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Abstract: In this article, we propose a coupled system of Caputo fractional Hahn difference
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1. Introduction

Quantum calculus is the study of calculus without limits. There are several types of quantum
difference operators. Used in problems of mathematical areas for instance, orthogonal polynomials,
combinatorics, arithmetics, particle physics, quantum mechanics, the theory of relativity and
variational calculus [1-9]. In addition, the applications of the integral boundary equations and
boundary element methods development could be found in [10-14].

Jackson g-difference operator, the forward (delta) difference operator and the backward (nabla)
difference operator are the well-known operators used in many research works. In 1949, the Hahn
difference operator developed from the forward difference operator and the Jackson g-difference
operator was proposed by Hahn [15] as

_ flgt+w) — f(t) W
Tt -1 +w ’t#wo'_ﬂ'

Dygwf(t)

We note that

Dyf(t) = Duf(t) := f(f++)—f(f)

whenever g =1,
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flqt) — f(t)
tg—1)

and Dy f(t) = f'(t) whenever g = 1,w — 0.

whenever w = 0,

Dgwf(t) = Daf(t) :=

Hahn’s operator has been used in the determination of new families of orthogonal polynomials
and in approximation problems (see [16-18]). Recently, the Hahn difference calculus has become a
favourite topic for analysis.

Later, the right inverse of Hahn difference operator was introduced by Aldwoah [19,20].
This operator is formulated from No6rlund sum and Jackson g-integral [21]. In 2010, Malinowska
and Torres proposed Hahn variational calculus [22,23]. In 2013, Hamza et al. [24,25] proved the
existence and uniqueness of solution for the initial value problems for Hahn difference equations.
In addition, they obtained a mean value theorems for this calculus, and established Gronwall’s and
Bernoulli’s inequalities with respect to the Hahn difference operator. In the same year, Malinowska
and Martins [26] proposed Hahn variational problem to generalize the Hahn calculus of variations.
They obtained transversality conditions.

In 2016, Sitthiwirattham [27] studied the nonlocal boundary value problem for a second-order
Hahn difference equation, their problem contains two Hahn difference operators with different
numbers of 4 and w, the existence and uniqueness result was proved by using the Banach fixed
point theorem, and the existence of a positive solution was established by using the Krasnoselskii
fixed point theorem. In 2017, Sriphanomwan et al. [28] developed the above problem by including
an Hahn integro-difference term and integral boundary condition, the existence and uniqueness of
solutions was obtained by using the Banach fixed point theorem, and the existence of at least one
solution was established by using the Leray—Schauder nonlinear alternative and Krasnoselskii’s
fixed point theorem.

Meanwhile, there were some research works related to fractional (g, h)-difference operator
for g > 1 (see [29-33]). However, the fractional Hahn operators must be satisfied with 0 <
g < 1. Presently, the fractional Hahn difference operators was introduced by Brikshavana and
Sitthiwirattham [34]. In addition, boundary value problems of fractional Hahn difference equations
have been studied (see [35-37]).

Since the boundary value problem for systems of fractional Hahn difference equations have
never been presented before, we devote our attention to study this kind of problem. In this paper,
we consider the boundary value problem for the system of Caputo fractional Hahn difference
equations of the form

CD8Luy (£) = Fy (1,CDPLu (£),ua(t)),

)
CDR2ur(t) = B (4, CDf%ua(t),u (), tell,,
with the nonlocal three-point fractional Hahn integral boundary value conditions
ui(wo) = ¢1(uy,uz), ui(t) = Azzg,zwgz(ﬂz)uz(ﬂz), @)

ur(wo) = (i1, 12), 1z (t) = MZyteg (1)1 (1),

where I;w = {g"T + wlk]g : k € No} U{wo}; 11,12 € I‘{w —{wy, T}; fori=1,2 a; € (1,2], B;, 6; €
(0,1, w >0, g€ (0,1), A; e R, F; € C(I] , x RxR,R), g; € C(I],, R) are given functions, and

¢;: C (IqT,w,R) x C (IqT,w,R) — R are given functionals.
We organize the paper as follows. We provide some definitions and lemmas in Section 2.
We present the existence and uniqueness of a solution for system (1) in Section 3. The Banach fixed

point theorem is the tool to get the result. In addition, we prove the existence of at least one solution
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for system (1) by employing the Schauder’s fixed point theorem in Section 4. Finally, we present
some examples of the main results.

2. Preliminaries

In this section, we introduce notations, definitions, and lemmas which are used in the main
results [15,19,27,28,34]. Let g € (0,1), w > 0 and define

, n € N.

[n], = =¢"'+.4+g+1 and [n]l:= -
k=1 q

We define the g-analogue of the power function (a — b)g withn € Ng:={0,1,2,..};a,b € Ras

(a— b)% = 1,
= el 1y T, (1 t)
(@) = [Ja—bg)=a" <1 B q") = (1 - qk) )
q IE) ]g] ? ]‘13) “ | (1 a %qh>

" [T (1 - %qk>
[Tio (1 - qu”) ‘

= q

The g, w-analogue of the power function (a — b)%w withn € Ny :={0,1,2,..};4,b € R is defined by

=

n—1 —1

(a=0)fwi=1, (a=b)o = [][a— 0 +wlky] =TT [(@—wo) — (a - wo)*]
k=0 k=0
= ((a—wo) — (a—wo))}.

i ()
(a—b)EZQ 7:!‘:‘[)1_ (%)qa+nl a #O/
0 _ b—wg n "
(a—b)gw = (a—wp)* ]E[O 11_ (éa?‘;gs)‘il" = ((ﬂ —wp) — (b— wo));/ a # wy.

