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Abstract: This paper presents an alternative methodology for finding the solution of the boundary
value problem (BVP) for the linear partial differential operator. We are particularly interested in the
linear operator @k, where @k = QkOk Ok is the biharmonic operator iterated k-times and Ok is the
diamond operator iterated k-times. The solution is built on the Green’s identity of the operators O
and ©F, in which their derivations are also provided. To illustrate our findings, the example with
prescribed boundary conditions is exhibited.
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1. Introduction

Boundary value problems (BVPs) for ordinary and partial differential equations have appeared
in widespread applications ranging from cognitive science to engineering. Some examples include
a vibrating string with time depending upon external force under the Dirichlet boundary conditions [1],
Laplace’s equation in polar coordinates with the Neumann boundary conditions [2], or the diffusion
equation with the Robin boundary conditions [3]. Finally, the heat flow in a nonuniform rod
without sources accompanied with initial—boundary conditions [4]. These types of problems
inevitably associate with the partial differential operators—for example, the Laplace operator [5,6],
the ultrahyperbolic operator [7,8], and the biharmonic operator [9,10].

One common choice to tackle such problems analytically is by using the method of separation of
variables, which is somewhat limited. For instance, it must be applied to lower-order linear partial
differential equations with a small number of variables. More sophisticated treatment for the BVPs
was proposed by F. John [11], who utilizes the Laplace operator using the following Green’s identity:

/ vAudx = / uAvdx—l—/ (vau —uav> ds,
o) Ja a0 \ 91 a

where 7 is the exterior normal vector to a boundary dQ) and A is the Laplace operator defined by

02 02 02
A=t bt s
ox2  Ox3 ox2

The solution, (&), then becomes

ou(x)
o

- u(x)aKg’;’ ‘5)) dS,, F€Q,

@) = [ K goudr— [ (KGxo)

where K(x, {) is the Green'’s function of the Laplace operator.
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C. Bunpog [12] subsequently studied BVPs of the diamond operator {* in which it was originally
investigated by A. Kananthai [13] and later explored in more detail in [14,15]. It is denoted by

<62+az+___+82>2 - +...+82>2k
ox?  Ox3 0x3 Bpo axp+2 0x2

Aok = okak k=1,2,..., 1)

<>k

where the Laplace operator iterated k-times, Ak, can be expressed as

k
2 » 2
K >
o (ax2 Tt ax2> 2 @)

n

k
Dk 82+82+ +i_i_i_ _iz (3)
ox3  0x3 0x3 E)x?)+1 8x§+2 ox2 | -

The solution, u({), can be formulated with the following expression:

k-1

u(@ = [ Delx8)o*ulxddx— ¥ G(Ou(x,8), Disa(x,2))

i=1

— F(Dy(x,8),u(x,2)), k=23,...,

where Dy (x,¢) is the Green’s function of the operator {¥. The functions F and G involve some
boundary conditions on d€).

The partial differential operator ©* has some qualitative properties which can be found in [16-20].
Tt associates with the operators {F and O such that

4 4
o (2L, ey (e @ P
a ox?  9x3 9x3 oy, Ox; 07

Yot2
= Ok = OFOK, k=1,2,..., @)

where OF is defined by Equation (1) and OF is the biharmonic operator iterated k-times:

k
2 » 2\’ 2 2 2\’
AR B R R g N I 5)
ax2 ' 9x3 0x3 ax axp 2 0x2

In this paper, the Green’s identity of the operator & will be presented. Furthermore, the solution’s
existence under some suitable boundary conditions of the operator ©* is manifested by using Green’s
identity of the operators © and @F, as well as the BVP solution of the diamond operator <. Finally,
applications connected to the BVP of the linear partial differential operators are shown.

@k_

2. Preliminaries

Let us begin by introducing some functions and lemmas that are occasionally referred to in
the paper.

Let x = (x1,x2,...,%,) be a point of R” and v(x) = x3 4+ x4 + - - - + x2. The elliptic kernel of
Marcel Riesz defined by Riesz [21] has the following expression
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r(g)o's

Ri(v) = 7
: 2075 (4)

(6)

where « is any complex number and T’ is the Gamma function. It is an ordinary function if Re(a) > n
and is a distribution of « if Re(x) < n. In addition, (—1)¥R; (v) is the Green’s function of the operator
AK defined by Equation (2) (see [13]).

