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Abstract: Based on previous research results, we propose a new preprocessing HSS iteration method
(PHSS) for the generalized Lyapunov equation. At the same time, the corresponding inexact PHSS
algorithm (IPHSS) is given from the angle of application. All the new methods presented in this
paper have given the corresponding convergence proof. The numerical experiments are carried
out to compare the new method with the existing methods, and the improvement effect is obvious.
The feasibility and effectiveness of the proposed method are proved from two aspects of theory
and calculation.
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1. Introduction

We consider the system of large sparse linear equations
Ax =D, (1)

where A € C"*" is non-Hermite positive definite matrix and x,b € C"*". The actual background of
such problems can be found in [1-7] and its references. For (1), Bai, Golub and Ng put forward the
HSS iteration method in 2003 [8].

Any matrix can be decomposed into the sum of symmetric matrices and skew symmetric matrices
so that we can get the formula:

A =H(A) + S(A) = (al + H(A)) — (aI — S(A)) = (aI + S(A)) — (aI — H(A)),

where a is normal number, H(A) = J(A+ A*), S(A) = (A — A*),and H(A),S(A) € C"™". Asa
result, the HSS iterative format proposed by Bai and others is:
Let x(9) € C" be an initial guess. For k = 0,1,2, ..., until the sequence of iterates {x(k) } converges,

(k+1)

compute the next iterate x through the following procedure:

{ (al + H(A))x*k+2) = (aI — S(A))x®) +p,
(al + S(A))x* D) = (a] — H(A))x*k+2) 45,

where « is normal number. Bai and others proved its unconditional convergence to the unique solution
of (1) in [8].
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In order to speed up the HSS iteration method, Bai and others put forward the PHSS iteration
method [9-11]. Decompose coefficient matrix A into the sum of symmetric matrices and skew
symmetric matrices and we can get the formula:

A= (aP(A) + H(A)) = (aP(A) = S(A)) = (aP(A) +5(A)) — («P(A) — H(A)), &)
where P(A) € C"*" is Hermite positive definite matrix. Therefore, we can get the HSS iterative format:

{ («P(A) + H(A))x*+2) = («P(A) — $(A))x¥) +b,
(«P(A) + S(A)xHD = (aP(A) — H(A))x*+2) 4+,

where & is normal number. Bai and others proved its unconditional convergence to the unique solution
of (1) in [10].

2. The PHSS Iterative Method for the Generalized Lyapunov Equation

Many methods to solve the standard Lyapunov equation have been put forward in [12-19].
In the literature [12], Xu and others put forward the HSS iterative solution of the generalized
Lyapunov equation. Inspired by this, this paper proposes the PHSS iterative solution of the generalized
Lyapunov equation.

Consider the generalized Lyapunov equation as follows:

m
T _
AX+XA+§%MXM+C_Q 3)
]:

where A,N;,C € R"", A is an asymmetric positive definite matrix, C is a symmetric matrix
and [[Njl|, < [[Al,(j = 1,2,...,m). When a = b, the Equation (3) degenerates to the standard
Lyapunov equation.

Then we apply the PHSS iterative method to solve the generalized Lyapunov Equation (3):

Let us suppose that « is a normal number, then the decomposition of A is similar to (2):

A = (aP(A) + H(A)) — («P(A) = 5(A)) = (aP(A) + 5(A)) — (aP(A) — H(A)),
AT = (aP(A) + H(A)) — («P(A) + 5(A)) = («P(A) — S(A)) — (aP(A) — H(A)),

Then the iterative format can be obtained:
(aP(A) + H(A))XH% + Xk+% (aP(A)+ H(A)) =

(€P(A) — S(A)) Xy + X (aP(A) + S(A)) — & NjX¢N, — C,
4
(aP(A) + S(A)) Xps1 + Xps1(aP(A) — S(A)) = @

(aP(A) = H(A) X, + X, («P(A) — H(A)) - fl NiX;N; — C,
=

According to the nature of Kronecker product, we can get

(I(A) ® (aP(A)+ H(A)) + (aP(A) + H(A)) ® I(A))xH% =
(I(A) ® (aP(A) — S(A)) + (aP(A) — S(A)) @ I(A))xx — ji (N; ® Nj)x —c,

