj12) if l<j=s<mn;
nt1s fn) if j=s=n.

QU

E

Lemma 2. ¢ (N,,) = 3, whenever n = 2t,f > 2.

Proof. The Table 3 represents the vectors of edge version of representations of N,, with respect to

D = {fllft-i-l/fn-i-l}

Table 3. Vectors of edge version of representations of N,,,n = 2t.

j Si(hu+1) Dg = {f1, fi+1, fus1}
0 hyi1 (1,t+1,1)
1 g1 (1,t+2,2)
fi {0,t,2}
Sn+1 {2,t+1,1}
fn+1 {2,t,0}
2<j<k 8j {j,t+2—j,j+1}
fj {jt+1—j,j+1}
8nt2—j {n—j+3j—tn—j+2}
foro—j  An—j+3[t+1—jl,n—j+1}
hjfl {]',t+1*]',]'+2}
Muta (n—j+3,t—jn—j+1}
Tt (t,1,1)
hiiq {t+1,1,t+1}
fie1 {t,0,t}
Qi1 {t+1,2,t+1}

It can be verified that for each j € {1,2,3,...,t + 1}, no two edges f,g € S;(h,11) exist such
that re(f, Dg) — re(g, De) = 0 holds. Also for any j,s € {1,2,3,...,t+ 1}, there do not exist any two
edges f € Si(wy41) and g € S;(hy41) such thatrg(f, Dg) —re(g, Dg) =i —j. So, DE = {f1, fr+1, fus1}
becomes the minimal edge version of doubly resolving set for n = 2¢, ¢t > 2 and therefore the
Lemma 2 holds. O

Lemma 3. ¢£(N,,) = 3 whenever,n =2t +1,t > 2.

Proof. As we know that dimg(N,,) < Pr(N,,) holds. Now the Table 4 represents the vectors of edge
version of representations of N,, with respect to Dg = {f1, fu, ht11}.

Table 4 shows that for j € {1,2,3,...,t+ 1} there do not exist two edges f, g € S]‘(hn+1) such
that the following condition rg(f, Dg) — re(g, Dg) = 0 holds. Also, forany i,j € {1,2,3,...,t + 1},
there do not exist any two edges f € S;(h, 1) and g € Sj(h,11) such that re(f, Dg) —re(g, Dg) =i —j.
So, De = {f1, fu, ht+1} becomes the minimal edge version of doubly resolving set for n = 2t + 1, > 2
and therefore the Lemma 3 holds. O
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Table 4. Vectors of edge version of representations of N,,, for n = 2t + 1.

j Sj(hws1)  Dp = {f1, fa i1}
0 i (1,2,t+2)
1 81 (1,3,f+1)
f1 {0,3,i’+1}
1 {2,2,+1}
fat1 {2,1,t+1}
2 n {j+1,2,t+2-j}
Iy {j+1,1,t+3—j}
2<j<t 8j Uij+2t+2-j}
fj {i,j+2j}
Snt1-j  {+1Lj-Lt—j+2}
fovo—j  {j+Lj-2t-j+2}
i {i—-1j+2j}
hpy1-j  {+Lj—-2t—j+3}
t+1 fra1 {t.t,1}
gt+1 {f+1,t+1,1}
fr+2 {t+1,t-21}
Sri2 {t+2,t+1,1}
hiyo {t+2,t—1,2}

Note: A counting technique determines that ¢£(N,,) = 3 for n = 2 and 3. The sets {f1, f2, 3}
and {f1, f3,hy } are the minimal edge version of doubly resolving sets for N,, and N, respectively.
When Lemma 2 and Lemma 3 is combined, then the following main theorem is formulated.

Theorem 3. Let N, be the necklace graph. Then Pg(N,,) = 3 for n > 2.

4. Conclusions

In this paper, we have extended the notion of metric dimension to the edge version of metric
dimension for the necklace graph N,, which is the least cardinality over all edge versions of resolving
sets. We also calculated the minimal edge version of doubly resolving sets for N,,. It is interesting
to consider the necklace graph because its edge version of metric dimension and the minimal edge
version of doubly resolving set are independent of parity of n. In previous work on necklace graphs,
(see [30,31]) resolving sets were based on vertices and distances were calculated between vertices only.
While, in this paper edges have been considered for getting resolving sets and distances have been
calculated between edges. Finally, we get dimg(Ne, ) = g(Ne, ) = 3 for every n.
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