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Abstract: In this article, a new class of harmonic univalent functions, defined by the differential
operator, is introduced. Some geometric properties, like, coefficient estimates, extreme points, convex
combination and convolution (Hadamard product) are obtained.
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1. Introduction

A continuous function f = u + iv is a complex-valued harmonic function in a complex domain C
if both u and v are real harmonic. In any simply connected domain B C C, we can write f = h + g,
where h and ¢ are analytic in B. We call h and g are analytic part and co-analytic part of f respectively.
Clunie and Sheil-Small [1] observed that a necessary and sufficient condition for the harmonic functions
f = h+ g to be locally univalent and sense-preserving in B is that |1/ (z)| > |¢(2)|, (z € B).

Denote by Sy the family of harmonic functions f = h + g, which are univalent and
sense-preserving in the open unit disc U = {z € C : |z| < 1} where I and g are analytic in B and f is
normalized by f(0) = h(0) = f,(0) —1 = 0. Then for f = h+3 € Sy, we may express the analytic
functions h and g as

h(z) =z+ Z anz", g(z) = Z bpz", |b1| < 1. 1)
n=2 n=1

Note that Sy reduces to the class of normalized analytic univalent functions if the co-analytic part
of its members equals to zero.

Also, denote by S the subclass of Sy consisting of all functions fi(z) = h(z) + gx(z), where
and g are given by

[eo) [ee]

h(z) =z~ Y |an|z" and gi(z) = (—=1)* ¥ bul2", [b1] < 1. )
n=2 n=1

In 1984 Clunie and Sheil-Small [1] investigated the class Sy, as well as its geometric subclass
and obtained some coefficient bounds. Many authors have studied the family of harmonic univalent
function (see References [2-7]).
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In 2016 Makinde [8] introduced the differential operator F¥ such that

Ff(z) =z + Y Cuz", ®)
n=2
where
_n! k _ k| —(k—1 o =
an—ml F'f(z) =z lz ( )+r§:2cnkzn , ke No=NU{0},
and

Ff(2) = f(2), Ff(z) =2+ ) G2
n=2
Thus, it implies that F¥ f(z) is identically the same as f(z) when k = 0. Also, it reduced the first
differential coefficient of the Salagean differential operator when k = 1.
For f = h + g given by Equation (1), Sharma and Ravindar [9] considered the differential operator
which defined by Equation (3) of f as

Fff(z) = F'h(z) + (—1)"Fkg(z), k e Ng = NU {0},z € C, @)
where
(e} [ee] '
Fih(z) =z + Y Cpanz", Fig(z) = Y Cixbuz" and Cpp = |nnik|' )
n=2 n=1 -

In this paper, motivated by study in [9], a new class Ag(k,a,v)(k € Ng =NU{0}, 0 <y <1,
0 < & < 1,) of harmonic univalent functions in U = {z € C: |z| < 1} is introduced and studied.
Furthermore, coefficient conditions, distortion bounds, extreme points, convex combination and radii of
convexity for this class are obtained.

2. Main Results

2.1. The Class A (k,a,7y)

Definition 1. Let f(z) = h(z) + g(z) be a harmonic function, where h(z) and g(z) are given by Equation
(1). Thenf(z) € Ag(k,a, ) it satisfies

Fk+1f(z)
“{a—vv+vﬁﬂn}>“’ o

fork e Ng=NU{0},0<vy<1,0<a<1,zeUand ka(z) defined by Equation (4)

Let A7 (k, a,v) be the subclass of Ay (k,a,y), where A (k,«,v) = SN An(k,a, ).
Remark 1. The class A (k, &, y) reduces to the class Br(k, a) [9], when v = 1.
Here, we give a sulfficient condition for a function f to be in the class Ag(k, «, 7).

