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1. Introduction and Preliminaries

Fixed point theory plays a fundamental role in functional analysis. Nadler [1] initiated the study
of fixed point theorems for the multivalued mappings. Due to its significance, a large number of
authors have proved many interesting multiplications of his result (see [2-8]).

Rasham et al. [9] proved the multivalued fixed point results for new generalized F-contractive
mappings on dislocated metric spaces with application to the system of integral equations.
Nazir et al. [10] showed common fixed point results for a family of generalized multivalued
F-contraction mappings in ordered metric spaces (see also [11-21]). Recently Shoaib et al. [7] discussed
the results for the family of multivalued mappings satisfying contranction on a sequence in a closed
ball in Hausdorff fuzzy metric space. For further results on closed ball, see [7,8,22-27].

In this paper, we have obtained common fixed point for the family of multivalued mappings
satisfying conditions only on a sequence contained in a closed ball. We have used a weaker class
of strictly increasing mappings F rather than the class of mappings F used by different authors.
An example which supports the proved results is also given. Moreover, we investigate our results in
a better framework of dislocated b-metric space (see [28-30]). New results in ordered spaces, partial
b-metric space, dislocated metric space, partial metric space, b-metric space, and metric space can
be obtained as corollaries of our results. We give the following definitions and results which will be
needed in the sequel.

Definition 1 ([28]). Let X be a nonempty set and let d, : X x X — [0, 00) be a function, called a dislocated
b-metric (or simply dy-metric). If there exists b > 1 such that for any x,y,z € X, the following conditions holds:

(i) Ifdy(x,y) =0, then x =y;
(i) dy(x,y) =dp(y,x);
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(i) dy(x,y) < bldy(x,z) +dp(z,y)].

The pair (X, dy) is called a dislocated b-metric space. It should be noted that every dislocated metric is a
dislocated b-metric with b = 1.

It is clear that if dy(x,y) = O, then from (i), x = y. But if x = y, dy(x,y) may not be 0. For x € X
ande > 0, B(x,e) = {y € X : dp(x,y) < e} isa closed ball in (X, d}). We will use D.B.M space instead of
dislocated b-metric space.

Definition 2 ([28]). Let (X,d;) be a D.B.M space .

(i) A sequence {x,} in (X, dy) is called Cauchy sequence if given € > 0, there corresponds ng € N such that
for all n,m > ny we have dy(xp, x,) < € or . }%rgoo dy(xp, xm) = 0.

(ii) A sequence {xy} dislocated b-converges (for short d, -converges) to x if nh_r}r;o dp(xy,x) = 0. In this case x
is called a dy-limit of {xy}.
(iti) (X, dy) is called complete if every Cauchy sequence in X converges to a point x € X such that dy,(x, x) = 0.

Definition 3. Let K be a nonempty subset of D.B.M space of X and let x € X. An element yo € K is called a
best approximation in K if

dy(x,K) = dp(x,y0), where d,(x,K) = inIf<db(x,y).
=

If each x € X has at least one best approximation in K, then K is called a proximinal set.
We denote P(X) be the set of all closed proximinal subsets of X.

Definition 4 ([8]). The function Hy, : P(X) x P(X) — R, defined by

Hy, (N, M) = max{sup dy(n, M), sup dy(N,m)}
neN meM

is called dislocated Hausdorff b—metric on P(X).

Definition 5 ([21]). Let (X, d) be a metric space. A mapping H : X — X is said to be an F—contraction if
there exists T > 0 such that

Vj,k € X, d(Hj,Hk) > 0= t+ F (d(Hj,Hk)) < F (d(j, k))
where F : Ry — R is a mapping satisfying the following conditions:
(F1) F is strictly increasing, i.e. for all j,k € Ry such that j < k, F(j) < F(k);
(F2) For each sequence {ay}_; of positive numbers, limy, ;0o ty = 0 if and only if
limy, 00 F(aty) = —o00;

(F3) There exists k € (0,1) such that lima — 0+ aXF(&) = 0.

