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Abstract: We propose the so-called fuzzy semi-metric space in which the symmetric condition
is not assumed to be satisfied. In this case, there are four kinds of triangle inequalities that
should be considered. The purpose of this paper is to study the common coincidence points and
common fixed points in the newly proposed fuzzy semi-metric spaces endowed with the so-called
p<-triangle inequality. The other three different kinds of triangle inequalities will be the future
research, since they cannot be similarly investigated as the case of t<-triangle inequality.
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1. Introduction

The topic of probabilistic metric space has been studied for a long time. In order to realize the
development and basic idea of probabilistic metric space, we may refer to Schweizer and Sklar [1-3],
Hadzi¢ and Pap [4] and Chang et al. [5]. The so-called Menger space is a special kind of probabilistic
metric space. Using the similar ideas of Menger space, Kramosil and Michalek [6] proposed the fuzzy
metric space as follows.

Let X be a nonempty universal set, let x be a t-norm, and let M be a mapping defined on
X x X x [0,00) into [0,1]. The 3-tuple (X, M, *) is called a fuzzy metric space if and only if the
following conditions are satisfied:

e foranyx,y € X, M(x,y,t) =1forallt > 0if and only if x = y;

e M(x,y,0)=0forallx,y € X;

e M(x,y,t)=M(yxt)forallx,y € Xand t > 0;

e M(x,y,t)*x M(y,zs) < M(xzt+s) for all x,y,z € X and s,t > 0 (the so-called
triangle inequality).

Sometimes the mapping M is called the fuzzy metric of the space (X, M, x). The fuzzy metric M
in (X, M, *) can also be regarded as a kind of membership function of a fuzzy subset of X x X x [0, 00).
The first and second conditions of fuzzy metric space (X, M, *) say that the fuzzy metric M(x,y, t)
can be interpreted as the membership degree of the distance that is less than or equal to ¢ between
x and y. In this paper, we shall not consider the symmetric condition M(x,y,t) = M(y, x, t). Therefore,
we shall consider the so-called fuzzy semi-metric space. Since the symmetric condition is not taken
into account, we shall separately consider four kinds of triangle inequalities.

Singh and Chauhan [7], Vasuki [8] and Wang et al. [9] studied the common fixed points in
fuzzy metric spaces. De la Sen et al. [10,11] studied the so-called fuzzy best proximity points and
fuzzy best proximity coincidence points. In this paper, using the four different kinds of triangle
inequalities, we shall study the common fixed points in fuzzy semi-metric spaces. We also investigate
the common coincidence points in fuzzy semi-metric spaces. Although the common fixed points
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are also the common coincidence points, regarding the uniqueness, the sufficient conditions will be
completely different.

This paper is organized as follows. In Section 2, we propose the fuzzy semi-metric space that is
endowed with four kinds of triangle inequalities. In Section 3, we introduce the auxiliary functions
that will be used to study the Cauchy sequence in fuzzy semi-metric space. In Section 4, we study
the Cauchy sequence in fuzzy semi-metric space by means of the auxiliary functions established in
Section 3. In Section 5, we derive many kinds of common coincidence points in fuzzy semi-metric
spaces that can be endowed with the different types of triangle inequalities introduced in Section 2.
Finally, in Section 6, we also study the common fixed points in fuzzy semi-metric spaces.

2. Fuzzy Semi-Metric Spaces

We first introduce the concept of triangular norm that is simply called a t-norm. We say that the
function = : [0,1] x [0,1] — [0,1] is a t-norm if and only if the following conditions are satisfied:

e (boundary condition) a *1 = a.

o (commutativity) axb = b*a.

e (increasing property) If b < ¢, thenaxb < axc.
e  (associativity) (axb)*c=ax (bxc).

According to the concept of commutativity of t-norm, it is clear to see that if the t-norm is
continuous with respect to the first component (resp. second component) then the t-norm is also
continuous with respect to the second component (resp. first component). More precisely, given
any fixed a € [0,1], we see that if the function f(x) = a# x (resp. f(x) = x*a) is continuous
then the function g(x) = x*a (resp. g(x) = a* x) is also continuous. Regarding the one-sided
continuity, it is clear to see that if the t-norm is left-continuous with respect to the first component
(resp. second component), then the t-norm is also left-continuous with respect to the second component
(resp. first component). Similarly, if the t-norm is right-continuous with respect to the first component
(resp. second component), then the t-norm is also right-continuous with respect to the second
component (resp. first component).

Proposition 1. (Wu [12]) Suppose that the t-norm x is left-continuous at 1 with respect to the first or
second component. For any a € (0,1) and any p € N, there exists r € (0, 1) such that

p times

——
Tkvk:--kr> (.

Definition 1. Let X be a nonempty universal set, and let M be a mapping defined on X x X x [0, c0)
into [0,1]. Then (X, M) is called a fuzzy semi-metric space if and only if the following conditions
are satisfied:

e foranyx,y € X, M(x,y,t) =1forallt > 0if and only if x = y;
e M(x,y,0)=0forall x,y € X withx # y;

We say that M satisfies the symmetric condition if and only if M(x,y,t) = M(y, x,t) for any
x,y € Xand t > 0.

In general, the fuzzy semi-metric space (X,M) does not necessarily satisfy the
symmetric condition. Therefore four kinds of triangle inequalities are proposed below.

Definition 2. Let X be a nonempty universal set, and let M be a mapping defined on X x X x [0, 00)
into [0,1]. Given a t-norm x, four different kinds of triangle inequalities are defined below.
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o  We say that M satisfies the p<-triangle inequality if and only if the following inequality is satisfied:
M(x,y,t) * M(y,z,5) < M(x,z,t+s) forall x,y,z € X and s, > 0.

e  We say that M satisfies the >-triangle inequality if and only if the following inequality is satisfied:
M(x,y,t) %« M(z,y,s) < M(x,z,t+s) forallx,y,z € X and s, t > 0.

e  We say that M satisfies the <-triangle inequality if and only if the following inequality is satisfied:
My, x,t) * M(y,z,5) < M(x,z,t+s) forall x,y,z € X and s, > 0.

o  We say that M satisfies the o-triangle inequality if and only if the following inequality is satisfied:

M(y,x,t) %« M(z,y,s) < M(x,z,t+s) forallx,y,z € X and s, t > 0.

Given a fuzzy semi-metric space (X, M), when we say that the mapping M satisfies some kinds
of triangle inequalities, it implicitly means that the t-norm * is considered in (X, M).

Remark 1. It is obvious that if the mapping M satisfies the symmetric condition, then the concepts
of p-triangle inequality, >-triangle inequality, <-triangle inequality and ¢-triangle inequality are
all equivalent.