(I(A) ® (aP(A) + S(A)) + (aP(A) + S(A)) ® I(A))xes1 =

(I(A) ® (®P(A) —H(A)) + («P(A) —H(A)) ® I(A))kar% - jg (N; @ Nj)xx — ¢,
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where x; = vec(Xy), ¢ = vec(C), then, according to the nature of Kronecker product, we can get

m
((XP + H)kar% = (OCP — S)xk — Z (N] & Nj)xk -,
j=1
m ©)
(aP + S)x 1 = (aP — H)xk+% — ]El (N] & Nj)xk -,

where
P=I1(A)®P(A)+P(A)RI(A),

H = I(A)® H(A) + H(A) ® I(A),
S =1(A)®S(A) +S(A) @ [(A).

The convergence of the iterative scheme (4) is equivalent to the convergence of the iterative
scheme (5) and their convergence factors are the same.

Theorem 1. Let us suppose that A € R™" is an asymmetric positive definite matrix, K =
m
1P~Y, Il & N; @ Nj|| and the maximum and minimum eigenvalues of matrix P~'H are Amax and Amin,
j=1 2
respectively. Then the convergence factor of the PHSS iterative method (4) is the spectral radius of matrix
m
G=(aP+S) "(aP — H)(aP+ H) (P — S) — 2aP(aP +S) "(aP + H) '} (N; ® N).
j=1
Its upper bound is

0(—/\1'
a—+ A

2K
&+ Amin

oplx) = max
0( ) )\,‘E)\(PilH)

When Apin > Kand @ = /Anin - Amax, 00(&) reaches the minimum. It means that

~ _V /\min * Amax — )\min +2K

op(&) = <1

V )\min . /\max + /\min

Therefore, the PHSS iterative method for solving the generalized Lyapunov equation is convergent.

Proof. The first form of the iteration format (5) is brought into the second form, and its iteration matrix

is obtained:
G=(aP+S) YaP—H)(aP+H) '(aP—5)

m
—2aP(aP+8) " (aP+H) ' L. (N;®N;j),
j=1

Then the convergence factor of the iterative scheme (5) is p(G), which is the same as the
convergence factor of the iterative scheme (4).
Because P € R"*" is a symmetric positive definite matrix, we can suppose that

H=P"

Nl
INES

HP 2,§ =P 25p~ 1.

N|—

Because G is similar to
G = (aP+S5)G(aP —5)*
= (aP—H)(aP+H) ' (aP - S)(aP+5) "

—20(aP + S)P(aP + ) (aP+ H) ' ¥ (N;@N;)(aP +S) "
=1
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and G is similar to

=
—~
R
~
I
wy
~—
~
Nl—=
v
NI
—
R
~

~3p3(al — H)P3P}(al + H) 'PiP

+
_1.1 S plopol 1. 1.1 ~=1 o 1!
—2aP72P2(al +S)P2PP~2(al +S) P 2P 2(al+H) P2} (N;®N;)

-P~1(«P +5) P3P
= (al — B)(al +H) "(al - §)(al +§)~

—2a(al +S)P(al +S) P~ (al+ g)flp_%

]

_1
(Nj@N]')P Z(Dél—l—S) ,

Nk

we can get that

p(G) =p(G1) =p(G2) < |G|

< (I — H)(al + H) (&l - $)(al +8) I

_ ~ -1 1 m _1 1
—2a||P||, [P~ ol (2l + H) ||, ]|P 2IIzII,El(1\f]'®1\fj)|| P25 [[(al +S) "I, ©)
J= 2
= (al — H)(al + H) (2l - $)(al +8)
~. —1 _ m ~ —1
—2a|[(al +H) [[,]|P lHzII,Zl(1\7;'<X>T\fj)|\ [(al+S) |
= 2

Because H is positive definite matrix, S is a semi positive definite matrix. For any non-zero
column vector x € R", we can get that

xTHx > 0,xTSx >0,

P is symmetric positive definite matrix, so P~ is positive definite matrix. It is easy to prove that
1
P72x is a non-zero column vector by means of proof of absurdity. Then we can see that

xTHx = xTP~3HP 3x = (P*%x) TH(P*%x) >0,
xTSx = xTP*%SP*%x = (P*%X)TS(P*%x) > 0.