Theorem 1. Let f(z) = h(z) + g(z) where h(z) and g(z) were given by (1). If

(agk

@(n,k,a,')/)|un| + Z lb(n/k/“,')’)|bn| S 1/ (6)
2 n=1

3
Il
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where ( K \
_ U =K —ay)Cyk
@(I’l,k,ﬂé,')’) - (1 . “)
— (‘l’l _k| +‘X')’)an
lb(n/k/a/,)/) - (1 _ 0{)

(keNg=NU{0},0<y<1,0<a<1 neN),

then f(z) is harmonic univalent and sense-preserving in U and f(z) € Ag(k,a, 7).

Proof. Firstly, to show that f(z) is harmonic univalent in U, suppose thatzy,z, € U for [z1| < [z2] <1,
we have by inequality so that z; # z, then

‘ f(z1)—f(z2)
h(z1)—h(z2)

Yo bu (27 -25)

>1_ ’g(zn—g(Zz)

= )@ | T | z) L e (45
oo (In—k|+ay)C,
>17M>17 ﬂle)”k‘bﬂ
B L - o (n=k-ay)C 2
1 ):n:2 n‘ﬂ)l‘ 1_2,1:2 %‘anl

Thus f is a univalent function in U.
Note that f is sense-preserving in U. This is because

=
—
N
-
IV

(1-a)

1n|bn|\2|’“l > |g'(2)].

& n—1 - v (n=k|—a7)Cp
1— % gz > 1— ¥ nlay| > 1- ¢ UG g
n=2 o n=2

—k ®
(=Rt |p,| > L nlba| 2
n=

n=

According to the condition of Equation (5), we only need to show that if Equation (6) holds, then

e FkJrlf(Z) = RKe|lw = @ 14
R{07ﬁ+wv@}‘R< ‘B@)>

wherez =re?, 0 <0 <2m, 0<r<land0<a <1.
Note that A(z) = F**1f(z) and B(z) = (1 — )z + 7F*f(2).
Using the fact that Re(w) > a if and only if |w — (1 4+ a)| < |w + (1 — )|, it suffices to show that

[A(z) = (1 +a)B(z2)| = [A(z) + (1 —a)B(z)| <0 )
Substituting for A(z) and B(z) in |A(z) — (1 + «)B(z)|, we obtain

|A(z) = (1+a)B(z)] = ’F"“f(Z) —(1+a) [ =)z + 7P f(2)] ’
Cofeannz" + (=1 21 Cn(k+1)bnzn}

138

=+

n

2
—(1+w) [(l —Y)z+yz+7 Zz Cpranz" + 7(—1)k 21 anbnz”}
n—=.

n=

®)
<alzl+ L I(v(1+a)) = |n = K[|Cuelan] 2"
n=

+ L1+ a)+[n— k| Crlanl[2]".
n=
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Now, substituting for A(z) and B(z) in |A(z) + (1 — «)B(z)|, we obtain

A + (1= )BE)| = [FHLf(z) + (1—a)[(1 = 1)z + 7Ff(2) |
= [Z + nOX:;Z Cok41)anz" + (-1 :X; Cn(k+1)b”‘zn]

+(1—a) [(1 —7)z+rz+ vnOZ:JZ Coranz" + (1) El anbnz"} )
> 2= )fzl = L|(v(x—1)) = In ~ KIColau] 2]
= ¥ lln =K = (r(1 = @) Curlonl 1"
Substituting for Equations (8) and (9) in the inequality we obtain
|A(z) = (L+a)B(z)| — |A(z) + (1 — a) B(z)]
< alzl+ L [(v(1 +0) ~ 1~ Kl[Curlan] 12
+ L (14 8)) = K[Conlba 2"
Ha=2)|Z+ (= 1)) = | = Kl ool 2]
+ L [l =k = (71~ )| Curlbul "
=2 % (Jn— K~ a7)Cutlanl +2 L (In ~ K| +a7)Curlba] ~2(1 =)
< 0. (by hypothesis).
Therefore, we have
Y (1K = &) Corloa] + 1 (In —Kl-+27)Cuclul < (1),
=2 n
O
The harmonic univalent function
‘”Z nklx Sk ay) +Zm%z", (10)

where k € Ny and Y37 , | X, | + X521 | Vu| = 1, shows that the coefficient bound given by Equation (6)
is sharp. Since

Z @(f’l,k,ﬂé,'y”anl_._ Z 11)(n,k,0(,7)|bn|

n:ZOO n=1

= Zzg(n,k,a,’y)ﬁ|ﬂf‘ w| + Z P(n, k,a, 'Y)WD}M
n=
2| | + Zlynlfl
n=2

Now, we show that the condition of Equation (6) is also necessary for functions f; = h + g, where

h and g, are given by Equation (6).

