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1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H equipped with inner product
(-,-) and norm || - ||. Let S : C — C be nonexpansive, with its fixed point set F(S) # @. Let A,B: C — H
be a-inverse-strongly monotone and B-inverse-strongly monotone, respectively. In 2008, Ceng et al. [1]
introduced and considered the following general system of variational inequality problems of finding
(x*,y*) € C x C, such that
(PAY* +x* —y*,x —x") >0, Vx € C, )
(nBx* +y* —x*,x—y*) >0, Vx € C.
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They first transformed problem (1) into a fixed point problem for the mapping G = Pc(I —pA)Pc(I —yB),
and then proved strong convergence of the following relaxed extragradient method for solving the
problem (1), and the fixed point problem of S:
Yn = Pc(xn — Bxu),n 20, ®
Xpy1 = Apl + ,ann + ')’nSPC(yn - PA]/n)r

where p € (0,2«), 7 € (0,28), and {an}, {Bn}, {7n} are sequences in [0, 1].

Let E be a real Banach space with the dual E* and C a nonempty closed convex subset of E.
A self-mapping f : C — Cissaid to be k-Lipschitzon Cifk € Ry = [0, +c0) and || f(x) — f(y)|| < k||x —y]|
forall x,y € C. If f is k-Lipschitz with k < 1, then f is called a k-contraction mapping (or a contraction
mapping with coefficient k). A self-mapping f : C — C is said to be nonexpansive if it is Lipschitz with
k = 1. Also, recall that a mapping T with domain D(T) and range R(T) in E is called pseudocontractive if
the following inequality holds

lx =yl <lx=y+r((I=T)x = (I=T)y)l, vx,y € D(T), r >0,

which is equivalent to the inequality (see [2]) that for each x,y € D(T) there exists j(x —y) € J(x —y)
such that

(Tx — Ty, j(x —y)) < ||lx—y|* &)

It is known that the class of pseudocontractive mappings is an important and significant generator of
nonexpansive mappings [3]. Moreover, interest in pseudocontractive mappings stems mainly from their
firm connection with the class of accretive mappings.
Let A1, Ay : C — E and My, M, : C — 2F be nonlinear mappings. The general system of variational
inclusions (GSVI) is to find (x*,y*) € C x C such that
0e€x" —y" +p1(Ay" + Mx"), @
0 €y —x* + pa(Apx™ + May™),

where p; and p; are two positive constants.

In 2010, Qin et al. [4] introduced a relaxed extragradient-type method for solving GSVI (4), and proved
a strong convergence theorem for the proposed method (for its related results in the literature, see,
e.g., [1,5-18]). Furthermore, Aoyama et al. [19] considered the following variational inequality: Find
x* € C, such that

(Ax*,j(x —x*)) >0, VxeC. )

They proved that the problem (5) is equivalent to a fixed point problem; that is, the element x* € Cis a
solution of problem (5) if and only if x* € C satisfies the following equation:

x* = e (x* — nAx*), (6)

where 7 > 01is a constant and I'l¢ is a sunny nonexpansive retraction from E onto C. In particular, if E = H
a Hilbert space, then Il coincides with the metric projection Pc from H onto C. Recently, many authors
have studied the problem of finding a common element of the set of fixed points of nonlinear mappings and
the set of solutions to variational inequalities by iterative methods (see, e.g., [1-3,5,6,8-10,12,14-16,18-24]).
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In particular, Ceng et al. [22] introduced an implicit viscosity approximation method for computing
approximate fixed points of a pseudocontractive mapping T, and derived strong convergence of the
proposed implicit method to a point in F(T), which solves a certain variational inequality.

The purpose of this paper is to solve the GSVI (4) with the hierarchical variational inequality (HVI)
constraint, for an infinite family of continuous pseudocontractive mappings { T, }7~_; in a uniformly convex
and two-uniformly smooth Banach space E. By utilizing the equivalence between the GSVI (4) and the
fixed point problem, we construct an implicit multiple-viscosity approximation method for solving the
GSVI (4) with the HVI constraint, for infinitely many pseudocontractions {T}?> ;. Under very mild
conditions, we prove the strong convergence of the proposed method to a solution of the GSVI (4) with
the HVI constraint, for infinitely many pseudocontractions {T; }$_;. Our results improve and extend the
corresponding results announced by some others; for example, Yao et al. [13] and Ceng et al. [22].

