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Abstract: In this paper, we derive Fourier series expansions for functions related to sums of finite
products of Chebyshev polynomials of the first kind and of Lucas polynomials. From the Fourier
series expansions, we are able to express those two kinds of sums of finite products of polynomials as
linear combinations of Bernoulli polynomials.
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1. Introduction and Preliminaries

In this paper, we will consider some functions related to sums of finite products of Chebyshev
polynomials of the first kind and of Lucas polynomials, and derive Fourier series expansions for them.
Then, from the Fourier series expansions, we will be able to express those two kinds of sums of finite
products of polynomials as linear combinations of Bernoulli polynomials.

Here, we would like to mention the following example as a motivation for studying these kinds
of sums of finite products of special polynomials. Let us consider

m—1 1

Ym(x) = k; mBk(x)Bmfk(x)/ (m > 2). 1)

Then, in the same way as we will do in (14) and (17), it is possible to express v, (x) in terms of
Bernoulli polynomials by making use of the Fourier series expansion of 7, (< x >) (see (11)). Then,
unlike the known involved proofs, from this expression, we can easily deduce the famous FPZ-identity
(Faber-Pandharipande-Zagier identity) (see [1]) and a variant of the Miki’s identity ([2-5]). Indeed,
from the Fourier series expansion of 7, (< x >), we were able to deduce the following polynomial
identity in (2), from which the variant of Miki’s identity and FPZ-identity follow respectively by setting
x =0and x = 3 in the following;

2
2m —

5775575 Bok (%) Boy—ok (x) + b1 (%) Boy—1 (x)

k; 2k (2m —2k)
Pk

( )BZkBZm 2k (¥ )+%H2m7132m (x) @

_|_
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where H;,, = ;-"zl % are the harmonic numbers.

The reader refers to the Introduction of the paper [6] for some details on this.

Along the same line as the present paper, we obtained Fourier series expansions of sums of
finite products of functions related to some Appell and some non-Appell polynomials and were able
to express those sums of finite products of such polynomials in terms of Bernoulli polynomials as
immediate corollaries. Indeed, they had been done for Appell polynomials like Bernoulli and Euler
polynomials in [7,8], and, for quite a few non-Appell polynomials, namely Genocchi polynomials,
Chebyshev polynomials of the second, third, fourth kinds, and Fibonacci, Legendre and Laguerre
polynomials in [9-12]. Here, we let the reader refer to [13,14] as general references on orthogonal
polynomials and to [15-17] as some recent papers on Lucas polynomials. As to some related results,
we recommend the reader to look at the papers [7,8,12,18-22].

Chebyshev polynomials of the first kind have important applications in approximation theory.
Indeed, their roots are used as nodes in polynomial interpolation and the resulting interpolation
polynomial gives us a good polynomial approximation to a continuous function under the maximum
norm. On the other hand, Lucas polynomials are useful in generating irreducible polynomials of high
degree so that they have some applications in coding and cryptography. In addition, Lucas numbers are
used in the areas relevant to operational research, statistics and computational mathematics, and allow
us to find very large prime numbers in low complexity.

The Chebyshev polynomials T, (x) of the first kind and the Lucas polynomials L,(x) are
respectively given by the recurrence relations as follows (see [13,14,16]):

Tusa(x) = 23T (x) — Tu(x), (n20), To(x) =1, Ti(x) = x, @)

Lyi2(x) = xLypq(x) + La(x), (n>0), Lo(x) =2, Li(x)=nx. 4)

From (3) and (4), we can easily derive the generating functions for T, (x) and L, (x) as follows:

1—xt >
F(t = = T, "
(t,%) 1—2xt+ 12 n;) n()E, ©®)
2 — xt >
G(t = = L ",
() = 5= = L () ©)

The T, (x) and L, (x) are explicitly given as in the following;:

To(x) = (—1) L (” . l) 20" 2, (n>1), @)

5]
Ln(x) = 1 (n - l> 2 (1> 1), 8)

It is well known or easily checked from (7) and (8) that the two polynomials are related by

Lu(x) = 2i T, (g) , i=+/—1. )

In terms of the generating function, the Bernoulli polynomials B, (x) are given by

o t"
e —nZ;:OBn(x)m. (10)
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For any real number x, the fractional part of x is denoted by
<x>=x-—[x] €][0,1), (11)

where [x] indicates the greatest integer < x. For any integers m,r, withm > 2,r > 1, we let

o (x Z y (rjl> AT, (1) T, (x)

0iy+--+ip 1 =m—I

-

(12)
1=0 iy+-AFipp=m—1-2 (

r+1
)T ) T (),

where the first and second inner sums run, respectively, over all nonnegative integers i, - - - ,i,41, with
i1 +---+iy=m—Iand withiy +---+ip, 1 =m—1-2.

