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1. Introduction

Let H be a real Hilbert space equipped with an inner product (-, -) and induced norm || - ||,
respectively. Let @ # C C H be a closed convex set. For the given two nonlinear operators A: C — H
and ¢: C — C, the generalized variational inequality (GVI) aims to find an element x* € C such that

(Ax", p(y) — @(x")) > 0, ¥y € C. 6)

We use GVI(A, ¢,C) to denote the solution set of Equation (1).
If ¢ = 7, then GVI (1) can be reduced to find an element xt € C such that

(Ax',y—x") >0, vy ecC. )

We use VI(A,C) to denote the solution set of Equation (2).

Variational inequalities were introduced by Stampacchia [1] and provide a useful tool for researching
a large variety of interesting problems arising in physics, economics, finance, elasticity, optimization,
network analysis, medical images, water resources, and structural analysis [2-8]. For some related work,
please refer to References [9-27].

Iterative computing fixed points of nonlinear operators is nowadays an active research
field [28-35]. The interest in pseudocontractive operators is due mainly to their usefulness as an
additional assumption to Lipschitz type conditions in proving convergence of fixed point iterative
procedures and their connection with the important class of nonlinear monotone (accretive) operators.

Mathematics 2019, 7, 61; doi:10.3390 /math7010061 www.mdpi.com/journal/mathematics


http://www.mdpi.com/journal/mathematics
http://www.mdpi.com
https://orcid.org/0000-0002-0452-785X
https://orcid.org/0000-0003-0738-787X
https://orcid.org/0000-0001-9041-3375
http://dx.doi.org/10.3390/math7010061
http://www.mdpi.com/journal/mathematics
http://www.mdpi.com/2227-7390/7/1/61?type=check_update&version=3

Mathematics 2019, 7, 61 2 of 15

Recall that an operator S: C — C is called pseudocontractive if
ISu’ = SoT|1* < Jlu =[* + (T = S)u” = (Z = )", ®)

for all ut, ot € C.

Iterative algorithms for finding the fixed points of pseudocontractive operators have been
studied by many mathematicians, see, for example, References [36—40]. In this article, we focus
on a general class of quasi-pseudocontractive operators. Recall that a mapping S: C — C is called
quasi-pseudocontractive if

15" =01 < [lu’ = 0" + | Su” — o2, )

for all u™ € C and v € Fix(S), where Fix(S) stands for the set of fixed points of S, i.e., Fix(S) = {z' :
zF =Szt

Now it is well-known that the quasi-pseudocontractive operators include the directed operators
and the demicontractive operators as special cases [19]. In this paper, we consider the following
generalized variational inequalities and fixed points problems of finding an element % such that

¥ € GVI(A, ¢,C) and ¢(X) € Fix(S) NFix(T), (5)

where S and T are two quasi-pseudocontractive operators.
In order to solve Equation (5), we introduce a new iterative algorithm. Under some mild
restrictions, we will demonstrate the strong convergence analysis of the presented algorithm.

2. Notation and Lemmas

Let H be a real Hilbert space. Let @ # C C H be a closed convex set. Recall that an operator
S: C — C is called L-Lipschitz if ||Su® — Sot|| < L||u" — 0| for all uf,o" € C, where L > 0
is a constant.

Definition 1. An operator A: C — H is said to be

Monotone z'f(ui —ot, Aut — Avt) >0, vut, ot € C.
Strongly monotone if (ut — v¥, Aut — Aot) > o||ut — ot||2, vut, ot € C, where 5 > 0 is a constant.
a-inverse strongly monotone if (ut — vt, Aut — Aovt) > a|| Aut — Avt|?, Vut, ot € C, where a > 0is
a constant.

o a-inverse strongly @-monotone if (Aut — Avt, p(ut) — @(vt)) > af Aut — Avt|?, Vut,ot € C,
where ¢: C — C is a nonlinear operator and o > 0 is a constant.

An operator R: H =3 2™ is called monotone on # if and only if (u* — vt,x —y) > 0 for all
x,y € dom(R), ut € Rx, and v* € Ry. A monotone operator R on H is called maximal monotone if
the graph of R is a maximal monotone set.