2. Preliminaries

Let E be a real Banach space with dual E*. Throughout this paper, we write x,, — x (respectively,
Xn — x) to indicate that the sequence {x,} converges weakly (respectively, strongly) to x. Let C be a
nonempty closed convex subset of E. Recall that a mapping T : C — E is said to be

(@) accretive if, for each x,y € C, Jj(x —y) € J(x — y) such that (Tx — Ty, j(x —y)) > 0, where ] is the
normalized duality mapping;

(b) a-strongly accretive if, for each x,y € C, Jj(x —y) € J(x —y) such that (Tx — Ty, j(x —y)) >
a||x — y||* for some a € (0,1);

(c)  PB-inverse-strongly accretive if, for each x,y € C, 3j(x —y) € J(x —y) such that (Tx — Ty, j(x —y)) >
B|| Tx — Ty||? for some B > 0.

Let U = {x € E : ||x|| = 1} be the unit sphere of E. Then E is said to be strictly convex if for any
vwyelx#y = | xzﬂ | < 1. Itis also said to be uniformly convex if for each € € (0, 2], there exists

5> Osuch thatforany x,y € U, [lx —yl| > ¢ = |22 <1

Banach space is reflexive and strictly convex. Also, it is known that if a Banach space E is reflexive, then E
is strictly convex if and only if E* is smooth, as well as that E is smooth if and only if E* is strictly convex.

t —
A Banach space E is said to have a Gateaux differentiable norm if the limit }irr(} w
5

each x,y € U and, in this case, we call E smooth. E is said to have a uniformly Fréchet differentiable norm
if the limit is attained uniformly for x,y € U and, in this case, we call E uniformly smooth. E is also said to
have a Fréchet differentiable norm if for each x € U, the limit is attained uniformly for y € U and, in this
case, we call E strongly smooth. The modulus of smoothness of E is defined by

d. It is known that a uniformly convex

exists for

1
o(1) =sup{s(llx +yll +lx—yl) =1:xy € E |x[ =1, [lyll =7},

where ¢ : [0,00) — [0, c0) is a function. It is known that E is uniformly smooth if and only if lin}) @ =0.
T—

Let q be a fixed real number with 1 < g < 2. A Banach space E is said to be g-uniformly smooth if there
exists a constant « > 0, such that o(7) < x71 for all T > 0.

Let g be a real number with 1 < g < 2 and let E be a Banach space. Then E is g-uniformly smooth if
and only if there exists a constant ¢ > 0 such that

[l +yll7+[lx =yl? < 2([*7 + lley[|?),  ¥Yxy € E
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The best constant c in the above inequality is called the g-uniformly smooth constant of E; see [11] for more
details. Note that no Banach space is g-uniformly smooth for g > 2; see [25].
For g > 1, the generalized duality mapping J, : E — 2F is defined by

Jo(x) = {p € E*: {x,9) = [ x|1%, lgll = |x|"7"}, VxeE.

In particular, | = J, is called the normalized duality mapping. It is known that J,(x) = ||x[92](x), Vx € E.
If E is a Hilbert space, then | = I the identity mapping. Recall that

(1) if E is smooth, then ] is single-valued and norm-to-weak* continuous on E;

(2) if E is uniformly smooth, then ] is single-valued and norm-to-norm uniformly continuous on
bounded subsets of E;

(3) all Hilbert spaces, L (or [”) spaces (p > 2) and the Sobolev spaces /4 (p > 2), are two-uniformly
smooth, while L? (or [P) and W), spaces (1 < p < 2) are p-uniformly smooth;

(4) typical examples of both uniformly convex and uniformly smooth Banach space are L?, where p > 1.
More precisely, L is min{p, 2 }-uniformly smooth for any p > 1.

Proposition 1 ([26]). Let E be a smooth and uniformly convex Banach space, and let v > 0. Then there exists
a strictly increasing, continuous and convex function g : [0,2r] — R, g(0) = 0 such that g(||x —y||) <
1x[1* = 2¢x, j(y)) + llylI?, Vx,y € By, where B, = {x € E : [|x|| < r}.

Proposition 2 ([27]). If E is a two-uniformly smooth Banach space, then ||x + y|* < ||x||* +2(y,j(x)) +
2||ey||?, Vx,y € E, where c is the two-uniformly smooth constant of E. In particular, if E is a Hilbert space, then
the duality pairing (-, ) reduces to the inner product, j = I the identity mapping, and c = 1/~/2.