Lety(x) = xf + x5+ -+ x5 — xéﬂ - x’27+2 — -+ — x2 be a nondegenerated quadratic form.
The interior of the forward cone is denoted by 7 = {x € R" |x; > 0,y > 0}. The ultrahyperbolic
kernel of Marcel Riesz presented by Nozaki [22] is expressed as

B—n

y 2 .

RE@y){ &y forver @
0, forx ¢ F,

where

e (2242 (1) rip
()

,

and B is a complex number. Note that R (y) is an ordinary function if Re(B) > n and is a distribution of

Kn(ﬁ) =

Bif Re(B) < n.Furthermore, R¥ (y) is the Green’s function of the operator O in the form of Equation (3)
(see [23]).

Letw(x) = x3 423+ ~—|—x’2g—i(x§+1+x§+2+- ~+x3)andz(x) = x3+x34 - -+x}2g+i(x%+1+
x%H + -+ +x2), where i = v/—1. Functions S, (w) and T;(z) are defined by

r(tst)e

Sy(w) = WI (8)
_ ()=

) = i o)

for any complex numbers 7y and k. The convolution Sy (w) * To(z) is a tempered distribution
(or a distribution of slow growth, [24]) and the Green’s function of the operator ©* defined by
Equation (5), that is,

OF (Sax(w) * Tor(2)) = (), (10)

where 6(x) is the Dirac delta distribution [18].
We modify these functions by introducing the following definitions.
Let¢ = (81,82, ...,8n) beapoint of R" and x — § = (x1 — &1, %2 — &2, ..., Xn — Cn). We define

Ri(x,¢) = Ry(v(x = 8)),
RE(x,2) = RY (y(x - &),
51(x,8) = Sy (w(x =),
Te(x,¢) = Ti(2(x = 8)),
where R4 (), REI (v), Sy (w) and Tx(z) are defined by Equations (6)—(9), respectively. We let

Dy(x,&) = ()RS, (x, &) * RE (%, &), k=1,2,.... (11)

M (x,8) = (—1)kR§k(x, ¢) = Ri(x, &) * Sop(x,8) * Top(x,8), k=1,2,.... (12)
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Note that functions D (x, ¢) and M (x, &) are tempered distributions [13,16], which can be written
in the form of functions R (x, &), RE (x,¢), S2(x, &), and T»(x, &). Equations (11) and (12) can thus be
computed via [25]:

(D> (0(x, ) T RS (x,8) * (y(x,8) T R (x,0)
1 :

22(=1) ((k —1)1)? I (n—2(1+1))?
I=1

Di(x,&) = =2,3,...,

My (x, ) = TV Dr(.§) * (wx, é))"*%(x,é) (2(x, C))k RECTI N

1
22(k=1) n? 2(1+1))
1

—

Moreover, the function M (x, &) satisfies
O™ My (x,8) = M_p, (x,8), 0<m<k, k=12,.... (13)

Lemma 1 (Gauss divergence theorem). Let Q) be a bounded open subset of R", 0} is the boundary of (), and
u e CHQ), Q=0QuUaQ. Then

ou(x) , Xy
- dx = / u(x)=— o ds, = ‘/aQu(x)ndex, (14)
where ai denotes a differentiation in the direction of the exterior unit normal 1 = (n1,...,1) of 9Q,

dx = dxy - - - dxy, and dSy is a surface element with integration on x.
Proof of Lemma 1. (see [26]). O

Lemma 2 (Green’s identity of the biharmonic operator). Let () be a bounded open subset of R", 0Q2 be the
boundary of Q and u,v € C*(Q), Q = QU Q. Then, the Green'’s identity of the biharmonic operator  is

/ vQudx — / uQudx = / (LpuLyv — LyvLqu) dx + H(u,v), (15)
0 o} 0
where H(u,v) is given by

B d(Lou) d(Lyv) ou v
Huo) = [ Kv 2 >+<L20817*L2 am)]dsx, (16)

Mo = (MM2 - Mp, ifps1,Mpt2, - ., ifn) denotes the complex-transversal to 9Q), and - denotes the
derivative in the complex-transversal direction.