Then, we will consider the functions a,,(< x >), and derive their Fourier series expansions.
From these Fourier series expansions, as a corollary, we can express &, »(x) as a linear combination
of Bernoulli polynomials. Indeed, Theorems 1 and 2 are our results for the Fourier expansions of
amr(< x >), and Theorem 3 is those for the expressions of a,, ,(x) in terms of Bernoulli polynomials.

Theorem 1. For any integers m,r withm > 2, v > 1, we let

S ALY _
A, — m+r (-1) <m+r l> (4 r — 21),2m2, (13)
¢ r! i m-+r—1 l

Assume that Ay, , = 0, for some integers m, r. Then, we have the following:

(a)
i r+1
) ) (T)<x>T(<x>) T, (< x>)
l:0i1+~~~+i,+1:m—l
l
—Z ) <r+><x>T(<x>) ‘T, (< x>)
=0 i1+ Fipp=m—I1-2 r
1 = 1 2(r+j-1) :
= =Dput1r-1— =Y Ao | T,
2r T n:—gn#o 2r ]; (27‘[1;/1)] m=jrLrrj
forall x € R. Here, the convergence is uniform.
(b)

m

l
2 ) (r+><x>T(<x>) ‘T, (< x>)
1=0i1++ipp 1 =m—I r

_i Y <rjl)<x> T (<x>) T (<x>)
=

0 i+ tippg =m—1-2
1 & ,if(r+j-1
=3 Y. 27( ! )Amj+1,r+j1Bj(< x>),
" j=0j#1 J
forall x € R. Here, (x), are the falling factorial polynomials defined by

x)p=x(x—-1)---(x—r+1), (r>1), (x)o=1
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Theorem 2. For any integers m,r withm > 2, v > 1, let Ay, » be as in (13). Assume that Ay, , 7 0, for some
positive integers m, r. Then, we have the following:

(a)

1
ZAerl,rfl

— i (l 3 MA , , >e27rinx

n=—oo,n#0 2r j=1 (27Tin)] e
YoIl0 iyt = l(rH) <x>'T; (<x>) T (<x>)
YR iyt 2 (P < x ST T (< x>) T (< x >),
= forxeR-2Z,
1Am v, for x € Z, and m odd,

(-1)% ’in’r( Zlfr) + 1Ay, for x € Z, and m even.

(b)
1 & r+ij—1
> 22]< J )Amj+l,r+lej(< x >)

:i ) <rjl><x> Ty(<x>)- T, (<x>)

1=0 l]+-**+ir+1 =m-—I
m—

_Z Z (r_:l><x>T(<x>) -T;

i (<x>),
120 iy ooty g =m—1—2 !
forallx e R —Z;
1 & ifr+j—-1
2 )3 2]< ; )Am—j+1,r+j—1Bj(< x>)
=071
B %Am,r, for x € Z, and m odd,
S (-1% ’Zfi’( Y+ LAy, for x € Z, and m even.

Theorem 3. For any integers m,r withm > 2, v > 1, we let Ay, » be as in (13). Then, we have the identity

1 r+1
Y or ( )xlnl (x)- T, (x)
=011+ +lr+1 m—I r

T (e maw (1)

1=0 i1+ iy =m—1-2

1 & r+j—
2* ( r1 )Am—j+1,r+j—1Bj<x)'

In addition, for any integers m, r withm > 2,r > 1, we put

m

r+1 x\!
m,r = x Lll o Lir+1
) lgi et =m < r > (2> (%) (x)
v RPN (15)
+ ~ Li] e Lirﬂ ,
I=0i +'“+i,,+21:m—l_2 < r ) (2) (x> (x>
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where the first and second inner sums are over all nonnegative integers iy, - - -
ipp1 =m —1I,and with iy +--- 4+ 1,41 = m — [ — 2, respectively.

Then, we will derive the Fourier series expansions of the functions B, ,(< x >), and express
Bm,(x) in terms of Bernoulli polynomials, as an easy corollary to these Fourier series expansions.