We use proj,, to denote the nearest point projection from H onto C, that is, for Vu' € H, |ju’ —
proje[ut]|| < ||u —ut||, for all u € C. Now it is known that the operator proj.: H — C is firmly
nonexpansive, that is,

Iproje "] — proje[o']|2 < (proje[u'] — proje[e"], u” — o), Var', ot € .
Consequently,
(u — proj, [u'], x* — proj.[u']) <0, vu" € H#,x" € C. (6)

Recall that an operator S is said to be demiclosed if w, — i weakly and Sw;,, — u strongly, implies
S(if) = u. We collect several lemmas for our main results in the next section.
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Lemma 1 ([41]). Let H be a real Hilbert space. Let @ # C C H be a closed convex set. Let T: C — C be an
L-Lipschitz quasi-pseudocontractive operator. Then, we have

11 = 0)x" +oT((1 = &)x" +¢Ta") — y'I? < [lx* — ") + (0 = OIT((1 — &)x" +2Ta") — "%,

for all xt e Cand yJr € Fix(T) when 0 < 0 < & < ﬁ

Lemma 2 ([41]). Let H be a real Hilbert space. Let © # C C H be a closed convex set. If the operator
T: C — Cis L-Lipschitz with L > 1, then we have

Fix((1=98)Z +6T)T) = Fix(T((1 —6)Z + 6T)) = Fix(T),
where 5 € (0, 1).

Lemma 3 ([41]). Let C be a nonempty closed convex subset of a real Hilbert space H. If the operator T: C — C
is L-Lipschitz with L > 1 and T — T is demiclosed at 0, then the composition operator T — T((1 — 8)Z + 6T)
is also demiclosed at 0 provided 6 € (0, %)

Lemma 4 ([42]). Suppose {@,} C [0,00), {vy,} C (0,1), and {0, } are three real number sequences satisfying

(Z) (Di’l-‘rl S (]— - Vn)(on + Qn,vn 2 ].,
(il) Y ogqVn = oo;

(iii) limsup ﬁl <00r ¥ o] < oo.

n—o0 n

Then, limy, 0o @, = 0.

Lemma 5 ([43]). Let {wy} be a sequence of real numbers. Assume there exists at least a subsequence {wy, } of
{wn} such that wy,, < wy, 41 for all k > 0. For every n > Ny, define an integer sequence {t(n)} as

T(n) = max{i < n: wy; < Wy,41}.
Then, T(n) — o0 as n — oo and for all n > Ny, we have max{w(,), Wn} < We(y)41-

3. Main Results

Let H be a real Hilbert space. Let @ # C C H be a closed convex set. Let ¢: C — H be an
L-Lipschitz operator. Let ¢: C — C be a J-strongly monotone and weakly continuous operator such
thatits rang R(¢) = C. Let the operator A: C — H be a-inverse strongly ¢-monotone. Let S: C — C be
an L;-Lipschitzian quasi-pseudocontractive operator with L; > 1and T: C — C be an Lp-Lipschitzian
quasi-pseudocontractive operator with L, > 1. Denote the solution set of Equation (5) by ), that is,
Q= GVI(A, ¢,C)N ¢ ' (Fix(S) NFix(T)). In what follows, assume Q # @. Next, we firstly suggest
the following algorithm for solving the problem in Equation (5).

For initial guess xy € C, define the sequence {x, } by the following form

up = projelanvd(xn) + (1 — an)(@(xn) — gnAxn)],
Yn = 1 —=0n)un +0uT((1 = 6p)tty + 6, Tuy),

zn = (1= Cn)yn + CnS((1 = 110)Yn + 1uSyn),
@(xp11) = On@(xn) + (1 — On)zn, n >0,

@)

where v > 0is a constant, {a, }, {ou}, {on}, {Cn}, {#n}, and {0, } are six sequences in (0,1) and {¢,}
is a sequence in (0, ).
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Theorem 1. Suppose I — S and I — T are demiclosed at 0. Assume the following conditions are satisfied:

(1) limy_eoay, =0andy, a, = oo;

(i) 0<m<o, <1 <dp<b < 1

V141241
(iii) 0 < liminf, ;00 ¢, < limsup, ., 0, <1;
(iv) Lv <6 <2aand0 < liminf, ;e ¢y < limsup,_, cn < 2a.