Theorem 2. Let fi = h + gy be given by Equation (6). Then fi(z) € Ag(k, «, ) if and only if the coefficient
in condition of Equation (6) holds.
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Proof. We only need to prove the “only if” part of the theorem because of Ag(k,a,v) C Ag(k, a,7).

Then by Equation (5), we have
k+1
Re F f(Z)k >a
(1 =)z +7Ff(2)

00 2k+1 oo =
2= Yoy Cogesny an 2" + (=1)* 021 Crgrrn) 1buZ"
—a{(1= 1)z + 72 +7 L Clanl2" + 1 (=)™ iy Curlon[2" |
) k oo —
(1 - ')’)Z +yz— 'YZn:Z an‘an|z” + 7(_1)2 Zn:l an|b”|zn

or, equivalently

Re

>0 (11)

We observe that the above-required condition of Equation (11) must behold for all values of z in U.
If we choose z to be real and z — 17, we get

(1 —a) = Xl (|n — k| — ay)Colan|
+ Xl ([ — k| 4+ ay) Cux b

1- 72;0:2 an|an|z"*1 + 'YZ;O:] an|bn|zni1 B

(12)

If the condition (6) does not hold, then the numerator in Equation (12) is negative for r sufficiently
closed to 1. Hence there exist zg = rp in (0,1) for which the quotient in Equation (12) is negative,
therefore there is a contradicts the required condition for fi € Ag(k,a,y). O

2.2. Extreme Points

Here, we determine the extreme points of the closed convex hull of A(k,«,7), denoted by
clcoAg(k, o, ).

Theorem 3. Let fi given by (1.2). Then fi, € Ag(k, a, ) if and only if

fi(z) = Y (Xuhn + Vugin)
n=1

where .

p— — J— —_— n pr—

hi(z) =z, hy(z) = z ®(n,k,06,’y)z ,n=23...,
() =24 (<1 —— 5 12
gki’l Il)(n,k,a,’y) ’ VAR
and .
Xy >0, V>0, X1 =1-3Y (Xy+Wu) >0
n=2

In particular the extreme points of Az (k,a,y) are {h,,} and {gi}

Proof. Suppose

fk(z) = OZO: (thn +yngkn)

n=1

=) (Xﬂhn + yﬂgkn)z - 22 @(n,ll,zx,'y) Xz + (_1)k Zl w(n,ifﬂr) Yuz"
n—=

n=1 n—=

_ . 1 k-1 & 1 _
T ngz Bk + (1) ;El Plnkan V7
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Then -
Z a(n,k,a,v)|an| + Z W(n, ko, ) byl

n=2

_ E ®(n,k,zx,’r)(WX") + glq’("’k’a'w(myn)

—ZXn+Eyn—1_Xl<1

n=2

Therefore fi(z) € clcoAg(k &, 7).
Conversely, if fi(z) € clcoAg(k,«, ). Then

Set X, = @(n,k,a,v)|ay|, (n=2,3,...)and V,, = Y(n,k,a, ) |bn|,
(n=12...)and X} =1— OZO‘, Xn + E Yn
n=2 n=1

The required representation is obtained as

l’lo:oZ n=1 " o
=z— L__x,2"+(-1)F Yy ——L 7"
up D(nkay) =y Wlnkay)
=z-— 22[2 —hn(2)] X+ L [z = 8k (2)]Vn
n= n=
=|1- ZZXn - 21 Vnlz+ Zzhn(z))(n + Zlgkn(z) Vn = Z (X h + yngkn)
n= n= n= n= n=1

2.3. Convex Combination

Here, we show that the class Az (k, «,y) is closed under convex combination of its members.
Let the function fy ;(z) be defined, fori =1,2,...,m by

sz *Z_ Z|“nl|z + Z |bnl|z (13)

Theorem 4. Let the functions fy;(z), defined by Equation (13) be in the class Ag(k,a, ), for every
i=1,2,...,m. Then the functions c;(z) defined by

[ee]
thk, ,0<t <1

are also in the class Ag(k, o, ), where Y22 t; = 1.