Let D be a subset of C and let IT be a mapping of C into D. Then I is said to be sunny if IT[IT(x) +
t(x — II(x))] = II(x), whenever IT(x) 4+ t(x — II(x)) € C forx € Cand t > 0. A mapping I of C into
itself is called a retraction if I1> = I1. If a mapping I1 of C into itself is a retraction, then I1(z) = z for each
z € R(IT), where R(IT) is the range of IT. A subset D of C is called a sunny nonexpansive retract of C if
there exists a sunny nonexpansive retraction from C onto D.

Proposition 3 ([28]). Let C be a nonempty closed convex subset of a smooth Banach space E, D be a nonempty
subset of C and I1 be a retraction of C onto D. Then the following are equivalent:

(i)  Ilis sunny and nonexpansive;
(i) [ITI(x) = TI)|* < (x =y, j(T1(x) —TI(y))), Vx,y € C;
(i) (x—TII(x),j(y —II(x))) <0,Vx € C,y € D.

Let C be a nonempty closed convex subset of a uniformly convex and uniformly smooth Banach space E and let
T be a nonexpansive mapping of C into itself with the fixed point set F(T) # @. Then the set F(T) is a sunny
nonexpansive retract of C; see [29].

Proposition 4 ([30]). Let C be a nonempty closed convex subset of a Banach space Eand T : C — C be a continuous
and strong pseudocontraction mapping. Then, T has a unique fixed point in C.

Recall that a possibly multivalued operator M C E x E with domain D(M) and range R(M) in E
is accretive if, for each x; € D(M) and y; € Mx; (i = 1,2), there exists j(x; — x2) € J(x1 — x2) such
that (y; — y2,j(x1 — x2)) > 0. An accretive operator M is said to satisfy the range condition if D(M) C
R(I+rM) for all r > 0. An accretive operator M is m-accretive if R(I +rM) = E for each r > 0. If M is
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an accretive operator which satisfies the range condition, then we can define, for each r > 0, a mapping
JM: R(I4+7rM) — D(M) by JM = (I +rM)~!, which is called the resolvent of M. It is well known that JM
is nonexpansive and F(JM) = M~10, Vr > 0; see [31]. Hence, F(JM) = M~10 = {x € D(M) : 0 € Mx}.
If M~10 # @, then the inclusion 0 € Mx is solvable. We below present some lemmas which will be used
in the sequel. Some of them are known, and others are not hard to prove.

Lemma 1 ([24]). Let C be a nonempty closed convex subset of a smooth Banach space E and M : C — 2F be
an m-accretive mapping. Then for any given r > 0, the inequality holds: ||[JMx — JMy||> < (x —y,j(JMx —
JMy)), Vx,y € E. This means that JM : E — C is nonexpansive.

Lemma 2 ([24]). Let M : C — 2F be an m-accretive mapping and A : C — E is a mapping. Then x* € C
is a solution of the variational inclusion 0 € Ax + Mx if and only if x* = ]FI,VI(x* — pAx*), for all p > 0,
that is, VI(C,A,M) = F(]f],VI(I —pA)), Vp > 0, where VI(C, A, M) denotes the set of solutions to this
variational inclusion.

Lemma 3 ([24]). Let My, My : C — 2F be two m-accretive mappings and Aq, Ay : C — E be two mappings.
For given x*,y* € C, (x*,y*) is a solution of the GSVI (1.4) if and only if x* is a fixed point of the mapping
Q:= z)\fl(I — plAl)]f)\fz(I — p2Ap), where y* = ]gfz(l — p2Ap)x*.

Lemma 4 ([32]). Let C be a nonempty closed convex subset of a strictly convex Banach space E. Let T1, T, : C — E
be nonexpansive mappings with F(Ty) N F(Tp) # @. Define a mapping S : C — E by Sx = vTix + (1 —v)Thx,
Vx € C, where v is a constant in (0,1). Then S is nonexpansive and F(S) = F(T;) N F(Ty).

Lemma 5 ([24]). Let C be a nonempty closed convex subset of a two-uniformly smooth Banach space E. Let the
mapping A : C — E be a-inverse-strongly accretive. Then,

I = AA)x = (1= AA)y|* < [lx = ylI* + 2A(c*A — a) || Ax — Ay||*.
In particular, if 0 < A < %, then I — A A is nonexpansive.

Lemma 6 ([24]). Let C be a nonempty closed convex subset of a two-uniformly smooth Banach space E. Let
My, My : C — 2F be two m-accretive mappings and A; : C — E be {;-inverse-strongly accretive for i = 1,2. Let
the mapping Q : C — C be defined as Q := ];,\fl(l —plAl)Jgfz(I —242). If0 < p; < %fori = 1,2, then
Q : C — C is nonexpansive.