Lemma 1. Let (X,dy) bea D.B.M space. Let (P(X), Hy, ) be a dislocated Hausdorff b—metric space on P(X).
Then, for all G,H € P(X) and for each ¢ € G such that dy,(g, H) = dy(g, hg), where hy € H. Then the
following holds:

Hy (G, H) > dy(g, ).

2. Main Result

Let (Z,dy) be a D.B.M space, ¢y € Z and let {Sg : p € O} be a family of multivalued mappings
from Z to P(Z). Then there exist c; € Sycg for some o € ), such that dy(co, Suco) = dp(co,c1).
Let ¢y € Sgcy be such that dj,(c1, Sge1) = dy(c1, c2). Continuing this method, we get a sequence ¢, of
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points in Z such that ¢, 41 € Sycn, dy(cn, Sycn) = dp(cn, cpt1) for some y € Q. We denote this iterative
sequence by {ZSg(cy) : B € Q}. We say that {ZSg(cy) : B € (1} is a sequence in Z generated by co.

Theorem 1. Let (Z,dy) be a complete D.B.M space with constant b > 1 and {Sg : p € Q} be a family of
multivalued mappings from Z to P(Z) and {ZSg(cn) : B € Q} be a sequence in Z generated by co. Assume
that the following hold:

(i) There exist T, 11,12, 13,14 > 0 satisfying byy + by + 113 + 14 < 1 and a strictly increasing mapping F
such that
mdy (6‘, y) + 112dy, (6‘, Sie)

T+ F(Hy (Sie,Siy)) < F d2(e, Sie).dy(y, Siy) 1
( db( i ]]/)) +773db(]/15j]/)+774 b i i (1)

1+dj(e,y)
whenever e,y € By, (co,7) N{ZSg(cn) : B € O} withe # y,i,j € Qwithi # jand Hy, (S;e, Sjy) > 0.
.. 11+ 12
(i) If\ = ——"°— then
/ 1—n3—1m

db(Co, S“CO) < )L(l — b/\)?’ (2)

Then {ZSg(cn) : B € O} is a sequence in By, (co, ) and {ZSg(cn) : B € Q} — u € By, (co, 7). Also,
if the inequality (1) holds for u, then there exist a common fixed point for the family of multivalued mappings
{Sp: p € Q} in By, (co,r) and dy(u,u) = 0.

Proof. Let {ZSg(cy) : B € O} be asequence in Z generated by co. If ¢y = c1, then ¢ is a common fixed
point of S, for all & € Q. Let ¢y # c;. From (2), we get

dy(co,c1) = dy(co, Suco) < A(1—bA)r <r.

It follows that,
c1 € By, (co, 7).

Letcy, -+, ¢j € By, (co, ) for some j € N. Now by using Lemma 1, we have

T+ F(dy(cj,cj41)) T+ F(Hy, (Sscj-1,Sycj))
Flmdy (cj—1,¢j) + 124y (¢j—1,Sscj—1) + 1ady (cj, Syc;)
dy (cj—1,S5¢j-1) -dp(cj, Sycj)
Ltdy (¢j-1,¢)

Flmdy (¢j-1,¢)) + 2y (¢j-1,¢)) + 1134y (¢j, ¢j1)
df (cj-1,;) b (cjo cj41)

1+d? (cj-1,¢))
F((n1 +n2)dy (cj—1,¢j) + (13 4 114)dp (cj, cj31))-

IAN A

+14

IN

+14

IN

This implies
F(dy(cj cjs1)) < F((n1 +n2)dp (cj—1,¢j) + (13 + 1a)dp (cjr cjs1))-
As F is strictly increasing. So, we have
dy(cj,cir1) < (1 +12)dp (cj-1,¢j) + (13 +na)dy (cj cjs1) -

Which implies
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(1 —n3 —na)dp(cici1) < (m+n2)dy (cj-1,¢))

- 2 e
db(C], C]+l) < (1 — 13— 174) db (C]fl/C]) .