In this paper, we shall only study the case of assuming that M satisfies the p<-triangle inequality.
The other cases of different kinds of triangle inequalities will be the future research, since they cannot
be similarly investigated as the case of p<-triangle inequality.

Remark 2. The following interesting observations will be used in the further study. Suppose that M
satisfies the ta-triangle inequality. Then

M(a, b, 1)« M(b,c, tp) * M(c,d, t3) < M(a,c,t1 + tp) * M(c,d, t3) < M(a,d, t1 + tr + t3).
On the other hand, we also have
M(b,a,t1) * M(c,b,tp) = M(c,b, t) * M(b,a,t1) < M(c,a,t; + £2),

which implies
M(b,a,t1) * M(c,b,tp) « M(d,c, t3) < M(d,a,t; + ty + t3).

In general, we have
M (x1,x2,t1) % M (x2,X3,£2) % - % M (xp, Xps1,tp) < M (x1,%pi1, b1+t + - +1tp)
and
M (xg,x1,t1) * M (x3,x0,tp) % - - % M (po,xp, tpH) <M (xp+1,x1,t1 +ih+ 1)

Definition 3. Let (X, M) be a fuzzy semi-metric space. We say that M is nondecreasing if and only if,
given any fixed x,y € X, M(x,y,t1) > M(x,y,ty) for t; > t;.

Proposition 2. Let (X, M) be a fuzzy semi-metric space. If M satisfies the ><-triangle inequality, then M
is nondecreasing.
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Let (X, d) be a metric space. If the sequence {x,}_; in (X,d) converges to x, i.e., d(x,,x) — 0

as n — oo, then it is denoted by x;, i> x as n — oo. In this case, we also say that x is a d-limit of
the sequence {x,}$> ;. Since M does not necessarily satisfy the symmetric condition, it means that
M(xp, x,t) # M(x, x4, t) in general. Therefore we propose the following limit concepts.

Definition 4. Let (X, M) be a fuzzy semi-metric space, and let {x,, }7* ; be a sequence in X.

. M . .
e  We write x, — x asn — oo if and only if

lim M(xy, x,t) = 1forallt > 0.

n—o00

In this case, we call x a M"-limit of the sequence {x,,}> ;.

. M- . .
o  We write x, — x as n — oo if and only if

lim M(x,x,,t) =1forallt > 0.

n—oo
In this case, we call x a M“-limit of the sequence {x,,}7° ;.

. M . .
e  We write x, — x as n — oo if and only if

lim M(xy, x,t) = lim M(x,x,,t) = 1forall t > 0.

n—o0 n—o0

In this case, we call x a M-limit of the sequence {x;, }; ;.
The following interesting results will be used for the further study.

Proposition 3. Let (X, M) be a fuzzy semi-metric space along with a t-norm, and let {x, }5>_, be a sequence
in X. Suppose that the t-norm * is left-continuous at 1 with respect to the first or second component, and that
M satisfies the p<-triangle inequality. Then we have the following properties.

o Ifxy M, x and x, ﬂ>y,thenx:y.

o Ifx, M, x and x, &y,thenx:y.

Proposition 4. Let (X, M) be a fuzzy semi-metric space along with a t-norm  such that the t-norm x is
left-continuous with respect to the first or second component, and that satisfies the following inequality

n

sup (an *by) > (sup an) * (sup bn>
n n

for any sequences {a, }5_ and {b,}>>_; in [0,1]. Suppose that M satisfies the ><-triangle inequality. Given

a sequence {(Xp, Yn, tn)}5_q in X x X x (0,00) with t, — t°, x, Mo v and Yn M, y°asn — oo,
the following statements hold true.

o Ifthe mapping M(x°,y°,-) : (0,00) — [0, 1] is continuous at t°, then
nlglt}o M(xn/]/n/tn) = M(xor]/ozto)‘
o Ifthe mapping M(y°,x°,-) : (0,00) — [0, 1] is continuous at t°, then

]}gr(}OM(yn,xn,tn) = M(y°,x°,t°).

Based on the intuitive concept of the value M(x, y, t), we see that M(x, y, t) = 1 means the distance
between x and y that is surely less than or equal to ¢, and M(x,y, ) = 0 means the distance between x
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and y that is surely greater than ¢. Therefore if x # y with distance ty, # 0 between x and y, then it
is impossible for M(x,y,t) = 0 and for all ¢ > 0. In other words, there exists ty > 0 with t,, < tg
satisfying M(x,y, to) # 0. We propose the following definition.

Definition 5. Let (X, M) be a fuzzy semi-metric space. We say that M satisfies the distant condition if
and only if, for any x,y € X with x # y, there exists t; > 0 such that M(x,y, ty) # 0.

3. Auxiliary Functions

Since M(x, y, t) is the membership degree of the distance between x and y that is less than or equal
to t, it is natural to see that the mapping M(x, y, -) is nondecreasing or symmetrically nondecreasing
as shown in Proposition 2. On the other hand, since the distance will always be less than or equal
to a large ¢, it is also reasonable to argue that if ¢ is sufficiently large, then the membership degree
M(x,y,t) is close to 1, and if t is sufficiently small, then the membership degree M(x, y, t) is close to 0.
Therefore we propose the following definition.

Definition 6. Let (X, M) be a fuzzy semi-metric space.

e  We say that M satisfies the canonical condition if and only if, for any fixed x,y € X,

lim M(x,y,t) =1for any fixed x,y € X.

t—+o0
o  We say that M satisfies the rational condition if and only if, for any fixed x,y € X,

li t)=0f fi X.
tirgLM(x,y, ) = 0 for any fixed x,y €

Example 1. Let X = R, and let the t-norm = be taken as the multiplication a * b = a - b. For each t > 0,

we define /

M) = Ry

for all x,y € R. Then (X, M, %) is a fuzzy metric space such that M satisfies the canonical and rational
conditions, and that the mapping M(x,y, -) : (0, +o0) — [0, 1] is continuous.

Given a sequence {x,}? ; in fuzzy semi-metric space (X, M), we see that M(x,, x,,t) #
M(xy, X, t) in general. Therefore the different concepts of Cauchy sequence are proposed below.

Definition 7. Let (X, M) be a fuzzy semi-metric space, and let {x,, }?> ; be a sequence in X.

e  Wesay that {x,} ; is a >-Cauchy sequence if and only if, given any pair (,t) with t > 0 and
0 < r < 1, there exists n,; € N such that M(xy,, xn,t) > 1 — r for all pairs (m, n) of integers m and
nwithm >n > ny;.

e  Wesay that {x,} ; is a <-Cauchy sequence if and only if, given any pair (r,t) with t > 0 and
0 < r < 1, there exists n,; € N such that M(xy, x,t) > 1 — r for all pairs (m, n) of integers m and
nwithm >n > ny;.

