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Abstract: This paper develops an upper bound design method of the Lipschitz constant for
the generalized Fermi-Dirac information entropy operator with a polyhedral admissible set.
We introduce the concept of a normal operator from this class in which the constraint matrix has
normalized columns. Next, we establish a connection between the normal and original operator.
Finally, we demonstrate that the normal operator is majorized by the linear one and find numerical
characteristics of this majorant.
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1. Introduction

Mathematical modeling methods based on constrained optimization of parameterized entropy
functions (or functionals) are widely used in different applications such as image recognition in
computerized tomography [1,2], dynamic regression models estimation [3], and randomized machine
learning [4], to name a few.

Entropy functions and admissible sets depend on basic variables and parameters, some being
fixed while others take values from their definitional domains. An entropy operator is an operator that
maps the definitional domains of variable parameters into a set of entropy-optimal basic variables.
In general form an entropy operator can be written as

u(v,g) = argmaxy (H(u,v)|u € D(g)),

1
uCRY, veVCR", g€ QCR, @

where H(u,v) denotes an entropy function of basic variables u and parameters v while D gives
an admissible set with parameters g.
This paper deals with the so-called Fg (v, q)-entropy operators defined by

uf (v,q) = Fo(v,q) = argmaxy (Hr(u,v)|u € D(q)),

2
uCR”, ve NCR"”, qe QCR, @

where Hg(u, v) denotes the generalized Fermi-Dirac information entropy, A and Q are m-dimensional
unit and r-dimensional parallelepipeds, respectively, and

D(q) ={u:Bu=q}, 3)

where
B> 0. 4)
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In what follows, we will suggest an upper bound design method for the local Lipschitz constant
(over a compact set) of the entropy operators belonging to this class.

The Lipschitz constant plays an important role in theory of dynamic systems, including for the
systems with entropy operator [5], in dynamic procedures of computerized tomography [6], and others.

2. Problem Statement and Logical Scheme of Solution

Consider the entropy operator Fg (v, q) (2) with the entropy function
Hr(u,v|G) = Zu ln— —u;) In(G; — u;), (5)

and the matrix B (3) of full rank r. The definitional domains of the variables have the form

S = NRQ
N = {v:i0<og<vy<vi<ll]i=1m}, (6)
Q = {g:0<e <qx<gf<oo, |kl,r},

with constants oy, ..., 0, v, ..., vy, and €1, ..., €547, ..., q; are small fixed values.
The local Lipschitz constant of the Fg (v, q)-entropy operator (2) and (5) over the set S (6) is
a value L% that satisfies the inequality

o (v, q) (2, )] < L5 (lla! = a2+ ! =22, -
(4l 1), (62, 12) € 5.

The problem is to find an upper bound LE for the Lipschitz constant L%.

The upper bound design method for the Lipschitz constant of the Fg (v, q)-entropy operator
involves three main ideas as follows. The first idea is to select a suitable operator from the same
class for which (1) there exists a close relation to the original operator and (2) it is simpler to obtain
an upper bound for the Lipschitz. Such a suitable operator will be called normal and denoted by
F2 (v, q) (Sections 3 and 4). The second idea concerns majorant design: in the beginning, the normal
operator F2 (v, q) is majorized by the normal operator B°(v, q) (with the Boltzmann entropy) and then
an appropriate majorant in form of a linear operator is constructed for it (Section 5). Finally, the third
idea deals with the estimation and localization of the eigenvalues of the linear majorant operator
(Section 6).

3. Normal Form of Entropy Operator

The normal entropy operator Fa (v, q) is given by

xf(v,q) = argm)?x(Hp(x,v) Ixe WCRY, qe QCR,, ve N CRY), (8)
where
[}
- Y xiln - T (Gi—xi) In(Gi — x) )
i=1 !

denotes the generalized Fermi-Dirac information entropy [7];

W= {x:Wx=q}, W>0, (10)

means an admissible set;
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e the matrix W has full rank r, normalized columns
WTe(r) = E(m), (11)

€(r), €(;y) are unit vectors with r and m-dimensions, respectively, and the dominant diagonal of
the matrix WIVT, i.e.,
m r m
Y wi— Y Y wyw;i >0 >0, k=1,...,r; (12)
i=1 jAki=1

e the definitional domain of the vectors v, q is

S = N@Ql
N = {v:0<g<v;<vf<1l]|ie[l,m]} (13)
Q = {g:0<e<q<qp <oo|kelr]},

with constants oy, ..., 0, vy, ..., vy, and €1, ..., €47, ..., q; are small fixed values.