Note that a7 = a* and (@ — wp)gw = (2 — wp)". In addition, we use the notation (0)g = (wp)gw =0
for « > 0. The g-gamma and g-beta functions are defined by

O ) o
Iy(x) == =t xeR\{0,-1,-2,..},
By(x,s) = /01 F(1 - qt)Z;ldqt = Im,

respectively.
Definition 1. Letting q € (0,1), w > 0and f be defined on an interval I C R which contain wq := 1%7,
the Hahn difference of f is defined by

_ flgt+w) —f(t)

Dywf(t) = Ho—1) T for t # wy,
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and Dy, f (wo) = f'(wo) provided that f is differentiable at wy. We call Dy f the q, w-derivative of f, and
say that f is q, w-differentiable on I.

Remark 1. The following are some properties of the Hahn difference operator:
(1) Dgwlf(t) +8(t)] = Dgwf(t) + Dgwg(t),
(2) Dgwlaf(t)] = aDgwf(t),
(3) Dywlf(t)g(t)] = f(t)Dgwg(t) + g(qt + w) Dy f (1),
® Dy | 10)] - 8000l 0Dt
" Ls(®) g(H)3(qt + ) '

Let a,b € I C R wherea < wy < band [k]; = %, k € Ny := NU{0}. We define the
g, w-interval by

[a,b],, = {q a+wlk keNO}U{qkb+w[k]q:keNo}U{w0}
- [ll, 0 [wO/ b]q
= (a ) U {a b} = la,b),,U{b} = (ab],,U{a}.
Observe that, for each s € [a,b];, the sequence {Uglw(s)}zozo = {q*s + w[k]y},_, is uniformly
convergent to wy. We next define the forward jump operator (Tf;,w(t) = gt + wlk]; and the
backward jump operator quc,w(t) = w[k]”’ for k e N.

Definition 2. Let I be any closed interval of R which contain a,b and wy. Assume that f : I — Risa
given function. q, w-integral of f from a to b is defined by

/abf(t)dq,wt = /;f(t)dq,wt—/(;f(t)dwt,

/X f(H)dget == [x(1—q) —w] ki)qkf (qu —i—w[k]q) , x€el,

wo

where

provided that the series converges at x = a and x = b. We call f q,w-integrable on [a,b]. The above
summation is called the Jackson—Norlund sum.

We note that f is defined on [, b];» C I. We next provide the following lemma introducing the
fundamental theorem of Hahn calculus.

Lemma 1. Let f : I — R be continuous at wy. Define
X
wo

Then, F is continuous at wg. Furthermore, Dy, F(x) exists for every x € I and

Dq,wP(x) = f(x).
Conwersely,

b
/a Dy,wF(t)dgwt = F(b) — F(a) foralla,b € I.
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Lemma 2. Let g € (0,1), w > 0and h : I — R be continuous at wy. Then,
topr bt
/ / h(s)dgwsdgor = / / h(s) dg,r dg,ws.
wo Jw wp Jgst+w

Lemma 3. Let g € (0,1) and w > 0. Then,

t t (t — wp)?
d =t— d / t— d =
L, daes=t—wo and [ [t 0q(s)) dyus = 17

Next, fractional Hahn integral, fractional Hahn difference of Riemann-Liouville and Caputo

types are introduced.
Definition 3. Letting a,w > 0, g € (0,1) and f be defined on [wo, Ty, the fractional Hahn integral is

defined by
Tuf) = iy [ () s
o £ o))

and (I), f)(t) = f(t).
Definition 4. Letting «,w >0, q € (0,1) and f be defined on [wy, Ty, the fractional Hahn difference of

the Caputo type of order  is defined by
“Diof(t) = (Zgu"Dyuf)(H)
N—a—-1 N
Dy f (s)dgws,

_ 1 t (t _Uqlw(s)>r

~ ek
and CDg,wf(if) = f(t), where N—1<a <N, NeN.
Lemma4. Let « > 0,9 € (0,1),w > 0and f: IqT,w — R. Then,
T4, D o f(£) = f(£) + Co+ Ci(t — wp) + ... + Cn—1(t — wo)V 7,
forsome C; € R,i €{0,1,..,N—1}and N—1<a<N,NeN.
We provide the next lemma for simplify calculating the result.

Lemma 5. Letting o, >0, p,q € (0,1) and w > 0,

t a=1
/ (t—aq,w(s))qw (5 — wo)owdgws = (E—wo)*PBy(B+1,a),

/wto /u:; (t—Up,w(x)>::(X—Uq,w(5)>:/wldq,wsdp,wx = WBP(/S_’_L“)-

In order to study the existence and uniqueness results of solution of the nonlinear problem (1),
we first consider the linear variant of problem (1) and its solution in the following lemma.
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Lemma 6. Let w >0, g € (0,1), fori =1,2 a; € (1,2], ; € (0,1], A; € RY, Iy, g; € C(I] ,, R) be
given functions; ¢;: C (IqT w,R) x C (IqT w,R) — R be given functionals. Then, the problem