As A = 1’]1—|-172

< 1. Hence
1—1n3—14

db(C]',C]‘+1) < Ady (Cj,l, C]) < /\zdb (C]',z, C]) << )\]db (Co, 61) .

Now, we have

db(Cj, Cj+1) < /\]db (CO/Cl) for some j € N. 3)
Now,
dy(x0,¢j41) < bdy(co,c1) + bPdy(cr,c2) + - -+ by (¢ cj4)
< bdh(CO, C1) + bz)\(db(C(), Cl)) +--
A (dy (co, 1)), (by (3))
b(1— (bA)H1
dh<C0, Cj+1) < %/\(1 — b)\)?’ <r,

which implies ¢j 1 € Bdb(co,r). Hence, by induction ¢,, € Bdb(co,r) for all n € N. Now,
db(Cn, Cn+1) < )\ndb (Co, C]) foralln € N. (4)
Now, for any positive integers m, n (n > m), we have

dy(cm,cn) < b(dp(cm cmi1)) + bz(db(cm—H/ Cm+2)) + -+
+0"" " (dp(cn-1,¢n)),
< bA"Mdy(co,c1) + PPA Ty (co, 1) + - - -
+UTA )y (co, 1), (by (4)
< DA"(1+bA+ - )dy(co,c1)

As11,12,13,14 > 0,b > 1 and biy + by +13 + 14 < 1,50 |bA| < 1. Then, we have

bA™

db(Cm,Cn) < m

dy(co,c1) — 0as m — oo.

Hence {ZSg(cy)} is a Cauchy sequence in By, (co, 7). Since (Bg, (co,7),dp) is a complete metric
space, so there exist u € By, (co, r) such that {ZSg(cy)} — uasn — oo, then

lim dy(cy, u) = 0. )

n—oo

Suppose that dj (1, Squ) > 0, then there exist a positive integer k such that d,(c,,, Squ) > 0 for all
n > k. For n > k, we have
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dp(u,Squ) < dy(u,cn) 4 dp(cn, Squ)
< dp(u,cn) + Hg, (Sycn—1,Squ)
< dp(u,cn) + mdp(cn—1,u) +12dp(cn—1,Sycn-1)

B(Cn 1,500 1)y (1, Squ)
+13dy, (1, Squt) + 1742 i . iy
13y (1, Squt) + 114 T TP
Letting n — oo, and by using (5) we get
dp(u, Squ) < nady(u, Squ) < dy(u, Squ),

which is a contradiction. So our supposition is wrong. Hence dj,(u, Squ) = 0 or u € Syu. Similarly,
by using Lemma 1, inequality (1), we can show that dj, (1, Sju) = 0 or u € S;u for all i € Q. Now,
for some i € ()

dy(u,u) < bdy(u, Sju) + bdy(Siu, u) <O0.

This implies that dj, (1, u) = 0. This completes the proof. []
Example 1. Let Z = [0,00) and dy : Z x Z — R be a complete D.B.M space defined by
dy(x,y) = (x +y)* forall x,y € Z.

Consider the family of multivalued mappings Sg : Z — P(Z) where p € Q = a,1,2,3, - -, defined as

wheren =1,2,3,-- -,

_} 5 3al if x € By, (x0,7),
Snl(x) = { [Snxanx] if x Ed (4,%0) Nz,

and
x 5x) s
Su(x) = [3,12]1]fo [0,4NZ
[2x,3x] if x € (4,00) N Z.