Lemma 7 ([33]). Let | be the normalized duality mapping on a real Banach space E. Then for all x,y € E,
the inequality holds: |1x +y|[2 < |x]12 +2(y, j(x + y)), Vj(x +v) € J(x+).

Lemma 8 ([33]). Let C be a nonempty closed convex subset of a uniformly smooth Banach space E, A : C —
C be a nonexpansive mapping with F(A) # @, and f : C — C be a fixed contraction mapping. For each

€ (0,1), let z; € C be the unique fixed point of the contraction C > z +— tf(z) + (1 — t)Az on C, that is,
zp = tf(z¢) + (1 — t) Az Then {z;} converges strongly to a point x* € F(A), which solves the variational
inequality: ((I — f)x*,j(x* —x)) <0, Vx € F(A).

Lemma 9 ([33]). Let {a,};>, be a sequence of nonnegative real numbers satisfying a,1 < (1 — Ay)a, +
AnOy, ¥ >0, where {Ay}° and {0, }5°_ are real sequences such that (i) {A,}5_ o C (0,1), YorgAn = oo,
and (ii) either limsup,,_, 0y < 007 Y37 o |Anoy| < co. Then limy ;00 2, = 0.
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Lemma 10 ([34]). Let C be a nonempty closed convex subset of a Banach space E. Let Ty, Ty, ... be a sequence of
mappings of C into itself. Suppose that } ;1 sup{||Tux — T,_1x|| : x € C} < oo. Then foreachy € C, {T,y}
converges strongly to some point of C. Moreover, let T be a mapping of C into itself defined by Ty = lim, 00 Tyy
forally € C. Then limy_—yeo sup{||Tx — Tyx|| : x € C} = 0.

3. Main Results

Now, we are in a position to state and prove our main result.

Theorem 1. Let C be a nonempty closed convex subset of a uniformly convex and two-uniformly smooth Banach
space E. Let My, My : C — 2F be two m-accretive mappings and A; : C — E be {;-inverse-strongly accretive
fori =1,2. Let the mapping Q : C — C be defined as Q := ]ﬁfl(I - plAl)]})\fz(I — p2Ay), where 0 < p; <
%, i = 1,2, for c the 2-uniformly smooth constant of E. Let f : C — C be a fixed contraction mapping with
coefficient k € [0,1), S : C — C be a nonexpansive mapping, and {T, }>_, be an infinite family of continuous
pseudocontractive mappings of C into itself, such that Q) := (51 F(T,) NF(Q) # @. Let {ay}, {Bn} and {7y, }

be three real sequences in (0,1) satisfying the following conditions:

(i) an+Pu+v <1 Vn>1
Bn

(ii) limy, ooy, = 0and lim — =0;
n—00 Ky

(iv) Yo gy = .

For arbitrary initial value xg € C, compute the sequences {x, } and {y,} such that

Yn = ]gfz(xn - P2A2xn)1
X = (1—an — Bn — Yn)Xn—1+ D‘nf(xnfl) + BnSxn_1 (7)
+ Tn []/lTnxn + (1 - V)](ja\fl (yn - PlAlyn)]/ Vn>1,

where y € (0,1), and ]gf" is the resolvent of M; for i = 1,2. Assume that }_;" ysup,..p || Tpp1x — Thx|| < o0
for any bounded subset D of C, let T be a mapping of C into itself defined by Tx = lim, o Tyx for all
x € C, and suppose that F(T) = (5 F(Tu). Then {x,} and {y,} converge strongly to x* (€ Q) and y*,
respectively, where

(@)  (x*,y*) solves the GSVI (4);
(b)  x* solves the variational inequality: ((I — f)x*,j(x* —x)) <0, Vx € Q (i.e.,, x* = Il f(x*) where I
is a sunny nonexpansive retraction from C onto (}).

