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1. Introduction

Let H; and H; be two real Hilbert spaces with the inner product (-, -) and the induced norm || - ||.
The split feasibility problem (SFP for short) is as follows:

Find a point x* € C such that Ax* € Q, (1)

where C and Q are nonempty closed convex subsets of H; and Hj, respectively, and A is a bounded
linear operator of H; into Hj.
If the set of solutions of the problem (1) is nonempty, then x* solving problem (1) is equivalent to

x* = Pe(I — TA* (I — Po)A)x*, @)

where T > 0 and P¢ denotes the metric projection of H; onto C and A* is the corresponding adjoint
operator of A.

Recently, many problems in engineering and technology can be modeled by problem (1) and many
authors have shown that the SFP has many applications in our real life such as image reconstruction,
signal processing and intensity-modulated radiation therapy (see [1-3]).

In 1994, Censor and Elfving [4] used their algorithm to solve the SFP in the finite-dimensional
Euclidean space. In 2002, Byrne [5] improved the algorithm of Censor and Elfving and presented
a new method called the CQ algorithm for solving the SFP (1) as follows:

Xy41 = Pc(I — TA*(I — Pq)A)xy, Vn € N. ®G)
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The split common fixed point problem (shortly, SCFPP) is formulated as follows:
Find a point x* € Fix(U) such that Ax* € Fix(T), 4)

where U : H; — Hj and T : Hy — H; are nonlinear mappings; here, Fix(U) denotes the set of fixed
points of the mapping U. We use S to denote the solution set of problem (4).

Note that, since every closed convex subset of a Hilbert space is the fixed point set of its associating
projection if U := Pc and T := P, the SFP becomes a special case of the SCFPP.

In 2007, Censor and Segal [6] first studied the SCFPP and, to solve the SCFPP, they proposed the
following iterative algorithm:

Xpi1 = U(xy — TA*(I — T)Axy), ¥n €N, ©)

where T is a properly chosen stepsize. Algorithm (5) was originally designed to solve the problem (4)
for directed mappings.

In 2010, Moudafi [7] proposed an iterative method to solve the SCFPP for quasi-nonexpansive
mappings. In 2014, combining the Moudafi method with the Halpern iterative method, Kraikaew and
Saejung [8] proposed a new iterative algorithm which does not involve the projection operator to solve
the split common fixed point problem. More specifically, their algorithm generates a sequence {x, }
via the recursions:

Xpi1 = X+ (1 —an)U(xy — TA*(I —T)Ax,), Vn €N,

where xy € H is a fixed element, U and T are quasi-nonexpansive operators.

Recently, many authors have studied the SCFPP, the generalized SCFPP and some relative
problems (see, for instance, refs. [3-5,9-13] and they have also proposed a lot of algorithms to solve
the SCFPP (see [14-17] and the references therein).

On the other hand, the bounded perturbation resilience and superiorization of iterative methods
have been studied by some authors (see [18-23]). These problems have received much attention
because of their applications in convex feasibility problems [24], image reconstruction [25] and inverse
problems of radiation therapy [26] and so on.

Let P denote an algorithm operator. If the iteration x,,11 = Px;, is replaced by

Xn+1 = P(xn + ,Bnl/n)/

where B, is a sequence of nonnegative real numbers and {v, } is a sequence in H such that
[e9)
Y Bn < oo and ||| < M. (6)
n=0

Then, the algorithm is still convergent and so the algorithm P is the bounded perturbation
resilient [19].

In 2016, Jin, Censor and Jiang [21] introduced the projected scaled gradient method (PSG for
short) with bounded perturbations for solving the following minimization problem:

min f(x), )

xeC

where f is a continuous differentiable, convex function. The method PSG generates a sequence {x, }
defined by
X1 = Pe(xn — 1D (xn) Vf(xn) +e(xn)), Vn >0, ®)

where D(x,) is a diagonal scaling matrix and e(x,) denotes the sequence of outer perturbations
satisfying Y o [le(xn)]| < oco.
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Recently, Xu [22] projected the superiorization techniques for the relaxed PSG as follows:
Xp+1 = (1 = T0)xXn + TuPo (X0 — vuD(xn)V f(x) +e(x)), V>0, ©)

where T, is a sequence in [0, 1].
Recently, for solving minimization problem of the combination of two convex functions
min,cy f(x) 4+ g(x), Guo and Cui [20] considered the modified proximal gradient method:

Xpi1 = anh(xn) + (1 — an)proxp,o (I — AnV f)(xn) +e(xn), ¥n >0, (10)

and, under suitable conditions, they proved some strong convergence theorems of the method.
The definition of proximal operator prox,,, is as follows.