Suppose that, xo = 1, v = 25, then By, (xo,r) = [0,4] N Z. Now, dy(xo, Suxo) = dy(1,541) =
dy(1,3) = 5. S0 x1 = 3. Now, dy(x1,S121) = dy(3,513) = dp(3, 5)- S0 x2 = 5. Now, dy(x2, 5272) =
dy(5,528) = dp(3,24). So x3 = =. Continuing in this way, we have (Z8(xn)} = IR
Tuke 11 = 15, 112 = 55, 113 = o, 114 = 35, then byy +bya + 173 + 174 < Land A = 3. Now

16 3 6
dy(x0, Sux0) = g < 75(1— 75)25 = A(1—bA)r.

Now, take Sy, Sy wheren = 1,2,3,-- - . Now, if x,y € By, (xo,7) N {Zsﬂ(xn)}, then, we have

Hy, (Sux,Say) = max{ sup dy(a,Suy), sup dy(Sux,b)}
acSyx YESyY
v Sy]) X X
A’ aml)r sup db( 7 7}’b)}
3712 bESay 3n" 2n

= max{ sup dy(a,|
aeSyx

x b5y
%/ E)}

_ ERALE NN AS
- max{<2n+3> '(3n+12>
x X 1 y 5y
3 ) T e W3 15))

X
= max{db<ﬂr%)/db(

1 1
[ —
< 10db(x,y)+20db(x,[

1 d3(x, [, 5D A, 14 %)
30 1+d5(x,y)
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Thus,

dy (%, Sux).dp(y, Say)
1+d2(x,y)

Hy, (Snx, Say) < mdy(x,y) + 12dp(x, Sux) + 13dy (Y, Say) + 14

which implies that, for any T € (0, &) and for a strictly increasing mapping F(s) = Ins, we have

mdy(x,y) + 112dp(x, Snx) + 13dy (Y, Say)
T+ F(Hy, (Sux, Say)) < F d7(x, Sux).dy (Y, Suy)

T 1+d%(x,y)

Similarly, for some i,j € Q) and T > 0, we can prove

mdy(x,y) + 1124y (x, Six) + 173d(y, Sjy)
T+ F(Hg,(Six,Sjy)) < F dy (x, Six).dy(y, Sy)
T 1+ d%(x,y)

Note that, forx =6 € Z,y =7 € Z, then, we have

mdp(6,7) + 112d,(6, S7) + 113}, (6, S7)
T+ F(Hy, (516,547)) > F d2(6,57).(7,57)
M E(6,7)

So condition (1) does not hold on Z. Thus the mappings Sg satisfying all the conditions of Theorem 1
only for x,y € By, (xo,7) N {ZSg(xn)}. Hence there exist a common fixed point for the family of multivalued

mappings {Sg : p € Q} in By, (co, 7).
If we take 775 = 0 in Theorem 1 then we are left with the following result.

Corollary 1. Let (Z,dy) be a complete D.B.M space with constant b > 1 and {Sg : p € O} be a family of
multivalued mappings from Z to P(Z) and {ZSg(cn) : B € Q} be a sequence in Z generated by co. Assume
that the following hold:

(i) There exist T, 11,113,114 > 0 satisfying by + 13 + 174 < 1 and a strictly increasing mapping F such that

d% (E, Si(i‘).db (y, S]y)
14 dj(e,y)

T+ F(Hg,(Sie, Sjy)) < F (mdb(e,y) +13dp (Y, Sjy) + 14 (6)

whenever e,y € By, (co,7) N {ZSp(cn) : p € Q} withe #y,i,j € Quithi # jand Hy (Se, Sjy) > 0.

(ii) IfA = 17,7’7317774,then

db(CO; S,XC()) < )L(l — b)\)?’

Then {ZSg(cy) : B € Q} is a sequence in By, (co,r) and {ZSg(cn) : B € Q} — u € By, (co, 7). Also,
if the inequality (6) holds for u, then there exist a common fixed point for the family of multivalued mappings
{Sg: B Q}inBy (co,r)and dy(u,u) = 0.