Therefore, H is a positive definite matrix, S is a semi positive definite matrix.
H is a real symmetric matrix and S is an antisymmetric matrix, so we can see that

~ T _
H' = (P’%HP*%) =P :HTP~2 =P 2HP i =H,

T ~
ST = (P*%SP*%) —p3§Tp~1 = _p~15P~ 1 = 8§,

Therefore, H is a symmetric positive definite matrix, S is an antisymmetric semidefinite matrix.
Meanwhile, since

we can conclude that H is similar to P~'H and S is similar to P~1S.
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Let us suppose that Q = (al — S)(al +S) ~ and we can see that

QQ" = (al-3)(al+5) " (@l -5l +8) ")

ol —S)(al+38) ' (al —8) " (al +9)

= (
= (
= (al - $)(al — §) '(al +8) '(al +8)
=1

It’s easy to deduce that Q*Q = I and we can conclude that QQ* = Q*Q = I. So Q is a unitary
matrix and we can deduce that

-1

(el — F)(al + ) (al = 8) (al +8) [l = [[(al = F)(al + H) @)

Let us suppose that L = (aI — H)(aI + H) ! and we can deduce through that

LL* :(0417ITI)(ocIJrITI)_l((ocIfH)(a1+ﬁ)_1)*
= (ol — H)(al + I?I)fl(le—l—l:f)il(ud —H)

= (al + H) "(aI — H)(al — H)(al + H) "
=L*L.

Therefore, L is a normal matrix and we can deduce through the Formula (7) that

(@l — H)(al + H) " (I = 8)(al +35) [, = ||<a1—ﬁ>ga‘1+ﬁ>‘l||z "
a—/\j :

= maXx
/\,—G/\(H)

It is easy to see that

@i+ A) (@ + )7 =@+ B) B = (@A) ) @A)

@+ (@+57) =@ +8 @-3§"

= (@ =8) (@ +8) " = (a1 + §)*1)*(a1 +97

=y —1 . . o . . &
soboth (I + H) ~and (al +S) ~ are normal matrices. Because H is a positive definite matrix and S
is a semi positive definite matrix, we can easy to deduce that

~ -1
ol + H = max L’ = %,
|| ( ) HZ )\,‘E)\(H) atA; a+Amin (9)
~ -1
al +S = max || <1
(el +8) = max |y | <1
Through the Formula (6), (8) and (9), we can see that
a—A; 2K
G) < max ! .
P( ) T NEMH) a+ A & + Amin
The following proves that when A, > Kand & = \/Amin - Amin, 00(«) reaches the minimum and

0p(a) is less than 1 at this time.
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a—A

In fact, for fixed &, function § “

is monotonically decreasing with respect to A. So we can see that

n 2K }
& + Amin ’

It’s easy to see that when Ay, > K, monotonically decreases over (0, Ayin) and increases

&— )\min 2K
o+ )\min o+ )\min

monotonously on (Amax, +00). Therefore, when Apin < & < Amax and

2K
& + Amin ’

o — /\max
& + Amax

& — )\min
& + Amin

op(a) = max{

monotonously on (Amin, +00),

monotonically decreases over (0, Amax) and increases

a_Amin 2K — &—Amax
a~+Amin a+Amin &+Amax
A ~

txﬁ%,%(w), reaches the minimum. And we can conclude that when & = /Ain - Amax = &, We can
min

v) — Amin*Amax —Amin +2K
get that op (&) = ¥ e = < 1.
Through the proof of the expression of oy (), we can see that on the one hand, when « — +o0,

we can get that op(a) — 1 and op(«) increases monotonously on (&, +0), on the other hand, when
a — —oo, we can get that 0p(a) — 1 and 0p(a) decreases monotonously on (&, +o0), Therefore, we can
see that on the one hand, when & > & = \/Apin - Amax, We can get that op(a) < 1, on the other hand,
when 0 < & <& = y/Amin - Amax, We can get that 0p(a) < 1. Summing up the above, we can conclude
that the PHSS iterative method for the generalized Lyapunov equation is convergent and the upper