The >-Cauchy sequence means that we consider M(xy, x,t) > 1 —r for m > n, and the
<-Cauchy sequence means that we consider M(xy, X, t) > 1 —r forn < m.

e  We say that {x,}®" , is a Cauchy sequence if and only if, given any pair (r,t) with t > 0 and
0 < r < 1, there exists n,¢ € N such that M(xy,, x,,t) > 1 —r and M(xy, xpm,t) > 1 —r for all
pairs (m, n) of integers m and n with m,n > n,; and m # n.

The theorems of coincidence points and fixed points should be based on the Cauchy sequences.
Therefore we introduce two kinds of auxiliary functions to obtain the useful properties regarding the
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Cauchy sequences. One is based on the infimum, and another one is based on the supremum. If M
satisfies the canonical condition, then we shall consider the auxiliary function using the concept of
infimum, and if M satisfies the rational condition, then we shall consider the auxiliary function using
the concept of supremum.

3.1. Auxiliary Function Based on the Infimum

Let (X,M) be a fuzzy semi-metric space such that M satisfies the canonical condition.
We introduce the auxiliary function using the concept of infimum.

Definition 8. Let (X, M) be a fuzzy semi-metric space such that M satisfies the canonical condition.
Given any fixed x,y € X and any fixed A € (0, 1], we define the set

QYA x,y) = {t>0: M(x,y,t) >1— A}
and the function T+(A, -,+) : X x X — [0, +-00) by
Fi()t,x,y) = iani(/\,x,y) =inf{t >0: M(x,y,t) >1—A}.

Since the symmetric condition is not satisfied, it means that Qi()\, xX,y) # Qi()\, y,x) and
I‘i(/\, x,y) # ri()\, ¥, x) in general. We also need to claim that Qi(/\, x,y) # @ and QL(A, y,x) # Q.
Suppose that Q¥ (A, x,y) = @. Then we must have M(x,y,t) < 1 — A for all t > 0. Therefore we obtain

lim M(x,y,t) <1-A<1,

t—+oco

which contradicts the fact that M satisfies the canonical condition. This says that Definition 8
is well-defined.

Proposition 5. Let (X, M) be a fuzzy semi-metric space such that M satisfies the canonical condition.
Suppose that M satisfies the b<-triangle inequality. Given any fixed x,y € X and any fixed A € (0,1),
for any € > 0, we have

M (x,y, V(A x,y) + e) >1-—A 1)
If we further assume that the mapping M(x,y, ) : (0,00) — [0, 1] is right-continuous, then

M (x,y, Fl()\, x,y)) >1—A. ()

Proposition 6. Let (X, M) be a fuzzy semi-metric space along with a t-norm * such that M satisfies the
canonical condition and the t-norm * is left-continuous at 1 in the first or second component. Suppose that M
satisfies the ><-triangle inequality. Given any fixed x1,x2,- - - ,xp € X and any fixed p € (0,1}, there exists
A € (0,1) such that

Fi(y, x1,Xp) < Fl()\, x1,X2) + Fi(/\, Xp,x3) + Fi(/\, X3,X4) + -+ l"i(/\, Xp-1,Xp) 3)

and
TH(p, xp,x1) < THA, x2,x7) + TH(A, X3, x2) + TH(A, x4, x3) 4+ - + THA, xp, xp 1), )

Proof. If 4 =1, then

IH(1,x1,xp) = inf {t > 0: M(x1,xp,t) > 0} =inf{t > 0} =0,
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and the result is obvious. Therefore we assume y € (0,1). According to Proposition 1, there exists
A € (0,1) such that
1=A)s--x(1=A)>1—pn. ()

Given any € > 0, we have

M (xl,xp,ri(/\, x1,22) +THA, x,x3) + -+ THA, x50, xp) + (p — 1)6)
> M (xl,xz, Fi(}\, x1,%2) + e) %% M (xp_l,xp,l"i()\, xp_l,xp) + e)
(by Remark 2)

>(1—A)*---%(1—A) (by (1) and the increasing property of t-norm)
>1—p (by (5).

By the definition of I'y, we obtain
TH(A, x1, %) + THA, xg, x3) + - - - + TH(A, Xp-1,%p) +(p—1)e > I (u, X1,Xp).

By taking € — 04, we obtain the inequality (3). The inequality (4) can be similarly obtained.
This completes the proof. [

Definition 9. Let (X, M) be a fuzzy semi-metric space such that M satisfies the canonical condition.

e Givenany fixed A € (0,1), we say that {x,}%_, is a (A, >)-Cauchy sequence with respect to I'* if
and only if, given any € > 0, there exists ne € N such that m > n > n. implies l"i()t, Xm, Xn) < €.

e Givenany fixed A € (0,1), we say that {x,}%_, is a (A, <)-Cauchy sequence with respect to I'* if
and only if, given any € > 0, there exists ne € N such that n > m > n. implies l"l()\, Xm, Xn) < €.

e Givenany fixed A € (0,1), we say that {x,, }*_, is a A-Cauchy sequence with respect to I'* if and
only if, given any € > 0, there exists 1. € N such that m,n > n. implies T+(A, x;u, x,,) < € and
THA, x4, ) < €.

The following interesting properties will be used for the further study.

Proposition 7. Let (X, M) be a fuzzy semi-metric space along with a t-norm * such that M satisfies the
canonical condition and the t-norm x is left-continuous at 1 with respect to the first or second component.
Suppose that M satisfies the b<-triangle inequality.

(i)  Let {xn}3>, bea sequence in X. Then the following statements hold true.

o Xy M xasn — oo ifand only if T+(A, x,,x) — Oasn — oo forall A € (0,1).
o Xy M xasn — oo ifand only if T+(A, x,x,) — Oasn — oo forall A € (0,1).
(i) Let {x,};>  be a sequence in X. Then the following statements hold true.
o {xu}% is a >-Cauchy sequence in metric sense if and only if it is a (A, >)-Cauchy sequence with
respect to T+ forall A € (0,1).
o {xu} 4 isa <-Cauchy sequence in metric sense if and only if it is a (A, <)-Cauchy sequence with
respect to T+ forall A € (0,1).