If we take nj3 = 0 in Theorem 1 then we are left with the following result.
Corollary 2. Let (Z,dy) be a complete D.B.M space with constant b > 1 and {Sg : p € O} be a family of

multivalued mappings from Z to P(Z) and {ZSg(cn) : B € Q} be a sequence in Z generated by co. Assume
that the following hold:
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(i) There exist T,11, 12,14 > 0 satisfying byy + byo + 14 < 1 and a strictly increasing mapping F such that

d% (e, Sie).dy(y, Sjy)
1+di(ey)

T+ F(Hg,(Sie, Sjy)) < F (Wldb<€/y) + 112dp (e, Sie) + 114 @)
whenever e,y € By, (co,7) N{ZSg(cn) : B € O} withe # y,i,j € Quwithi # jand Hy, (S;e, Sjy) > 0.
(ii) IfA = JZ2, then
db(CO/ S,XCO) S )t(l — b/\)i’
Then {ZSg(cn) : B € Q} is a sequence in By, (co,r) and {ZSg(cn) : B € O} — u € By, (co, 7). Also,
if the inequality (7) holds for u, then there exist a common fixed point for the family of multivalued mappings

{Sp: B € O} in By, (co,r) and dy(u,u) = 0.
If we take 4 = 0 in Theorem 1 then we are left with the following result.
Corollary 3. Let (Z,dy) be a complete D.B.M space with constant b > 1and {Sg : p € O} be a family of

multivalued mappings from Z to P(Z) and {ZSg(cn) : B € Q} be a sequence in Z generated by co. Assume
that the following hold:

(i) There exist T,11, 12,113 > 0 satisfying byy + byo + 13 < 1 and a strictly increasing mapping F such that
T+ F(Hg, (Sie, Sjy)) < F (mdy(e,y) + 12dy (e, Sie) +13ds (y, Sjy)) ®)
whenever e,y € By, (co,7) N{ZSg(cn) : B € O} withe # y,i,j € Qwithi # jand Hy, (S;e, Sjy) > 0.

i _ it
(i) IfA = =15 , then

db(CO/ S,XCO) S )t(l — b/\)i’

Then {ZSg(cn) : B € Q} is a sequence in By, (co,r) and {ZSg(cn) : B € O} — u € By, (co, 7). Also,
if the inequality (8) holds for u, then there exist a common fixed point for the family of multivalued mappings
{Sp: B € O} in By, (co,r) and dy(u,u) = 0.

3. Application to the Systems of Integral Equations

Theorem 2. Let (Z,dy) be a complete D.B.M space with constant b > 1. Let cg € Z and {Sg : p € Q} bea
family of mappings from Z to Z. Assume that, there exist T,11, 12,13, §a > 0 satisfying byy + by + 13 + 14 <
1 and a strictly increasing mapping F such that the following holds:

mdy(e,y) + n2dy(e, Sue)
d3(e,Sae).dy(y, Spy) |, ©)
1+di(e,y)

T+ F(dy(Sae, Spy)) < F

+13dy (v, Spy) + 14

foralle,y € Z and d(Sye, Sgy) > 0 where a, B € Q with « # B. Also if the inequality (9) holds for u, then the
ami 1B e as a unique common fixed point u in Z.
family {Sp: p € O} h q fixed point u i

Proof. The proof of this theorem is similar as Theorem 1. We have to prove the uniqueness only. Let v
be another common fixed point of S. Suppose dj,(Sau, Sgv) > 0. Then, we have

mdp(u,v) + 172dp (1, Saut)
d%(u, Squ).dy(v, Sgv)

1+ d2(u, )

T+ F(db(sau/ Sﬁv)) <F

+13dy(v, Spv) + 14

This implies that
dy(u,v) < mdy(u,v) < dy(u,v),

which is a contradiction. So dj,(S4u, Sgv) = 0. Hence u = v. [J
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In this section, we discuss the application of fixed point Theorem 2 in form of Volterra type

integral equation.
k

u(k) = / Ha (k, b, u(h))dh, (10)