Definition 1 (see [27]). Let To(H) be the space of functions on a real Hilbert space H that are proper, lower
semicontinuous and convex. The proximal operator of ¢ € T'o(H) is defined by

— : 1 2
proxy(x) = argirélg{(p(v) + 2||1/ x||“}, x € H.
The proximal operator of ¢ of order A > 0 is defined as the proximal operator of A, that is,

_ : 1 2
proxpg(x) = argrl}gg{(p(v) + ﬁHv x||°}, x € H.
Now, we propose a viscosity method for the problem (4) as follows:
X1 = aph(xy, +e(xy)) + (1 — ay)U(xy — 7 A*(I — T)Axy, +e(xy)), Vn > 0. (11)

If we treat the above algorithm as the basic algorithm P, the bounded perturbation of it is
a sequence {x, } generated by the iterative process:

Yn = Xp + ,BnVn/
Xpi1 = &nh(Yn +e(yn)) (12)
+ (1 —an)U(yn — A (I —T)Ayn +e(yn)), ¥n >0.

In this paper, mainly based on the above works [6,20,22], we prove that our main iterative method
(11) is the bounded perturbation resilient and, under some mild conditions, our algorithms strongly
converge to a solution of the split common fixed point problem, which is also the unique solution of
the variational inequality problem (13). Finally, we give two numerical examples to demonstrate the
effectiveness of our iterative schemes.

2. Preliminaries

Let {x, } be a sequence in the real Hilbert space H. We adopt the following notations:

(1) Denote {x,} converging weakly to x by x, — x and {x,} converging strongly to x by x, — x.
(2) Denote the weak w-limit set of {x,} by w(x) := {x : Ixn; —= x}.

Definition 2. A mapping F : H — H is said to be:

(i) Lipschitz if there exists a positive constant L such that

|Fx — Fyl| < Lilx — yll, Vx,y € H.
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In particular, if L = 1, then we say that F is nonexpansive, namely,
IFx = Fy|| < [lx —yll, Yx,y € H.
IfL € [0,1), then we say F is contractive.
(i) w-averaged mapping (shortly, a-av) if
F=(1—a)l+aT,
where w € [0,1) and T : H — H is nonexpansive.

Definition 3. A mapping B : H — H is said to be:

(i) monotone if
(Bx —By,x —y) >0, Vx,y € H.

(ii)  y-strongly monotone if there exists a positive constant 1 such that
(Bx —By,x —y) > yllx—y|?, Yy € H.
(iii)  a-inverse strongly monotone (shortly, a-ism) if there exists a positive constant a such that

(Bx — By, x —y) > a||Bx — By||?>, Vx,y € H.

In particular, if &« = 1, then we say B is firmly nonexpansive, namely,

(Bx — By,x —y) > ||Bx — By||%, Vx,y € H.

Using the Cauchy—Schwartz inequality;, it is easy to deduce that B is %fLipschitz if it is a-ism.
Now, we give the following lemmas and propositions needed in the proof of the main results.

Lemma 1 ([28]). Let H be a real Hilbert space. Then, the following inequality holds:
le+yll* < llxl” +2(x +y,y), Y,y € H.

Lemma 2 ([29]). Let h : H — H be a p-contraction with p € (0,1) and T : H — H be a nonexpansive
mapping. Then,

(i) I —his (1— p)-strongly monotone, that is,
(I—h)x—(I-hyx—y) > (1-p)|x—y|? YryeH.
(ii)) I — T is monotone, that is,

(I-T)x—(I-T)y,x—y) >0, Vx,y € H.

Proposition 1 ([30]).