Cqu”l( ) = I(t),
CDRRua(t) = ha(t), tel],, -
uy(wo) = Pr(u1, 1), ur(T) = AaT%82(2)ua (1), 12 € Ihy — {wo, T},
w2(cwo) = galun iz),  ua(T) = MZ8toga 012 0), o € Iy — o, T},
has the unique solution
up(t) = (t — wo) {Al"f:;@l) ./;:1(171 — Uq,w(s))sz_lgl (s)(s — wp)M1 1 x
A 72 y—
Pl ha) dgs = 775 |02 = un($))gia” 5206
(s — wo)™ ' Q(hy, hy) dq,ws} + 1 (u1, u2) 4)
1 t a—
+ W /wo(t — Uq,w(s))q,wilhl (s)dgws,
_ a—1 _ a;—1
up(t) = (t — wo) {(TCIU\O) P(h1,h2) — % Q(hlfhz)}
1 't ay—1
o) + s [ (= ) ha(e) dyas ®
where T
A = (r o P2 S 0 = 6 2(6) (5 = n) s .
it T 0 [ (11— ()50 81 (5) (5 — w) dgas
and
Pl o) = g, ) — 2D [ 4 — 61 () s ?
1 T -1 Ay
+rq(M)/ (T — 0g,0(8))g0 h1(s) dg s — T, (@2)T5(62) X
/ w0 (112 — 09,0(S (f;! Tqw(s ))Z,zw;ng(s)hZ(s)dq,ws‘jq,w‘:/
Oty 1) = 9ot 2) — W [ = 61 1 5) s ®
1 T wy—1 )\1
+W/ (T — 04w (5))ga ha(s) dgws — m X

(& = 0go(9))s g1 (5)hn (5) dgos dg

/ 771 0y, w(
wo
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Proof. For i,j € {1,2} and i # j, by using Lemma 4 and the fractional Hahn integral of order « for
(3), we have

ui(t) = Cll‘(t—wo) +C2i
1t -
+W_/wo(t—(Tq,w(s))g,Thi(s)dqlws, tell, ©)

Using the boundary condition (3), we find that

2 = ¢i(u1,uz). (10)
Therefore,
ui(t) = Cyi(t—wo) + ¢i(u1, u2)
1 t lX,‘*l
e /wo(t—Uq,w(s))whi(s)dq,ws. (11)

Taking the fractional Hahn integral of order 0 < 6; < 1 for (11), we get

Zoou(t)
Cyi /f 0;—1 ¢i(uy, ux) [t 61
Ty () wo( T (8)ga (8 = o) dges I'y(6;) wo( T30 (8) g dgwS
+W/w /w ‘Tan(C))qw (€ —0gqw(s ))qw h(s) dgws dg,wC 12)
0 0
fort € IqT, - From the boundary condition (3), we have
1 T Délfl
Ci1(T — wo) + ¢1(u1, uz) + W /w (T —0q0(8))gw hi(s)dgws (13)
0

AC 2 6,—1
= 2265 L, = 0O £205) (5 = ) dys

/\24)7_(1/!1, uz) n2 0,—1
i W / (12 = 04.0(5) g 82(5) dg S

wp
9 -1 #-1
(2 rq 62 / /wo —00(¢ (‘:_‘Tq,w(s))q,w $2(8)h(s) dgws dg,wC,

and

1 T ar—1
C12(T—W0)+472(u1,“2)+W/WO(T—‘TLW( Naw h2(s) dgws (14)

AC m f1—1
= r;(elll) / (1 — Uq,w(s))q}w 81(8) (s — wo) dg,ws
wo

M¢r(uy,up) (M
T(eg /

9 -1 ap—1
e rq F ot L IRC 01 = @)y (€ = G (5))gia 81(5)H(E) dys dyat.

6,—1
=+ (m — Uq,w(s))q}T&(S)dq,wS

wo
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Finally, the constants C1; and Cj, are investigated by solving the system of Equations (13) and
(14) as

M n 611
Cn = ARI(91)/ (11 — 0g.0(5))ga 81(s)(s — wo) P(h1, ) dg s

Jwo

1

A 1 2—
- AFqEQZ) /woz (112 — g () gz 82(5)(5 — wp) Q(h1, ) ds,

and

Cp = Mp(hl/hz)*w

A Q(hlth)/

where A, P(hy,h) and Q(hy, hy) are defined as Equations (8)—(10), respectively.
Substituting C1; and Cy; into (11), we then obtain (4) and (5). O

3. Existence and Uniqueness Result

In this section, we aim to prove the existence result for Problems (1) and (2). Here, we let
E:C (IqT wr R) be the Banach space for all continuous functions on I, qT «» and clearly that the product
space C = E x E is the Banach space. We set the spaces

Ci = {(ul,uz) €C:CDELu(t) €E, t e I,{w},z’ e {1,2}.
Define the norm as follows:
G, u2)lle, = I€Dimill + Nl i, € {1,2},i # j,
where [[CDFLu;|| = max\Cng;uui(t)\ and [|u;]| = max u;(£)].
teljw tell,

Obviously, the space (C1 N Cy, |[(u1,uz) HCmCz> is also the Banach space with the norm

|, m2)llere, = max { g, w2)lle,, (11, 2) e |-

Next, we let U = C; N C, and we define the operator 7 : U/ — U by

(T(u1,u2))(t) = ((ﬂ(ul,uz))(t),(B(ul,uz))(t)), (15)
and
(T3 (1, u2))(t)
_ —Awo) {rq/z(lgl) /w’: (m — Uq,w(S))Z}w;lgl(S)(S — wo)Pu(Ff, F}) dg,ws
_FqA<§2> [ 02 = oD 82051~ o) QuF ) W} 1 (11, 12)
anoy ¢ o D Fi o) dys, (16)
(T2(u1,u2))(t)

_ L) {<T_wo)Pu<Ff,p;> (T~ wp) Qu(Ff‘,FE)} + 9l 12)
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1 t 0(2—1 *
n / (t = 0o (5))S5 F5 (5, 1) doos, (17)

where A is defined as (7), and the functionals P, (F}, F; ), Qu(F;, F;) defined by

Ao (uy,uz)
1",7(92)
1

+W /T(T_‘Tq, (8))5 Ff (5,14) o5 —

PulF, ) = 1(u1,2) - 2= ()55 82(5) dys 18)

wp
_ M
Ty(a2)T4(62)

/ wo 772_0'qw(§))qw (’: Uqw( ))qw 82( )FZ (S ”)dqudqwg

* * /\ , m -
Qu(F, F;) = ¢a(ug,uz) — W /wo (1 — %w(s))q,Tlgl (s) dgws (19)
e a1 M
+rq(ﬂé2)/ (T—Uq,w(s))q/w Fz (S,M) dq,ws_ m X

-1 a;—1 %
[ [} n = @€ ~ )5 1O () s,
wo
with
Ef(s,u) = Fl( CDELus(s), uZ(t)) and Fj(s,u) = F2<s,u1(t),Cnguu2(s)).