Proof. According to the definition of c;(z), we can write

ci(z)—zZ(Zt|am|>z +( ki(it,»%ﬂ)z”

n=2 n=1 \i=1
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Further, since fy ;(z) are in Ag(k,«, y) for every i = 1,2,...,m, then by Theorem 2, we obtain

» @(n,k,a,y)(;fl ti|an,i|> +k§1¢(n,k,a,7)<i l bn,i|>

k=2
= £ (£ atnkunial+ £ olnbuanlbd) <

i=1 i

ti=1,

Tt

which is required coefficient condition. [

2.4. Convolution (Hadamard Product) Property

Here, we show that the class Az (k, «, y) is closed under convolution.
The convolution of two harmonic functions

filz) =z = Y |anlz" + (~1)F Y |2,
n=2 n=1

and
o0

Qu(z) =z— Y |Lul2" + (1) ¥ [My[2"
n=1

n=2

is defined as
(i Q0)(&) = ful2) * Qu(2)
=z— Y |anLa|z" + (=1)F ¥ |byM,|z"
n=1

n=2
Using Equations (12)—(14), we prove the following theorem.
Theorem 5. For 0 < u < a <1, k € Ny, let f, € Ag(k,«,y) and Q, € Ag(k, u,7y). Then
fuxQu €Ag(k,a,v) C Aglk, 1, ).
Proof. Let

fole) =2 - iz a2 + (—1)F f:l b2

be in the class A (k, «,y) and
Qu(x) =2 = Y ILal2" + (-1)" 10 [Ma[2",
n=2 n=1

be in Ag(k, 1, ).

(14)

(15)

(16)

Then the convolution f;, * Qy is given by Equation (16), we want to show that the coefficients of

fn * Qp satisfy the required condition given in Theorem 1.

For Q, € Ag(k, i, ), we note that |L,| < 1and |M,| < 1. Now consider convolution functions

fu * Qp as follows:
kgzg(”rkrﬂ/’Y)WnHLn’+k§1¢(”rkfﬂr7)|bn||Mn|

< kgzﬁ(n,k,y,v)lﬂnI +k§11|)(n,k,y,’r)|bn\ <1

Since 0 <y < w < 1and f, € Ag(k,«, ). Therefore f, x Q, € Ag(k,a,v) C Ag(k, u,y).

O
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2.5. Integral Operator

Here, we examine the closure property of the class Ag(k,a,y) under the generalized
Bernardi-Libera-Livingston integral operator (see References [10,11]) £, (f) which is defined by,

Lu(f) = url /Oz (B, u > —1. (17)

Zu

Theorem 6. Let fi(z) € Ag(k,a, ). Then

Ly (fk(z)) GAﬁ(k, x, 7)

Proof. From definition of £, (fi(z)) given by Equation (17), it follows that

Lu(fi(z)) =4t et (t zzwan|t"+<f1>" L |bn|t”)dt
n= n—=

v outl n _1)k o utl b, |z
=z 22 u+n|a”|z +( ) E u+n| ”|Z
n=

—z— Y Gu"+ (-1)" 1 ¥ L,z"

n=2 n=1
where
Gy = “tl|a,|, and
Lfl - %lbn|
Hence . -
kzz @(n, k/ &, ’Y) Zi}l |a71| + kzl 1])(7’1, k/ o, r)/) 51}1 |bi’l‘
< L g(nkay)lan + L w(nka,v)ba| <1
n=2 n=1
by Theorem 2.

Therefore, we have L, (fx(z)) € Ag(k,a,y). O
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