In detail, Theorem 4 is our results for the Fourier series expansions of the functions B, ,(< x >),
and Theorem 5 is those for the expressions of B, ,(x) in terms of Bernoulli polynomials.

/ii’+1/ Wlth il 4+ 4

Theorem 4. For any integers m,r withm > 2, v > 1, we let

27+1(m+r ,2 m+r—l
= —20),. (16)
Qur = ;0 m—l—r—l( ; )(m—i—r 2Dy,
Then, we have the following:
(a)
2 © 2 1 j(7+j—1)j 2
;Qerl,rfl - n__g;n#() ( Z <27Tl?l) 5 Qm7j+1,r+j71 p2rinx
1 1
Z;l 0211+ i =m—I (r+ ) ( 2>> Li1(< X >) T Lir+1(< X >) ’
i
+ o Liiy ooty =m—1—-2 (rjl) (57) Ly(<x>) L (<x>),
= for xe R-17,
%Qm,,, for x € Z, and m odd,
3 + 2’“%(%”), for x € Z, and m even.
(b)

2 r+j—1\1
r}g( j >2]Qm —j+1,r+j-1B; (<x>)

-y ¥ <r+l>(<’2‘>) Li(<x>)- Ly, (<x>)

=0+ +iy=m—1 \ T

+mi2 ) <r+l) (<;>)ZL1-1(<x>)~-Lir+1(<x>),

120 iy ootipp=m—1-2 \ T
forx e R -7
2 r+j—1\1
DY ( J )Zijj+1,r+lej(< x>)
j=0,#1 J
%Qm,,, for x € Z, and m odd,

1 r+1 mar (G4
5 +2 @(ZY ), for x € Z, and m even.
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Theorem 5. For any integers m,r withm > 2, v > 1, let Oy, » be as in (16). Then, we have the identity

L I (7)) wetae

01+ +lr+1 =m—I

! 2 3 <rjl) (g)l%(@ L (1) (17)

=0 i1+ +ipp=m—1-2

r+j—1
Z( ril )2]Qm j+Lr+j— 1B()

2. Fourier Series Expansions for Functions Related to the Chebyshev Polynomials of the
First Kind

We will start with the next result, which plays a crucial role to our discussion in this section.

Lemma 1. Let m,r be integers with m > 2, v > 1. Then, we have the identity

DD DR (R P A R WY

1=0 i1+-~-+ir+1:mfl
- r+1
2 Z < . )xlTil(x) e Tim(x) (18)
1=0 iy 4-+ipp=m—1-2

1 (r) (x),

= or—1p( mtr

where the first and second inner sums on the left-hand side are respectwely over all nonnegative integers
i1, iy, Withiy+ -+ iy =m—Land withiy + - - - + iy =m—1—

Proof. By differentiating (5) r times, we have

r

S Ftx) = (t - 2)28) (1 —2xt + £2) "0, (r > 1), (19)
ar o~ r — r m r
SF(tx) = ) TV () = Y T ()¢t (20)
m=r m=0

Equations (19) and (20) give us

1 r+1 B 1 0 () (x)tm (21)
1—2xt+ 12 C 211 - 12) mr '

m=0

On the other hand, using (5) and (21), we observe that

Y OOY T T

1=0 i1+"‘+i,+1:l

it r+1
_ (lgn(x)tl) !

— (1 xt) ! (1)f+1 (22)

1—2xt+12
1

= 1=ty (1 =) o ¥ T (0
*m=0
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From (22), we obtain

1A Y Y T ()T, (0

1=0iy+--+ip 1=l

:(1—t2)i(r+]> Wi Y, Ta(x)-- T, (0F
)

[=0i1++ipy1=I

N i (“],LJ; )xfztf)

= i i (V J;;nil_l> Y T () T, (0

ity =l

2 M2 frfm—1—2\ o
- Z ( ]2 )xm Z Ty (x) - Ty, ()"

et =l
1+t (23)

= i i rerl>xl )3 Tiy(x) - - Ty (X)17

ity =m—1
co m—2
r+1
o Z ( i )xl E El(x)---ﬂr+l(x)tm.
i1+ Fip g =m—1-2
By comparing both sides of (23) for m > 2, we get the desired result. O
Remark 1. Note that, from (23) with m = 0,1, 2, we have
T (x) = 2171, (24)