1

and 0 < a c b —_—
<m<hi<o<ng<bh< I

Then, the iterative sequence {x,} defined by Equation (7) strongly converges to ¥ € Q) which solves the
variational inequality

(vgp(2) — 9(2), 9(x") — (1)) <0, Wa" € Q. ®)

Proof. Since ¢ is J-strongly monotone, we deduce

lo(x) — W)l = dllx =y, vx,y € C. ©)

Note that VI (8) has a unique solution which is denoted by %. Thus, ¥ € GVI(A, ¢,C) and ¢(X) €
Fix(S) NFix(T). By virtue of Equation (6), we get ¢(X) = proj,[¢(X) — ¢4.AX] for all n > 0. Note that
A is a-inverse strongly ¢-monotone. By Definition 1, we have

[(p(x) — g Ax) — ((%) — AZ)||* = [lp(x) — @(X)||I* — 26(Ax — AZ, p(x) — ¢(%))
+¢2| Ax — Ax|?

8 8 N (10)
< llo(x) — p(2)[* — 2] Ax — AZ|]* + ¢*|| Ax — Azx|]?
< llp(x) — p(®)|1* + 65 — 20) | Ax — Az,
According to Equation (10), we get
I(g(xn) = cnAxn) = (9(2) — cnAD) > < ll@(xn) — @(F)||* + Gnlgn — 20| Axy — AZ||?
2 (11)
< loGn) =9I
and
lp(ns1) = Gni1 A1 = (@(xn) = Gur1Axa) |2 < ll(xns1) — @(xn) |1 12)

+ Gnt1(Gng1 — 200)[[Axppq — AanZ-

From Equations (7), (9), and (11), we have

[un — @(2)|| = [[proje[anve(xn) + (1 — an)(@(xn) — GnAxn)] — proje[@(%) — ¢nAZ]||
< llan(vp(xn) — (%) + cnAZ) + (1 — an) ((@(xn) — gnAxn) — (9(%) — cuAZ))|
< anllvgp(xn) — v (X) || + anllvg(%) — (%) + cnAX|
+ (1= an) [ (@(xn) — gnAxn) — (¢(%) — gnAT)||
< anvL|xn — %[ + an v (%) — @(%) + cnAZ|| + (1 — an) [ 9(xn) — @(2)]] (13)
< anvL/0|@(xn) — @(D)|| + an[[v(X) — @(X) + cn AZ||
+ (1= an)llo(xn) — @@
=[1—= QA —vL/d)an]ll@(xn) — @(2)| + anl[vd(%) — ¢(%) + cn AZ|
< [1= (1 =vL/8)an]ll@(xn) = (D) + an(llvp(%) — @(%)[| + 2| A%]]).

~— —
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By Equations (11) and (13), we obtain

ln = @(@)II* < llan(vp(xn) = @(F) + 6uAT) + (1= an) ((@(xn) — GnAxn) — (9(%) — cnAT)) ||
< tn[[vg(xn) — (%) + cnAT|2 + (1= an) [ (@(xn) — guAxn) = (9(%) — 6 AT))|?
< tn[[vgp(xn) — (%) + cnAZ|? + (1 — an)[[l9(xn) — @(%) >
+6nlgn — 20) || Axy — AZ[?).

In view of Lemma 1, we deduce

lyn — @(E)1* = (1 = o) ttn + 0u T((1 = 8p)utn + 6, Tutn) — ()|
< lun = @(R)|* + 00 (0w = 8u)IT((1 = 6) 1t + 65 Ttt) — 1 || (15)
< un — @(2)]%,

and

lzn — @(2)|1* = 11 = Z)yn + 5uS((1 = 70)Yu + 1uSyn) — @(%) |12
< |lyn — @®)1* + Zu(Zn — 1) IS((X1 = 70)Yn + 10Syn) — yull? (16)
< lyn — 9(2)|%