4. Relationship between Fg (v, q) and F2 (v, q)

Theorem 1. There exists a matrix P > 0 of dimensions m X r that satisfies the conditions

e(Tr)BP = e(r) (14)
and
F _F
u (v,q) =x (v,Pq), (15)
Proof. Consider system (3):
Bu = q. (16)

Premultiplying this equality by a nondegenerate matrix P of dimensions m X r yields
PBu = Pq. (17)

Select the matrix P so that the conditions of Theorem 1 hold. This is a system of r equations
with respect to (m x r) variables—the elements of the matrix P. Because the matrix B in (16) is
nondegenerate, this system has a set of solutions.

For example, choose the solution that maximizes the entropy

agB

E(P) = — pijInpjj (18)

j=1

I
—

subject to (14). O

5. Majorants of F2 (v, q)-Entropy Operator

Let us use the BY(v, q)-entropy operator as a majorant for the F2 (v, q)-entropy operator, defining
some domain S C S (6) where this can be done:

§ = AR
N = wi0<am<y<io<1l|i=TLm}, (19)
O = {:0<g<q<f<oo, k=171,
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The B(v, q)-entropy operator has the form

xXB(v,q) = argm)?x(HB(x,v) Ixe WCRY, qe QCR,, ve N CRY), (20)
where
HB(X,V) = — inln; (21)
i=1 l

denotes the generalized Boltzmann information entropy.
The characteristics of the admissible set are the same as for the F(O; (v, q)-entropy operator (10)—(12).
The Lagrange function of the BY(v, q)-entropy operator is written as

L(x,A) = Hg(x,v|G) + Z Aj(g;— Z wjix;), (22)
i=1

j=1

where A4, ..., A, indicate Lagrange multipliers.
The first-order optimality condition for this function leads to the following system of equations
with respect to the dual variables z = exp(—A):

B(v,z(v,q)) = 1. (23)

Here the vector B consists of the elements

1 & r )
Bl(v,z(v,q)) = o Y viwg [ Tz, k=1,r. (24)
i1 s=1

Similar equations hold for the FZ (v, q)-entropy operator. In accordance with (A6),
F(v,z(v,q)) =1, (25)

where the vector F consists of the elements

d Ll r Wsj
B(v,2(r,q) = L ¥ Gl 2

—, kL. (26)
Gk (= bi+ 1Ty 25

Theorem 2. The vector function B(v,z(v,q)) (23) and (24) is a majorant in the variable z for the function
F(v,z(v,q)) (25) and (26), i.e.,
F(v,z(v,q)) < B(v,z(v,q)), (27)

in the domain S (19) described by the parameters

z > e R, zO:{zo,...,zo},

. . 1/r.wmﬂx
0 B Gml?l _ (1 _ Umln) 28
zZ - Vmax 4 ( )
G"" = minG;, ¢™" =ming;, V" = maxv;, w"™" = maxuwy;,
i i i s,i
N = {v:0< o™ <y <MY,
A3 . min _ 1,
Q = {q:q>€e"", k=1,r}, (29)
. Gminw . Z()o_min )
e = T Wimin = n'En Wsi. (30)

r - —,
1 — gmin 4 70gmin
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Proof. Consider inequality (27):

m Gw . r_ ZZUSi m r .
)y % <Y viwa =¥, k=1r (31)
= b+ 11— 2s i=1 s=1
Since the terms in the above sums are positive, it suffices that
G; ,
o <vy, i=TLm (32)
bi + Hs:] Zs o
Consequently,
r _ o1 G—-([1-v )
[T > [Tof,  w=S"U"M sy ity (33)
s=1 =1 i