We note that Problems (1) and (2) have solutions if and only if the operator 7 has fixed points.

Theorem 1. Foreachi,j € {1,2}; i # j, we assume that F; € C(I,;‘rlw xR xR,R)and ¢;: C (I,%WR) X
C (IqT W,R) — R are given functionals. Suppose

(Hy) There exist constants My, My, N1, Ny > 0 such that, for each t € I

qw/
[Fi(t, Dl ) — Fi(t, “Dhiooi,vy)|
< M; |CD§L)L£Z' Cqua,vi] +N; |u]' — Z)j|.
(Hy) There exist constants Ky, Ky, L1, Ly > 0 such that, for each (u1,uy), (v1,v2) € U,

Ky [Jug — v1]| + Ka [Juz — 02,

|1 (11, u2) — ¢1(v1,02)]

<
and |2 (11, u2) — 2(v1,02)| <

Ly [|ur — 01| + Lz [luz — 2|
(H3) g < gi(t) < G foreacht € I;,w.
Then, Problems (1) and (2) have a unique solution provided that
X = max {L1®l + K10, + N;10Q3, M2®3} + max {L2®1 + Ky@y + NrOy, M1®4}

+ max {Kl(:)l + L1®2 + N1®4, M2®4} + max {K2®1 + Lz@z + Nz@g, M1®3}
<1,

where

o Al = wo)® T (62) A — wo) T, (61)
|Al = min{g, & }(T — wo) T, (@2)T, (02 1 2) L@, o2 | (20)
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O — MGo(T — wo) (12 — w0)® | 1 —wy | AMGi(in — wp)1 !
! |AIT, (62 +1) 6, + 1], T,(61+2) ’

® — 1+ MG (T — wo) (1 — wo)®t | A2Ga (172 — wo) ™! L m—wo
|A|Tq(61 +1) Iy(02 +2) [01+1]g |
_ — )
0 — A2Go(T —wo) (12 —wo)™

Al
(T —w)2 (12 —wo) | MGi(i — o)+ (112 — wp)™
|A\Fq(¢x2+l)l“q(92+2) Fq(91+2)1“q((x2+92+1) !
(T*L()Q)‘X1 /\1G1(T*CUO)(171 *LUQ)Gl v
Fq(le + 1) ‘A|
A2Ga (112 — w0) 2 (i1 — wo)™ (T — wo)™ (111 — wo)
I“q(92+2)1“q(ac1 + 01 +1) Fq((xl —|—1)I“q(91 +2)

~ (T — wp)? MGy (11 — wo)®
@ - 1 7
! IR C (7Y

@ =

7

~ (T—(JJO)Z /\2G2(772 —w0)92

0, =1+ 1+ ,
? [A] Ty(62+1)

O — (T —wo)® | (T—wo)™ | MGi(ipn — wo) ™™
’ Al \ Tyl +1) "~ Tyl +6,+1)

O, — (T—WO)'XZ " (T—(,UO)Z (T—wo)"‘Z )\2G2(7’]2 —CLJO)“2+92
P Ty(a+ 1) (Al |Tylaa + DTg(61+2) ' Tylaz+0,+1)

10 of 21

(eAY)

(22)

(23)

(24)

(25)

(26)

27)

(28)

Proof. The goal is to prove that 7 is a contraction mapping. Letting t € I‘{ w and (ug,uz), (v1,v2) €

U, we obtain

Pu(F E) = PolFf )

< r(ur,u2) — 1 (v1,02)| + 1{2;2)]472(”1,”2) — (01, 02)| /‘:12(772 - Uq,w(s))%%gz(s) dg,ws

+; /T(T—U (s))’xlfl |Ff (s, u) — F{(s,0)| dgws + M
(@) Jewy e e T L T Ty (a2)T4(62)

2 [¢ h— ap— * *
L 02 = e (€)55 (@ — e () 2(5) B (5, 0) = B 5,0) | dgas iy,

A2Go (172 — wp)®

X

< (Kl [ur — v1]] + Kz ||uz —Uz||) + (Ll lur — v1]| + La [Juz —Uz||)

Ty(62 1)
T—CJJQ)D‘1
+ (M CDﬁlu—CDﬁlv + No |up — v (7
( l‘ qwhl q,w l‘ 2‘ 2 2|) l"q(ocl—i—l)
G (;72 _w0>a2+92
M CDﬁZ _CD.BZ N _ 2L2 ,
+( 2 | gt q,w02| M ‘ul Ul|) Fq(wz + 0, + 1)

and

|Qu(F; ) — QulFi, )

(29)
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A 1 -
< |<p2(u1,u2) - 472(01,?}2)| + riél)w’l(ubuz) - (01/02)’ /uZJ (1 — ffq,w(s))z,Tlgl (s)dgws
A