m
bound of the convergence factor is op(«) which is only associated with matrix |P~1|,|| . (N QN |l
j=1

and the eigenvalues of matrix P"'H. In addition, when a = @, the upper bound op(a) of thé
convergence factor of the PHSS iterative method of the generalized Lyapunov Equation (3) is minimal,
but the convergence factor p(G) does not necessarily reach the minimum at this time, that is to say,
when a = «, the PHSS iteration does not necessarily converge the fastest. How to obtain the optimal
parameters needs to be further studied.

The actual iterative parameter « is advisable to be « = @. Because H = [ @ H(A) + H(A) ® I,
we can get that

Amin = 2}\min(I_I(A) )r Amax = 2Amax (H(A))

Therefore, we can get that

T = \/Amin - Amax = /2Amin(H(A)) - 2Amax(H(A)) = 24/ Amin(H(A)) - Amax(H(A)).

To sum up, the PHSS iterative method is convergent for the generalized Lyapunov Equation (3)
which satisfies the condition. [J

3. Inexact PHSS (IPHSS) Iterative Algorithm

In order to reduce the computational complexity of the HSS iterative method for solving the
generalized Lyapunov equation, Xu Qingqing and others proposed an IHSS iteration method for
solving the generalized Lyapunov equation in [12]. Similarly, the IPHSS iteration method for solving
the generalized Lyapunov equation can be derived from the PHSS iteration method for solving the
generalized Lyapunov equation.

Taking X as the initial value, the following generalized Lyapunov equation is approximated by
iterative method, and X, +1 is obtained:

(P(A) + H(A) X, ) + X, 1 («P(A) + H(A)) ~

(aP(A) — S(A))X; + Xe(aP(A) + S(A)) — fl N;XN; - C. 10)
=

Because the matrix of the Lyapunov Equation (10) is symmetric and positive definite,
the approximate solution can be obtained by the CG algorithm.
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Next, we use X, | 1 as initial value approximation to solve the following Lyapunov equation and
2
get Xji1:

(aP(A) 4 S(A)) Xyi1 + Xi1 (aP(A) — S(A)) =

N-c @

Nl—

(aP(A) = H(A))X, ) + X, .y (€P(A) — H(4)) - é NiX,,

For Lyapunov Equation (11), the approximate solution can be obtained by CGNE algorithm.
Similar to the inexact HSS iterative method for solving the generalized Lyapunov equation in the
literature [12], the inexact PHSS iteration method for solving the generalized Lyapunov equation can
be summarized as Algorithm 1 as follow:

Algorithm 1. (Inexact PHSS Algorithm)

Let us give the initial value Xy € R"*", k = 0,1, ..., and calculate the X} ; until the accuracy requirement
is met.

(i) Letus approximate the solution of
(aP(A) + H(A))ZkJr% + Zk+% (aP(A)+S(A)) = —Ry,

where "
Ry = AXp + X, AT+ ) NN, +C,
j=1
until Z; 1 makes the corresponding residual
P k

+ = _Rk — (ocP(A) -‘rH(A))ZkJr% — Zk+%(06P(A) +S(A))

Nl

satisfy ||Pk+% H2 < ekl Rill,-

(i) Letus approximate the solution of
(@P(A) + H(A)) Zg1 + Zia (aP(A) +5(A)) = 20(P(A) Zy 1 + Z; 1 P(A)),
until Z;, 1 makes the corresponding residual
Qui1 = 2a(P(A)Zy 1 + Z 1 P(A)) = (wP(A) + H(A)) Zg1 = Ziya (aP(A) +5(A))

satisfy [|Qxt1lly < 20k [P(A)Zy 1 + Zp 1 (A
(iii) Computing X1 = X + Zg41-

In Algorithm 1, &, and #y is used to control the accuracy of internal iterations in the iterative
process, and the stopping criterion of the (ii) step only makes the following convergence theorem more
concise. In fact, the criterion can be changed to ||qx+11/, < 7k||Pzk41]l,-