This system of inequalities holds if each term in the left-hand side of each inequality is smaller
than its counterpart in the right-hand side, i.e.,

Zs > U}”ws" = h(s,i), s=1,ri=1m. (34)
Denote Ut
min __ _ . Tmax
2% = minh(s,i) = ¢ (L = Fin) / (35)
s ymax

where the variables G™", g™in 1max and "% are defined by Equalities (28).
Now, get back to the system of Equation (25). This system has a nonzero solution z° = {zY,...,z%}
(35) if

r 0
qk:zbi—i—zo’ k=1,r. (36)

Here we have utilized the property (11) of the normal FZ(v,q)-entropy operator.
Then, Expression (36) gives

" Git -ZO Gmint . ZOO.min
. itki min
min >r - — = €in- 37
k (1—21 bi + ZO> =1 — gmin 0 gmin min ( )
Assume
e < g = rr}{in Ti- (38)

This condition guarantees the non-emptiness of the set Q (29). O

Thus, we have proved that the operator BY(v, q) majorizes the operator Fg (v,q) in the domain
S (19).

Theorem 3. For the BY(v, q)-entropy operator (20) and (21), there exist two r-dimensional positive vectors
7% and z* such that the nonzero solution z(v,q) to the system of Equations (23) and (24) belongs to the
vector interval

0<z°<z(v,q) <25, (v,q) €S, (39)

where

e  the vector
72’ = z(0,€) (40)

is the solution to the system of Equations (23) and (24) that corresponds to the boundary of the set S (19),
ie,v=0c={0cy,...,0m}and q =€ = {eq,...,€}, where o; and €} are small values; and
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e  the vector

z" = max max_Z(v,q), (41)
k=1, (v,q) €S

where Z(v, q) is the solution to the equation

Cviz=q, 220, (42)
with the matrix .
Cv) = [ij|(kr]') = ﬁ} . k= ) viwgiwj; > 0. (43)
i=1
Proof. Consider Equation (23), reducing it to the form
A(v,q,z) =z, A(v,q,z) =z®B(v,q,2). (44)

Equation (44) contains a nonnegative strictly monotonically increasing function A(v, q, z) in its
left-hand side (see [8]). To explore the properties of its solutions, we will employ Theorem 3.1 from [9]
for the equations with monotonicoperators. In accordance with this theorem, if there are two vectors
2% < z* such that

A(v,q, ZO) > 20 A(v,q,z%) <2, (v,q) =fix, (45)

then the solution to Equation (44) belongs to the vector interval [z°,z*]. In our case, z° = z(c, €).

For obtaining an appropriate vector z*, let us construct a majorant for the function A(v, q,z)
under fixed v and q. Using the inequality

r r
uit <Y wguy, (46)
i=1 i=1

where .
uiZO, (Xl'ZO, 20(1‘:1, (47)

i=1

from [10], we get the upper bound

Ak(v' q,z < Zk Z CkjZjs =1r, (48)

where cj; are the elements of the matrix C (43).
By Theorem 3.1 from [9], the nonzero solutions to Equation (44) can be majorized by the nonzero
solutionsto Equation (42), i.e.,

z(v,q) =z(v,q) under fixed (v,q) € S (49)
O

6. Upper Bound L

On the strength of Theorems 2 and 3 (also see [8]), we may write the following upper bound for

N .
k= (.+E> (50)

the local Lipschitz constant:

where

M= xmmﬂin min 2 |w? Z w | (51)
- pymax g ki kiWiji

i=1 j#k
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T m
E=4 )3 Zw%l
k=1i=1

min, ,min .0
i Gty ity
1 — ymax 4 1/minZO’
GMaxymax 5
XM = m . . (52)

1 — Umm _|_ Vmaxz*
In these formulas, the variables z¥ and z* are defined by Equalities (40) and (41), respectively.