(i) IfTy,Ty,---, T, areaveraged mappings, then we can get that T, T,,_q - - - Ty is averaged. In particular,
if T; is aj-av for each i = 1,2, where a; € (0,1), then T, Ty is (ay + a1 — apeq)-av.
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(ii)  If the mappings {T;}) | are averaged and have a common fixed point, then we have
N
() Fix(T;) = Fix(Ty ... Tn).
i=1

(iii) A mapping T is nonexpansive if and only if I — T is %—ism.
(iv)  If T is v-ism, then, for any T > 0, TT is Z-ism.

(v) T isaveraged if and only if I — T is v-ism for some v > %. Indeed, for any 0 < a < 1, T is a—averaged
ifand only if I — T is ﬁ—ism.

Lemma 3 ([31]). Let H be a real Hilbert space and T : H — H be a nonexpansive mapping with Fix(T) # @.
If {xn} is a sequence in H weakly converging to x and {(I — T)x, } converges strongly toy, then (I — T)x = y.
In particular, if y = 0, then x € Fix(T).

Lemma 4 ([32] or [33]). Assume that {s,} is a sequence of nonnegative real numbers such that
Spt1 < (1 - 'Yn)sn + Ynln, Sp+1 < Sp — Mn + Qn, vn >0,

where {yn} is a sequence in (0,1), {n,} is a sequence of nonnegative real numbers, {6, } and {¢,} are
two sequences in R such that

(i) Yo Yn = 09

(i) limy_,co 7, = O implies limsup;_,  6,, < 0 for any subsequence {n;} C {n}.

Then, limy, 00 S5, = 0.

Lemma 5. Assume that A : Hy — Hj is a bounded linear operator and A* is the corresponding adjoint

operator of A. Let T : Hy — Hp be a nonexpansive mapping. If there exists a point z € Hj such that
Az € Fix(T), then

(I-TY)Ax=0<= A*(I-T)Ax =0, Vx € Hy.
Proof. Itis clear that (I — T)Ax = 0 implies A*(I — T)Ax = 0 for all x € Hj.

To see the converse, let x € H such that A*(I — T)Ax = 0. Take Az € Fix(T). Since T is
nonexpansive, we have

| TAx — Az||? = | TAx — TAz||* < || Ax — Az||?
and
|TAx — Az||? = ||Ax — TAx — (Ax — Az)|*> = || Ax — TAx||> — 2(Ax — TAx, Ax — Az) + || Ax — Az|>.
Combine the above two formulas, we have
|Ax — TAx||* < 2(Ax — TAx, Ax — Az) = 2(A*(I — T)Ax,x — z) = 0.
This completes the proof. [

3. The Main Results

In 2000, Moudafi [34] proposed the viscosity approximation method:

X1 = aph(xy) + (1 —ay)Nx,, Vn >0,
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which converges strongly to a fixed point x* of the nonexpansive mapping N (see [35,36]). In 2004,
Xu [29] further proved that x* € Fix(N) is also the unique solution of the following variational
inequality problem:

((I—h)x*, ¥ —x*) >0, Vx € Fix(N), (13)

where i : H — H is a p-contraction. By Lemma 2, we get I — h is strongly monotone, hence the
solution of problem (13) is unique.

In this section, we present a viscosity iterative method for solving problem (4). Meanwhile,
the algorithm approximates the unique fixed point of variational inequality problem (13).

Putting e, := e(x,), we can rewrite the iteration (11) as follows:

Xpi1 = aph(xy +en) + (1 —ay)U(xy — 1, A*(I — T)Axy, +ey)

14
=waph(xy) + (1 —an)U(xy — A" (I = T)Axy) + 84, Y1 >0, 14
where
én - an(h(xn + e;q) - h(Xn))
+ (1 —an)(U(xp — A (I = T)Axp +en) — U(xy — TnA* (I — T)Axy)).
Since U is nonexpansive and / is contractive, it is easy to get
l[enll < anllh(xn +en) — h(xn)|]
+ (1 —ay)||U(xy — WA (I = T)Axy +en) — U(xy — T, A" (I — T)Axy) || (15)

< (anp+1—an)en]|
< [lenll-

Theorem 1. Let Hy,H, be two real Hilbert spaces and A : H; — Hj be a bounded linear operator with
L = ||A*A||, where A* is the adjoint of A. Suppose that U : Hy — Hy and T : Hy — Hj are two averaged
mappings with the coefficients <y, and -y,, respectively. Assume that the problem (4) is consistent (i.e., S # @).
Let h : Hy — Hj be a p-contraction with 0 < p < 1. For any xo € Hy, define the sequence {x,} by (14). If the
following conditions are satisfied:

(i) limyseoan =0and ), oa, = oo;
(i) 0 <liminf, ;0 7 < limsup, . T <
i) T llen] < co.