Proof. Note that the mapping Q : C — C is defined as Q := ];,\fl(l - plAl)IFI,\fZ(I — p2A;), where
0<pi < %, i = 1,2, for ¢ the two-uniformly smooth constant of E. So, by Lemma 6, we know that Q is
nonexpansive. It is easy to see that the implicit iterative scheme (7) can be rewritten as

Xn = (1 — 0y — Bn — 'Yn)xnfl + ‘an(xnfl) + BnSxu—1+ ')’n(,uTnxn + (1 - V)an>/ Vn > 1. (8)
Consider the mapping

Fox = (1—an—Bn—Yn)Xn-1+anf(xp-1) + BnSxu—1 + yn(uTux + (1 — u)Qx), Vx € C.
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Since Q : C — C is a nonexpansive mapping and T, : C — C is a continuous pseudocontraction mapping,
we deduce thatall x,y € C,

(Fax = Fay, j(x = y)) = Yau[p(Tux — Tuy, j(x —y)) + (1 — ) (Qx — Qy, j(x — y))]
< valpllx = ylI* + 1 = wl1Qx — Qullllx = yll] < yullx —yl*

Hence F, is a continuous and strong pseudocontraction mapping of C into itself (due to v, € (0,1)).
By Proposition 4, we know that for each n > 1 there exists a unique element x,, € C, satisfying (8).

Next, we divide the rest of the proof into several steps.

Step 1. We claim that {x,,}, {yn}, {f(xn)}, {Sxn}, {Tuxn} and {Qx, } are bounded. Indeed, take an
arbitrarily given p € Q). Then we have T,p = p and Qp = p. Putting W,, := uT, + (1 — u)Q, we know
that W, is a continuous pseudocontraction mapping of C into itself. Then it follows that W,p = p and

[0 — P”z = (xn — p,j(xn — p))
< (X —an— B —vn)llxn-1— pllllxn — pll + anll f(xu-1) = pllllxn — Pl
+ BullSxu—1 — pllllxn = pll +vallxa — plI%,

which hence implies that

[0 = pll < (T —=an = Bu —v)l¥n-1 — pll +an(llf(xn1) = F(P) I + I f(p) — pI)
+ Bu(l[Sxn—1 = Spll +1ISp = pll) + vullxn — pll
< (=1 =kan—y)llxn-1—pll +anll f(p) — pll + BullSp — Pl + vullxn — p.

Since nlgn i—n = 0, we may assume, without loss of generality, that 8, < «;, for all n > 1. This implies that
o &y
I\xn—P\IS[l—(l—k)l ~Jlln-1 =l () =PI+ ﬁ 5P =l
tX
<[0-0-k— H\xn 17l () = P||+||SP—PH) ©)
< max{[|lxy—1 = pll, 7= (£ (p) — P||+||5P*P||)}-

By induction, we derive [|x, — p|| < max{|xo — pll, 2 (Ilf () — pll + ISP — pII)}, Y1 > 0. So, {x,}
is bounded. Observe that ||f(xu)|| < [[f(xa) = f(P)I| + [If(P)| < Kllxu — pll + [[f(p)Il and [[Sxn]| <
||Sxn — Spl| + |Spll < ||xn — pll + ||Sp||. This implies that { f(x,)} and {Sx,} are bounded. Similarly, by
the nonexpansivity of Q we know that {Qx, } is bounded. Note that lim,_,. 7, = 1. Hence there exist
np > land gy € (0,1), such that v, > ¢ for all n > ny. Consequently, we have

eol|Waxall < ynllWnxnll = |lxn — (1 —an — Bn — Yn)Xn—1 — anf (Xu—1) — BuSxy_1|
< lxnll + xn—1 ] + [Lf (n—1) | + [[Sx—1]-

This means that {W,x, } is bounded. Since Wyx, = uT,x, + (1 — ) Qxy, we get

Pl Taxn || = [[Waxn — (1= ) Quu | < [[Wannl| + (1 = p) [|Qxn || < [[Whntn || + [| Qe[
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Hence { T, x, } is bounded. In addition, from Lemma 3 and p € Q) C F(Q), it follows that (p, q) is a solution
of GSVI (4) where g = Jp.2(I — poAz)p. So, by Lemmas 1 and 5 we get ||| < [|Jo22(I — p2A2)xn — q|| +
1911 < l%a — pll + gl That s, {y } is bounded.

Step 2. We show that ||x, — Qxy|| — 0 and ||x, — Tx,|| = 0asn — oo, where T : C — C is defined
as Tx = lim, e Tyx, Vx € C. For simplicity, put g = ]ﬁfz(p — 2 Ayp) and z, = ]gfl (yn — p1A1Yn). Then
Zy = Qxp, Vi > 1. From Lemmas 1 and 5, we have