;/T(T—U ()aZ 1|F (s,u) — F5 (s,0)| dgwS + =7~ X
l"q(ocz) i 2 2N T (g ) Tq(61)

[ [ 0 = @€~ )5 1O 50— 50 s o

MG — wo)?
K — K —
C oy (Kl ol + K e — o] )

+

< (Lluul—vlu+Lz|\uz—vzu)+
T — wp)*2
Ma |CDE2,uy — CDE2 0| + Ny Ju (70
MGy (71 — wp)™1ton
rq(a1+91+1)

(Ml |CD‘Bwu1 CDﬁwZ)1| + Ny up — '02|> (30)

From (29) and (30), we find that

| (Tin,12)) (5) = (Ti(o1,22)) (1)

m 0, —1
(771 - Uq,a)( ))qlw (S - wO) dq wS
wo

< (t—wo) | MGy
— A I;(01)

A Gy

+1..q (62) ‘Qu F1/F2) Qo F1/F2 ’/ 772_Uqw( ))qw

S| PulF B = PoF )

1

(s —wp) dy, ws}

(t —wo)™
[g(a; +1)

A2Ga(T — wp) (172 — wo)™ { ma—wo | MG — wp)i ! }

|A|Tq(62 +1) 02 +1]q Tg(61+2)
14+ MG1(T — wo) (i1 — wo)™ | A2Ga (12 — wp) 2™ g1 —
|A|Tq(61 +1) (02 +2) (01 +1]q

/\2G2(T — a)()) (772 — a)o)ez %
Al

{ (T — wp)™ (172 — wp) )\1G1(771—wo)alH(’?z—wo)“z}

+(K1 |ug —v1]| + Kz [luz —02||) (Ml \CDﬁwm CDﬁl wo1| + Na fuy — Uz|)

IN

(L llir = 0] + L 1wz = o] )

+(Ki [Jug — o1 || + Ko [lup — Uz||) X

+(M2 |CDﬁwu - CDgquz| + Ni |ug — Ul|)

|A|1“q ar +1 I*q(92+2) Fq(91 +2)I“q(¢x2+92+1)
T—wy)* MG(T— — wp)?
+(M1 |CD.31 CD'BaJvl| + N, |Ll2 _,02|){( UJO) + 1 1( UJO)(T]I UJO) >

Ty +1) |A|
A2Ga (112 — wo) 2 (i1 — wo)™ | (T — wo)™ (111 — wo)
rq(92+2)rq(061 +6,+1) l“q(oq +1)rq(91 +2) ’
= JJu1 — 01]|[L1©1 + K1©; + N1©3] + | “Df% 1 — CD}2,02| M@
+uz2 — 02| [L2©1 + K2®; + No®y] + |CDflyuy — CDflyv1 | M1©4
< (flug — o1l + |CDq wha — CDﬁzwvzl ) max {L;0; + K10, + N103, M>03}
(||u2 — Z)z” + ’CDﬁwul CD‘B1 01’) max {L2®1 + Ky@y + NrQy, M1@4}
< u2 — UzHCZ max {L10; + K10, + N1@3, M,03}
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+|ur — o1, max {L2©1 + K203 + N2©y, MOy} (31)
Therefore, it implies that

H’]Tl(ul/u2) _7-1<01102)||
< [(ug — o1, u2 —v2) ||y [max {L101 4+ K10, + N;103, M,03}

+ max {L2®1 + Ky©@y + NrOy, M1®4}} . (32)

Next, taking the Caputo fractional Hahn difference of order 0 < 81 < 1 for (16), we have

D} (Ti (11, 12)) (1) (33)
1 A " f1—1 % T
= W {1",7((191)/w (711_Uq,w(s))fﬁTgl(S)(S—WO)Pu(Flez)dq,wS
0
A 2 0—1 * Tk
_ﬁg)/ (UZ_Uq,w(S))th&(S)(S_WO) Qu(F1/F2)dq,w5} + ¢1(u, u2)
q\Y2) Jwo
1 t B1 cB { ¢ a;—1 }
- b cppr / - Fi (s, 1) do s b do o .
B ot~ e O DR | [ (€~ ol (50 s  dyd
Hence,
|CDL (T3 (1, 42)) (£) = CDEL (i (21,02)) (1)
< HMZ—UZHCZ max{L1®1+K1®2~I—N1®3, M2®3}
+||M1 — Uchl max {Lz@l 4+ Kr®y + Ny Qy, M1®4}. (34)
It implies that

HCngﬂ(Mhuz) - CDg,L,ﬂ(vl,vz)H
< |[(u1 — o1, u2 — v2) ||y [max {L1©1 + K10, + N10@3, M@ }

+ max {L2@1 + K@) + N> Oy, M1@4}i| . (35)
Similarly, we obtain
| T2(u1, u2) — Ta(v1,02) ||
< || (u1 —U1,Up — Uz)”u [max {Klé)l + L1®2 + N1®4, M2®4}

+ max { K201 + Ly0; + N, O3, M1®3}} (36)
and

D52, Ta (1, u2) — CDY Ta (01, 02)|
< |[(u1 — vy, u2 —v2) ||y [max {K1©1 + L10; + N1O4, MOy }

+ max {KZC:)l + Lz@z + Nz@g, Mlég}} . (37)
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From (35) and (36), we can state that
|71 (u1,u2) = Ti(v1,02) |

< |[(ur —v1,u2 — 02) ||is [max {L101 + K10, + N1©3, M,O3}

+ max {L2®1 + Ky@y + NrOy, M1®4}
+ max {K1®1 + L1®2 + N1(:)4, M2®4}

+ max {K2®1 + L2®2 + Nz@g, M1®3}}
< )(||(u1—vl,u2—vz)||u. (38)

Similarly, by (32) and (37), we have

| 77 (uq, u2) — 7-1(01102)ch < xll(ur —v1,u2 —02) ||us- (39)
Therefore, by (38) and (39), we can conclude that

|7 (w1, u2) = T (01, 02) |, < Xl (w1 — 01,42 — 02) |lus- (40)

Since x < 1, 7 is a contraction mapping, from the Banach fixed point theorem, we can conclude that
the operator 7 has a fixed point. Therefore, Problems (1) and (2) have a unique solution. O

4. Existence of at Least One Solution
In this section, we further present the existence of at least one solution to (1) and (2) by using
Schauder’s fixed point theorem.