Combining Equations (10), (14), (15) with (16), we obtain

lp(xns1) = @(2)] < Oullg(xn) - < )+ (1= 84)]|z0 — 9(2)]]
< Oullp(xn) — 9(®)| + (1= ) llun — ()]
< Onllp(xn) — qo<x>||+< 91— (1 —vL/8)aalllp(xn) — ¢(%)]]
+ (1= On)an (v (%) — @(%) || + 20| AZ]|) (17)
=[1—(1—vL/6)(1— n)an]9(xn) — (%)
=010 gy LD DL 20l A

An induction to derive

o3| v (%) — ( )| + 2] Ax]| }

lp(en) = p(®) < max { (o) - — LT3

It follows that

) 1og(a) = 901+ 2 ey

1 1
ot = 211 < Zllgxa) — 9| < 5 max{lg(x0) - 9(3) R

Hence, {¢(x,)} and {x,} are all bounded.
By Equation (7), we get

@(xp11) — @(xn) = (1 = 0n)(zn — @(xn)), n > 0. (18)

It follows that

(9(xn) = @(2), 9(xn11) — @(xn)) = (1= 8u)(@(xn) — (%), 20 — ¢(xn))- (19)
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Observe that

2(p(xn) = @(%), (xn1) = @(xn)) = l9(xus1) = p(D)* = llp(xn) — ()|

~llo(xnrn) — o(xn)ll?,

and

2(zn — @(xn), p(xn) — @(%)) = |20 — (P(f)”z — lp(xn) — (P(’Z)”z —llzn — (P(xn)Hz-

By virtue of Equations (19)—(21), we deduce

lp(xns1) = @) = (1= 8u)[llza — 9(D)I* = ll9(xn) — @(D)II? ~
+loxn) = @@ + 9 (xns1) = ().

Combining Equations (18) with (22), we have

lpCens1) = (@) = (1= 8u)lllzn — (D)* ~ ll9(xn) — @(D)* — l|zn —
+ (1= 80)%|zn — @Cxn) |2 + [l (2xn) — (~)II2
(1= 8n)[llzn — @(D)? = llp(xn) — @(%) 2] -
(1= n)[llun — o(®)* = () — @(D)I*] -

Returning to Equation (13), we get

lun = ()| < [1 = (1 = vL/8)an]llp(xn) — @(2)]|?

lv9(2) — (%) + 2. Az )2‘

+(1_UL/5)Dén< (1—1/L/(5)

There exists two possible cases. CASE 1. There exists m > 0 such that {||¢(x,) —

6 of 15
(20)
(21)

B 2
- ey

o(xa)|]
23
8z — )2 )
(1 )iz — ()|

(24)
o()]} is

decreasing when n > m. Thus, lim, .« || @(x,) — ¢(X)|| exists. From Equations (23) and (24), we have

(1= On)llzn — 9(xa) I < l@Cen) — (D) |? = ll9(xn1) —

¢(x)]

+ (1= ) llun — @)I* —~ lp(xn) — ()]

< lo(xn) = (D)1 = [l@(xps1) —

(D)1

7 = SN 2
(1= vL/6)ay ( lvo () UD—(? LH/:)zanAn)

— 0.
This together with assumptions (i) and (iii) implies that
Tim |z — ()| = 0.
Furthermore, it follows from Equation (18) that

1im [l (xrs1) — ()| = 0.

(25)

(26)
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By Equation (14), we have

lp(xns1) = @7 = 18u(g(xn) — 9() On) (zn — @ (%))