T (x) = 27(r +1)1x, (25)
T(") _or—1 ' 1

o (x) =277 (r +2)! 23— —— (26)

r+1
From (7), we note that the rth derivative of T, (x) is given by

T]Sr) (x) _ g Z (_1)1L <n l— l) Zn_zl(n B 21);0(11_21_7. (27)

n—1

Eor ()rmes T

0iy++tippg=m—I

B () e “

1=0 iy+-+ipp=m—1-2

4

) &l N 1 fmr—d ol
— l;)( > m+r—l( l )(m+r—2l)rx )
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Asin (12), we let

D SERED DN (i P NETR E

1=0 i1+-~+ir+1:m—l

- X ’Til (x) o Tir+1 (x)’
120 i+ tip=m—1-2 \ T
where m > 2, and r > 1. Now, we will consider the function
LG r—+ 1 1
Amp(<x>)=) Y < )<x> T (<x>)---T  (<x>)
=01+ +iyaqg=m—1 \ T
(30)
m—2 T’-I-l |
-Y ) L) <X T(<x>) T (<x>),
=0 i1+--*+i7+1:H17172
which is defined on R and periodic with period 1.
The Fourier series of (< x >) is
i Aglmrr)ezm'nx (31)
n=—oo
where
(m,r) 1 i
Ay = / W, (< x> )e ™ 2x gy
° (32)
= / W,p (X)€" 27
0
Form > 2,r > 1, let us put
Ay = am,r(l) — &m,r (0)/ (33)
where we note that
0) 0, if mis odd, (34)
o = m m
" (-1)2 gi;(ﬁ”), if mis even.
From (28), (33) and (34), we obtain
=2 [E] C1) <m+r_ Z> (m +r—21),2m2 (35)
my — — r .
rt e omtr—1 )
It is immediate to see from (18) that
d 1 (r+1
%Ucm,r(x) = WTm+r)(x) (36)

=2(r + Day—1,+1(x).

In turn, (36) yields the following:

d Ml r—
ax (a+1271<x)) = lxm,r(x)/ (37)
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1 1
/0 Qo (X)dx = EAm-&-l,r—l/

mr(0) = Wy (1) <= Ay, = 0.

)

We are now going to determine the Fourier coefficients A,(qm’r .

Case1: n # 0.

1 ,
A£1m'r) _ / Xy (x>€72mnxdx
0

1 —2minx11 1 ! d —27minx
~ " 2min [mr(x)e ]0 + 27tin /0 E“m’r(x) ¢ ax
2(7 + 1) ! —2minx 1
= _ — A
27Tin /0 Wn—1,r-1(¥)e dx 2min "

_ 2(r+1)A(m_1,r+1)_ 1
- " 27in

- e
27Tin

Thus, we have shown the following recursive relation:

A(m,r) _ 2(7+1)A(m—1,r+1) 1

! 2min " 2min "
which in turn gives the following expression
12 (r+j—1);
AP = Yy T A i
n 2 ]; (27rin)] m—j+1,r+j—-1

Case2: n = 0.

Al = /1 Qo r(x)dx = lA 1r—1-
0 0o 2r ML

To proceed further, we recall the following facts about Bernoulli function:

(a) form>2,

( ) i eZm’nx
Bp(<x>)=—m! —_,
" ne oo £0 (2mtin)m

(b) form=1,

ne—con£0 270N 0, for x € Z.

d ezmn"_{Bl(<x>), forx eR—17Z,

9of 15

(38)

(39)

(40)

(41)

(42)

(43)

(44)
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From (41)—(44), we get the next Fourier series expansion of ay, ,(< x >)

1 el 1 & 2(r+j-1) i
z—rAm+l,r71 - Z <21’ ; WAm—j—H,r-«—j—l p27tinx

n=—o0,n#0

B 1 r+] ) 0 p2minx
gttty 2 (] )Am"“’”]”( ML iy

n=—o00,n7#0

1 & r+] - (45
=5 Z 2]< f )Am—j+1,r+j—13j(< x>)
j=0,j#1
B 7 IR*Z/
AL X 1(<x>), forxe
0, for x € Z.