1.
T2L7

Then, the sequence {x,} converges strongly to a point x* € S, which is also the unique solution of the
variational inequality problem (13).

Proof. Set Vy, := U(I — 1,A*(I — T)A). Then, by Proposition 1, it follows that U(I — 7,A*(I — T)A)
is (11 + (1= 71)72wL)-avas 0 < 1, < ﬁ

Step 1. Show that {x, } is bounded. For any z € S, we have

[[xn+1 — 2|
= ||anh(xn) + (1 — ay) Vi, xy + &1 — 2|
= |lan(h(xn) —2) + (1 — an) (Ve X0 — 2) + & |
< anl|h(xn) — h(z)|| + anl[h(z) — z[| + (1 — an) || Vi, xn — z[| + [[&n]] (16)
< anpllxn — z|| + anl|h(z) = z[| + (1 — an) [[xn — 2| + [|2n]|
7(z) = z]| + [[enl}/on
I—p

= (1= an(1 = 0))[lxn — 2] + an(1 - p)
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Note that the condition (iii) and (15) imply that };”  [|é,|| < co and, from the conditions (i),
(iii) and &, > 0, it is easy to show that {||é,||/a,} is bounded. Therefore, there exists M; > 0, such
that My := sup, 1 ||k(z) — z|| + [|éx|| /an }. Thus, since the induction argument shows that

M,
_ Sl < _ kel
|y — z|| < max{||x0 z||, s },
it turns out that the sequence {x, } is bounded and so are {h(x,)}, {Vy,x,} and {A*(I — T)Ax,}.

Step 2. Show that, for any sequence {nx} C {n}, if 1,, — 0, then limy_, [|xy, — V5, xn|| = 0. First,
if z € S, then we have

%41 — z[|?
= |lanh(xn) + (1 — a) Vi, X0 + & — 2|
= |lanh(xn) + (1 = a) Vi, x5 — 2||* + 2{anh(x) + (1 — a) Vi, X5 — 2,8,) + ||En]|?

< a2 ||h(xn) — z||? + (1 — a)?|| Vi, 0 — 2||* + 20, (1 — o) (B () — 2, Vi, 0 — 2)
+ (2an[|h(xn) — z|| +2(1 — an) |20 — 2| + [|&0]]) ]| &0 ]
<205 ([|h(xn) = (2) 1> + 1h(2) — 2]1) + (1 — @n)?|| Ve, 0 — 2| (17)
+ 20, (1 — ay) (h(xn) — 2, Vi, X0 — 2) + M2 |84 ]|
<205 ([B(xn) = B(2) 1> + 1h(2) = 2]1) + (1 — an)?|| Ve, xn — 2|
+ 20 (1 — an) ([[(xn) — h(2)[[||xn — z|| + (h(2) — 2, Vo, %0 — 2)) + Mal|én]|
< (1= an (2 = an (14 20%) = 2(1 = an)p)) [0 — 2|
+ 200 (1 — ) (h(2) — 2, Vg, Xn — 2) + 203 ||1(2) — 2[|* + Ma e,

where M := sup,, o {2an |1 (xn) — z|| +2(1 — an) || — 2| + |18 }-
Second, we can rewrite V, as

Ve, = U(I — tpA*(I = T)A) = (1 — wy)I + w, Wy, (18)

where w, = 71+ (1 — 711)72™L and W, is nonexpansive. By the condition (ii), we get 71 <
liminf, e wy, < limsup, . w, < 1. Thus, it follows from (14), (17) and (18) that