3.2. Auxiliary Function Based on the Supremum

Let (X, M) be a fuzzy semi-metric space such that M satisfies the rational condition. We introduce
the auxiliary function using the concept of supremum.
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Definition 10. Let (X, M) be a fuzzy semi-metric space such that M satisfies the rational condition.
Given any fixed x,y € X with x # y and any fixed A € [0, 1), we define the set

O\, x,y) = {t>0: M(x,y,t) <1-A}
and the function TT(A,-,-) : X x X — [0, +-00) by
T\, x,y) =sup QT (A, x,y) =sup {t > 0: M(x,y,t) <1—A}.
For convenience, we also define TT(A,x,x) = 0 forall A € [0,1).

For x # y, we need to claim that QT (A, x,y) # @. Suppose that QT(A, x,y) = @. Then we must
have M(x,y,t) > 1 — A for all t > 0. Therefore we obtain

lim M(x,y,t) >1—-A>0,

t—1>r51+ (y.t) 2 ~

which contradicts the fact that M satisfies the the rational condition. This says that Definition 10 is
well-defined. We also see that

I1(0,x,y) = sup {t > 0: M(x,y,t) <1} = sup{t > 0} = +oo.

Let us recall that M(x, y,t) can be interpreted as the membership degree of the distance between
x and y that is less than or equal to t. It means that, when the distance between x and y is finite
and tyy is a positive real number that is larger than the distance between x and y, we should have
M(x,y, txy) = 1. In other words, the distance between x and y that is less than or equal to fyy is
definitely true. The formal definition is given below.

Definition 11. (Wu [12]) Let (X, M, *) be a fuzzy quasi-metric space. Given any two elements x,yy € X
with x # y, the concepts of finite distance are defined below.

e Wesay that x and y have a finite distance beginning from x to y if and only if there exists t,, € (0, +0)
such that M(x,y, txy) =1.

o  We say that x and y have a finite distance if and only if x and y have a finite distance beginning
from x to y and beginning from y to x.

It is obvious that if M satisfies the symmetric condition, then the concepts of finite distance
beginning from x to y and beginning from y to x are equivalent. The following results can be obtained
by using the routine argument.

Proposition 8. Let (X, M) be a fuzzy semi-metric space along with a t-norm * such that M satisfies the
rational condition. Given any fixed x,y € X and any fixed A € (0,1) such that TT(A, x,y) < oo, for any
€ > 0, we have

M (x,y, r'(a, x,y) + e) >1-— A (6)

Proposition 9. Let (X, M) be a fuzzy semi-metric space along with a t-norm * such that M satisfies the
rational condition. Suppose that M satisfies the ><-triangle inequality. Given any fixed x,y € X and any fixed
A € (0,1), we have the following properties.

() IFM(x,y,t) <1—Athent <TT(A,x,y).
(i) IFM(x,y,t) >1—A, thenTT(A, x,y) < +ooand t > TT(A, x,y).

Proposition 10. Let (X, M) be a fuzzy semi-metric space along with a t-norm * such that the t-norm is
left-continuous at 1 in the first or second component. Suppose that M satisfies the rational condition and the
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>a-triangle inequality. Given any fixed x1,x3,--- ,xp € X and any fixed p € (0,1), there exists A € (0,1)
such that

and

T (i, x1,2p) <TT(A, x1,20) + TT(A, 20, x3) 4+ - + TT(A, x50, ). 7)

I"T(y, xp, x1) < FT(/\, x2,x1) +TT(A, x3,00) 4+ - +TT(, Xp, Xp-1)- (8)

Proof. Using Proposition 1, it is clear to see that there exists A € (0,1) such that

1=A)s--x(1=A)>1—pn. 9)
Suppose that FT()L, Xi,Xiv1) < fooforalli=1,---,p— 1. Given any € > 0, we have

M (xl,xp,l"T(/'\, x1,%2) +TT (A, x0,x3) + -+ +TT (A, xp1,xp) + (p— 1)6)
>M (xl,xz, TT(A, x1,x0) + e) x-oox M (xp_l,xp,I’T()\, Xp_1,Xp) + e)
(by Remark 2) (10)

>(1—=A)*---%(1—A) (by (6) and the increasing property of t-norm)
>1—p (by ).

We consider the following cases.

Assume thatI'T(j,x1,xp) = +00. We need to claim that there exists iy satisfying
(A, Xiy, Xiy+1) = +00. Suppose that TT(A, xi,x41) < +ooforalli=1,---,p — 1. From (10) and
part (i) of Proposition 9, we have rt (1, x1, xp) < 400, which contradicts the fact that there exists
io satisfying T (A, x;,, x;,+1) = +oo. This shows that the inequality (7) holds true.

Assume that T'T (u,x1, xp) < +o0. The following cases will also be considered.

- Suppose that there exists i satisfying T (A, x;,, x;,+1) = +oo. Then the inequality (7) also
holds true.

- Suppose that TT(A, x;,x;11) < +ooforalli=1,---,p — 1. Then, using (10) and part (ii) of
Proposition 9 again, we can obtain

TT(A, x1,%0) +TT (A, x0, x3) + - - +TT(A, Xp-1,Xp) +(p—1)e > I (1, 21, xp).
By taking € — 0+, it follows that the desired inequality (7) can be obtained.

Using Remark 2, we can similarly obtain the inequality (8). This completes the proof. [

Definition 12. Let (X, M) be a fuzzy semi-metric space along with a t-norm * such that M satisfies
the rational condition.

Given any fixed A € (0,1), we say that {x,}%_; is a (A, >)-Cauchy sequence with respect to I'" if
and only if, given any € > 0, there exists n. € N such that m > n > n. implies I’ T()\, Xm, Xn) < €.
Given any fixed A € (0,1), we say that {x,}%_; is a (A, <)-Cauchy sequence with respect to I'" if
and only if, given any € > 0, there exists ne € N such thatn > m > n. implies FT()\, X, Xn) < €.
Given any fixed A € (0,1), we say that {x,}*°_, is a A-Cauchy sequence with respect to I'" if and
only if, given any € > 0, there exists 1 € N such that m, n > n. implies TT(A, X, xn) < €.

The following interesting properties that can be obtained by using the routine argument will be

used for the further study.
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Proposition 11. Let (X, M) be a fuzzy semi-metric space along with a t-norm * such that the t-norm x is
left-continuous at 1 with respect to the first or second component. Suppose that M satisfies the rational condition
and the v<-triangle inequality. Let {x, }3°_; be a sequence in X. Then we have the following results.

(i)  {xn}5q isa >-Cauchy sequence in metric sense if and only if it is a (A, >)-Cauchy sequence with respect
to rffor all A € (0,1).

(i)  {xn}3>q isa <-Cauchy sequence in metric sense if and only if it is a (A, <)-Cauchy sequence with respect
toTT forall A € (0,1).