Evidently, the function ay,,(< x >), (m > 2,r > 1) is piecewise C*. Moreover, ay,(< x >) is
continuous for those integers m,r with Ay, , = 0, and discontinuous with jump discontinuities at integers for
those integers m, r with Ay, , # 0. Hence, for Ay, » = 0, the Fourier series of ay,, (< x >) converges uniformly
to (< x >); for Ay, # 0, the Fourier series of ay, (< x >) converges pointwise to ay, (< x >), for
x € R — Z, and converges to

1 1

E(am,r (0) + lxm,r(l)) = Km,r (0> + EAm,r/ (46)
for x € Z. Now, from (45), (46), and these observations, we have Theorems 1 and 2 in Section 1. We remark here
that Theorem 3 in Section 1 follows immediately from (b) of Theorems 1 and 2. Before closing this section, we

will illustrate the identity (14), for m = 2,r = 1 and also for m = 3,r = 1. For this, we first note that

To(x) =1, Ti(x) = x, To(x) = 2x* — 1, T3(x) = 4x° — 3x, (47)
1 1 3 1
Bo(x) =1,Bi(x) =x— =,By(x) = x> —x+ =, B3(x) = x® — Zx2 + ~x. (48)
2 6 2 2
By (35), we have
Asp=2,M1 =12,A15 =6, (49)
ANy =0,A31 =16,App =24,A1 53 = 8. (50)

In addition, from (47), we see that

Y Ti(x)Ti(x) =122 —8x, Y Ti(x)Tj(x) = 52> -2,
i+j=3 i+j=2

Y. Ti(x)Tj(x) =2x, ) Ti(x)Ti(x) =1.

i+j—1 i+j=0

(51)

Now, we see from (48)—(51) that the identity in (14) for m = 2,r = 1 and that, for m = 3,vr =1
correspond respectively to

Y Ti(0)Tj(x)+2x Y, Ti(x)Ti(x) +3x* Y Ti(x)Ti(x) — Y Ti(x)Ti(x)

i+j=2 i+j=1 i+j=0 i+j=0
= Bo(x) + 12B; (x) + 12By(x) = 12x* — 3,
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Yo T(x)Ti(x)+2x Y Ti(x)Ti(x) +3x* Y Ti(x)Ti(x)

i+j=3 z+] 2 i+j=1

+4x° Y Ti(0)Ti(x) = Y, Ti(x )—2x Y Ti(x)Ti(x)
i+j=0 i+j=1 i+j=0

= 16B;(x) + 48B,(x) + 32B3(x) = 32x> — 16x.
3. Fourier Series Expansions for Functions Related to the Lucas Polynomials

The proof for the next lemma will be omitted, as this can be shown just as in the case of Lemma 1.

Lemma 2. Let m, r be integers with m > 2, v > 1. The following identity holds true:

i ) (r—:l) (g)l Lij(x)--- Ly, (x)

1=011+ - +ipp1=m—I

fT (TG wenaw ®)

=0 iy +-+ipp=m—1-2
2r+l

Lk (x),

where the first and second inner sums on the left-hand side are respectwely over all nonnegative integers
i1, iy, withiy+ -+ + iy =m—1Land withiy + - - - + i,y =m—1—

Remark 2. The identity in (52) follows from

21’+l 0

YL ()"

= i i (Hrrl> G)l Y. Ly(x)-- Ly, (0" (53)

i1+~~~+i,+1:m—l

0
. i m—2 (r_:l> <g)l Z Lil(x)"'LirJrl(x)tm'

i1+-**+i7+1:H17172

Lgr)(x) =rl, (54)
LYy (x) = (r+1)tx, (55)
L, (x )(”;1)'{( +1+er) 2+271_1}. (56)

We see from (8) that the rth derivative of L, (x) is given by

2]
Lgr)(x) . IZ % (n l— Z> (n — 21),2" 2, (57)
=0
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Then, combining (52) and (57), we have

Lor o (7)) et

0iy+++ippy=m—I

fE ()6 e

1=0 iy+-+ipp=m—1-2

2’*1(m+r % 1 m+r—1
mm+r—1 l

Form > 2,and r > 1, as in (15), we let

o= L (T (G) L

1=0 l]+---+i,+1:1117l

Y )y (rjl) (g)lLil(x) oLy (0)-

1=0 i1+-+ipp1=m—1-2

) (m+r—20),xm 2,

Now, we will consider the function

Bms(<x>) =

1=
TN
=
_|_
N
/N
AN
N| =
Vv
\_/N
h
N
=
S
-~
£
N
=
S

1

0 l'1+---+l'y+]:1117l

<r+l> (<;>>1Li1(<x>)_..LiM(<x>),

m—2
+ )

1=0 i1+-+ippg=m—1-2

g

r

which is defined on R and periodic with period 1. The Fourier series of B, (< x >) is

m,t 7Tl
B 62 mx

n=-—oo

where
(mr) _ ! —27inx
B, = ; By (< x >)e dx
1 .
— / 'Bm’r(x)emenxdx.
0
Form > 2, and r > 1, we put

Qm,r = ,Bm,r(l) - 5m,r(0)-

Then, from (58) and (63), we see that

27+1(m+r) [i
r! = m+r—1

Qm,r -

where we observe that

0) 0, if mis odd,
P (0) = 21 'n'q‘fr( T, if m s even.