(%)) + (1 -
< Bull9(xn) — ()| + (1 = ) |20 — 9(D)I?
< Bullg(xn) = p(E)|Z + (1 = ) un — 9(2)|I?
< (1= On)aul[vg(xn) — @(%) + 6nAZ|> + 8u | 9(xn) — @(%)[|? )
+ (1= 8) (1 =) [l9(xn) — ()|
+ (1= 8) (1 = an)gn(gn — 20) | Axy — AZ|?]
< Ml Cen) = (E)I? + (1= Bu)anllvep(xn) — 9(F) + ¢ AT
+ (1= 80) (1 — an)gn(gn — 20) [ Axy — A%
Hence,
(1= 8u) (1 — an)gn(2a — Gu) [ Axy — Ax|?
< llo(xn) = (@) = l9(xus1) = (D)? + (1 = d)an|ve(xn) — @(%) + cuBE|?
< (llo(xn) = @) + lo(xn1) — (D) D@ (xn41) — @(xn) i
+ (1= Bu)aullvg(xn) — @(%) + cnAZ|?
— 0 (by (i) and Equation (26)).
This, together with assumption (iv), implies that
Jlim. | Ax, — A%|| = 0. (28)
Set v, = @(xn) — gnAxy — (@(%) — ¢ AX) for all n. Applying Equation (6), we get
lun = @(£) 1> = lIproje[anvep(xn) + (1 = an) (@(xn) — cuBaxn)] — proje[e(%) — cuAL]|?
< an(vp(xn) — (%) + ¢nAZ) + (1 — an)vn, un — ¢(%))
= 2 len(vp(n) — 9(8) + € AR) + (1~ )l + 1 — ()]
— llan (v (a) = @(%) + 6uAT) + (1 — wa)vn — 1tn + (%) 2}
< 2 wnllvp(en) — 9(®) + cn AT + (1 - @) () — p(2)|?
T ltn = 9P — lln(vp(n) — @(E) + 60 AT — 0) + () )

— = gu(Ax — AF) |

= %{wnl\wp(xn) — (X)) 4 G AZ| + (1 — ay)||@(xn) — @(%)]?

+ lun — @(®)|1> = ll(xn) — unll® — i v (xn) — o(
— 2| Axy — AZ|| + 2600 (Axy — AZ, v (xy) — @(X
+ 260 (@(xn) — tn, Axy — AX)

= 20 (@(n) = h, V() — (%) + G AT — 01) }.

%) + cnAx — vy?
) + ¢ AX — Un>
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It follows that

[ = (D)? < wnllvg(xn) — () + 6 AZ|* + (1 = an) |@(xn) — @(%)]|?
— Nlp(xn) — unll® + 26ul @(xn) — un || Axy — A%]|
+ 20 [ @(xn) — unlllve(xn) — @(%) + cn AT — vy |
+ 26000 || Axy, — AZ| [vp(xn) — @(Z) + AT — 0y

(30)

In the light of Equations (27) and (30), we have

19Ctns1) — (IR < Bullon) — (DI + (1 — 8)llun — @D

< Oll9(xa) — (D) + (1 — Bu)anllvp ) — 9(E) + crA%?
(1= ) (1= 8)9(50) — 9D — (1= )l () — a1
+ 26, (1 — Op)an|| Axy — AZ||[|[vp(xn) — @(F) + cn AT — vy]|
+ 261 (1 = 0n)ll@(xn) — unl|[|Axy — AZ||
+2(1 = On)an @(xn) — unl|[[vp(xn) — @(X) + cn AL — vy

< llo(xn) = ()| + anllvg(xn) — 9(%) + cuAZ|?
+ 2¢n0tn || Axy — AZ|[[vg(xn) — ¢(%) + cn AT — vn |
+26ull@(xn) — ttall[| Ay — AZ]| = (1= 8) |9 (xn) — 0 1?
+ 20| @(xn) — un||[vp(xn) — @(X) + cnAZ — 0.

Then,

(1= 3)9(xn) = unll* < (9 (xn) = @) + 9 (xnr1) = @(D) D19 (¥n11) = @(xa)
+ an[[vp(xn) — @(%) + g AZ|?
+ 26 nan|| Axy — AZ||[[v(xn) — (%) + gn AT — vy
+26ull@(xn) — un ||| Axy — AZ||
+ 20| @(xn) — unl[|[vg(xn) — @(%) + cn AL — 0.