Theorem 2. Suppose that (Hy)—(Hs) hold. Then, Problem (2) has at least one solution on Il{w.

Proof. We divide the proof into three steps as follows
Step L. Verify that 7 map bounded sets into bounded sets in Bg = {(u1,u2) € U : || (u1, u2)||y < R}.

Welet max |F;(t,0,0)| = A;, sup |¢i(ug,up)| = B; fori = 1,2 and choose a constant
EI,;;U (u1,u2)eu

B1(©1 +0;) 4+ B2(01 + ©,)

>
R > 1% , 41)
where ®;,0;, i = 1,2,3, 4 are defined as (21)-(28), respectively, and & is defined by
d := max {N1®3, Mz@g,} -+ max {N2®4, M1®4}
-+ max {N1®4, M2®4} -+ max {Nz@g, M1®3}. (42)

Here, we assume that
|F;*(s,0)| = ‘Fl (S,CD,?Lul(s),uz(t)) — Fl(s,0,0)‘ + |Fi(s,0,0)]

and |E*(s,0)] = ‘Fz (s,ul(t),CDgi,uz(s)) —B(s, 0,0)] + |B(s,0,0)].
Foreacht € IqT,w and (u1,up) € Bg, we obtain

Pu(F )
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(T —wp)™

_ 0>
< B, 4 212Gz = o) Ty(a + 1)

- T (92+1)

+ (Ml ]CD,’?,L,ul‘ + Ny |u2| + A])

A2Go (172 — wy)*2 102
rq(lxz + 0, + 1) !

+ (Mo [CDfL o | + N 1] + 42) (43)

and

‘Qu(Fl*,Fz*) — Qu(Ff, F)

BiA1Gy (1 — wp)™
T, (01 1+ 1)

(T — wp)™

< B
I T, (2 + 1)

+ (M2 |CDE2 s | + Ny [ +A2)

MGy (i1 — wp)1 0
l”q(le +6+1)

+ (M1 [CDELn| + Na [us] + A7) (44)

From (43) and (44), we find that

| (Ti (1, 2) (1)

< ByAsGo(T — wy) (72 — wo)® | (2 — wo) ~ AMGy(g — wp)rt?
B | AT (62 4 1) 02 +1]q Iy(61 +2)

MG (T — wo) (111 — wp)
|AIT4(61 +1)

MGa(ip — wp) 1 gy —
Fq(ez + 2) [91 + 1]q

/\2G2(T — WO)(UZ — w0)92 «
|Al

(T —wo)2(2 —wo)  MGi(im — wo)* ™ (172 — wp)™
|A|Fq ay +1 Fq(92+2) Fq(Gl +2)rq(0(2+92+1)

+B1{1+

}

+( |CD u2|+N1|u1|+A2)

(T—(Uo)al )\1G1(T—W0)(111 —w0)91
Fq(le +1) |A‘

}.

(|u1|N1®3+ |CD M2’M2®3) (|u2|N2®4+ ’CD M1|M1®4)

+(M1‘CD181 u1‘+N2|M2|+A1){ X

A2G (112 — w0)® (i1 — wo)™' (T — wo)* (111 — wo)
Fq 0, +2 Fq(a1+91+1) Fq(a1+1)Fq(61 +2)

+B,®1 + B1O;

< (Jm]+ |CD 2otz |) max {N1@3, Mp®3 } + (|ua| + |CD wit1 |) max {N2©y, M104}
+B,01 + B1©;
HquCZ max {N1®3,M2®3} + Hulucl max {N2®4, M1®4} + B,®1 + B1O;

IN

IN

| (1, u2) 20 [max {N1©3, Mx03} + max { N,Oy, M1@4}} + B2®1 + B10®,. (45)
Similarly to Theorem 1, we obtain

CDfL (i (11, 2) (1)

< |(ug, u2) |y [max {N1@3, Mz@g} + max {N2®4, M1®4}} + B,®1 + B10Os. (46)
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Furthermore, we have

(| T2 (u1, ua) |
< H (ul, uz) Hz,{ {max {N1®4, M2®4} + max {N2®3, M1®3}} + B1©1 4+ B0,, (47)
and
D5 Tans, )|
< H (ul, le) Hu |:1’naX {N1®4, M2®4} + max {N2®3, M1®3}} + B1®71 + B,0Os. (48)

From (46) and (47), we can show that
71 (w1, m2) |,
< || (u1, le) ”Z/{ {max {N1®3, Mz@g} -+ max {N2®4, M1®4} + max {N1®4, M2®4}
—0—max{N2(:)3,M1(:)3}} —I—B1(®1 +@2) —I—Bz(@l +@2). (49)
Similarly, from (45) and (48), we have
[ T2 (ur, u2) |,
< (w1, u2) |2 [max {N1©3, M203} + max { N,Oy, M104} + max { N1 Oy, M0, }
+maX{N2C:)3,M1C:)3}} +Bl(®1 +®2) +Bz(®1 +®2). (50)
Therefore, from (49) and (50), we can conclude that
17 (u1,u2) |,
< (w1, u2) |2 [max {N1©3, M203} + max { N,Oy, M104} + max { N1 Oy, M0, }
+max {NoOs, MiO3}| + B1(©1 + ©3) + By (©; + ©)
= ||[(u1,u2)llyy @ + B1(®1 + ©2) + B2(©1 + ©3). (51)

From (51), we get || 7 (u1, 1) || y < R. Therefore, T is uniformly bounded.