Proof of Lemma 2. From Equation (5) with k = 1, we can write

O =Ll (17)
where L1 and L; are defined by
Laati X o
Ly = —
=1 axlz p+1 ]2
and
i 92 e 52 \/7
L=y — —i 2 i=v—1
=%t o
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Since
a(vu) au S v
OXy 8xk ox;
thus 5 3(ou) 5
u ou %
Qva—x]cdx = /Q ox, dx — ua—kdx

By Equation (14), we obtain

aka—/ (vu)1dSy —/ ak

%u Ju ou dv
vadx = /80 Uaixki’]kdsx — /Q aixk . aixkdx

and

Therefore

P ou P 5y
/Qleudx:/aQU Zax m+i Yy ax, =—1]; | dSx

=1 j=p+1
_/<fau.av y o a)
O =1 8xl axl ] Pl 8 ax]
Jdu P ou oo PHdu 9o
= —dS —/ — [ ——|d
/agvaiy* * Q (g dx; Bxl +l]:§1 ij ij> v

which follows

v P v du YT 9u  du
/QMledx—/BQMarl*de_/Q(Zaxl'ax1+ Z ax]ax]> dx.

=1

/UL1udx:/ uledx+/ (Uau_uav> dS,.
o) Q a0\ 0% O

From Equations (17) and (18), we derive

/v@udx—/ Lzuledx—i—/ ( Lou) — Lou )de
1% 1%

Similarly, we find that

/ u@vdx—/ szLludx—}—/ ( (L20) —szau> dS,.
o1 o1«

By Equations (19) and (20), it can be concluded that

j=p+1

Hence

/ vQudx — / uQudx = / (LyuLyv — LyvLqu) dx + H(u,v),
o) o) Q

where H(u,v) is defined by Equation (16). The proof is completed. [

50f11

(18)

(19)

(20)

Lemma 3. Let Q) be a bounded open subset of the Euclidian space R", 0Q) be the boundary of Q, and Dy (x,¢)
be a function which is given by Equation (11) with k = 1. Accordingly, the BVP solution of the diamond operator

< becomes

u(@) = /QD1<x,c><>u<x,é>dx—F<D1<xré>fu<xf¢>>f ceq,

(21)
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where

. a(AM) B 0D, Jdu a(DDl)
F(Dy,u) = /aQ <D1 oy an*>ds"+ / (DDlaﬂ 5 ) S 22)

e = (m,m2,---, Npr —Np+1r —Npt2r- -0 —1) denotes the transversal to 0Q), and % denotes the derivative in
the transversal direction [27].

Proof of Lemma 3. (see[12]). O

3. Results

In this section, the Green’s identity along with the solution of the BVP of the operator & are
described. The results stated in the previous section are used to show the existence of a solution.

Theorem 1 (Green’s identity of the operator ©X). Let Q) be a bounded open subset of R", Q) be the boundary
of Qand u,v € C¥*(Q), QO = QU Q. Then, the Green’s identity of the operator & defined by Equation (4) is

Jov @ udx — [u ek vdx = Ja [(} (@kilu) Qv -3¢ (@kilv) Q?u] dx

+ Ja {L2<> (@k’1u> Liv — LyoL$ (@k’luﬂ dx
(23)
+ [LzuL1<> (@k_lv) — L (@k_lv) Llu} dx
+ H(0 (65 ),0) +H (w0 (a4 1))
Proof of Theorem 1. Since u € C3(Q)), replacing it by (@k ! ) in Equation (15), we have
Ja v & udx — Ja© (@k_lu) Qudx = |, [LZO (@k_1u> Liv — LyoL{$ (@k_lu)} dx o
+ H(O (&% 1), 0).
Likewise, since v € C%(Q), replacing it by < (@k ! ) in Equation (15), we have
Jou e vdx — Ja© (@k_lv> Qudx = |, [L2<> (EBk_lv) Liu — Loul{$ (@k_lvﬂ dx 5

— H(u,¢ (5 10)).
Equation (23) can be obtained according to Equations (24) and (25). O

Theorem 2. Let Q) be a bounded open subset of R", Q) be the boundary of Q, u € C3(Q)), Q = QU and
My (x,¢) be a function which is given by Equation (12). Consequently
(1) the BVP solution of the operator & becomes