yn — q11? = | T332 (xn — p2Asxu) — ]ﬁfz(r? — p2A2p) |12

(10)
< lxn = plI* = 202(C2 — ?p2) || A2xn — Azp|®.
Similarly, we get
12 =PI < lyn — qll* = 201(G1 — o) | Aryn — Al (11)
Substituting (10) into (11), we obtain
120 = plI* < [lxn = pII* = 202(Z2 = Pp2) | Azxn — Azpl|* — 201 (51 = Pp1) [ Aryn — Arq*. (12)
From (8) and (12), we conclude
[[xn — sz (I —an = Bn—7n)llxn-1 = pllllxn — pll
+ an[(f(xn—1) = f(p),j(xn — p)) + {f(p) — p,j(xn = p))]
+ Bu([[Sxn—1 = Spll + [ISp — pID llxn — p|
+ 1 (pllxn = pll+ (1= p)llzn = pl) 120 — pll
< (T —an— B —vn)llxn-1—pllllxe —pl
+ anlklxp—1 = pllllxn — pll + {f(p) = p,j(xn = p))] + Bu(llXn—1 — Pl (13)
xn —pll+ (1 = w)llza — pl)? + l|lxn — plI?
+||SP—PH)Hxn—PH+’Yn(y|| n P” ( V)Hzn PH) H n PH

_ 2 _ 2
<= (= Ky = Pt P =P ) s = )

+ BullSp = pllllxn = pll + vallxn — plI> = v0(1 = 1) [p2(Z2 — p2) || Axxn — Aop|?
+01(01 — 2p1) | Aryn — Ar1q|)?],

which together with &y, + B, + 74 < 1, immediately yields

(1 — ) [02(C2 — p2) | A2xn — Azp||* + p1(C1 — ¢?p1) [ A1yn — A1q]|?]

Xpo1— plI®+ |20 — p|?
< 1= (1~ Koy — o Pt =P = PIE o) — e — pll + sy — plllen —

From «;, — 0, i—n — 0,7 —1,p; € (0, Gi ) and the boundedness of {x,}, we deduce that
n

limy o0 || A2xy — App|| =0 and limy e ||A1yn — A1g]| = 0. (14)
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Also, utilizing Lemma 1 and Proposition 1, we have

lyn = ql*> < (xu = p,j(yn — ) + p2(A2p — Axn, j(yn — 4))
1
< E[llxn = pl?+ llyn = plI* = g1(l1xn = yn — (p — ) D] + p2ll A2p — Azxallllyn — 4l

which implies that

lyn — a1 < llxw = pI* = g1(lxn = yu = (p = D)D) + 202/l A2p — Axxu [y — 4ll- (15)

Similarly, we get

lzn = pII> < llyn — qll* = g2(llyn — za + (p — D) + 201)1 Arg — Arynlll|zn — plI. (16)
Substituting (15) into (16), we get

lzn = pII* < llxn — pI* = g1(lxn —yu — (p = D) — 2(llyn — 20 + (p— D))

(17)
+202||A2p — Axxn|lllyn — 4l + 2011 A19 — Aryallllzn — pl|-

From (13) and (17), we have

Xp_1 — plI* + |20 — p|I? .
o = pII2 < (1 (1~ Ry — o Lt =PRI =P o ) — e — )
+ BullSp = pllxn = pll+ 2Ll = I+ sk = pI? + (1= ) [0 = pl?
= g1(llxn —yn — (P = D) — &2(llyn —zn + (p — @)II) + 202[|A2p — Axxn || [lyn — 1|
+ 201419 — Aryalllz — pl1}
x — - 2+ Xn_ 2 .
(1= (1= Ry — o Pt TP 2 PIE ) — - )

2
1i
T BallSp — pllxn — pll+ vallen — Pl = LB (e (= v — (p— 1)
2

+&lyn —zn + (p — @) D] + (1 — ) (02| A2p — Azxn||lyn — ql|
+ p1l|A19 — Aryallllzn — pll),

which together with ay, + B, + v» < 1, leads to

2 =y = (p = ) )+ 82(llym 20+ (p = ) )]

2
Xp—1 — plI> + [|xn — pl|?
< 1= (1~ Ky — o) ot TP = PIE ) — il = pll + Bulsp — pll— p

+ 02| A2p — Azxn||[lyn — qll + 1/l A1 — Aryn|lllzn — pl-
B

Since a;, — 0, o — 0and v, — 1 as n — oo (from (14)), and by the boundedness of {y,} and {z,},

n
we deduce that lim, 0 §1(||xn —yn — (p — q)||) = 0 and limy, 00 £2(|[yn — 20 + (p — q)||) = 0. Utilizing
the properties of g1 and g, we conclude that

limy oo || —yn — (p—¢)|| =0 and limy—eo [|[yn — 20 + (p —q)|| = 0. (18)
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From (18), we get ||xn — zn|| < [|[xn —yn — (p — )| + lyn — 20 + (p — q)|| = 0 as n — oo. That s,
nh_I)I(}O [[xn — Qxn|| = 0. (19)
Note that