12 0of 15

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)
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The following can be easily derived from (52):

d o+l 1
ﬁﬁm,r(x) = Lﬁnﬂ)(x) = (r; ) Bm—1,r41(x), (66)
d
dx( Bmt1,—1( ) (67)
/ B (x)dx = g Qui1r-1, (68)
By (0) = Bur(1l) <= Qpr = 0. (69)

We are now ready to determine the Fourier coefficients B,(qm’r),

Case1: n # 0.
(mr) __ ! —2minx
B, = ﬂm,r(x)e dx

—2minx 1 1 ! d —27minx
N 27rm {’er( x)e } * Znin/o (dx'er(x)> ¢ dx

) (70)
r+1 —2minx
dx — ——Q
Zmn 2 / Prrri(x T o
_ 1 r+1 B(mfl,rJrl) . 1
2in 2 " 2min """
Thus, we have derived the following recurrence relation:
1 r+1_m-1r+1) 1
B(mﬂ’) — B , _ 71
" 2min 2 " 2min ™ @)
from which we readily have
(myr) 2 & 1 j(?’—|—j—1)]‘ ) )
Case 2: n = 0.
mr) _ ! 2
BO :/O ﬁm,r(x)dx = ;Qm+1,r71- (73)

Then, from (72), (73), (43), and (44), we obtain the following Fourier series expansion of Bm,(< x >),
which is given by

2 ad 2 1 J (T’—I—j—l)]’ 27Tinx
;Qerl,rfl - Z (1’ ; (27_”.”> o Qm—j-i—l,r-‘,—j—l e

n=—o0,n#0

2 r+ 1 Y i
mequr 1+ = Z( I= )2]Qm —j+1r+j— 1( J! Z (27Tin)j>

] 1 ] n=—oo,n#0

2 & r+j—1\1
== ) ( ]. >2ij—j+1,r+j—1Bj(< x>)
" i=0j#1 ]

Bi(<x>), for xe R-17Z,
vy, BT S
0, for x € Z.

(74)
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Note here that Qy,, > 0, forany m > 2, v > 1. Thus, B, (< x >) is piecewise C*, and discontinuous
with jump discontinuities at integers. Thus, the Fourier series of Bm,(< x >) converges pointwise to
Bmy (< x >), for x € R — Z, and converges to

3 (B (0) + s (1)) = Bus(0) + 50, 75)

forx € Z.

This observation together with (74) and (75) yields Theorem 4 in Section 1. Here, we observe that Theorem 5
in Section 1 follows from (b) of Theorem 4.

From (9), we can easily deduce that

. ix
2r g " 0y (E) = By (x). (76)
In turn, by Theorems 3 and 5, (76) yields the following theorem.

Theorem 6. For any integers m,r withm > 2, v > 1, we let

m—1
27+1(m+r)[2] 1 m+r—1
Qm,r— 7 I;O m+rl( ] )(m+r—2l)r.

Let m, r be integers with m > 2, r > 1. Then, we have the following identity:

i1 ix
2’ 122]< ; )Am—j+1,r+j—1Bj (2)

j=0
men (T+i—1\ 1
=" 20 < i ) Eﬂm—j-i-lrr'*'j—le(x)’
]:

where Ay, » and Oy, are respectively as in (35) and (64).

4. Conclusions

In general, the connection problem is concerned with determining the coefficients ¢y, (k) in the
representation of the product of two polynomials 7, (x) and s, (x) as linear combinations of an arbitrary
polynomial sequence {pi(x) },~o:

n+m

ra(x)sm(x) = I;) Cnm (k) pr(x)- (77)

As a generalization of this and motivated by the example in (1), we considered the problem of
representing sums of finite products of Chebyshev polynomials of the first kind and those of Lucas
polynomials in terms of Bernoulli polynomials. We accomplished this by deriving the Fourier series
expansions of the functions related to those two kinds of sums of finite products of polynomials. Finally,
we remark here that it is certainly possible to represent such sums of finite products of polynomials by
some orthogonal polynomials, which is our ongoing project.
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