4. Cauchy Sequences

We shall present many kinds of situations that can guarantee the Cauchy sequence in order to
derive the theorems of common coincidence points and common fixed points. We first consider the
auxiliary function I'* by assuming that M satisfies the canonical condition.

Proposition 12. Let (X, M) be a fuzzy semi-metric space along with a t-norm * such that the t-norm x is
left-continuous at 1 with respect to the first or second component. Suppose that M satisfies the canonical condition
and the ><-triangle inequality. Let 0 < k < 1 be any fixed constant, and let {x,}7°_, be a sequence in X.
Then we have the following results.

(i)  Assume that there exist fixed elements a1, by € X such that

sup Fi(/\, a1,b1) < +ooand M (xy, xy41,1) > M <a1,b1, > foralln € N. (11)
A€(0,1)

Then {x,}5;_, is a <-Cauchy sequence.

(ii) Assume that there exist fixed elements ay, by € X such that

sup Fi(/\, ap,by) < +ooand M (x,41,%n,t) > M <a2, by, — ) foralln € N. (12)
A€(0,1)

Then {x,,}7_, is a >-Cauchy sequence.

Proof. To prove part (i) of this proposition, given any A € (0,1), we have the following inclusion

t
{t >0: M <a1,b1,kn> >1 —A} C{t>0:M(xp,xy41,5) >1—A}. (13)
Therefore we obtain

Fi()\, X, Xpp1) =Inf {t > 0: M (xp, Xp41,t) > 1— A}

< inf{t >0: M (al,bl, k”) >1 A} (by (13))

=inf{k" -t >0: M/(ay,by,t)
=k"-inf{t >0: M (ay,by,t)
= k" -T¥(A,a1,by).

— A} (14)

>1
>1-1)

Now we assume that m,n € N with m > n. Given any u € (0,1), by Proposition 6, there exists
A € (0,1) (which depends on m and 1) such that
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T (4, ) < THA 2, X41) + THA, X1, X2) + -+ -+ THA X1, Xm)
<K' -THA, aq,by) + K- TH(A, ag, by) 4 - - -+ K1 THA, aq, by) (by (14))
k?’l . (1 _ kTI’I71’l) k?‘l

<1! .
1—% _F ()\,ﬂl,b1> 1%

:r¢</\,ﬂ1,b1)- (15)

<

kl’l
sup Fi()»,al,bl)] T% — 0asn — oo,
A€(0,1) o

which shows that {x,,}%_; is a (i, <)-Cauchy sequence with respect to I for all i € (0,1). By part (ii)
of Proposition 7, we obtain the desired result. For proving part (ii) of this proposition, we consider

TH(p, 2, xn) < THOA, X, X 1) + THOA, X1, Xm2) + -+ THA, X1, X0).

Then we can similarly obtain the desired result by using the above argument. This completes
the proof. O

Next we consider the auxiliary function ' by assuming that M satisfies the rational condition.

Proposition 13. Let (X, M) be a fuzzy semi-metric space along with a t-norm % such that the t-norm x is
left-continuous at 1 with respect to the first or second component. Suppose that M satisfies the rational condition
and ><-triangle inequality. Let 0 < k < 1 be any fixed constant, and let {x,}%,_; be a sequence in X.

(i)  Assume that there exist fixed elements a1, by € X such that

M (xy, xy41,8) > M <a1,b1, ktn> foralln € N, (16)

and that, given any A € (0,1), there exists ty > 0 such that

M(ay, by, ty) >1—Aand sup t) < +oo.
A€(0,1)

Then {x,,}_, is a <-Cauchy sequence.
(ii) Assume that there exist fixed elements ay, by € X such that

M (xy41,%,t) > M <a2, by, ktn> foralln € N,

and that, given any A € (0,1), there exists ty > 0 such that

M(ap, by, t)) >1—Aand sup t) < +oo.
Ae(0,1)

Then {x,,}_, is a >-Cauchy sequence.
Proof. We just prove part (i) of this proposition. Givenn € N, let t,, , = k" - t,. From (16), we see that
M (xn, Xpi1,tn,0) = M (a1, by, tp) > 1= A (17)
Using part (ii) of Proposition 9, the inequality (17) says that

TT (A, x0, xp01) < t, foralln € N. (18)
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Now we consider m,n € N with m > n. Given any y € (0,1), using (18) and Proposition 10,
there exists A € (0,1) (which depends on m and n) such that

FT(,u/ Xn, xm) S I—‘T(A/ Xn, xn+1) + rT(/\/ x}’l+1/x7’l+2) +--- FT()\/ xmfl/xm)
<K't KT 4k

kn(l_kmfn) k'rl
AT )
fa 1—x  =h1Tx

(19)

kn
< ( sup t/\> -—— — 0asn — oo,
A€(0,1) 1—k

which shows that {x,}% ; is a (i, <)-Cauchy sequence with respect to I'" for all 4 € (0,1).
By Proposition 11, we obtain the desired result. This completes the proof. [J

5. Common Coincidence Points

Now we are in a position to present the theorems of common coincidence points. Let X be a
nonempty universal set. We consider the mappings T : X — Xand f : X — X.

e We say that the mappings T and f commute if and only if f(T(x)) = T(f(x)) forallx,y € X.
e Anelement x € X is called a coincidence point of mappings T and f if and only if T(x) = f(x).
In particular, if x = f(x) = T(x), then x is called a common fixed point of T and f.

Definition 13. Let (X, M) be a fuzzy semi-metric space.

e  We say that the function f : X — X is (p, >)-continuous with respect to M if and only if, given
o M . M

any sequence {x,}% ; in X, x, — x as n — oo implies f(x,) — f(x) asn — co.

e  We say that the function f : X — X is (p, <)-continuous with respect to M if and only if, given
any sequence {x,}5 ; in X, x, M, vasn — oo implies f(x,) M, f(x)asn — oo.

e  We say that the function f : X — X is (<, >)-continuous with respect to M if and only if, given
any sequence {x,} ; in X, x, M xasn — oo implies f(x,) M f(x)asn — oo.

e  We say that the function f : X — X is (<, <)-continuous with respect to M if and only if, given

any sequence {x, }> ; in X, x, M yasn — oo implies f(x,) M f(x)asn — oo.

Definition 14. Let (X, M) be a fuzzy semi-metric space.

e  Wesay that (X, M) is (>,>)-complete if and only if each >-Cauchy sequence is convergent in the
sense of x;, ﬁ X.

e  Wesay that (X, M) is (>, <)-complete if and only if each >-Cauchy sequence is convergent in the
sense of x;, ﬁ X.

e  Wesay that (X, M) is (<, >)-complete if and only if each <-Cauchy sequence is convergent in the
sense of x;, & X.

e  Wesay that (X, M) is (<, <)-complete if and only if each <-Cauchy sequence is convergent in the

M<1
sense of x;, — x.