Step II. Show that 7 is continuous on Bg.

Letting € > 0, there exists 6 = max{d1,0,,03,04} > 0 such that, for each t € IqT, » and
(u1,up), (v1,v2) € Bg with

€ €
Ff(t,u) — Ff (¢t in{ —, —
Frn) - Fr(o)| <min{ (S o2,

whenever |u; = vp| + ‘CDE}U 1 — CDq’S’L,m‘ <4,

* * . € €
|ES(t,u) — F5 (t,0)] < mm{8®3, 8@)3}'

whenever |1y = v + ’CDgllwuz - CDgL,vz’ < 0y,

|p1(u1, u2) — ¢1(v1,v2)] < min {8(;2’ ng}'
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whenever max {|u1 — uy|,|v1 — v2|} < &3,

|p2(u1, u2) — ¢2(v1,v2)| < min {8?@1’ Sgl },

whenever max {|u1 — uy|, |v1 — v2|} < d4.
Consider
Pu(F, By) = Po(Ff, Fy)

A2Ga (172 — wp)?
Iﬁq(92 +1)

< [lgpa (w1, u2) — 1 (w1, 02) || + 12 (w1, u2) — a2 (v1, 02) |

* o (Tin)lxl * o /\ZGZ(”Z*‘UO)M-"_QZ
+ || Fy (¢, u) Fl(t/v)||m+||1:2(f/”) F (t,0)] Ty(a2 40, +1) (52)
and
Qu(Fl*zpﬁk) - Qv(Fl*rFZ*)
UPRY:
< gatun, ) = ga(orva) | + S GO i s, ) = 1 (o, )]
* o (T_w())a2 * o Alcl(nl_WO)al—i_el
+ || (¢, u) Fz(tzv)||7rq(a2+1) + |F (t,u) — Fi (t,0)]] Ty(an 101 +1) (53)

From (52) and (53), we find that

(Ti (1, u2)) (B) = (Ti (01, 02)) ()]

AGo(T — wp) (2 — w)® | 2 —wp | MGy (i1 — wo)®1 1!
|A[Tq(62+1) 02 +1]q Tq(61+2)

}

< l¢a(ur, u2) — ¢2(v1,02)||

+ |1 (u1, u2) — p1(v1,02) %
{1 T MG1(T — wp) (11 — wp)® lAsz(Uz —wp)®” T — wp

|AITq(61 +1) Tq(02+2) 01 + 1],
)\2G2(T — wO)(’?Z — wO)GZ

+IIE (tu) = B (o) Al x

(T —wp)®(n2 —wo) | MGy — wo) 1 (172 — wy)™
|A|Fq(wz+1)rq(92+2) Fq(el +2)Fq(0(2+92+1)

(T —wo)™ | MGi(T — wy) (1 — wo)™ y

[y(aq +1) A
}. (54)

| 71 (11, u2) = Ta(v1,02) || < lldpa(ur, u2) = p2(v1,02) | ©1 + |1 (141, u2) — P1(v1,02)[| O2+
|F5 (t,u) — F5 (t,0)[| ©3 + || F{ (t,u) — F{ (t,0)]| ©4

+IIF (£ u) —Ff(t/v)II{

A2Ga (112 — wo) 1 (i — wo)™ | (T — wo)™ (i1 — wo)
Fq(92+2)rq(o¢1+91+l) Fq(ﬂél +1)Fq(91 +2)

Therefore, it implies that

€ € € €
<z+zt+zHz=

€
8 '8'8"'8 2 (55)



Mathematics 2019, 7, 15 17 of 21

Similarly to the above proof and Theorem 1, we obtain

€D T (11, 12) — CDELTi (01, 02)|
< |2 (ur, u2) — P2 (v1,02) | ©1 + |1 (w1, u2) — P1(v1,02) || @2+
|F5(t,u) — F5(t,0)|| @3 + ||Fy (t, u) — Ff(t,0)| Oy

€ € € € €
| T2(u1, u2) — Ta(v1,02) || < l@a(ur, uz) — pa(v1,v2) || O1 + |1 (141, u2) — P1(v1,v2)|| O2+
IE5 (t,u) — F5 (t,0)[| ©3 + || F{ (t, u) — F{ (t,0)|| ©4
€ € € € €
and
€D Ta (11, 42) — CDRE T (01, 09) |
< ||p2(u1,u2) = 2 (v1,v2) || ©1 + [|P1 (11, u2) — Pp1(v1,v2) || O+
IE5 (t,u) — F5 (t,0)[| ©3 + [|Fy (t,u) — F{ (t,0)] O4
€ € € € €
<§+§+§+§—§. (58)
From (56) and (57), we can show that
|71 (1, u2) = Ti (v1,02) ||,
= |[CDELTi (w1, 12) — CDELTi (01, 0) | + || Ta a1, 12) — Ta (o1, 02)||
€ €
Similarly, from (55) and (58), we have
Hfrz(ul,uz)*frz(vlrvz)HCl
= |[°DE, Ta(uy, 12) — CDE Ta(01, 0) | + || T3 (101, 12) — Ti (o1, 02)|
<Sif-e (60)

2 2

Therefore, from (59) and (60), we can conclude that || 7 (1, 12) T (v1,v2) Hu < €. This means that
T is continuous on Bg.