According to (iii), Equations (26) and (28), we easily deduce
Tim [l (x) — 1a]| = 0. G1)
In view of Equations (15) and (16), we get

0 (6n — o) | T((1 = 8n)ttn + 65 Tun) — n||* + Zu(n — Ca)ISC(L = 1) Y + 10Syn) — yul|?
< un — @(2) 1> = ||z — @(2)|1? (32)
< lun — zal|(lun — @(®)[| + |20 — @(2)])-

It follows from Equations (25), (31), and (32) that

Tim ([ T((L— 8t + 64 Tat) — 1| =0, 33)
and
nlg’f.}o 1S((X = #u)Yn + 1uSyn) — ynl| = 0. (34)

Note that z, — v = 6,[S((1 — 11)Yn + 7uSyn) — yu]. Therefore,

,}ig}o\lzn—ynﬂ =0. (35)
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Next, we prove limsup, _, (v$(X) — ¢(%),uy — ¢(%)) < 0. Let {uy,} be a subsequence of {u,}
such that

limsup (vg(%) — (), un — (%)) = lim (v(x) — (), un, — (%))
n—0co = (36)

= lim (v (%) — ¢(%), @(xs;) — ¢(%)).

i—o0
Note that {x;, } is bounded. We can choose a subsequence {x;, } of {xy,} such thatx, — z € C
j j

weakly. Assume x,,, — z without loss of generality. This indicates that ¢(x,;) — ¢(z) due to the weak
continuity of ¢. Thus, u,, — ¢(z) and y,, — ¢(z).

Apply Lemmas 2 and 6 to Equations (33) and (34) to deduce ¢(z) € Fix(T) and ¢(z) € Fix(S),
respectively. That is, ¢(z) € Fix(T) NFix(S). Next, we show z € GVI(A, ¢,C). Let

Ro — Av+ Ne(v), veC,
Q, v &C.

According to Reference [32], we can deduce that R is maximal ¢-monotone. Let (v, w) € G(R). Since
w— Av € Ne¢(v) and x,, € C, we have (¢(v) — ¢(x,), w — Av) > 0. Noting that u, = projc[anv¢(xn) +
(1 —an)(@(xn) — Gn)], we get

(@(v) — tn, un — [anvp(xn) + (1 — an)(@(xn) — GnAxn)]) > 0.
It follows that

un — @(xn)

Cn

(@(0) — ttn, + Axy — g—z<v¢<xn> — @(xn) + gnAxy)) > 0.

Thus,

Vv

(@(v) — @(xn,), Av)

> (¢(v) = ¢(xn;), Av) = (¢(0) — thn;,

(@(v) — @(xn,), w)
Un; — q)(xﬂi)>
Qni

— (p(0) = ttny, Axy;) + g”f (@(0) =ty v (xn,) — @(xn;) + G Axn,)

nj

= (¢(0) = (xn;), Av — Axn;) + (9 (0) = ¢ (xn;), Axn;)

— (9(0) =t “—QW>>  ol0) — A o
+ %(@(v) — 1t v (xn) — @(xn) + G Ay

> —(¢(v) — un,, ””tQZ(”Z)> (@) =ty A
- %(4’(0) — 1, v(xn,) — @(xn,) + G Ay ).

By virtue of Equation (37), we derive that (¢(v) — ¢(z),w) > 0 due to ||¢(xn;) — uy|| — 0 and
@(xn,) = ¢(z). By the maximal p-monotonicity of R, z € R7!0. So, z € GVI(A, ¢,C). Therefore,
z € Q.

From Equation (36), we obtain

limsup (v§(%) — 9(%), 1y — 9(%)) = lim (vg(%) — (%), 9(xs,) — P())

n—o00 1—00 (38)

= (vg(

=
N—
\
S
~—~~
=
\‘_/
s
—
N
N—
\
S
~—~~
=
SN—
~
A\
o
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Applying Equation (6), we obtain

[un — (P(@Hz = ||proje[anve(xn) + (1 — an)(@(xn) — gnAxn)] — projc[e(%) — (1 — “n)QnAx]Hz
< Aan(vep(xn) — (%)) + (1 — an)zp, un — ¢(%))
< ay (%

v(@(xn) — ¢(X),un — (%)) + an(VP(X) — (%), un — ¢(%))

+ (1 —an)[o(xn) — ¢ n-Axn (¢(%) = ¢nAZ) ||[lun — @(2)|
< anLvljxn = Z|[un — @(R) || + an (v (%) — @(%), un — ¢(%))
+ (L= an)llo(xn) — (f)llllun— eoll
< an(VL/ )| @(xn) — () [lun — @(X) | + 2 (v (%) — (%), un — ¢(X))
+ (1 —an)[g(xn) = (f)IIIIMn— ol