Let X be a nonempty universal set, and let T : X — X be a mapping from X into itself. We write
the composition T? = To Tand T" = T o T"~! for m € Nand m > 3. Let {T,}5°_; be a sequence of
mappings defined on X into itself. For some m € N, suppose that the mapping f : X — X satisfies
T} (X) € f(X) forall n € N. Given any xy € X, since Tj*(X) C f(X), there exists x; € X such that
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f(x1) = T{"(xo). Similarly, there also exists x, € X such that f(x,) = T}"(x1). Continuing this process,
we can construct a sequence {x, }°_, satisfying

f(xn) = Ty (xn-1) (20)

foralln € N.

Theorem 1. Let (X, M) be a fuzzy semi-metric space along with a t-norm * such that M satisfies the rational
condition and the p<-triangle inequality. Suppose that the following conditions are satisfied:

o the t-norm is left-continuous at 1 in the first or second component;

o  forany fixed x,y € X, the mapping M(x,y,-) : (0,00) — [0, 1] is left-continuous at each point t € (0, 00);
o given any fixed m € N, the mappings T, : X — X and f : X — X satisfy T} (X) C f(X) foralln € N;
o the mappings f and T,, commute, i.e.,

f(Ta(x)) = Tu(f(x)) (21)
forallx € Xandalln € N;
o the following contractive inequality is satisfied
M (T ), T () ki) = M(F(x), f (), 1), 22)

where k;j satisfies 0 < kjj < k <1 foralli,j € N and for some constant k.
Then we have the following results.

(i)  Suppose that the following conditions are satisfied:

o there exists x* € X such that, given any A € (0,1), there also exists t, > 0 satisfying

M (f(x*), T{"(x¥),ty) >1—Aand sup t) < +oo. (23)
Ae(0,1)

e any one of the following conditions is satisfied:

(@ (X, M)is (<,>)-complete and f is simultaneously (1>,1>)-continuous and (>, <)-continuous
with respect to M;

(b) (X, M)is (<,<)-complete and f is simultaneously (<,1>)-continuous and (<, <)-continuous
with respect to M.

Then the mappings {T}'}*°_, and f have a common coincidence point x°. Moreover, the point x° can be
obtained as follows:

e if condition (a) is satisfied, then x° can be obtained by taking the limit f(x,) A xe;
e if condition (b) is satisfied, then x° can be obtained by taking the limit f(x,) LN x°,

where the sequence {x,}°"_, is generated from the initial element xo = x* according to (20).
(i) Suppose that the following conditions are satisfied:

o thereexists x* € X such that, given any A € (0,1), there exists ty > 0 satisfying

M (T{"(x¥), f(x¥),tx) >1—Aand sup t) < +oo; (24)
A€(0,1)

o any one of the following conditions is satisfied:
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() (X, M) is (>,>)-complete and f is simultaneously (>, >)-continuous and (1>, <)-continuous
with respect to M;

(d) (X, M) is (>,<)-complete and f is simultaneously (<,1>)-continuous and (<, <)-continuous
with respect to M.

Then the mappings {T};'}*°_, and f have a common coincidence point x°. Moreover, the point x° can be
obtained as follows:

e if condition (c) is satisfied, then x° can be obtained by taking the limit f(x,) M x°;

e if condition (d) is satisfied, then x° can be obtained by taking the limit f(x,) M x°,

o]

where the sequence {x,}°°_ is generated from the initial element xo = x* according to (20).

Proof. We can construct the sequence {x,}? ; from the initial element xyp = x* according to (20).
Then we have f(x*) = f(xo) and T}" (x*) = T{"(x0) = f(x1). From (20) and (22), we obtain

M (£ (30), £ (32), 1) = MY (30), T3/ G50), 1) > M (), 50, - )
and

M (f (x2), £ (x3), ) = M (T (1), T3 (x2), 1
> M (f(xn,f(xz), t) > M <f(x0)ff(x1)rt> .

ko3 kip - ko3

By induction, we can obtain

t
M (f(xn), f(xn41),t) = M (f(XO)/f(xl)r n> . (25)
i=1 k1,1+1
Since the mapping M(x,y, -) is nondecreasing by Proposition 2 and k; ;11 < k for each i € N,
from (25), we also have

M (7). ) ) 2 M (fl0) ) g ) = M (flso) flx) g ) - (29

iz ki
We can similarly obtain

M (i), £ ) = M f00), fG0), 5 ) @)

We consider the following cases.

e If (23) is satisfied, then, using (26) and part (i) of Proposition 13, we see that {f(x,)};>; is a
<-Cauchy sequence in metric sense. If (X, M) is (<,>)-complete or (X, M) is (<, <)-complete,
then there exists x° € X such that

<

f(xn) M o or f(xn) M x°, (28)

respectively, as n — oo.

e If (24) is satisfied, then, using (27) and part (ii) of Proposition 13, we see that {f(x,)};>; is a
>-Cauchy sequence in metric sense. If (X, M) is (>,>)-complete or (X, M) is (>, <)-complete,
then there exists x° € X such that (28) is satisfied.
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By the commutativity, we have

fUf(xn)) = f (T (xn-1)) = Ty’ (f (xn-1)) (29)

For any fixed mapping Ty, it follows that

M (F(f (), T (69, £) =
f(f(xn>>,f<x°>,k;) (by (22)) (30)

and
t
MT (), F(F ) ) = MTRGE), T ), ) = M (£ Sl ) 6D
To prove part (i) of this proposition, we consider the following cases.

e Suppose that (X, M) is (<,>)-complete, and that f is simultaneously (>,>)-continuous and
(>, <)-continuous with respect to M. From (28) and Proposition 3, we have

Tim M (F(F(xn), F(x°), 1) = 1, e, M (F(f (), £(67), 8) = 1 (32)
and
Tim M (F(x°), £(f () ) = 1, e, M(F(x), F(F(xa),8) =1 (33)

Therefore, from (30) and (32), we obtain

1> limsup M (f(f(xn11)), Ty (x7), ) = Hminf M (f(f (xn41)), T (x°), 8)

n—oo n—00

. oy FY _
> timint M ( (/e F5°), ) =1
which says that

Hm M (f(f(xn11)), Ty (x°),8) = 1, e, M(f(f(xn11)), Ty (x7),8) = 1 —. (34)

n—o0

Using the pa-triangle inequality, we see that

M (f(x%), T, (x°),2t) = M (f(x°), f(f (xn11)), ) % M(F(f (xni1)), T (x°), 1)

Using the left-continuity of t-norm * and (33) and (34), we obtain M(f(x°), T"(x°),2t) = 1 for all
t > 0. Therefore we must have

f(x%) =Ty (x°). (35)

e Suppose that (X, M) is (<, <)-complete, and that f is simultaneously (<,>)-continuous and
(<, <)-continuous with respect to M. Then the above argument is still valid to obtain

f(x%) = T (x°).