Yullxn = Waxn|l < (1 —an — Bu — vn) 1001 — Xnl| + anl| f(xn—1) — x| + BullSxp—1 — x|

B

From &y, — 0, o 0, v» — 1, and the boundedness of {x,},{f(x,)}, and {Sx,}, we know that
n
lim ||x, — Wyx,|| = 0. (20)
n—oo
Observe that u|| Tyxy — xn|| = [[Waxn — xn — (1 — 1) (Qxyn — xn) || < [[WnXyn — xu|| + [|Qxsn — x4]|. In terms

of (19) and (20), we obtain
nh_rfgo llxn — Tuxul| = 0. (21)

It is easy to see that conv{x, } is a nonempty bounded closed convex subset of C, where conv{x, } is the
closed convex hull of the set {x,}. By assumption, we get }_"_ | SUP,.cconv (0} I Ty+1x — Tux|| < co. By
Lemma 10, we have limy, ;o SUP, cconv (2} || Tux — Tx|| = 0. Therefore, by (21), we conclude that

limsup ||x, — Txy|| < limsup(||x, — Tuxn|l + || Tuxn — Txnl|)
n—oo n—oo

<limsup ||xy — Tyxu| +limsup sup || T,x— Tx| =0.

n—00 n—0o0  xeconv{x,}
That is, limy, s ||y — Txy|| = 0.
Step 3. We claim that
limsup(x* — f(x¥),j(x" —x,)) <0, x" € Q, (22)
n—oo

where z; is the fixed point of the mapping z — tf(z) + (1 — t)(4A + (1 — u)Q)z with A := (2 — T) 71,
x* = lim;_,+ z; and x* solves the VI: ((I — f)x*,j(x* —x)) <0, Vx € Q.

Indeed, note that the mapping T : C — Cis defined as Tx := lim,_, Ty x forall x € C. By assumption,
we have that F(T) = (;_1 F(Tx). Let us show that T : C — C is pseudocontractive and continuous. As a
matter of fact, observe that for all x,y € C, limy 0 || Tpx — Tx|| = 0 and lim, . || Ty — Ty|| = 0. Since
each T, is pseudocontractive, we get

(Tx = Ty, j(x = y)) = lm (Tyx = Tuy, j(x = y)) < [lx — %

This means that T is pseudocontractive. In order to show the continuity of T on C, we suppose that
uy, —»uasn —ocowithu € Cand {u,} C C. Let D := conv({u, } U {u}), where conv({u, } U {u}) is the
closed convex hull of the set {u, } U{u}. Then D is a nonempty bounded closed convex subset of C. By
assumption, we obtain Y ;7 ; sup. . || Ty1x — Tpux|| < oo for such a subset D of C. So, by Lemma 10 we
deduce that limy,; 0 SUP,cpy || T — Tx|| = 0.
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We now observe that, for each given m,n > 1,

| Tuy — Tul| < ||Tuy — Tonitn|| + || Tnttn — Tonut|| 4 || Tt — Tu]]
< sup||Tx — Tx|| + || Tnttn — Tt || + || Tett — Tu||.
xeD

Since each T}, is continuous and u,, — u as n — o0, we have limy, ;e || Tintty — Trtt]| = 0, which together
with the last inequality, implies that for each given m > 1

limsup || Tuy, — Tul| < limsup(sup || Tx — Tpx|| + || Tmttn — Ttt|| + || Tnrt — Tu|)

n—00 n—oo  xeD

<sup ||Tx — Tpyx|| + limsup || Tpup — Tuut|| + || Tt — Tu|
xeD n—co

= sup || Tx — Tpx|| + || Tt — Tu||.
xeD

Since limy, 0 SUp,cp || TX — Trux|| = 0 and limy, o || Tintt — Tu|| = 0, we obtain

limsup || Tu, — Tu|| < lim sup ||Tx — Tpx|| + lim ||T,u — Tul| =0,
n—00 M—>00xeD m—00

that is, limy,—« || Ty, — Tu|| = 0. This means that T is continuous on C.