Step III. For this step, we prove that 7 is equicontinuous with Bg. For any t,t; € Iﬁf w With t] < 1y,
we have

|(T1(u1, u2)) (t2) — (T1(u1, u2))(t1)]

ty — ¢t A m 61—1
< 2\AI : {rq(tlh) / (1 — 04,0 (5))ga 81(5) (s — wo) PulFf, F3) dgos

wo

A 12 0,—1 -
+rq(;2) -/wo (12 — ‘Tq,w(s))q?TSZ(s)(s —wo) Qu(F, F) dq,ws}

HPl*H ) '(tz _ wo)ﬂq _ (tl _ (U(])M

) 61
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and
|CD5L (i (1, 12)) (t2) — C DG (Ti (01, 02)) (1)) (62)
S i v rea RN
Furthermore, by (61) and (62), we have
|(Ta(u1,u2)) (t2) — (T2(u1, u2))(t1)]|
- |t2|/_\|tl| {(T—wo)Pu(Ff/Fz*) — (T — wo) Qu(Ff/Fz*)} + 2 (1, u2)
a2~ ) () ()
and
€D (Ta (1, 42)) (t2) — CDL (Ta(01,02)) (1)) (64)

| E5[IT4(B2)
~ Ty(1 = p12)Tg(az + B2

) (2 = )22 — (11 — wp)=+Fe|.

When |t; — 1| — 0, the right-hand side of inequalities (61) and (64) tends be zero. Thus, T is
relatively compact on Bg.

Therefore, G(Bg) is an equicontinuous set. From the result of Steps I to III together with the
Arzeld—Ascoli theorem, we find that 7 : &/ — U is completely continuous. Therefore, we can

conclude from the Schauder fixed point theorem that Problems (1) and (2) have at least one solution.
O

5. Example

In this section, we provide some examples to show the applicability of our results. Consider
the system of fractional Hahn difference equations

—2t

Dy () = (1S(i)g+ntt)3 2 |+u |2ui)(|t) tarmp P )

CD§ Lia(t) = (ZC(())OSth)Z 3 J|ru|11§1)(|t) 4 e(zllgirr;;o Difﬂ(”' € [3,10] 5,

1 (3) = m iy | + eluna]) = %zjz[zom 420 sin® 77t] (28510) ,

up (3) = W (Jur| + mluz]) = §I§2[1006+10cos 7tt] uq (394) (65)

Here,wesetq:%,w:Z,woz%:fS,txl:%,zxZ:%,,B
2
0

1—
=360 =4 T=10m =10(4) +2[2]

NI—
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2007t + 20sin? 7tt, go(t) = 100e + 10cos? 7tt, ¢y (uy, up) = “‘(’fogzul‘ (lur] +efuzl), ¢2(ur,uz) =

sin? \nu \
(00T 2 (Juq| + 7t|up|) and
s 2 —2t
t |ua ()] e i
Fi (tua(t), DS _ _smomt Cpi u(n),
1 ( up (1), “ Dy s (t )) 100+ 17 24 ()] 20+ 1) 12t ()
2 1t |M (t)| e—2|sin7tt+10| g
b (1, Cpk2 = s D3 uy(t
2( (), " Dyt (t )) 200462 3+ |mB] T (@07 i a(f):

Forall t € [3, 10]%2 and u,v € R, it is clear that

‘F1 (f,uz/ Dﬁwul) -k (tlvzl Dﬁw?fl)‘ < |CDq,wu —CD,'?,LUH +

e9233 1033 12 =2,

’Fz (t,m,CD,’?,izuz) - b (f, ul,CDqﬁ,%uvz)\ < ’CDﬁwuz - CD/SZ wv2| + lug — 1]

11132 132 2032

Thus, (H1) holds with M; = 1.014 x 1078, M, = 9.883 x 1078 and N; = 9.151 x
1077,N, = 0.0000243.
Forall u,v € C, we have

1 e

|p1(u1, u2) — ¢1(v1,02)| < WHW — 01|l + WH“Z -,
1 T

|2 (11, u2) — ¢2(v1,02)| < Wﬂul — o1l + WH“Z —va|.

Thus, (H2) holds with K; = 3.225 x 1078, K; = 8.767 x 1078 and L; = 1.564 x 1077, L, =
4979 x 1078.
Forall t € [3, 10]%2, we have

g1 = 100e

g1(t) < 100e +10 = Gy,
and g2 = 2007 <

gz(t) 2007t + 20 = Go.

Thus, (H3) holds.
In addition, we find that

|A| =2.18417.011, ©; =3.377, @, =1.6079, ©3 =0.108, @, = 20.038,
©; =0.255, ©, =1.023, ©3=0.119, O4 = 12.363.

Then, we find that
X = max {L1@1 + K10, + N1O3, M2®3} + max {L2®1 4+ Kr®y + Ny Qy, M1@4}

+ max {K1®1 + L1@2 + N1®4, M2@4} + max {Kz@l + Lz@z + Nz@g,, M1®3}
= 0.00489 < 1.

Therefore, we can conclude from Theorem 1 that Problem (65) has a unique solution. O

6. Conclusions

We initiate the study of the existence and a unique result of the solution for a Caputo fractional
Hahn difference equations with nonlocal fractional Hahn integral boundary conditions. Some
conditions are obtained when Banach’s fixed point theorem is used as a tool. In addition, the
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conditions for the case of at least one solution is obtained by using the Schauder fixed point theorem.
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