W@ = /Q My (x, &) @ u(x, &)dx

- /Q [LaQu(x, ) LiMy(x, &) — LaMy(x,§) L1u(x, §)] dx
— H(Ou(x,¢), Mi(x,8)) — F(D1(x,§),u(x,¢)), ¢€Q,
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(2) the BVP solution of the operator &, for k > 2, is
u@ = [ Milxg)oFulx oax
_ /Q [0 & u(x, O)VM(x,8) — OMa(x, )V & u(x,8)| dx

[ [120 & ur LM, ) — LaMi(x, )L 0 & ()]

- /Q Ly @ u(x,&)L1OMa(x,8) — Ly My (x, &)Ly @ u(x, )] dx
- /Q [La®u(x, &) LyMy (x, &) — LaMy (x, &)Ly Gux, €)] dx

- H (<> of1 u(x, &), M(x, (j)) — H (®u(x, &), OMa(x,&))
= H(Qu(x,¢), Mi(x,¢)) — F(D1(x,6),u(x,5)), ¢€Q,

where H and F are defined by Equations (16) and (22), respectively.
Proof of Theorem 2. (1) By Equation (15), u and v are replaced by {u and Mj, respectively. It follows that
/Q M @ udx — /Q SuOMydx = /Q [LoGuLi My — LM, Ly &ul dx
+ H(Qu, My).
By Equations (10)—(12), with k = 1, we have OM; = D;. Therefore

fQ SuDydx = fQ M ® udx — fQ [L2<>ML1M1 — L2M1L1<>Ll] dx

(26)
—  H(Ou, My).

According to Equations (21) and (26), the solution () becomes

u@ = [oMi(x,¢) ®u(x,)dx
= Jo [L20u(x, §)LiMy (x, &) — LaMy (x, &) LiQu(x, §)] dx (27)
H(Qu(x,¢), Mi(x,6)) — F(D1(x, &), u(x,8)), &€ Q.

(2) By Equation (23) k, u, and v are replaced by k — 1, ®u, and M, respectively. This leads to

/Q My @ udx /Q ou &1 Mydx

= /Q [0 (61u) OM, = & (652M) © @ ) dx

_ /Q [L2<> (@k_1u> LiMy — LyM Ly & (@k_lu)} dx

- /Q (L2 @ ula & (&F2My) — o0 (&4 2My ) Ly @ u] dx

~ H (<> (@’Hu) ,Mk) “H (@u,(} (@k*ZM,{)) L k=23,....
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We have @ 1M, = M; and & 2M; = M, resulting from Equation (13). Thus

Jo@uMidx = [ My & udx— [, [<> (@k_lu) OM; — OMO @ u] dx
- Iy [L2<> (@’Hu) LiMy — LoMLy & (@’Huﬂ dx
- JolLa®uLiOMy — LyOMoLy & u) dx
— H (0 (0u), M) — H(@u,0My), k=23,....

(28)

From Equations (27) and (28), we obtain

u(@) = fo My & udx — [ [<> (@’Hu) OM; — SMoQ @ u} dx
- Ja [LZQ (@kflu) LiMy — LoMi L1 $ (@kiluﬂ dx

- JolL2 ®uLliOMy — LyOMaLy @ u)dx (29)
— fﬂ [L2<>ML1M1 — L2M1L1<>u} dx

_ H (<> (@Hu) ,Mk> — H (du, OMs)
— H(Qu,M;) —F(Dy,u), k=2,3,....
Our claim is now completely proved. O

3.1. Example 1

To illustrate the results, let us consider an equation

Du(@) =f(E), ¢ (30)

where f is any tempered distribution on (). The boundary conditions on dQ) = d(); U d(), are given by
Qu(x, &) = Mi(x,8), x €00y, (31)

u(x,&) =0, x € 90y. (32)

From Equation (30) and [18] (p. 226), we have

Laou(x,g) = —(=) 2 $(x,8)  f(x,), €O (33)
LiMy(x,8) = —R§(x,8) * RY (x,8) « |=() 7' B(x,0)], € (34)
LaMy(x,8) = —R5(x,8) + RE (x,8) + [ () ?'52(x,8)], €0 (35)
Livu(x,) = ~() T Ta(x &) * f(x,0), €O (36)
By taking the convolution operator D; (x,¢) on both sides of Equation (31), it follows that
D1<xr€) * <>u<xr‘:) = Dl(x/ 6) * Ml(xrg)r
OD1(x,¢) xu(x,§) = Di(x,§)* Mi(x,0),
(37)
o(x,¢) xu(x,§) = Di(x,¢)* Mi(x,),
u(x,¢) = Di(x,8)*Mi(x,5), x €.
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By Equations (31) and (32), we get
H(Ou,My) =0, x € 0Q. (38)

According to Equations (22), (32), and (37), this leads to

F(Dl,u) = F(Dl,Dl*Ml)
J(ADyxM oD
= | (Dlw YN MlW:) ds, (39)

J
+ foo (OD1225M — Dy g 2G2)) .