[Ef
= llanh(xn) + (1 = an) Vg, X + &1 — z|?
< awh(xn) + (1 = an) Vg, 20 — 2[|* + Ma 2|
= ||V, xn — z + an(h(xn) — Vrnxn)Hz + Ma|[én||
= ||V, xn — 2||* + an® || B (xn) = Vi, xu*
+ 20, (Vg xn — z,h(xn) — Vg, xn) + Ma|[ ]| (19)
= | (1 = wp)xy + W Wixy — 2||% + a2 |1 (xn) — Vi, X0 ||?
+ 20 (Vi X — 2, h(xn) — Vg, xn) + M3 |8y ]|
= (1 —wy)||xn — z|* + wn || Wnxn — Waz|? — wn (1 — w,) ||Waxn — x|
+ a2 || h(xn) — Vi, xn||? + 200 (Ve xn — 2, (%) — Vi, X0) + My |84 |
< floen — Z”2 — wn(1 = wy)|[Whxy — xn”z + “n2||h(xn) - VTnanZ

+ 200, (Vo X — 2, (%) Vi, xn) + Mz |||

Furthermore, set

su=lxn—zl%  vn=an(2—an(1+20%) —2(1 —an)p),



Mathematics 2019, 7, 14 8 of 14

1

B _ 2
On = 2 —a,(14202) —2(1 *wn)P[zath(Z) 7l
+ MZH%H +2(1 = an)(h(z) =2, V00 = 2)],
n

M = Wi (1 — Wy ) [|[Waxn — anzr
@n = an?||h(xn) = Ve, xn|* + 20 (Vig, X — 2, 11 () — Vig, Xu) + Mo @ -

Using the condition (i), it is easy to get v, — 0, £77 v, = o and ¢, — 0. In order to complete
the proof, from Lemma 4, it suffices to verify that ,, — 0 as k — oo, which implies that

lim sup On, <0
k—o0

for any subsequence {1} C {n}. Indeed, 17,, — 0 as k — oo implies that ||Wy, x,, — x5 || — 0 as
k — oo from the condition (iii). Thus, from (18), it follows that

|2, — VTnkxnk” = W, ||Xn, — Wi X, || = 0. (20)

Step 3. Show that
wy(xp,) CS, (21)

where wy, (xy, ) is the set of all weak cluster points of {x,, }. To see (21), we prove the following:
Take ¥ € wy{xy, } and assume that {x;, } is a subsequence of {x,, } weakly converging to %.

Without loss of generality, we still use {xy, } to denote {x;, }. Assume 7, — 7. Then, we have
j

0<t< ﬁ Setting V = U(I — TA*(I — T)A), we deduce that

||VTnkxnk = Vi, |l
= [[U(xp, — T, A" (I = T)Axy, ) — U(xy, — TA (I = T)Axy,) ||
< |, — T||A*(I = T) Axp || (22)

Since Ty, — T @S k — oo, it follows immediately from (22) that
Vi X, = Vit | 0
as k — oo. Thus, we have
2, = Vam || < |2y, — VTnkxnk” + HVTnkxnk — V|| — 0. (23)

Using Lemma 3, we get wy (xy,, ) C Fix(V). Since both U and T are averaged, it follows from
Proposition 1 (ii) that

wy(xp,) C Fix(U), wy(xn,) C Fix(I —=TA*(I—-T)A).
Then, by Lemma 5, we obtain wy,(x,,) C S immediately. Meanwhile, we have

limsup (h(x*) — x*, x,, — x*) = (h(x™) —x*, ¥ —x*), V¥ €. (24)

k—o0

In addition, since x* is the unique solution of the variational inequality problem (13), we have

limsup (h(x*) — x*, x,, —x*) <0
k—o0
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together with (20) and hence lim sup,_, ., 5, < 0. This completes the proof. [

Next, we consider the bounded perturbation of (14) generated by the following iterative process:

{yn =Xy + ,BnVnr (25)

Xp1 = anh(yn +e(yn)) + (1 — an)U(I — T A (I — T) Ayn + e(yn))-

Theorem 2. Assume that the sequences { B, } and {v, } satisfy the condition (6). Let Hy,Hp be two real Hilbert
spaces and A : Hy — Hp be a bounded linear operator with L = || A* A||, where A* is the adjoint of A. Suppose
that U : Hy — Hyand T : Hy — Hj are two averaged mappings with the coefficients vy, and vy, respectively.
Assume that problem (4) is consistent (i.e., S # @). Let h : H] — Hj be a p-contraction with0 < p < 1.
For any xo € Hy, define the sequence {x,, } by (25). If the following conditions are satisfied:

(i) limyseoan =0and ), oa, = oo;
(i) 0 <liminf, ;0 T < limsup, . Ty <
(i) Yplolle(yn)| < oo

Then, the sequence {x, } converges strongly to x*, where x* is a solution of the problem (4), which is also
the unique solution of the variational inequality problem (13).