Theorem 2. Let us suppose that A € R"*" is an asymmetrical positive definite matrix. According to Theorem
1, a is chosen to make the HSS iterative method converge. { Xy} is an iterative sequence generated by Algorithm
1, and X* is the exact solution of the generalized Lyapunov equation. Then we can get that

2| P, ||F
ken =211 < feow) + 2Ll a4 e)) =,
&+ Amin
where x; = vec(Xy) and x* = vec(X™*) Let us define the vector norm ||| - ||| as: For any vector y, we can define

that |[[y|l] = [|(al + P~S)yll,.
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In particular, if
2|[P~ |1l

op(a) A

(Smax + ’7max(1 + 5max)> <1,

the iterative sequence {xy} converges to x* , that is, { Xy} converges to X* , where emax = max{ey} and
Hmax = max{#}.

Proof. Because of Kronecker product, IPHSS iteration method is equivalent to

= —Tk

Nf—=

[[® (aP(A) + H(A)) + (aP(A) + S(A)) @[]z,
[[®@ (aP(A)+ H(A))+ (aP(A) +S(A)) @ I|zg41 =20(I @ P(A) + P(A) ® I)zk+%

where z, 1= vec(Zy . 1 ), 7x = vec(Ry). Then the above iteration scheme is equivalent to

(D&P—f‘ H>Zk+% = — Tk,
(aP + S)zgyq = 2aPz 1,

where P = [(A) ® P(A) + P(A) ® I(A),H = I(A) ® H(A) + H(A) ® I(A) and S = I(A) ® S(A) +
S(A) ® I(A). Order Prpl = vec(PkJr%),qu = vec(Qg1) and we can see that

Prpd = =Tk~ (aP + H)zk+%,
eir = 20Pz 1 — (aP + 8)zi i

satisfies HpH% Hz < egllrkll, and ||qx41ll, < 2a1k|| Pzi11],, then we can conclude that

Xky1 = X+ Zkr1
-1
=x;+ (aP+S) (40¢sz+% — ks1)

_ _ _ 12
=x; —2a(aP +S) 1P(ocP—FH) 1(rk—|— pk+%) — (aP+S) 1qk+1 (12)
= xp—2a(al + P18) (al + P-1H) P (r + Pirs) — (&P +5) g,
Because m
ne=Fx+c=H+S+Y Nj@N)x; +c, (13)

j=1
we can bring the Formula (13) into the type (12) and see that

1

Xep1 = (al+P18) Nal+P'H) ' |(al — P H)(al — P1S) — 2aP! Y N;® Nj | xg

j=1

P e+ pyyy) = (&P +S) " g

m

-1 -1

—2a(al +P71S) "(al + P~'H)

Let X* be the exact solution of the generalized Lyapunov equation, that is, x* is the exact solution
of the following two equations:

(aP+H)x = (aP — S)x —

INaE

' (Nj@Nj)x—C,

1

~

(14)

NS

(aP+S)x = (aP — H)x — ¥ (N; ® Nj)x —c.

i=1

-
I
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Through the first equation in Formula (14), we can see that

m
x* = (aP+H) '(aP — S)x* — (P + H) (YL N; ® Njx* + ),
j=1

We can bring the Formula (15) into the second equation of the Formula (14) and see that

1 -1 -1 1 *
(al =P~ H)(al —P~'S) —4aP~" ¥, N;® Nj|x

=1

x* = (al+P718) (al + P H)~

1

—2a(al +P~18) "(al + P~1H) 'P-lc.

As a result, we can conclude that
% 1oy 1 -1 -1
Xpr1 —x* = (al+P'S) (al+P H)
m
| (el =P~ H)(al = P7'S) —2aP~' ¥ Nj ® Nj| (¢ — x*¥)
=1
—2a(al +P718) " (al + P—lH)*lp—lpH% — (@I +P718) P gpy.
Let us suppose that vector norm is |||y||| = ||(aI + P~1S)y||, and the matrix norm is

-1

Y1l = [I(al + P7ES)Y(al + P71S) 5.

