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Abstract: The main aim of this paper is to provide a new generalization of Hurwitz-Lerch Zeta function
of two variables. We also investigate several interesting properties such as integral representations,
summation formula, and a connection with the generalized hypergeometric function. To strengthen
the main results we also consider some important special cases.
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1. Introduction

The generalized hypergeometric function F(—) [1] defined by

- d H?:l (ﬁi)nz

=T AN 1
n=0 H?:l (ﬁj)nn!
where p,q € Z*;b; #0,-1,-2,---.
The Appell hypergeometric function F; of two variables [2] is defined by
- b)i(b), 2*
Fila,b,b';c;z,t] = (@)ic+1 (b ,
! | k,zzo @k KT
i a+k b; 2)
k=0 c+ k k' ’
(max {R(z), ()}<1 and R(a) > 0).
The confluent forms of Humbert functions are [2]:
2 (@) (D) 2*
®Dqla,b;c;z,t] = R , z| < 1,|t] < 00), 3
otz = Y SECE LT (<L < ©)
IR (b)k(b')lz t
Dy[b,b;c;2,t] = klZ::O (O KTV (|z| < o0, |t| < o), 4)
and o
o (b Z"t
D3(b;c;z,t] = ——, z| < oo, |t] < 00). 5
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The Appell’s type generalized functions M; by considering product of two 3F, functions is given
in [3]. From these expansions, we recall one of the generalized Appell’s type functions of two variables
M, and is defined by

! / y o ) (,7/)]( ) (5,>lxk yl
My (p,1,m',6,65v,&&5x,y) = _
Ll b ) kgoz;o ) (©k(@) kI ©)
If weset = v,6 =¢,6' = ¢’ in (6) then
Malp,7',8,851,6,85 %,y = (1—x) 7 (1=y) 7. @)

The Hurwitz-Lerch Zeta function ®(z, s, a) is defined by (see [4,5]):

9] Zk

®(z,5,a) = Igm, 8)

(1€ C\Zy;s € C)when |z] <1;R(s) > Iwhen |z|=1.

For more details about the properties and particular cases found in [1,4,5]. Various type of
generalizations, extensions, and properties of the Hurwitz-Lerch Zeta function can be found in [6-13].
Recently, Pathan and Daman [14] give another generalization of the form

o @k(B)eA)i(u)y 2
Dy gy v (2, 8,5,a) == k,Z_:() (]fy)k(kv)lkl!l! I KT a

©)
v,v,a#{0,—1,— -, },s€C;
%(54")"“/—06—[3—]4—)\) >0 when |[z|]=1 and [t/ =1.
Very recently, Choi and Parmar [15] introduced two variable generalization by
(e (i) =2
q) /. 7 t/ 7 = ,
unn' v (Z S ll) & (V)k+1k!l! (k Ty 11)5

(10)

(wn,n"€C;, aveC\Zy; szteC when [z/<1 and |[t[<1;
and R(s+v—pu—n—n)>0 when [z/=1 and [t|=1).

In this paper, we further extended the Hurwitz-Lerch Zeta function of two variables and is defined by

(Wit (i (1)1 (9)k(8")1 K¢t
@H,mn/,é,él;y,g,g/ (Z, t,s, ﬂ) Zkl 0 (}(-Slk+l(}(5) (C’),kk'l‘ ’ (k-il+a)5’

(w,n,1',0,8' € C;a,v,8,8' € C\Zy; 5,2t € C when [z] <1 and [f|<1; (11)
and R(s+v+e+& —pu—n—n—6-0)>0 when|z| =1land|t|=1).

Special cases:

Case 1. If § = £,6' = &', then (11) reduces to (3) of [15] which is given in (10).
Case2. If y = vand 6 = ¢,6' = ¢ in (11), then we get the generalized Hurwitz-Lerch Zeta
function of [14]:

z,t,8,a) :=
k,1=0

(') 2
Kl (ki lta)y
(1,7 €C;, ae€C\Zy; s€C when [z]<1 and [t <1

and R(s—7—7') >0 when |z|]=1 and [tf|=1).

D

na (
(12)

The limiting cases of (11) are as follows:
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Case 3. If §#/ — oo then we have
(DH,U,(S,(S’}VrCrél (Z, t, S, ﬂ) = ql’iinoo {q)u,ﬂ,q’,é,é’;v,ij,é’ (Z, t/?]l, S, ﬂ) }

_ (1)1 ()0 (8 ZkH!
k=0 Wit Q&K (k+1+a)” )

(;4,17,5,5'EC;a,v,@,@’GC\Za;s,z,te(C when |[z| <1 and |f|<1;
and R(s+v+¢+¢ —pu—n—6-6)>0 when |z|=1and|t|=1).