=1 == Lv/d)an]llg(xn) — () [[n — @(Z)
+an (vp() — @(%), un ( )

< Lo /Oy o) + L — ()

+an(vp(x) — @(%),un — ¢(%))-

It follows that

lun = ()1 < [1 = (1 = Lv/8)an] | 9(xn) — () + 200 (v (%) — (%), un — p(%))-

Therefore,

lp(nin) = @) < Bullgp(n) — 9D + < ) tn — ()1
< allp(a) = (D) + (1 = 8) 1~ (1~ vL/6)an] () — ()
+z<1—ﬁn>an<wp<> <x>,un o(%))
= [1- (1 vL/8)(1 — B)anlllp(xs) — o) 39)
+2(1 = 8)an (9 (%) — (), 0n — ()
= [1- (1 vL/8)(1 ~ Bl p(x) — o)

+ (U= vL/8)(1 = 80w (o (V) = 92, — () ).

=

We can therefore apply Lemma 4 to Equation (39) to conclude that ¢(x,) — ¢(%) and x, — *.
CASE 2. There exists ng such that ||¢(x,,) — @(%)|| < [|@(x4y41) — @(%)||. At this case, we set
wn = {|l@(xn) — @(%)| }. Then, we have wy, < wy,41. For n > ng, we define a sequence {7, } by

T(n) =max{l € Njng <1 <n,w; < w1}
We can show easily that 7(#) is a non-decreasing sequence such that

Jim ) = e

and
Wr(n) < Wr(n)+1-

According to techniques similar to Equations (36) and (39), we obtain

lim sup (ve(%) — (%), tr(n) — ¢(%)) <0 (40)

n—o0
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and

w%(n)Jrl S [1 — (1 — VL/&) (1 — 19T(n))wT(n)]w§(n)

2 3 3 N (41)
(L= VL/8) (L= B e (T 175 (V9(0) = 9(8), 1ty = 9(9)) ).
Since wq () < We(y)41, We have from Equation (41) that
2 2 . 8 3
W) S TTuL/8 (vp(%) — @(%), tie(n) — @(%))- (42)
Combining Equations (41) with (42), we have
lim sup wT(n) S 0,
n—oo
and thus
nlglc}o CUT(”) =0. (43)
By Equations (40) and (41), we also get
limsup wq ()11 < Hmsup we(y).
n—o0 n—o0
The last inequality together with Equation (43) imply that
nlgl;lo Wr(n)+1 = 0.
Applying Lemma 5 to get
0 < wn < max{Wr(y), Wr(n) 41}
Therefore, w, — 0,1i.e., x, — X. The proof is completed. [
For initial guess x( € C, define a sequence {x, } by the following form
un = proje [anvep(xn) + (1 — an) (¢(xn) — gnAxn)l,
Yn = (1 —0n)uy +0,T((1 — 6p)uy + 6, Tuy), (44)

zn = (1= Cn)Yn + CnS((1 = 11n)yn + 11nSyn),
Xp+1 = Unxy + (1 — 1971)271, n>0,

where v > 0 is a constant, {a, }, {ou}, {on}, {Cn}, {1}, and {0, } are six sequences in (0,1) and {¢,}
is a sequence in (0, ).

Corollary 1. Suppose I — S and I — T are demiclosed at 0. Assume the following restrictions are satisfied:

(1) limpyeoay =0and ), ay, = oo;

(i) 0<ay <op<cy <8y <b < 1

,/1+L§+1;

ﬁando<a2<én<C2<ﬂn<b2<
2

(iii) 0 <liminf, s ¥y < limsup, . 0, <1

(iv) 6 € (v,2a) and 0 < liminf, e Gy < limsup, . Gn < 2.

Then, the sequence {x,} defined by Equation (44) strongly converges to ¥ € VI(A,C) NFix(S) NFix(T)
which solves the following variational inequality

(vp(x) — %,x" — %) <0, Vax' € VI(A,C)NFix(S) NFix(T).
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4. Examples and Applications

In this section, we provide some examples and applications of our suggested algorithms
and theorems.