Because («I + P~'H) and (aI — P~'H) can be exchanged, we conclude that (aI + P~'H) "~

_ —-1,_
+ |ll(@r + P18) TP g ||

(aI — P~1H) can be exchanged. As a result, we can conclude that

e =[] <

1y 1 —1p\ 1L -1 -1 14
(I +P~'S) “(al+ P 'H) |:(lXI—P H)(al — P~'S) — 2aP j§1Nj®Nj

e — x| +2a||| (2 + P718) " (aI + P-1H) 'P~1p, 4 |
k+2

— m
= |[(al + P71H) 1[(a1—P—1H)(o¢I—P—1s) —2aP' Y Nj® N;
j=1
. R _
[l = x*[[| + 2a]| (@I + P7UH) P~ p || + 1P k41l
1

= ||(aI — P H)(aI + P~ H) ' (al — P~1S)(al + P~1S)~
_ m _
—2a(al +P~'H) 'P~1 ¥ Nj@ Nj(al + P~15)""||
j=1 2

_ -15_ _
e = 2|+ 2all (2l + PHH) P py o+ P i [

~ -1

< |[(al — B)(al +H) ' (al - 8)(al +8) ||

_ 1 m ~ -1
—2a|[P71|, || (I + H) IIzII,Zle®NjH [(al +5) [,
= 2

Py I+ 1P gkl
_ _ -1 _
< o) v = 2 1+ 20 Pl (@l + P H) gl L+ 1P ol

e = 2 + 2| (I + P~ H) ™

(al+P15)7"|
2

90f13

(15)

1
and
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Because ||r¢||, = ||F(xx — x*)|, < ||F(al —|—P‘1S)_1||2|||xk — x*|||, we can see that

eyl < eellrelly < exllF(ar+P18) " [ylllxe — x* 1| < el Elloll (@l + P718) ™ o llxi — 5%l
ksl < 20l Pllolze, | = 20el| Pyl (@P + H) ™ (=rie = py Il
< 20wl + PUH) o (llrelly + gy 1)
< 20| (&l + P~V H) [l (1 + ) 7l
< 2 (1 + &) || (&l + P~ H) I Fllll (2l + P18) ™ [l — x|l

Through the Formula (9), we can see that

_ _ -1 _
[lIxeer = x| < ool = x| +2al| P~ (l + PTEH) L[ py g 1) + 1P 21912

_ _ -1 _ -1
< [oo(a) +2u(ex + (1 + )| Pl @l + P1H) Iy Flloli (@1 + P15)

e = x|l

-1
< [ao<a>+za<ek+nk<1+ek>>||P1||2|P%(a1+P%HP%> P3|,
1 1, 1. —1 1 *
NEll|P~2 (I + P2SP~3) P2 | |||lx — x*]]]

< [oo(@)+2a(ex + 71+ ) |P | (aL + H)

1
Bl +3) 7 ] i — 21
< [oroe) +20ei + 1+ )P g [ Fllo 2 e = °

2||P7L,lIF
< [ov(@) + HERFL (o 1 (14 £)] fl — )

If we accurately solve the Lyapunov Equations (10) and (11), the corresponding {e; } and {r}
should be zero, so both emax and #max are zero. At this point, the convergence factor of the IPHSS
iteration method is the same as that of the PHSS iteration method. Theorem 3 shows that in order to
guarantee the convergence of the IPHSS iterative method, we only need the conditional

2P, [IF]l,
’X"i‘/\min

oo(a) + (ex +mc(14¢¢)) <1

to satisfy, and we do not need {e;} and {7y} to go to zero with the increase of k. Therefore, when the
generalized Lyapunov equation is solved, the selection of {&;} and {7} should make the calculation
as small as possible, and the iterative factor of the IPHSS iterative method is as close to the convergence
factor of the PHSS iterative method as possible. [

4. Numerical Experiments

In this section, we test the IPHSS algorithm for solving the generalized Lyapunov equation by
numerical examples.