Case 4. If 4 — oo then we have

CI>,7,,7/,5,5/;V,C,€/ (z,t,5,a) := hm {q)HM’”’VCC’ (z/u,t/u,s, a)}
i ) (O)k(8")y 2
=0 W1 (k@)K (k+ 1+ a)*” (14)
(17,17,(5,(5’6((3;11,1/,5,{,‘ €C\Zy;s,zt€C when [z]<1 and [ <1;
and R(s+v+¢+¢ —y—06—-06)>0 when |z|=1 and [t[=1).

Case 5. If min(|u|, |'|) — oo then we have

z t
D /. 1(z,t,8,a) = lim {q) 158 / (, ,S,ﬂ>}
oswd Gilo )= L s\ P st e G
_ v mk(0)e(d) 2kt!
k=0 Wit (E)i(8) KUY (k + 1+ a)* (15)

(1,6,6' € C;a,v,8,¢' € C\Zy;s,z,t€C when |z <1 and [t <1
and R(s+v+¢+¢ —-n—0-06)>0 when |z|=1 and [t|=1).
2. Integral Representations

Theorem 1. The following integral representation of (11) holds true:

¢V,W,W’,5,5’;V,§,§’ (Z, f, S, ﬂ)

- F(ls)/o xS le™ M, (wm,n',6,6%v,8,8;ze, te™™) dx, (16)

(min {R(s),N(a)} >0 whenl|z| <1(z #1),|t| <1(t #1),
R(s) > 1, whenz=1,t=1).

Proof. Using the following Eulerian integral

1
(k+1+a)’

/oo £ lem Ut g (minR(s), R(a) > 0,k,I € Ny) (17)
0
in (11), we get

@y 5w (245,0)

2 Wik 25 1 1 g anx
- k,lZ:O (Wk41(8)k(E k!l!T(S)/ voe dx.

Interchanging the order of integration and summation, which is verified by uniform convergence
of the involved series under the given conditions, we have
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D@y b0 (21,5,a)

e e S (Wi )i O)(8) 1 2 ki
SEOT TP M rovic et A G 18)

In view of (6), we arrived the desired result. [

Similarly, if we use (17) in the limiting cases (13), (14) and (15) then we obtain the
following corollaries:

Corollary 1. The following integral representations for @, , 55,z (2, t,8,a), Py 1 5,502, (2,t,5,a) and
@, 550, (2.t,8,a) in (13), (14) and (15) holds true when & = §,6' = &' :

un (,4,5,0) = 55 [ (e vize ke ) d (19)
which is (14) of [15].
1 e s—1  —ax ! —X —X
@, v (2, t,5,0) = ﬁS)/O XM, (1,1 v;ze7 te™Y) dx, (20)
which is (15) of [15] and
1 o0
Dy (2,t,5,0) = 6] /0 x5 le Py (17;v;ze, te™) dx. (21)

(min {R(s), R(a)} > 0when |z| < 1(z #1),|t| <1(t #1), R(s) > 1, whenz =1,t =1), which is (16)
of [15].

Corollary 2. In view of (7), we have

Dt (z,t,5,a)
) s—1,—ax
= r e dx, 22)
I(s)Jo (1—ze=x)1(1—tex)7"

(minR(s) > 0,R(a) > 0when |z| <1(z #1),[t| <1t #1), R(s) >1,whenz=1,t=1).

Remark 1. If we take t = 0 in (22), then it gives (19) of [15] and by setting t = 0,1 = 1 then (22) reduces to
(20) of [15]

Theorem 2. Each of the following integrals for @, , 11 5,602, (2,,5,a) holds true
¢}[I’7!’7,15!5,;V1§15, (Z, t, S, ﬂ)

B I'(v) /°° yh1 ® <zy Lty sa) (23)
CTTw =) Jo Ay MTEE Ty 1y )

and

CDWM/ (55/'1/(§§/ (Z t S, ll)

ax -1
T IV —p / / 1+yyy (24)

B () £ ()

k=0 =0
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Proof. Setting a = y +k+1,b = v + k 4 | in the Eulerian beta function formula,

Blab—a) = NG - [ Py R) > R(a) > 0

r(b) 1+4y)b

gives

I’(y+k+l)1’(v—y)_/°" yhtkri-l i
T(v+k+1) o @ty

=

(W T()T(v —p) ooyl
?vmzf(v) _/0 Wdy,
R(v) > R(p) > 0,k1€N.

(Wks1 I'(v) /°° yr k=l
0

- Wi T)T—p) (14 y)vrktl dy.