0

for all k,h € [0,1] and & € Q. We find the solution of (10). Let Z = C([0,1],R) be the set of all
real valued continuous functions on [0, 1], endowed with the complete dislocated b-metric. For u €

C([0,1],R), define supremum norm as: ||[u|; = sup {|u(k)| e}, where T > 0 is taken arbitrary.
ke[0,1]
Then define

2
de(u,c) = [Sup {fu(k) +C(k)|€Tk}] = [lu+c?

ke(0,1]
for all u,c € C([0,1],R), with these settings, (C([0,1],R), d) becomes a complete D.B.M.S.

Now we prove the following theorem to ensure the existence of solution of integral equation.

Theorem 3. Assume the following conditions are satisfied:

(i) Hy:[0,1] x [0,1] x C([0,1],R) — R;
(ii) Define S, : C([0,1],R) — C([0,1],R), where & € Q)

k
Sauu(k) = / Ha (k, h, u(h))dh.
0

Suppose there exist T > 0, such that

TN(u(h),c(h))
|Ha(k1h/”(h)> —I—Hﬁ(k,h,c(h))’ < W
forallk,h € [0,1] and u,c € C([0,1],R), where
N(u(h),c(h)) = mllu(h) +c(h)[]* + nal|u(h) + Sau(h) ) +n3[|c(h) + Spe(h)[]?
[|u() + Sau(h)[]*.[|c() + Spe()|1?
1+ [Ju(h) + c(h)[]* '

where 11, 12, 13, §a > 0, and 2111 + 212 + n3 + n4 < 1. Then integral Equation (10) has a solution.

Proof. By assumption (ii)

k
[Su(k) + Spe(k)] = / [k () + H (kB c()|

k

- /T”N () Hr+1([N(”(h)fC(h))}e‘Th)eThdh

T
——  |IN(u,c)||e™dn
!T||N<uzc>||r+l|| ( )”T
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T N(,0)||-
= TING, Il +1 )

INGLO e
NG, ) + 1

k
e™dh,

This implies
- N(u,c)|«
Squ(k) + Sge(k Tk<||—.
Seaek) S50 [e < TNG o) e+ 1
[IN(u,c)l«
Sau(k) + Sge(k < T
” ﬂéu( )+ ,BC( )”T — THN(H,C)HT—l-l
T[N, o)lle +1 _ 1
IN(u,c)llx = [Sau(k) + Spe(k)||«

1 1
T+ < .
IN(u,c)[l= = [[Sau(k) + Spe(k)|

which further implies
1 -1
T— < .
[Sare(k) + Spe(k)[|« — [N(u,c)llx

So all the conditions of Theorem 3 are satisfied for F(c) = %;c > 0and d¢(u,c) = |Ju+c|?,

b = 2. Hence integral equations given in (10) have a unique common solution. [J

Example 2. Consider the system of integral equations

g(k) =

R |-

k
/g(h)dh, wherek € [0,1] and x € O = N.
0

Define Hy, : [0,1] x [0,1] x C([0,1],R4) — Rby H, = 1¢(h),a € Q = N. Now,

k
Seg(k) =+ [ (.
0

Take 11 = 11—0, M = 21—0, N3 = 61—0, Ny = 31—0, T = %, then 21 + 212 + 173 + 14 < 1. Moreover,
all conditions of Theorem 3 are satisfied and g(k) = O for all k, is a unique common solution to the
above equations.

4. Conclusions

In the present paper, we have achieved common fixed point of a family of multivalued mappings
satisfying conditions only on a sequence contained in a closed ball. We have used a weaker class of
strictly increasing mappings F rather than the class of mappings F used by many potential authors.
Examples and an application are given to demonstrate the variety of our results. New results for
families of multivalued mappings and singlevalued contractive mappings in ordered spaces, partial
b-metric space, dislocated metric space, partial metric space, b-metric space, and metric space can be
obtained as corollaries of our results.
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