Here is a theoretical numerical example for a simple test of numerical performance about
the algorithm:
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Example 1. Now, we consider the generalized Lyapunov equation as follows:
AX +XAT+ NXNT+C =0,
where N is a random matrix that satisfies the condition of Theorem 1;
A=I®R+Q®I
where ® is Kronecker product. Let
R = tridiag((—2 —h),8,(—2+h)) and Q = tridiag((—2 — 2h),8, (-2 + 2h))

are three diagonal matrices h = —=; x(0) = vec (X(0)> is taken as a zero vector; and the program is executed by
7

- ) ) . . (k) ) oL
Matlab. The order of the coefficient matrix A is n. The relative error is Res = ”ﬂ b”‘zlz . The stopping criterion is

Res < 107 and Iter is the number of iterations. CPU is iterative time. The parameters of the IPHSS method
are taken as o = 0.8. The parameters of the IPHSS method are taken as &« = B = 0.2. The preconditioned matrix
P is selected as the diagonal matrix of the coefficient matrix A. Through the IPHSS algorithm we can get Table 1
as follows.

Table 1. Comparison of calculation results between preprocessing HSS iteration method (PHSS) and
inexact PHSS algorithm (IPHSS) method.

IHSS IPHSS

n

Iter CPU Res Iter CPU Res

4 269 0.215 9.6357 x 1077 4 0.070 7.4966 x 1078
16 267 0.559 8.0967 x 107 4 0.077 1.6256 x 107
64 259 1.763 9.8830 x 10~7 5 0.169 8.1159 x 108
144 266 43.010 9.9025 x 1077 5 0.792 1.5784 x 107
256 255 260.165 9.6540 x 1077 5 4.029 2.0429 x 107
529 283 2502.291 9.2328 x 1077 5 39.945 2.3134 x 1077
1024 — — — 5 383.907 1.7833 x 107

The numerical results in the analysis Table 1 show that IPHSS method has faster convergence
speed, better stability and convergence than IHSS method in this example.

The following numerical examples are given to test the numerical performance of the algorithm
in practice:

Example 2. Considering the problem about the finite element discretization of self-heat conduction [20]:
x = Ax + Nxu + Bu
We need to solve the following generalized Lyapunov equation in solving its Kodamm matrix:

AX+ XAT+ NXNT+C =0,

where
1.6, i=j 0.05, i=j
A=(az) =103, |i—j|l=1 N=(ny) =41-001 |i—j=1
0, else 0, else

o) O
B:—A1< X X Ail, nzzln—o,nlzn—nz.

Onz Xny I}’lz
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The parameters of the IPHSS method are taken as o = 0.9 . The parameters of the IPHSS method are taken
as x = B = 0.2. Through the IPHSS algorithm we can get Table 2 as follows.

Table 2. Comparison of calculation results between IHSS and IPHSS method.

IHSS IPHSS
n
Iter CPU Res Iter CPU Res
64 24 0.413 6.9964 x 10~° 4 0.092 2.1691 x 10~8
128 21 1.757 9.0778 x 10~° 4 0.382 4.6206 x 108
256 20 12.432 9.3266 x 107° 4 2.290 1.0216 x 107
512 19 109.701 9.8608 x 10~° 4 21.917 2.8474 x 1077
1024 19 1382.280 8.3162 x 107 4 291.388 3.8898 x 1077

The numerical results in the analysis Table 2 show that the amplitude of the number of iterative
times for the IHSS iteration and the IPHSS iteration of the generalized Lyapunov equation is smaller,
which indicates that the two methods are very stable, but the number of iterations and times of the
IPHSS iteration are far smaller than that of the IHSS iteration, and the relative error of the IPHSS
iteration is also less than the relative error of the IHSS iteration. Not only that, it can be seen that
the gap between the iterative time of the IPHSS iterative method and the iteration time of the IHSS
iteration method is larger, as we can see the higher order of the matrix, and thus the IPHSS iterative
method for solving the generalized Lyapunov equation is more effective than the IHSS iteration.

5. Conclusions

In this paper, a new method of solving the generalized Lyapunov equation by PHSS iterative
method is proposed and its convergence is proved. Then, the IPHSS algorithm for solving the
generalized Lyapunov equation is put forward, and the convergence of the generalized Lyapunov
equation is proved. Finally, a numerical experiment is carried out to compare the new method with
the existing methods. It is found that compared with the IHSS iteration method, the IPHSS iteration
method has obvious improvement effect.
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