Therefore the mappings {T}'}°° ; and f have a common coincidence point x°. Part (ii) of this
proposition can be similarly obtained. This completes the proof. [

Remark 3. Suppose that f(x*) and T}"(x*) have the finite distance beginning from f(x*) to T}"(x*).
By definition, there exists t* < +o0 such that M(f(x*), T{"(x*),t*) = 1. If we take t, = t* for all
A € (0,1), then (23) is satisfied.
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6. Common Fixed Points

Let X be a nonempty universal set. Recall that x is called a common fixed point of T and f
if and only if x = f(x) = T(x). It is clear that the common fixed points are also the common
coincidence points. Since the uniqueness of common coincidence points was not guaranteed, in this
section, we shall provide the different arguments to prove the uniqueness of common fixed points.
The uniqueness will be studied separately by assuming that M satisfies the canonical condition and
rational condition.

6.1. Fuzzy Semi-Metric Space Satisfying the Canonical Condition

We first investigate the uniqueness of common fixed points by assuming that the fuzzy semi-metric
space (X, M) satisfies the canonical condition.

Theorem 2. Let (X, M) be a fuzzy semi-metric space along with a t-norm  such that M satisfies the canonical
condition and the p<-triangle inequality. Suppose that the following conditions are satisfied:

o the t-norm is left-continuous at 1 in the first or second component;

e forany fixed x,y € X, the mapping M(x,y,-) : (0,00) — [0, 1] is left-continuous at each point t € (0, c0);
o given any fixed m € N, the mappings T, : X — X and f : X — X satisfy T;}(X) C f(X) foralln € N.
o the mappings f and T,, commute, i.e.,

f(Tu(x)) = Tu(f(x))

forallx € Xandalln € N;
o the following contractive inequality is satisfied

M (T (), T (), kij - £) = M(F(x), f(), 1),
where kl-]- satisfies 0 < kl-]- <k<1foralli,j=1,2,--- and for some constant k.
Then we have the following results.
(i)  Suppose that there exists x* € X satisfying

sup rt (A, f(x"), T (x™)) < +oo, (36)
A€(0,1)

and that any one of the following conditions is satisfied:

(@  (X,M)is (<,>)-complete and f is simultaneously (i>,>)-continuous and (>, <)-continuous with
respect to M;

(b) (X, M) is (<,<)-complete and f is simultaneously (<,>)-continuous and (<, <)-continuous with
respect to M.

Then the mappings {T;''}>° , and f have a unique common fixed point x°. Moreover, the point x° can be
obtained as follows.

o Ifcondition (a) is satisfied, then x° can be obtained by taking the limit f(x,) LN x°;

o Ifcondition (b) is satisfied, then x° can be obtained by taking the limit f(xy) M x°,
where the sequence {x, }5,_, is generated from the initial element xo = x* according to (20).

(i) Suppose that there exists x* € X satisfying

sup TH (A, T (x), f(x*)) < +oo, (37)
A€(0,1)
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and that any one of the following conditions is satisfied:

() (X, M) is (>,>)-complete and f is simultaneously (>, >)-continuous and (>, <)-continuous with
respect to M;

(d) (X, M) is (>,<)-complete and f is simultaneously (<, >)-continuous and (<, <)-continuous with
respect to M.

Then the mappings {T;''}>° , and f have a unique common fixed point x°. Moreover, the point x° can be
obtained as follows.

e Ifcondition (c) is satisfied, then x° can be obtained by taking the limit f(x,) M x°;

e Ifcondition (d) is satisfied, then x° can be obtained by taking the limit f(x,) M x°,
where the sequence {x,}°°_, is generated from the initial element xo = x* according to (20).

Proof. We can construct the sequence {x,}?’ ; from the initial element xo = x* according to (20).

Then we have f(x*) = f(xo) and T}"(x*) = T{"(x0) = f(x1). We can similarly have (26) and (27).

e If (30) is satisfied, then, using (26) and Proposition 12, we see that {f(x,)}5; is a <-Cauchy
sequence in metric sense. If (X, M) is (<, >)-complete or (X, M) is (<, <)-complete, then there
exists x° € X such that (28) is satisfied.

e If (37) is satisfied, then, using (27) and Proposition 12, we see that {f(x,)}5_; is a >-Cauchy
sequence in metric sense. If (X, M) is (>,>)-complete or (X, M) is (>, <)-complete, then there
exists x° € X such that (28) is satisfied.

Using the argument of the proof of Proposition 1, we can show that the mappings {T}/'};>_; and f
have a common coincidence point x°, i.e., f(x°) = T (x°) for all n € N. Now we shall show that x°
is a fixed point of f. Using (20), (22) and the nondecreasing property of M(x,y, -) by Proposition 2,
we have

M (f(xns1), f(x°),8) = M (T3 (xn), Ty (x°), )

> M () £, ) = M () F37) ).
and t
M (f(x°), f(xps1),t) = M( :lnH(XO), T;T+1(xn)/t) > M (f(xo),f(xn), k) .
By induction, we have
M (F (i), £, 1) = M Fx0), £, @)
and t
M), S i) ) 2 M (F6°) f), s ) @)

Since M satisfies the canonical condition, we have

lim M(x,y,t) =1forallx,y € X. (40)

t—+oo
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Since 0 < k < 1, the inequalities (38) and (40) say that

1> limsup M (f(xy41), f(x°),£) > liminf M (f(x,41), f(x°),t)

n—co n—yeo
. oy FY _
> timint M f(x), 07, ) =1,
which implies
Tim M (f(t0), f(x), ) = 1. (@1)
Using (39), we can similarly obtain
lim M (f(x°), f(xp41),t) = 1. (42)

n—oo
To prove part (i) of this proposition, since (X, M) is (<, >)-complete or (X, M) is (<, <)-complete,
by referring to (28), there exists x° € X such that f(x,) M, x° or f(xn) M xe, respectively, as n — oo.
o Ifflxn) 5 10 ie,
lim M (f(x,41),x°,¢) =1, (43)

n—oo

then the p<-triangle inequality says that

M (f(x%),x%,2t) = M (f(x°), f(xn41),£) * M(f (Xn11), %%, 1) -

Using the left-continuity of t-norm * and (42) and (43), we can obtain M (f(x°), x°,2t) = 1 for all
t > 0 by taking n — co.

o If f(x,) ﬁ x°, i.e.,
lim M (x°, f(xy41),t) = 1. (44)

n—oo

then the t<-triangle inequality says that

M (x%, f(x%),2t) = M(x%, f(xn41),£) ¥ M (f (Xn11), f(x7), 1) -

Using the left-continuity of t-norm * and (41) and (44), we can obtain M (x°, f(x°),2t) = 1 for all
t > 0 by taking n — co.