1.
T2L7

Proof. Now, put

&y =an ((yn + e(yn)) — h(xn))
+ (1 —an)(U(yn — A (I = T)Ayn +e(yn)) — U(xy — A" (I — T)Axy)).

Then, Equation (25) can be rewritten as follows:
Xpi1 = aph(xy) + (1 —ay)U(I — 17 A*(I = T)A) (x) + &p, (26)

In fact, by Proposition 1 (iii) and the nonexpansiveness of T, it is not hard to show that A*(I — T) A
is 2L—Lipschitz. Thus, we have

el < anl[h(yn + e(yn)) = h(xn)||
+ (1= an)llyn = xn = (A (I = T)Ayn + e(yn) — A™(I = T) Axa) |
< wnpllyn — xn +e(yn) || (27)
+ (1= an)([[yn = xull + 2L llyn = xnl + [le(yn) 1)
< (anp + (1= an) (1 +27,L)) Bullvall + (anp + (1 = an))[le(yn) |-
From the condition (iii) and condition (6), we have Y ;" ||é,|| < oo. Consequently, using

Theorem 1, it follows that the algorithm (14) is bounded perturbation resilient. This completes
the proof. 0O

4. Numerical Results

In this section, we consider the following numerical examples to present the effectiveness,
realization and convergence of Theorems 1 and 2:

Example 1. Let H; = Hy = R2 Suppose h(x) = {5x and

A:<O g).

N
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Take U = Pc and T = Pg, where C and Q are defined as follows:
C={xeR: x| < 4}

and
Q={yeR?:6<y(i) <12, i=1,2},

where y(i) denotes the ith element of y.
We can compute the solution set S = {x:3 < x(1) < 6,2 < x(2) <4, |x||» <4}.

Take the experiment parameters 7, = + and a, = nlﬁ in the following iterative algorithms
and the stopping criteria is ||x,,41 — xx|| < error. According to the iterative process of Theorem 1,
the sequence {x,} is generated by

1 1

B[R e

Xpi1 WU (xy — T AT(I — T)Axy). (28)

As n — oo, we have x, — x*. Then, taking the random initial guess xp and using MATLAB
software (MATLAB R2012a, MathWorks, Natick, MA, USA), we obtain the numerical experiment
results in Table 1.

Table 1. xy = rand(2,1), results without bounded perturbation.

T n Time (s) Xn Error
0.1111 52 0.02657  [2.99951.9998]T 10~
0.1111 135 0.07538  [2.9998 2.0000]7 10~°
01111 216 0.15873  [3.00002.0000]7 10~7

Next, we consider the algorithm with bounded perturbation resilience. Choose the the bounded
sequence {vy } and the summarable nonnegative real sequence {B, } as follows:

dp .
———, if0#£d, € dl-(x,),
oy = | T HO 7 dn € Olclxn) 29

0, if0=d, €dlc(xy),

and
Bn =c"

for some ¢ € (0,1), where the indicator function

Te(x) 0,ifxeC,
X) =
¢ o, ifx ¢ C,

and
{ueH:(u,x—y)>0,VyeC}, ifxeC,
e (x) = Ne(x) = e |
@, ifx ¢ C,

is the normal cone to C. The point d,, is taken from N¢(x,). Setting ¢ = 0.5, the numerical results can
be seen in Table 2.
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Table 2. xy = rand(2,1), results with bounded perturbation.

T n Time (s) Xn Error
01111 45 0.02342 [2.99921.9998]T 1075

0.1111 98  0.05317  [2.99982.0000]7 107°
0.1111 153  0.10256  [3.00002.0000]" 10~

As we have seen above, the accuracy of the solution is improved with the decrease of the stop
criteria. In addition, the sequence {x, } converges to the point (3,2), which is a solution of the numerical
example. Of course, it is also the unique solution of the variational inequality ((I — h)x*,x —x*) > 0.