Let H be a real Hilbert space. Let @ # C C H be a closed convex set. Let ¢: C — H be an
L-Lipschitz operator. Let ¢: C — C be a d-strongly monotone and weakly continuous operator such that
its rang R(¢) = C. Let the operator A: C — H be a-inverse strongly ¢-monotone. Let T: C — C be an
Ls-Lipschitzian pseudocontractive operator with Ly > 1. Set Qf = GVI(A, ¢,C) N ¢~ (Fix(T)) # @.

For the initial guess xg € C, define the sequence {x, } by the following form

un = proje [wnvp(xn) + (1 — an) (@(xn) — guAxn)],
Yn = (1 —0n)uy + 0, T((1 — 6p)uy + 6, Tuy),

= (1 =Zn)yn + CaT((X = 70)Yn + 1uTyn),
(P(anrl) = Onp(xn) + (1= )zn, n 20,

(45)

where v > 0is a constant, {a, }, {on}, {0n}, {Cn}, {#n}, and {8, } are six sequences in (0,1) and {g, }
is a sequence in (0, ).

Lemma 6 ([40]). Let H be a real Hilbert space, C a closed convex subset of H. Let T : C — C be a continuous
pseudocontractive operator. Then, T — T is demi-closed at zero.

Theorem 2. Assume the following conditions are satisfied:

(1) limyeoay, =0and ), a, = oo;

. 1 1 .
(i) 0<m<o, <1 <d<b < 7\/@“ and 0 < ay < fn <y <1y < by < 71“%“,
(iii) 0 <liminf, e ¥y < limsup, . 0, <1
(iv) Lv <6 <2aand 0 < liminf, e ¢, < limsup, . ¢n < 2a.

Then, the iterative sequence {x,} defined by Equation (45) strongly converges to & € QF which solves the
variational inequality

(vp(%) — 9(%), 9(x") — (%)) <0, Va' €.

Remark 1. Algorithm (45) and Theorem 2 include the corresponding algorithm and theorem in Reference [18]
as special cases, respectively.

Let S: C — C be an L;-Lipschitzian monotone operator with L; > 1 and T: C — C be an
L,-Lipschitzian monotone operator with L, > 1. Set O = GVI(A, ¢,C) N 1 (S~1(0) N T~1(0)) # @.

For initial guess xg € C, define the sequence {x,} by the following form

Uy = proje [anv(xn) + (1 —an) (@(xn) — gnAxn)],

Yn =1 —0n)uy +0,(I =T)[(1 = 6n)up + 6n(I — T)uyl,
zn = (1= Cn)yn + Cn(I = S)[(1 = 11u)yn + 1 (I — S)ynl,
Qo(anrl) = ﬁn@(xn) +(1—=108y)zy, n >0,

(46)

where v > 0is a constant, {a, }, {ou}, {on}, {Cn}, {1}, and {0, } are six sequences in (0,1) and {¢,}
is a sequence in (0, ).



Mathematics 2019, 7, 61 13 of 15

Theorem 3. Assume the following conditions are satisfied:

(1) limy_eoay, =0andy, a, = oo;

(i) 0<m<o, <1 <dp<b < 1

V141241

(iii) 0 < liminf, ;00 ¢, < limsup, ., 0, <1;
(iv) Lv <6 <2aand0 < liminf, ;e ¢y < limsup,_, cn < 2a.

1

and 0 < a c b —_—
<m<hi<o<ng<bh< I

Then, the iterative sequence {xy} defined by Equation (46) strongly converges to X € Q) which solves the
variational inequality

(vp(%) — 9(%), p(x") — p(%)) <0, Va' e OF.
5. Conclusions

In this paper, we investigated a generalized variational inequality and fixed points problems.
We presented an iterative algorithm for finding a solution of the generalized variational inequality
and fixed point of two quasi-pseudocontractive operators under a nonlinear transformation.
We demonstrated the strong convergence of the suggested algorithm under some mild conditions,
noting that in our suggested iterative sequence (Equation (7)), the involved operator .4 requires some
form of strong monotonicity. A natural question arises: how to weaken this assumption?
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