The above two cases show that x° = f(x°).
Let  be another point in X satisfying f(X) = T}/'(x) for all n € N. By (22) and the nondecreasing
property of M(x,y, -), we have

M), (9),0) = MTEGE), T, = M (56,50, 1) = (£, 0, )

By induction, we can obtain

M), £ 2 M (), 9) 5 ) )
Using the canonical condition, we obtain M (f(x°), f(%),t) = 1forallt > 0, i.e.,

f(x%) = f(%). (46)

Now, for each n € N, since

f(Ta(x%)) = Tu(f(x°)) = Tu(Ty' (x°)) = T (Tu(x®)) (47)
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By regarding ¥ as T,,(x°), the equality (47) says that f(x) = T}"(x). Therefore, according to (46),
we must have

f(x%) = f(2) = f(Tu(x")) = Tu(f(x°)),

which implies x° = T,,(x°), since x° = f(x°). This shows that x° is a common fixed point of {T; },cn
and f.

To prove the uniqueness, let X be another common fixed point of {T,},en and f, ie.,
X = f(X) = Ty (%) forall n € N. Then

f(R) = Tu(%) = Tu(f(%)) = To(2) = - = T} (%).
Therefore, by referring to the derivation of (46), we can obtain
X = f(x) = (%) = %
Part (ii) of this proposition can be similarly obtained, and the proof is complete. [

6.2. Fuzzy Semi-Metric Space Satisfying the Rational Condition

Now we investigate the uniqueness of common fixed points by assuming that the fuzzy
semi-metric space (X, M) satisfies the rational condition.

Theorem 3. Let (X, M) be a fuzzy semi-metric space along with a t-norm *. Suppose that M satisfies the
rational condition and the b<-triangle inequality, and that the following conditions are satisfied:

e M satisfies the distant condition in Definition 5.
o the following inequality is satisfied:

sup (a, * by) > (sup an> * (sup bn)
n n

n

for any sequences {a, }$° 1 and {b,}5°_; in [0,1].
o the t-norm is left-continuous at 1 in the first or second component;
e forany fixed x,y € X, the mapping M(x,y,-) : (0,00) — [0,1] is continuous on (0,00);
o given any fixed m € N, the mappings T, : X — X and f : X — X satisfy T (X) C f(X) foralln € N.
o the mappings f and T,, commute, i.e.,

f(Tu(x)) = Tu(f(x))

forallx € Xandalln € N;
o the following contractive inequality is satisfied

M (T (), T/ (), i £) > ML(F(x), (9, 1),

where k;j satisfies 0 < kjj < k <1 foralli,j=1,2,--- and for some constant k.

e any one of the following conditions is satisfied:

- the mapping f is simultaneously (>,1>)-continuous and (1>, <Q)-continuous with respect to M;
-  the mapping f is simultaneously (<,1>)-continuous and (<, <)-continuous with respect to M.

(i) Assume that (X, M) is (<,>)-complete and (<, <)-complete, and that there exists x* € X such that,
given any A € (0,1), there exists t) > 0 satisfying
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M (f(x*), T{"(x*),ty) >1—Aand sup t) < +oo. (48)
Ae(0,1)

Then the mappings {T}}'}5°_, and f have a unique common fixed point x°.

(i) Assume that (X, M) is (>,>)-complete and (>, <)-complete, and that there exists x* € X such that,
given any A € (0,1), there exists t) > 0 satisfying

M (T{"(x¥), f(x*),tx) >1—Aand sup t) < +oo. (49)
Ae(0,1)

Then the mappings { T} }°_, and f have a unique common fixed point x°.

>
Moreover, the point x° as shown above can be obtained by taking the limit f(x,) M x° or the limit

<
f(xn) M x°, where the sequence {x, }_, is generated from the initial element xo = x* according to (20).

Proof. To prove part (i) of this proposition, we first have (26) in Theorem 1. Using (48), (26) and
part (i) of Proposition 13 by taking the initial element xo = x* (i.e., f(x*) = f(xp) and T}*(x*) =
T*(x0) = f(x1)), we see that {f(x,)};> is a <-Cauchy sequence. Since (X, M) is (<, >)-complete
and (<, <)-complete, from Proposition 3, there exists x° € X such that f(x,) M, v° and f(xn) M o
as n — oo, which also says that f(x,) M, ¥°asn — co. The similar argument from the proof of
Theorem 1 shows that T)'(x°) = f(x°) for all n € N. Now, we shall show that x° is a fixed point of f.
Using (20), (22) and the nondecreasing property of M(x,y, -) by Proposition 2, we have

M (f(xn41), f(x°),8) = M (T (xn), Ty (x°), £)

> M (00 F57) ) 2 M () £ 50

Since f(xn) M, xeasn — o, applying Proposition 4 to (50), we obtain

M (x°, f(x°),8) > M (xo, £, ;) .
By induction, we can obtain

M, F57),0) = M (2, () ),

which says that
M (x°, f(x°),k" - t) > M (x°, f(x°),t) > 0. (51)

Since M satisfies the rational condition, for x # y, we have

tlir& M(x,y,t) =0. (52)

Suppose that x° # f(x°). Since 0 < k < 1, by applying (52) to (51), it follows that
M (x°, f(x°),t) = 0 for all t > 0 by taking n — co. However, the distant condition says that there
exists fo > 0 such that M(x°, f(x°), ) # 0. This contradiction shows that x° = f(x°). The remaining
proof follows from the argument of the proof of Theorem 2.

To prove part (ii) of this proposition, using (49) and part (ii) of Proposition 13 by taking the initial
element xg = x* (i.e, f(x*) = f(xo) and Tj"(x*) = Tj*(x9) = f(x1)), we see that {f(x,)} ; is a
>-Cauchy sequence. Since (X, M) is (>, >)-complete and (>, <)-complete, from Proposition 3, there
exists x° € X such that f(x,) M, v° and f(xn) My oasn — co, which also says that f(x,) M, xo
as n — 0. The proof in part (i) of this proposition is still valid. This completes the proof. [
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