In addition, we contrast the approximate value of solution x* of Example 1 under the same
parameter conditions, the same iterative numbers and the same initial value. The numerical results are
reported in Tables 3 and 4, where {x,(ql)} and {xﬁ,z)} denote the iterative sequences generated by the
algorithm (14) in this paper and Theorem 3.2 in Ref. [8], respectively.

Table 3. xy = 2 % rand(2, 1),results without bounded perturbation.

T n x,(il) x,(,z) Error
02179 52 [2.98841.9993]T [2.98501.9940]T 107>

02179 132 [3.00001.9995]T  [2.99421.9988]T  10~°
02179 208 [3.00001.9999]T  [2.99951.9996]T 107

Table 4. xo = 2 * rand(2,1), results with bounded perturbation.

T n xfll) x,(f) Error
02179 32 [2.99901.9997]T [2.99201.9987]T 107>

02179 56  [2.99971.9999]T  [2.99421.9988]T 10~°
0.2179 115  [3.0000 2.0000]7  [2.99951.9998]T 10~

Example 2. Let Hy = Hp = R3. Suppose h(x) = $x and

1 0 -8
A=10 2 0
0 0 5
Define T : R® — R3 by
Toy = (r(1),5(2),y3) v (y(1),y(2), L TENYE) )7 (30)

2

It is obvious that T is + — av and the set of fixed points Fix(T) = {y| (y(1),y(2),0)T} is nonempty.
Let U = Pc and C = {x € R3| ||x|| < 1}. Then, we use the iterative algorithm of Theorem 1 to approximate
a point x* € C such that Ax* € Fix(T).

Take the experiment parameters 7, = (iﬁ’;L and a, = %—‘rl in the following iterative algorithms.

Let F(x) = %||(I — T)Ax||? + Ic(x) and the stopping criteria is F(x) < error.
Then, taking the random initial guess xy and using MATLAB software, we obtain the numerical
experiment results in Table 5.
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Table 5. xy = 10 x rand(3, 1), results without bounded perturbation.

T n Time (s) Xn Error
0.0255 120  0.0155  [0.00850.0167 0.0037]T ¥ 1072 107>
0.0256 235  0.0461  [0.0078 0.0013 0.0013]T + 102 10~°
0.0257 518  0.1881  [0.0029 0.0015 0.0002]7 *10~*  10~7

Next, we consider the bounded perturbation. The definitions of v, and B, are similar to the
Example 1. Setting ¢ = 0.8, the numerical results can be seen in Table 4.
As we have seen in Tables 5 and 6, the sequence {x, } approximates to the point (0,0,0)”, which
is a solution of the numerical example. Of course, it is also the unique solution of the variational

inequality ((I —h)x*,x —x*) > 0.

Table 6. xy = 10 % rand(3,1), results with bounded perturbation.

T n  Time (s) Xn Error
0.0246 22 0.0036  [0.01080.0139 0.0015]T x 1072 107>
0.0249 32  0.0040  [0.0085 0.0014 0.0014]7 +10~3 10~
0.0250 36  0.0058  [0.0028 0.00250.0034]T +10~* 1077

5. Conclusions

The SCFPP is an inverse problem that consists in finding a point in a fixed point set such that its
image under a bounded linear operator belongs to another fixed point set. Many iterative algorithms
have been developed to solve these kinds of problems. In this paper, we have introduced a viscosity
iterative sequence and obtained the strong convergence. We prove the main result using the weaker
conditions than many existing similar methods—for example, Xu's algorithm [37] for the SFP. More
specifically, his algorithm generates a sequence {x, } via the following recursions:

Xpy1 = &t + (1 — ay)Pe(xy — 1 A™ (I — Pg) Axy),

where u is a a fixed element and {a,, } C [0, 1] satisfies the assumptions:

(i) limy ey, =0and Y, qay = o,
(ii) either Y5> o [[ap11 — an | < 00 or imy oo (tty11/a0n) = 1.

The second condition is not necessary in our theorems. We also consider the bounded perturbation
resilience of the proposed method and get theoretical convergence results. Finally, numerical
experiments have been presented to illustrate the effectiveness of the proposed algorithms.
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