By substituting Equations (30), (33)—(36), (38), and (39) into Equation (27), the solution becomes

?TZ)

JalMuf + ((—i) 2" S % £)(RS = R * (i)
— (RG* R % (—i) 2" $5)((i) 2 To f))dx

I(AD1xM aD
- fHQ (Dli( 81;* 1) - ADl * lej) de

u(g)

(40)

— faQ (DDl LD}};Ml — Dy * M, 48(%5”) dSx, ¢ € Q.

Since all terms within the integrand are tempered distribution, the solution u(¢) therefore exists.
Generally speaking, if we consider

akikks — ARigheQks. (41)

where ki, k; and k3 are nonnegative integers. The operator ©¥152£3 can reduce to the diamond operator
iterated k-times, the Laplace operator iterated k-times, the ultrahyperbolic operator iterated k-times
and the biharmonic operator iterated k-times, defined by Equations (1), (2), (3) and (5), respectively.
For example, if we put k; = k, k; = k3 = 0, the operator ©¥1#2%3 becomes the Laplace operator iterated
k-times /K.

3.2. Example 2 (Potential on Sphere with Dirichlet Boundary)

In the case that the operator @* reduces to the Laplace operator iterated k-times A,

Au(@) = £(¢), teq, (42)

where f is any tempered distribution and Q) = B(0,a) = {{, |¢| < a} is a ball of radius a. The boundary
conditions on () are given by

Alu(x, &) = RS (x,&), i=1,2,...,k—1; x €9Q, (43)

and

u(xr (:) = g(x, g)r x € 0Q), (44)

where g is a given tempered distribution. The solution of Equation (42) is

(RS
u(@) = fo Ry A udx — [, (ngg% —u (8172]()) 45

(45)

k—1 i
(A i\ ORS;
- L ha (R 251 — (Alu) %2 ) dSy, kN,
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The sphere 0Q) is the locus of point x for which the ratio of distances r = |x — ¢| and r* = |x — &*|
from certain points is constant. Here we can choose any point ¢ € (), then ¢* is the point obtained
from ¢ by reflection with respect to the sphere 0Q).

Thatis, &* = 5, such that Ry (x,8) = “o2)" " and Ry (x,&7) = (L) "
’ |g[2=” 26\ s 2k 3T (k) 26 \Ar T S

functions of the Laplace operator with poles ¢ and ¢* respectively. Thus, for x € 0Q),

are the Green’s

a 2k—n
¢ (0,8) = <|¢|> £ (%,0).
Define the function -
it ) = Ry 0) - (K1) s, e

we have that Gi(x, ) is the Green’s function of Laplace operator and Gi(x, ) = 0 for x € 9Q).
By substituting Equations (42)—(44) and (46) into Equation (45), the solution becomes

u@) = [
3| Re(60) — (8) " Ry (v, 2%)
+/an(3€,§) [ = (873 = LZSX.

2k—n
RS (x,8) — ('5') R&(x@*)] f(x)dx

a

In the special case when k = 1, it is the potential on the sphere 0Q) of the problem (42) with the
Dirichlet boundary condition (44).

3.3. Remark

In general, suppose that we consider equation Lu = f where L is any linear partial differential
operator. The solution to this problem can be found provided that L can be written in terms of two
linear operators M and N (i.e., L = MN). Moreover, the solution to the equation Mu = f as well as the
Green’s identity of the operator N are required.

4. Conclusions

This paper focuses on finding the Green'’s identity together with the solution of the BVP for the
operator @ which can be formulated in terms of the biharmonic and diamond operators. We first
consider the solution for the case where k = 1 by employing the solution of the diamond operator and
the Green's identity of the biharmonic operator. The solution for k > 2 is subsequently derived using
the solution for the case k = 1 as well as the Green’s identity for the operator &¥. The solution for all
k consists of the boundary terms satisfying Equations (16) and (22).
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