7. Conclusions

The method of upper bound design for the Lipschitz constant of the Fg (v, q)-entropy operator is
developed. It is based on the normal entropy operator, and the definition of relation between normal
and original operators. Then, the linear majorant of the normal operator is defined, and estimation of
the Lipschitz constant for the original operator is performed.

The linear majorant method is important for investigation of the properties of entropy
operators, for instance, for Boltzmann and Einstein operators [7]. The Fg(v, q)-entropy operator
is characterized by the parametrical problem for conditional maximization. Also, there exists a wide
class of entropy operators that are described by mathematical programming problems. Development
of the method of the upper bound design for these operators will represent interesting progress.

Acknowledgments: This work was supported by the Russian Foundation for Basic Research (Project
No. 16-07-00743).
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Appendix A. Properties of the Normal F_ (v, q)-Entropy Operator
1. Optimality conditions. The Lagrange function of the FS,q—entropy operator has the form
r m
L(x,A) = Hr(x,v| G) —i-]; Aj(q; — i;w]‘ixi), (A1)

where A4,..., A, are Lagrange multipliers.

The first-order optimality conditions of this function yield a system of equations with respect to
the direct x and dual A variables. By the properties of entropy functions, the direct variables possess
an analytical relationship to the dual ones, and the optimality conditions are written as the following
system of equations with respect to the dual variables (the Lagrange multipliers Ay, ..., A;):

Giexp(— Yl As(v, qQ)ws;)

xi (v,A(v,q)) = bi +exp(— Lo As(v, q)wsi)’ o )

where 1
by — = (A3)
ol i Giwyi exp(— Yi_q As(v, q)ws;) K, r. (A4)

= ks
bi+exp(— L—q As(v, q)bsi)
Sometimes, it is convenient to use similar conditions in terms of the exponential Lagrange

multipliers z;(v, q) = exp(—=A(v,q)) > 0,j € [1,7], ie,

Gillt_y 2"
b + 1o 25"

xf(v,2(v,q)) = i1,m, (A5)
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O, z(v,q)) = 3 Stz s (A6)
im1 bi+ 1l 2z

2. Monotonicity of the function Q) (v, 1), ©)(v, z).

Lemma A1l. For the F, q-entropy operator (8)—(11), the nonnegative functions QO (v, A)(k = 1,7) ((A4) are
strictly monotonically decreasing in the variables A € R") and strictly monotonically decreasing in the variables
v € N while the nonnegative functions ©Y (v,z)(k = 1,r) (A6) are strictly monotonically increasing in both
variablesv € N, z € R',..

Proof. It suffices to check the signs of corresponding derivatives. Consider Equalities (A4).
The derivatives of the function Q,? (v, A) with respect to the variables A are given by

o0} _ i Gibi(vi)wywj; exp(— Lg_q Asws;) <o k_T7 .
9, i=1 [b; + exp(— Li_q Aswg;)]? a

Differentiation of the function Q) (v, A) with respect to the variable v yields

o0y _ vy~ Giwgiexp(— Yl Aswsi)
wp = vPbi+exp(— Ll Asws)]?

>0, k=1,r (A8)

These expressions vanish if at least one of the variables A, = +oc0. This establishes the first part of
Lemma Al.
In a similar fashion, for the functions © (v, z) (A6) we obtain

Wsi

-1
00) o biGiwyitjiz; [T 2

- = . >0, k=1,r, (A9)
9z 5 [bi+ITz?
a®0 m I = 14 Wsj
Tk o ZG’W’“ 1% >0, k=1L (A10)
Wp v [bi+TTm 2]
These expressions vanish if at least one of the variables z; = 0. The proof of Lemma Al

is complete. [

Lemma A2. Under the assumptions of Lemma Al, the systems of Equations (A4) and (A6) determine the
explicit functions A(v, q) and z(v, q), respectively.
The proof of this result can be found in [7].
Lemmas A1 and A2 allow us to draw an important conclusion: for two pairs (v',q') and (v?,q?),
such that v < v2 and q1 < qz,
z(v',q") <z(v*, ¢ (A11)
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