Suppose A := (2 — T)~L. Then A is nonexpansive and F(A) = F(T) as a consequence of Theorem 6
of [35]. So it follows that F(A) NF(Q) = F(T)NF(Q) = Ny F(Tx) NF(Q)(=: Q) # @. Also,
we observe that

llxn — Axyl| = HAA_lx,, — Axy|| < ||A_1x,, = xul| = |21 = T)xy — x|l = |20 — Txul|-

Since limy, s ||xn — Txy|| = 0, we have limy, e || Xy — Axy|| = 0. Meanwhile, from Lemma 4 it is easy to
see that A + (1 — u)Q is nonexpansive and F(yA + (1 — 1)Q) = F(A)NF(Q) = Ny F(T) N F(Q)(=:
Q) # @. Obviously, the mapping z — tf(z) + (1 — t)(#A + (1 — u)Q)z is a contraction of C into itself
foreach t € (0,1). So, z; solves the fixed point equation z; = tf(z;) + (1 — t) (A + (1 — u)Q)zs. Then,
we have

zi—xp = (1= ) [p(Azr — xn) + (1= 4)(Qzr — xn)] + £(f (21) — xn). (23)
Thus, from Lemma 7 and (23), we obtain
2t = xall2 < (1= D2|(Aze — ) + (1= 1)(Qzt — ) 2+ 260f (26) — n, (2t — %))

< (1= > {ullze — xnl® +2l|ze — 2 [| Axn — 20| + || Axn — 2%
+ (1= p)(llze = xn® +201z¢ — 20 ||| Qxn — xull + [ Qn — xul|*) }
+26(f (21) — xn, (2t — Xn))

< (1= 1)*{llze — xull® + [ Axn — xul| (21|26 — 2| + | A — 20 ]))
+ 1Qxn — x| (202t — xull + [1Qxn — xull)} + 26(f (2¢) — xn, j(2t — x0)),

that is,

lze = xall2 < (1 )20 = 2l + [ Az — x| 22 — xall + [ Axs = 3]}
T 11Qx — x| 2llze = xall + Qi — xall) + 260 (20) — 21,2t — 30)).
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It follows that

) t 1
(20 = f(20),i(ze = xn)) < 5llze = xall® + 5[ A% = xal| 2120 = 20| + || Axn = 20])

(24)
+ [1Qxn — x| (2|26 — xu || + [|Qxn — xn])]-
Letting n — oo in (24), from ||x, — Ax,|| — 0 and ||x, — Qx,|| — 0 as n — 0, we have
. . t
limsup(z; — f(z¢),j(zt — xn)) < Eé (25)

n—00

where / is a constant such that ||z; — x,||?> < ¢ foralln > 0 and t € (0,1). Utilizing Lemma 8 we deduce
that {z;} converges strongly to a fixed point x* € F(uA+ (1 —pu)Q) = F(A)NF(Q) (= Q), which
solves the variational inequality: ((I — f)x*,j(x* —x)) <0, Vx € Q. Since j is norm-to-norm uniformly
continuous on bounded sets of E, as t — 0" in (25), we get (22).

Step 4. We claim that x, — x* and y, — y* as n — co, where (x*,y*) solves the GSVI (4). Indeed,
putting p = x* in (13), we obtain

[n—1 — %[ + [laen — |2
2
+ BullSx™ — x| llan — x|+ yullx — |2,

e = 21 < [1 = (1 = K)aw — 7] Fan(f(x7) =7, j(xn = x7))
which hence implies that

205,
1+ (1 —k)ay —yn

17(171{)“71*'771

I I 14+ (1 =k)ag —vn

1 — x| +

(f(x7) = x% j(xn — x7%))

Zﬁ" * Nk ok (26)
R 155 =l =)
= (1= M) llxn—1 — X*[1* + Ao,
2(1 —k)a .
where Ay = 2L g, 1) <o -0 + 58— ]
2(1 -k 2(1 -k« . . .
Now, observe that (1 — k)a, = ( 5 )t < T %E T (1)nk)1xn = Ay. Since Y ;" ; &, = 0o, we infer
that 7" ; A, = co. Note that lim B _ 0 and limsup,,_,  (f(x*) — x*,j(x;, — x*)) <0, due to (22). Thus,

n—00 [
in terms of the boundedness of {||x, — x*||}, we have limsup,_, 0, < 0. Therefore, applying Lemma 9

to (26) implies that x, — x* as n — co. Moreover, putting p = x* and g = y* = ]gfz(l — 02 A2)x* in (18),
we have limy e [ — yu — (x* — )| = 0. Also, since [y — y*I| < [[xn — v — (x* = y*)[[ + " = x|
we know that y, — y* as n — oo. In addition, in terms of Lemma 3 and as x* € QO C F(Q), (x*,y*) solves
the GSVI (4). O
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