Now substituting (27) in (11), we get

q>14/’]/7]/r‘5r5/;1//§r§/ (Z, t, S, {/'l)

R IR A ) U T
W o Ayt (@@ kI (k+1+a)

interchanging integration and summation gives

@y svee (Z1,5,0)

7

dy

T ooyl @ ()i 2y Nty
_W)F(v—y)-/o <1+y>”,§0 (&)k (&) k1! (1+y> (1+y> (k+l+a>sd

In view of (11) and (9) we arrived the desired result.

Now, we prove the second integral. From (18), qDMrW’r&(S’;V,é,C’ (z,t,5,a) can be written as

qDF"'I/U’,é,é’;v,@,g’ (Z, t,s,a)

- /Ooo xS lemx i (V)k+l(77)k(g/)1(5)k(5’)l (Zefx)k (te,x)ld

m k,1=0 (V)k+l( )k(g’)l k! n
Now using (27), we get
1 oo s-1,-ax 0 ) 00 yy+k+l 1
@V’,}’n/’&&/;vlélgl (Z, t, S,ﬂ) = m/() X 1 Z: y) /0 (1 +y)v+k+l dy
RCOACINCoR (tmld
@) v

1-' 1/) / / x5 1e 7axy;4 1
F(s wI'(v—u) 1+y

k=0 =0

g ii?k () £ o (0

50f8

(25)

(26)

(27)

(28)

(29)



Mathematics 2019, 7, 48 60f8

Corollary 3. If 6 = 6’ = 1and & = &' = 1, then we get the result (22) of [15] as

L(v)
LT ()T (v —p)

1—axy 1 —x\ —1 —x\ 1
Y zye tye

1- 1-— dxdy,
/ / Aty ( 1+y> ( 1+y> g

(R(v) > R(n) > 0;min {R(s), R(a)} > 0).

o (z,t,5,a) =

wn' v

Theorem 3. The following summation formula hold true.
= (s
;J %CID%U,”/,(;,(;/;V,;;,(—;/ (z,t,s+r,a)x" = Doy 6.60,2,8 (zt,s,a—x), (|x] <la|;s#1). (30)

Proof. Using (11), we have

(1)#;7,7/55/.1/651 (Z,t,S,ll—X)

_ Z Wit ()k(n")1(8)x (8" 2kt

KI=0 (Wr41(S)x () KIt(k+1+a—x)
(1)1 ()i (7")1(6)(6") ZkHl x s
*k,zzzo Wit @e(@1 k(e+1+a) (1 kHH) :

using binomial series, we get

hgk

(1)1 (i (17)1(0)x (8 kgl y
o W (@@ KUK+ +a)str [T

) {
k1

:5 X

In view of definition (11), we reach the required result. O

3. A Connection with Generalized Hypergeometric Function

In this section, we establish the connection between (11) and generalized hypergeometric function.

Theorem 4. Fora # {—1,—2,--- } and z # 0, the following explicit series representation holds true

1)i(8)izk
Py ssves (2658) =Yilg W (31)

XF(U &, 1-¢—k, k?l_ﬂ_k,1—5—k,§’;§),
where F(—) is the generalized hypergeometric function defined in (1).

Proof. Using (11) and the identity ([16] page 56, Equation (1))

A(Lk) = ifA(z,k—z),
k=01=0

hgk

>

k=0

—_

0

which implies that

k
(DP‘WW/‘S‘SIV‘;I@/ ztsa 22 3
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Now,

(—1)'k!
k—D!'= ,0<1<k

(k=1 (—k);

(=D ()
- /0 S l S k/

(W)kfl (1 -7 — k)l

we get,

q)y,ﬂ,ﬂ’,&é’;v,é,é" (Z, t, S, ﬂ)

_y f (k)1 (0)k (8 (1 = & — k) (=) 21 1
=iz Wl =1 =k)i(1 =6 = k) (E)(& (k) (k+a)>

Lastly, summing the [-series, we get the required result. [

Corollary 4. If we set § = ¢ in Theorem 4, then we get (28) of [14] as

o k
D, aswee (2,5a) = Z MF <17',5’,—k,1—§—k;§’,1—ly—k,l—g—k,’t.) (32)
B AR L W)k + ap -

Corollary 5. Ifweset v =1,6 = ¢ and §' = &' in Theorem 4, then we get (29) of [14] as

@ wtsay =y U (g gt 33)
w8 o (2r1:8,a) _k;)(ﬂ-i-k)sk! == =Ko (

4. Concluding Remarks

An extension of a generalized Hurwitz-Lerch Zeta function is defined and some of its properties
are studied in this paper. An integral representation is established and a relation with Appell’s type
function is given. Finally, a connection with the hypergeometric function is also given. The results
derived here are more general in nature by comparing the results of the papers [14,15] which help to
derive some interesting special cases and are mentioned in Remark 1 and Corollaries 1-5.
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